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Second Semester B.Sc. Degree Examination, December 2021
Career Related First Degree Programme Under CBCSS
Mathematics

Complementary Course Il for Physics and Computer Applications

MM 1231.6 : MATHEMATICS — Il PARTIAL DIFFERENTIATION, VECTOR
DIFFERENTIATION, COMPLEX NUMBERS AND MULTIPLE INTEGRALS

(2020 Admission Regular)

Time : 3 Hours Max. Marks : 80
SECTION - |

All the first ten questions are compulsory. They carry 1 mark each.

1. Find f,, for the function f(x,y)=4x%y - x?y .

2. Show that 2xy —9x% + {2y +x? + 1)% -0 is exact.

3. Define divergence of a vector field.

4. Define del operator in Cartesian coordinates.

5 Write the value of e®”.

6. Find 2 of 3cosh(2x*).

P.T.O.



10.

Z
Find = where z,= ¢¥ and z,= ¢? .
Z;

2 1
Evaluate _[ j y2x dydx .
30
1 1-x

Reverse the order of integration in [ [ f(x.y)dyax.
0 0

Set up a double integral of f{x, y) over the region givenby 0 <y <1 0< x < y?.

(10 x 1 = 10 Marks)
SECTION = Il

Answer any eight questions from among the questions 11 to 26. These questions
carry 2 marks each.

1.

12.

13.

14.

15.

16.

17.

18.

Find the total differential of the function fix, ¥) = cosxy.

Find Z—;— for the function 7(x,y) = x? + xy , given that y=sin"'x.

Define Saddle point.

Find %+ 2 for (x2+y? +22)81221.
ox oy

Find the Laplacian of the scalar field ¢ = x%yz .
Find curl F for the vector field F(x,y,z)= yzi + xy?] + y2%k

Find the direction in which the function f(x,y) = xe” increase interest at the point
(2.0).

Find the gradient of the scalar field ¢ = x*y + yz.
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19. Write the real and imaginary part of ;Z— where zis the conjugate of z.

20. Express sin 36 in terms of powers of siné.

21. Prove that z" ——1; —2isinng, if z=6".
z

22. Suppose sinh x = % find the exact value of x.

23. Evaluate the double integral ﬁRyzdi over the

rectangle
R={(xy)-3<x<20<y<1}.

4
24. Evaluate | | [kzdxdydz.
0

P — N
O ey B

25. Find an expression for a volume element in spherical polar coordinates.

26. Find the Jacobian for x = rsin 8cosg, y =rsingsing,z =rcosé.

(8 x 2 =16 Marks)
SECTION - (li

Answer any six guestions from among the questions 27 to 3 .
4 marks each. 8. These questions carry

o o ,
27. Show that —— = —— forth functi =
tha 3xay ~ Byox e function f(x, y) y’cos X.

28. Find the Taylor expansion, up to quadratic terms in x-1 and
2x2 -3xy + x about the point (11). y-1 of

29. Discuss method of Lagrange undetermined multipliers
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§ - - T 2
30. A particle moves in three dimensional space with velocity 7(t)=1+tj+{"k where

t is the time variable. Find the position vector of the particle when ¢ =
the particle is at (-124) when t =0.

1 given that

31. If 7 =xi +y ] +2zk show that div grad G)=0.

32. Show that the acceleration of a particle travelling along a trajectory r(t) is given

L2
by a(t)=%i+y;ﬁ

where v is the speed of the particle, f is the unit tangent to the trajectory, i is its
principal normal and p is its radius of curvature.

33. Prove that «°® =1 and 1+ »® + @® =0.

34. Solve the equation z* -32°-22+6=0.

35. Show that i’ is a real number.

x/3 cosy

36. Draw the region of integration and evaluate [ | xsin yoxdy.
0 0

37. Find the volume of the solid bounded by the cylinder x? +y? =4 and the planes
y+z=4and z=0.

8 2
38. Evaluate | [ Vx* ~1dxdy .
o !

y

(6 x 4 = 24 Marks)
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SECTION - IV

Answer any two questions from among the questions 39 to 44. These questions carry
15 marks each.

39. (a) Locate all relative extrema and saddle points of
f(x.y)=2x> +6xy? -3y -150x.

(b) The temperature of a point (x,y) on a unit circle is given by T (x,y) = xy. Find
the temperature of the two hottest points on the circle.

40. (a) Find expressions For the equations of the tangent plane and line normal to
the surface ¢(x,y,z)=c at the point P with coordinates Xo0.¥0.2y- Use the

results to Find the equations of the tangent plane and the line normal to the
surface of the sphere ¢ = x?+ y? + 2% = a? at the point (0,0, a).

