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Preface

This book arose mainly from lectures on crystallography delivered by the au-
thor to graduate students of chemistry at Tel Aviv University. Although it is
not intended to be a “primer”, efforts have been made to present the mate-
rial in a self-contained manner. Previous exposure to elementary crystallography
may be helpful but is not a prerequisite. The reader is expected to be a gradu-
ate in chemistry, physics, or materials science with a mathematical background
corresponding to the first-year curricula of these fields of study. Specifically, a
working knowledge of elementary vector algebra—in its applications to geometry—
is expected to be helpful. Other mathematical techniques employed in this book
are basic linear algebra, some calculus, and the notion of Fourier series. I have
sought to provide detailed derivations and material which may disrupt the line
of reasoning is collected into four Appendices.

The first chapter introduces lattice geometry, relationships between direct
and reciprocal lattices, permissible rotational symmetries of a 3-D lattice and
allowed combinations of rotational symmetries. A discussion of the seven crystal
systems concludes the chapter. The second and third chapters employ the build-
ing blocks secured in the first chapter to present the theories of the point-group
and space-group symmetries of a crystal, which is conceived as a triply periodic
array of material units. The first three chapters thus contain a self-consistent in-
troduction to the geometrical and symmetry aspects of classical crystallography.

The fourth chapter deals with the crystallographic experiment. We introduce
the conventional diffraction conditions and their representation, introduce the
reader to the production and detection of X-rays by traditional and modern
methods, and present a concise survey of the apparatus used for the collection of
diffracted intensity data. The modern methods are exemplified by the principles
and applications of synchrotron radiation and imaging plates.

The fifth chapter presents a discussion of X-ray scattering by charged particles
and proceeds to the scattering from a periodic array of material units, followed by
a derivation of the structure factor and its relation to the electron density within
the repeating unit of the crystal. Next, effects of space-group symmetry on the
diffraction pattern are considered, and hence the first steps in the determination
of the crystal symmetry.

Given some basic ideas about the geometry and symmetry of a crystal, a
survey of experimental techniques for the collection of intensity data, and the
structure-dependent model in terms of which these data are interpreted, we are
ready for actual methods of crystal structure determination. The sixth chapter
deals with one such method, based on the Patterson function. Common to all
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its applications is the use of interatomic vectors, usually aided by symmetry
considerations. After the introduction of this function, some classical techniques
based on it are discussed as well as some of its advanced applications.

The seventh chapter deals with structure-factor statistics, as applied to scal-
ing the intensities and completing the space-group determination. Classical as
well as modern methods are discussed. This chapter was chosen to precede the
next one, on direct methods, since the latter methods are, in part, based on prob-
abilistic considerations and the seventh chapter may serve as an introduction.

The eighth chapter deals with the basics of direct determination of the phases
of the structure factors and hence determination of the structure with no previ-
ous assumptions. Space-group symmetry and probabilistic considerations are of
importance in most variants of these methods.

The ninth chapter deals in some detail with small displacements of the atoms
from their mean positions in the crystal, including small departures from perfect
periodicity and how these affect the structure factors and hence the intensities.
Actually, this chapter could have followed the fifth one but the details presented
here are not required until the next chapter.

The tenth and last chapter deals with refinement of structural parameters.
This process is essentially a confrontation of the experimental data with the
model used for their interpretation. In this confrontation, the parameters on
which the model is based are systematically varied so that the agreement of the
model with experiment improves. Among the existing refinement techniques, we
shall discuss only the least-squares technique. The discussion is based on con-
ventional atomic parameters, rigid-body parameters in constrained refinement
calculations, and geometrical parameters included in the section on restraints.

It is expected that this concise presentation of the subject will serve as a

good introduction to its principles, and also as a reminder of some topics which
call for clarification.

