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SECTION – A 

Answer any five questions. Each question carries 3 marks. 

1. Let X  be a σ -algebra of subsets of a set .X  If μ  is a measure on X and A is a 
fixed set in X, then prove that the function λ , defined for XE ∈  by 

( ) ( )EAE ∩= μλ , is a measure on X. 

2. Let X  be an uncountable set and X  be the collection of subsets which are either 
countable or have countable complements. Prove that X  is a σ -algebra. 

3. Define a simple function. Set φ  be a simple function in ( )XXM ,+  and 0≥C , then 
prove that  = μφμφ dCdC . 

4. Suppose that f  belongs to +M . Then prove that ( ) 0=xf , μ –almost everywhere 
on X  if and only if  = 0μdf . 

5. Let [ ]1, += nnnf χ . Show that the sequence ( )nf  converges everywhere to the  
0-function, but it does not converge in measure. 

6. If E  is a countable subset of , then prove that it has Lebesgue measure zero. 
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7. If [ ]kE  is an increasing sequence of measurable sets, then prove that 

( )kk
k

k EmEm
∞→

∞

=

=






 lim
1
 . 

8. Prove that the outer measure of the empty set is zero. 

    (5 × 3 = 15 Marks) 
SECTION – B 

Answer all questions. Each question carries 10 marks. 

9. (A) (a) Let f and g be measurable real-valued functions and let C be a real 
number. Then prove that the functions ffggffcf ,,,, 2 +  are also 

measurable. 5 

  (b) Let ( )nf  be a sequence in ( )XxM ,  and define the functions   

   ( ) ( )xfxf ninf= , ( ) ( )xfxF nsup= , 

   ( ) ( )xfxf ninflim=∗ , ( ) ( )xfxF nsuplim=∗ . 

   Then prove that f , F , ∗f  and ∗F  belongs to ( )XxM , . 5 

OR 

(B) If f is a non negative function in ( )XxM , , then prove that there exists a 
sequence ( )nφ  in ( )XxM ,  such that  

  (a) ( ) ( )xx nn 10 +≤≤ φφ  for Xx ∈ , ∈n  

  (b) ( ) ( )xxf nφlim=  for each, Xx ∈  

  (c) Each nφ  has only a finite number of real values. 10 
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10. (A) (a) State and prove monotone convergence theorem. 5 

  (b) If f  is measurable, g is integrable, and gf ≤ , then prove that fg is 
integrable, and  ≤ μμ dgdf . 5 

OR 

(B) (a) State and prove Fatou’s lemma. 5 

 (b) If f belongs to +M  and if λ  is defined on X  by ( ) =
E

dfE μλ , then prove 

that λ  is a measure. 5 

11. (A) (a) State and prove holders inequality. 5 

  (b) Suppose that ( ) ∞<Xμ  and that ( )nf  is a sequence in LP which 
converges uniformly on X to f. Then prove that f belongs to pL  and the 
sequence ( )nf  converges in pL  to f. 5 

OR 

(B) If ∞<≤ p1 , then prove that the space pL  is a complete normed linear space 

under the norm { } pp

p
dff

1

= μ . 10 

12. (A) (a) If λ  is a charge on X , then prove that there exist sets P and N in X 
with NPX ∪= , φ=∩ NP  and such that P  is positive and N is negative 
with respect to λ . 5 

 (b) If 11, NP  and 22, NP  are Hahn decompositions for λ , and E  belongs to 
X, then prove that  

  ( ) ( )21 PEPE ∩=∩ λλ   
  ( ) ( )21 NENE ∩=∩ λλ . 5 

OR 

(B) (a) State and prove Lebesgue decomposition theorem. 5 

 (b) State and prove Hahn Extension Theorem. 5 
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13. (A) (a) If ( )kE  is a sequence of subsets of 
p
, then prove that 

( )k
kk

k EmEm 
∞

=

∞

=

≤








1

*

1

*  . 5 

 (b) If I  is any cell in 
p
, then prove that ( ) ( )IIm =* . 5 

OR 

(B) (a) If ⊆E
p
 and ∈x

p
, then prove that ( ) ( )EmEXm ** =⊕ . 5 

 (b) Let A  and B  be disjoint subsets of 
p
 with ( ) 0, >BAd . Then prove that 

( ) ( ) ( )BmAmBAm *** +=∪ . 5 

14. (A) (a) Prove that every open and every closed subset of 
p
 is Lebesque 

measurable. 5 

 (b) If ⊆E
p
 is Lebesgue measurable and ∈x

p
, then prove that EX ⊕  is 

Lebesgue measurable and ( ) ( )EmEXm =⊕ . 5 

OR 

(B) (a) If ⊆Z
p
 is a null set, then prove that Z  is a Lebesgue measurable set 

and ( ) 0=zm . Also prove that any subset of Z  is Lebesgue measurable 
and a null set. 5 

 (b) If ( )kF  is a decreasing sequence of Lebesgue measurable sets and if 

( ) ∞<1Fm , then prove that ( )kk
k

k FmFm
∞→

∞

=

=






 lim
1
 . 5 

  (6 × 10 = 60 Marks) 
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