(b) Find V.(fof) and Vx(VxE) where F(x,y,z)=sinx7 +cos(x —y)J + zk .

41. (a) Find the derivative with respect to x of e°*(cos7x) using complex
exponential.

(b) Evaluate the integral / = [e* cos bxdx.

42. (a) Use a triple integral to Find the volume of the solid within the cylinder
¥+ 2= 9 and between the planes z=1and x + 2= 5.

(b) Evaluate [[[ zdv, where G is the wedge in the first octant cut off from the
cylindrical solid v+ Z2< 1 and the planes y = x and x = 0.

ou ou _ou

Xy z ou,  ou ou
43. (a) |fu=!{—;,-§.;) find the value Ofxax”ay”az

(b) Show that Vx(ga)=Vgxa+¢Vxa.
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«4. (a) Solvethe hyperbolic equation coshx -5sinhx-5=0.

(b) Evaluate the double integral | = ij(a +\lx2 + y’)dxdy “where R is the region

bounded by the circle x* + y* = &.
(2 x 15 = 30 Marks)
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section-l

arry | mark each

, They ¢
Al the first 10 questions are compulsory. They

L[, = 12xdy = 20 fa = 20T 2y
2 (2xy = 9x?)
3y

2 . = 2x =
2. m(Zy-b—x +1)

3. definition

a0 a
4.‘7-—16‘+;0y+km

5. 3™ = cos 3w + isin 31 = -1
6.%3005h(2x‘) = 24x*sinh (2x")

53 .
7l == (cos 1 + ismnl)

et

5

8. f:‘; f(‘i }.'ZX (1'\'(1'\ = rf\% d‘\. e

(8]
1
9. J, Jo

ar
10. f;.m X f(x, y)dxdy

-y

{(x, y)dxdy

Section -11

Answer any 8 questions from among the questions 11 to 26. These questions carry 2

marks each

1. df = fydx + fydy implies df = —ysin (xy)dx = xsin (xy)dy

dy _ 1
dx (1=x?)1/2

. =2x+y. =%
dy X
=" 2x+y+ (-x2)ii?

2x 4 s X F =

( !,,x‘ ) hid

13. A point at which a fuaction of twe » ariables has panial derivatives equal o zero butal

which the fungtion has neither a maximum nor a minimum value,

OR

a point on a vun o surface a1 which the curvaures in two miutually perpendicular planes

are of apposile sign®




14 Ditferentiating partially w.r. x

52 Lpaye (. 0, 10\ _
:(x +ye+z9) (z.\+d.dx) 0
X

Jdez
dx pa
I)il‘fcrcnlialing partially w.ri. y

g(:r2 +y? 4 z2)32 (2)' + 2z i74) =0

dy
. ]
dy 2
di 9z Xy
[N dy - [ 2z
@
15, —

- A)‘: y )l " P
S o 4 2ty < oy
ik
lo. curt F = | 2 5 o | =Y = i
yz xyt yz?

1790 = oY 4 xe¥j

Ihe direction in which the

J

fanction £ increase fastest is VE(2,0) = i + 2

18 grad ¢ = 2xy i+ (x2 tz)j+yk

9.

20. de Movire's theorem,

€0s 30 +isin 30 = (cos g + isin ¢)*

= (cos? 6 - 3cos Gsin? 0) + i(3sin Gcos? § — sin? )

sin 30

i

3sin Gcos? 6 - sin® o
3sin 0 - 4sint ¢

i

z=co58 4 isin 6,
Al

1

—

z7% = (cos 0 4 {sin 8)™" = cos (=n@) + isin (—n@)
ZN

i

(cos 6 + isin #)" = cos no + isin no,

il

=008 nl - isin no
1

— g

2 = — = Cos Nl + i sinnb - cos nb + isin nt
/

= 2isinng



; P & 3. X __ L A —-X - U
22.sinhx=%=:»§(c* ~ ) =7 2e* -3 ~ue
“multiplying by e*
20 3" 2=

(X =2)(2¢* + 1)
et =P ol = =

0

si— i

e is always posilive = ¢* =23 x =1In 2

152 e 2
ﬂ yix dA =[ [ yxdxdy =[ [%yzxz] dy
R ; 0 J-3 0 r==3

5 s .I' s
= — =2 = ——y3 = ——
fO ( 2% )‘ly 6”] 6

0

, B g -
M2 [y Lo ), kedxdydz = j()’ f(:'(k.lefjj)dydz

Sing  cas o
P reos @sin ¢ —rsin @
sin ¢ 1sin Gcos ¢ 0

] = cos 6(r* 8) + rsin 0(rsin’ ¢)
+5in® @) = 1%sin @




Section -1l

Answer any 6 questions from among the questions 27 to 38. These questions carry 4

narks cach

7 ( cos(x)) = =y? sin (\)