Tel Aviv, 29 June, 2006. Uri Shmueli
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1 Symmetry in crystals:
fundamentals

1.1 Introduction

Crystalline solids possess a property which is absent from the amorphous, liquid
and gaseous states, namely that their fundamental building blocks are arranged
to a good approximation in a triply periodic array. Strict periodicity is, of course,
an idealization, and the various (minor) deviations therefrom are subject to study
in the advanced stages of structure determination. We shall, however, assume
such periodicity while introducing the geometrical aspects of crystallography.
The above-mentioned periodic arrangement of the building blocks underlies all
of the geometry and symmetry of a crystal structure, and we shall try to describe
it in some detail.

Consider a microscopic material unit; this can be an atom, a molecule or
a group of molecules. Let us generate a row of identical units by shifting the
above material unit as a whole, parallel to itself, through the vectors +a, +2a,
..., =na, where n can be an arbitrarily large integer (n — o00). We obtain an
infinite array of identical units in the same orientation, and such that any unit
can be brought into coincidence with another unit in the row if it is translated
as a whole and parallel to itself through some integer multiple of a. Our row
is a one-dimensional periodic arrangement of material units, the period being
the vector a, and the fact that any unit can be brought into coincidence with
another one in the row by parallel translation through an integer multiple of a
shows that the row possesses translational symmetry. The set of vectors {na},
where n is any integer, is called a one-dimensional vector lattice. It fully defines
the periodicity of the one-dimensional arrangement, but its zero vector can be
associated with any point within the starting or reference material unit.

Let us now choose a well-defined origin of the starting unit, for example its
center of mass. It is clear that the position vectors of the centers of mass of all the
units are elements of the infinite set {na}. The corresponding set of the endpoints
of these position vectors is called a one-dimensional point lattice, a vector of this
lattice being defined as r, = ua, where u can be any integer (including zero).
A more general element of a one-dimensional point lattice has the form r + ua,
where r is the position vector of any point within the starting unit.

Let us now expand the row of material units into a sheet of such units by
shifting the row as a whole, parallel to itself, through the vectors +b, +2b, ...,
+nb, where n can be an arbitrarily large integer (n — o0) and the vector b is
not collinear with a, may differ from a in its magnitude, and does not have to be
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perpendicular to it. We have now obtained a two-dimensional periodic arrange-
ment which possesses a two-dimensional translational symmetry. The position
vectors of the centers of mass of all the units are elements of the infinite set
{pa+ gb}, where each of p and ¢ ranges over all the integers. The corresponding
set of the endpoints of these position vectors is called a two-dimensional point
lattice, a vector of this lattice now being defined as r,, = ua + vb, where v and
v can be any integers (including zero).

We proceed, finally, to a triply periodic array of material units, which is the
conventional representation of a three-dimensional ideal single crystal. This is
obtained on expanding the sheet of material units by shifting the infinite sheet
as a whole, parallel to itself through the vectors +c, +2c, ..., +nc, where n can
be an arbitrarily large integer (n — o) and the vector ¢ is not collinear with
either a or b, may differ from them in its magnitude and does not have to form
a right angle with either. We have now obtained a three-dimensional periodic
arrangement which possesses a three-dimensional translational symmetry. The
position vectors of the centers of mass of all the units are elements of the infinite
set {pa + ¢b + rc}, where each of p, ¢ and r ranges over all the integers. The
corresponding set of the endpoints of these position vectors is called a three-
dimensional point lattice, a vector of this lattice now being defined as

Tyow = ua + vb + we, (1.1)

where u, v, and w can be any integers (including zero). The complete structure

of the three-dimensional arrangement is thus defined by the structure of a single
material unit and the linear combinations of the three basis vectors of the vector
lattice which represents the periodicity of that arrangement. It is customary in
the crystallographic literature to denote the lattice vector given in eqn (1.1)
by the symbol [uvw]. We shall use this notation occasionally, but the explicit
notation will be preferred.

