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PART — A

Answer any five questions. Each question carries 3 marks.

1.

2.

3.

Show that outer measure is translation invariant.

Show that the derivatives of a continuous function are measurable.
Give an example of a non-unique extension of a non o -finite measure.
Define convex and strictly convex functions and give an example.

Prove that a countable union of sets, positive with respect to a signed measure
V is a positive set.

If ¢ is a real number and f is a measurable function, prove that f +c is
measurable.

Let f be the function defined by f(0)=0 and f(x)=xsin(lj. Find D*f (0) and
X

D_f(0).
Show that monotone functions are measurable.

(5 x 3 =15 Marks)




PART - B

Answer all questions. Each question carries 12 marks.

9.

10.

11.

12.

(A)

(B)

(A)

(B)

(A)

(B)

(A)

(B)

(@) Let T be measurable set of positive measure and let
T*=[x-y:x, yeT]. Show that T * contains an interval (—¢, o) for

some a >0. 8

(b) Prove that every interval is measurable. 4
OR

(a) Prove that the class .# is a o - algebra. 8

(b) Let f be a measurable function and B a Borel set. Prove that f'(B) is
a measurable set. 4

Let f be a bounded function defined on the finite interval [a, b]. Prove that f
is Riemann integrable over [a, b] if, and only if it is continuous a.e. 12

OR

State and prove Fatou’s lemma. 12

(@) If u is a o-finite measure on a ring &, prove that it has a unique
extension to the ring &# (). 8
(b) Describe the ring generated by the finite open intervals. 4

OR

Let #* be an outer measure on £ (#) and &* denote the class of

U * - measurable sets. Prove that &#* is a o -ring and u* restricted to <#* is
a complete measure. 12

For p =1, prove that LP(x) is a complete metric space. 12

OR

(a) Prove that every function convex on an open interval is continuous. 6

(b) State and prove Holder’s inequality.




13. (A) (a) State and prove the Jordan decomposition theorem. 8

(b) Show that if 4 and v are measures such that v<<u and v L u, then
v is identically zero. 4

OR

(B) If {f.} is a sequence of measurable functions which is fundamental in
measure, prove that there exists a measurable function f such that f, —f
in measure. 12

(5% 12 =60 Marks)