7o 0 c0s) = (0 cos()) ==y sim (1)) = =37 sin

% (y* cos(x)) = 3y2 cos (x)
d 3 ) d {J 3 ad 2
—(y* cos(x)) = E((—() cos(x))) =—(3y* cos (x)) = —3y*sin (x)

R fx=4x =3y +1, fx(1,1)=
fy==3x, fy(1,1)=-3
fxy = fyx==3, fxy(l,1) = =3
fax =4 [fxx(1,1)y=4

0, fyy(1,1)=4

I

15

Writing equation

1 :
fy)=0+2(x-1)=-3(y-1) +§—|(4-(x —1D*+2(=3)(x =Dy - D+ 0y - 1))

29. To maximise [ we require
df af
df =—dx+-—dy =0
/ 0x dy Y
It dx and dy were independent. we could conclude fy = 0 = f,. However, here they

are not independent. but constrained because g is constant:

'/

Jdy
{((-——!<1\#—~(1"‘()

Multiplying dg by an as yetunknown number 4 and adding it df

Jf dy (d/ dt}) _
= o — 4 A=—)dy =0
I(f + Ag) = (huh)tu (y+ dy



. i ' equation dx and dy are
where 2 is called a Lagrange undetermined multiplicr. In this cquation ¢ 4
1o be independent and arbitrary : we must there fore choose A sueh that

] dg

¥ 1220

g ox

af .9

*_'*l‘ + A ‘g' =

dy  dy

30. The position vector F(t) is

) = Vodt= [ (T + tj+tzi)dt=t?+%j’+5}f<’+c
Whent = 0,7(0) = =i + 2] + 4K

A C= =4 2]+ 4k

f(t)th%j’Jr%K—H 2] + 4K
\k‘hcntz’l,l"(l):é;?i—:k

The particle is @t the point (0,5/2,13/3)

M.

div grad Q;) =¥-Urt =V (=13
=,-_1g;@;r'*r'*ﬂ = —1r" "V -H)+ @r 37
= Q‘&J"ELZ) & (_3,1‘»';*1 |

*”@r*l iy :;,.vSrZ! =10

Phe velocity of the panticle is given by

3 dy  drds dsz
U(f} i Tﬁ Thidsdr . at

where v = ds/dt is the speed of the particle. Writing the velocity as v = vt,

dy _dv g i
— = f AP
a{” - di mL +4 di

1t
gous

HOO
LR Tt
it dr s Wa P

dve ¥ o
sy =g+ Th

w =12+ iN3[2

wl ‘—‘w‘ w




= (=172 —iV3/2) (=172 + iV3/2)
= (=1/2)% — (iV3/2)?
=1/4+3/4=1

L+ wl+w' =1+ (=1/2+V3/2)+(=1/2=iV3/2) =0

34. 7z = 3 is a solution

V=323 =204 6= (r=3)(z"=2)

: 1 3
=1 ;’_1 (..‘,1 Yy (”“ l)_[)
SYENTLIE ! ED
= 2,z = 2V e y(— o = D
(-5~
~solutions are
Z, = 3
g, = 2173
23 = 27-(*“7 + —)
n1/3 1 31
=2 (=1 12 )
IS detz ="
Fakang [non both sides.
\!
n(zy=1iln()

i= L‘t’(gf!u;')

Inj = 1(ﬁ 4 2)17()

Inz= {l)([)('“: + Znn)
Nz = === 2nn
Z



circle x° + y? = 4,

Volume. V = ffk (4 - y)da




Section -1V

9 These ' 'y . 5
Answer any 2 questions fromamong the questions 39 to 44. These questions carry |

marks each

39, 4)

fo = 6y Oyt 150

fy = 121y = 9y
fiv = 12X
fyy = 12x = 18y
[y = 12y

I Or STLIONAry points.

6x* 4+ 6y = 150 =0 and 12xy 9y = 0
P4yt =25 and y(4x=3y) =0

[y =0=>x" = 25 = x = £5 giving (5,0) and (=5.0)

M4y = 3y then x = :—:y = l‘—'{y“' +yt=25= y=t4

p o= 4= - 3andy = =4 gives x = =3 => (3,4) and (=3,-4)

iere are four stationany points (5,0), (=5,0), (3,4) and (=3, —4).
stationary point (3.0). [/, — f4= 007 >0 = 00> 0and £y, = 60 > 0.