Although most of our discussions will involve three-dimensional lattices, it is
often useful to simplify them by dealing with their two-dimensional projections.
A portion of a two-dimensional periodic arrangement is illustrated in Fig. 1.1
by a drawing by the well known Dutch graphic artist M. C. Escher. The unit
of the pattern (the equivalent of a material unit) can be chosen in several ways,
for example as two horizontally adjacent white and gray horses. Once a choice
has been made, it is easy to see how the whole pattern can be reconstructed
by parallel translations of the unit chosen, by linear combinations of two basis
vectors with integer coefficients. Since, however, all the horses have identical
shapes we can also think of a translation followed by a change of color as a
symmetry operation relating,for example, adjacent white and gray horses. We
shall not deal in this book with the advanced subject of “black and white” or,
in general, color symmetry, so well illustrated by some of Escher’s drawings, but
merely point out its existence. It has little to do with structure determination
but may be of considerable importance in the study of the physical properties
of crystals. Another question which suggests itself is: how shall we choose the
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Fig. 1.1 A two-dimensional periodic pattern. Reproduced from MacGillavry (1965),
with copyright permission of the International Union of Crystallography (IUCr).

origin of the point lattice? The answer is: it may be any point within a unit of the
pattern. The above choice of the center of mass was merely a convenience. These
questions are discussed further in the Exercises and in the following chapters.
It is evident that in order to reconstruct the whole pattern in Fig. 1.1 all we
need to know is the internal structure of the unit of the pattern, its origin,
and the two basis vectors of its two-dimensional lattice, properly oriented with
respect to the unit. Similarly, the structure and structure-dependent properties
of three-dimensional crystals can be reconstructed if the internal structure of
the fundamental material unit is known, and so are the basis vectors of the
underlying three-dimensional lattice and its origin.

While basically correct, and qualitatively consistent with the above gener-
ation of the periodic arrangement, the above picture is not, however, suitable
for a quantitative implementation. This is so, because we ultimately desire to
relate the atomic positions—and more generally, the density function of scatter-
ing matter—to a convenient frame of reference. In order to achieve this, we shall
first define the smallest volume which, when translated by all the lattice vectors,
generates the three-dimensional space in which the lattice exists. This can be
taken as a parallelepiped with edges coinciding with the basis vectors a, b, and
¢, and one of its corners taken as the origin of the lattice. This parallelepiped is
called the unit cell (Fig. 1.2). Of course, all the eight corners of the unit cell are
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Fig. 1.2 The unit cell

lattice points, and each lattice point corresponds to a material unit. However,
each such unit is shared by eight unit cells having in common a single lattice
point. It follows that the unit cell contains just one material unit. This point
is illustrated further in the Exercises. We note here that a unit cell containing
lattice points only at its corners is called a primitive unit cell. This will be dis-
cussed further below. The lengths of the unit cell edges are simply designated by
a, b, and ¢ and the angles between the basis vectors abc are defined as follows:
« is the angle between b and c, 3 is the angle between ¢ and a, and + is the
angle between a and b. Thus in the general case the unit cell is described by the
six quantities a, b, ¢, o, (B, and v which are known as the unit-cell parameters
or, sometimes, unit-cell constants. It is important to remember that the vectors
a, b, and c are conventionally taken as a right-handed triad.

The next step is the definition of a coordinate system (see Fig. 1.3). Let us
choose the X axis along a, the Y axis along b, and the Z axis along ¢, and try
to express the position vector of point P in Fig. 1.3 in terms of its coordinates
Xp=0A,Yp = OB, Zp = DP, and the basis vectors abc. We have from the
figure

rp = OA + OB + DP. (1.2)
But the vector OA is just Xp multiplied by a unit vector along a, etc. Hence
a b c
rp=Xp—+Yp—+Zp—. (1.3)
a b ¢

Now, eqn (1.3) can be readily rewitten as

X Y, Z
rp:—Pa—|— pr—f——PCEZ‘Pa—f—be—FZPC (1.4)

a c
with the following consequences: in eqn (1.3), the basis vectors are unit vectors,
that is they are dimensionless, and the coordinates Xp, Yp, Zp have the dimen-
sion of length. These coordinates of a point within the unit cell may have values
not exceeding the lengths of the corresponding unit-cell edges. In eqn (1.4), on