[ence (5,0) is a minimum,

For the stationary point (=5,0). fufyy = £ = (=00)* > 0 fy = =60 < Dand
[yy = =060 < 0, Hence (=5,0) isa maximum.

For the stationary point (ieb fofyy = 175 = =3600 < 050 (3.9) v a saddle,

For the stationary point (<=3, =4), [, /,, = 1§ = —3600 < 050 (=3, —4) iva

saddle,
30 1)

maximise T0xv) subject o the consteaint x4 v’

y oA 2Ax =0
ek Z2Ay =0



ur pairs of x - and y - values into T(x, y) = xy
maximum temperature on the unit circle is Tyax = 172 at the points y = x = & 12

0. a)
A veetor normal to the surtace ¢ (v, v, 2) = ¢ at the point P is simply Vo evaluated at
that point: we denote it by n,. [y is the position vector of the point P relative to the

origin. and 1 i~ the position vector of any point on the tangent plane. then the vector

e

he tangent plane

o




I J K
— i o . _ ')i\
0b) VxF= ’—": o~ == -sinlx—y

sinx cos(x—y) 2

. }
V- (VxF)= (;—7-(—5!!1(_‘.’( -y) =0

g k
v - -[;_ . l) @ i
X(VAF)= -d—‘ dy 9z

0 0 =sin(x-y)

= o5 (X=y)i+cos(x—y)j

- - . b 15¢7%¢
4.a) 7 =e5(cos Tx +isin Ti) = et = L3700

This complex number has ¢ ¢gs 7x ax its real part.

differentiating z with respect o v

L

L= (5+ Zuje'= 7w o O+ 70e™ (cos 7x + isin 7x)
Wy

i

Fquating real parts = — (¥ sin2x) = e>* (5 cos 7x — 7sin7x)

41) b)

L ¢t us consider the integrand as the real part of the complex number

€% (cos bx + isin hx) = p@xpix _ gifnit)

Lot ‘.xi.'lnx«-l

J e@tibheg, _ +c
a+ii:

fQ=1f) T Tib)Y

= ———

(n—u‘:,k.;wu}
or

T laet —ipet) 4 ¢

where ¢ = ¢, + ic, and equating real parts

i ={ e% coshx dx =

LH} (acos bx + bsin bx) + ¢,

[+



2. a)The lower surface of the ~olid is the plane z = 1 and the upper surface is the plane

X+ 2z =5 or equivalenth. 2 = 5 - x.

volume of G = fff’ dv = ﬂn ljlﬂ' (iz’dA

— — 5-=x
volume of 6 =f_': e f"' ' d7dydx—f f\/:;,—t 7| dydx

-\ 9e=yd 2=1

C'; J”, \“ 4 - x)dydx = j , (8- 2X)V9 = xédx
= 8f VO =xZdx = [’ , 2xV9 = x¥dx

=8 (;n) - f‘ 2xV9 = x%dx
=8(2n)~0=36r

42.b) fol fO)'fo‘. " gdzdxdy
1
Jo O =yHdy = 11{

43.a)

P ) l 7
r==,§== ==,

y 3 (1)
du 1du 7 du

== —amme i)
Jx ydr  x2 0t
du 1du x du
i bt

dz xdt z2¢9s

du du , du
X;;+y5;+4()z &= 0... o e ....(3)

43.b) The x-component of the LHS is

_Oa, d¢ da, ¢
(l)u,) (([H)) = ay+0ya’ q‘.)—d-;—-dzuy

. (da, ()ay d¢ da¢
b ( dy 0z ) i, (&y $a -c")-;“")

=@(Vxa) + (Vo xa),

y and 7z components can be similarly found,




44.a)

e* +e”* '_(0’"—0 ) ok b
B | — ——)_—:
2
~2e** + 3
_ ~ 540
("\

x =In(-3) orx= -In (2)

44.0)

g

~ il A4 X \
| = J d.\J' _dy (c: + x4+ V‘)
- i -xt

x = peos pand y = psin P

I = JJ’ (a+ p)\

rectangular region in the p(p-pl\.ng W

cl’/)(lf/}

where R s the hose sides arv
p=0p=a¢=0 and ¢ = 2m.
axy) , s sin ¢ i
el G —
0. 4)) —psin q,) pcos ¢ = p(cos® ¢ +sin ¢)=p

dxdy = pdpde

Therelore.

I = ﬂ (a + p)pdpdd
R’

2n a
= f dep [ dp(a +p)p = 2m =5~
[} S0

ap’ P
+ —
2 3 3
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