The lattice plane 5

Z(|lc) P

X(lla)

Fig. 1.3 A crystallographic system of coordinates.

the other hand, the basis vectors are just the basis vectors of the lattice and
have dimensions of length, and their coefficients—the coordinates—are dimension-
less. These coordinates of a point within the unit cell may have values between 0
and 1 only, and are called fractional coordinates. Of course, any point in the space
spanned by the basis vectors abc can be described by its fractional coordinates.
Only if each of the three fractional coordinates of a point is an integer does the
point represent one of the lattice points. That is, the integers uvw in eqn (1.1)
can be regarded as fractional coordinates of a lattice point. The great majority of
the existing reports of crystal structures employ the fractional coordinates zyz
in presenting atomic positions.

1.2 The lattice plane

We shall now deal with some fundamental properties of lattice planes, as these are
indispensable for the understanding of the geometrical basis of some important
diffraction phenomena. Only elementary vector algebra will be employed for this
purpose and the discussion will be presented in the conventional notation.

A lattice plane is defined by three noncollinear lattice points. These three
points define two lattice vectors, and the shortest lattice vectors in their direc-
tions can be taken as the basis vectors of a two-dimensional lattice. We shall
proceed to show that a three-dimensional lattice can be represented as a family
of parallel and equidistant lattice planes, find the general form of the equation
of such a lattice plane, and derive an expression for the distance between any
two successive lattice planes within the family. A schematic illustration of such
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Z(|le)

X([la)

Fig. 1.4 A schematic illustration of a lattice plane.

a lattice plane is given in Fig. 1.4. Let us choose in the three-dimensional lattice,
a set of primitive basis vectors, a, b, and ¢, such that the unit cell constructed
from these three vectors is primitive, and fix the origin at a lattice point. The
coordinate axes — to be used later on — will be denoted by X, Y, and Z, where
X is parallel to a, Y is parallel to b and Z is parallel to c. The position vectors
of the three lattice points determining the plane can be written as

rr = ua+vgb +wye

r; =una+vogb+wne

rx = ur)a+ v b + wgye,
where, for example, u(ryv(ryw(s) are the fractional coordinates of the I'th lattice
point. Since the basis vectors form a primitive unit cell the fractional coordinates

of all the lattice points may be any integers. The above three lattice points define
two in-plane lattice vectors,

Q=r;-1,
= (uery —uery)a+ (vay —vey)b + (wiy —wn)e
=Qza+Qyb+Q.c
and
R=rg—ry

= (u(ry — ugn)a+ (V) = v)b + (W) — wig))e
=R,a+ R,b+ R.c,
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where the components Q,Q,Q. and R, R, R, may be any integers. We can now
proceed to formulate the equation of the lattice plane. A vector normal to the
plane is given, for example, by the vector product of the two in-plane lattice
vectors defined above. This plane normal is given by

N=RxQ
= (Rsz - RzQy)(b X C) + (RzQa: - Ra:Qz)(C X a)
+ (R,Qy — RyQz)(ax b) (1.5)

and this can be rewritten briefly as
N =h(bxc)+k(cxa)+l(axDb), (1.6)

where h = (RyQ. — R.Qy), k = (R.Qs — R;Q>), and | = (R,Q, — R,Q), the
coefficients of the vector products in eqn (1.5), are arbitrary integers. If, however,
we divide h, k, and [ in eqn (1.6) by their greatest common factor—other than
+1 or —1-the resulting coefficients of the vector products in eqn (1.6) will be
relatively prime integers and the direction of N, the plane normal, will of course
remain unchanged. This imparts a uniqueness to the plane normal, which will
be essential to our discussion of lattice planes. We shall therefore assume, in this
discussion, that A, k, and [ in eqn (1.6) are relatively prime integers.
The orientation of the lattice plane is now determined, and we proceed to
define its location. Let
r;, = ua+ vb + wc (1.7)

be the position vector of a lattice point lying in the plane and let

r:£a+zb+gc (1.8)
a b ¢

be the position vector of a point (not necessarily a lattice point) lying in the
plane. Its coordinates XY Z have dimensions of length and r is a lattice point
if each of the X, Y, and Z is an integer multiple of the corresponding a, b and
¢ respectively. The ratios X/a, Y/b and Z/c are the fractional coordinates of
the point defined by the vector r. Let us assume further that r and ry; do not
coincide. It is obvious that the vector r — ry, is parallel to the lattice plane, and
therefore its scalar product with the plane normal must vanish:

N-(r—ry)=0 (1.9)
N-r=N-rg. (1.10)

A straightforward substitution of eqn (1.6), eqn (1.7) and eqn (1.8) into eqn (1.10)
leads to mixed products, such as a- (b x ¢) and a- (¢ x a). These mixed products
vanish if any two vectors are the same, and equal the volume of the unit cell, V,
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if the vectors are a cyclic permutation of a, b and c. Only cyclic permutations
are obtained in the triplets of unequal basis vectors. We therefore obtain

(hi—i-k%—i—lg) V = (hu+ kv + lw)V. (1.11)
a c

Since V' cancels out, and the expression in parentheses in the right-hand side
of eqn (1.11) can be an arbitrary integer, the equation of the above lattice plane

becomes
X Y Z

ha—ch—Hc—n. (1.12)
The relatively prime integers hkl are known as Miller indices of the lattice
plane, XY Z are the coordinates of the point r (with dimensions of length) (see
eqn (1.8)), and n may assume any integer value. We thus have a family of lattice
planes, with the same Miller indices hkl but differing in the value of n. All these
planes belonging to the (hkl) family are obviously parallel (they have the same
plane normal), but it remains to be shown that they are also equidistant.

Assume that n is positive, and locate the intercepts of the plane in eqn (1.12)
on the coordinate axes X, Y, and Z. We have

Y=Z=0-X,="2
h

Z=X=0—>Yn=%b,

X:YZOHZn:%.

The intercepts of the (n—1)th plane will be (n—1)a/h, (n—1)b/k and (n—1)c/I,
and so on for other intercepts. The distance between two successive intercepts
will be a/h on the X axis, b/k on the Y axis and I/c on the Z axis, from
which it readily follows that the adjacent parallel planes in the (hkl) family are
equidistant.

Let us now find an expression for this interplanar distance. Rather than
considering distances between successive intercepts, let us consider the vector
leading from one intercept to the next along one of the axes; on the X axis
this will be a/h etc. The distance between two successive lattice planes in the
(hkl) family is just the projection of the vector a/h on the direction of the plane
normal, and this is simply found as a scalar product of the vector to be projected
onto the direction of N and a unit vector along this direction. If we denote the
interplanar distance by dp;, we have

N (1.13)

dni =
IN|

S|

However, we have from eqn (1.6)
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l{h[a- (bxc)+Eka (cxa)+a-(axDb)}

a
. N=
h h
1
= Eh[a~ (b x ¢)]
=V
It follows that v . )
dhkl = =5 = oo = T (1.14)
IN| [N/V| — |h]
where b b
X C cxa a x
h=~rh k l . 1.1
1% + \%4 + 1% (1.15)

The vector defined in eqn (1.15) is perpendicular to the family of (hkl) planes and
its magnitude is the reciprocal of the interplanar distance of this family. We shall
generalize the geometrical properties of h in the next section, and encounter its
physical and mathematical interpretations in the following chapters of this book.
In the meantime, let us apply it to the calculation of the interplanar distance
for the simplest example of a cubic lattice. We have here: a = b = ¢ = ag,
a=f=~v=90° and a = api,b = apj,c = apk, where ijk are Cartesian unit
vectors in the directions of abc, respectively. The expression for h becomes

h k l
h=—i+—j+ —k,
Qg an an

and we obtain for the interplanar distance

1 1
- do (1.16)

R YR AR R
Expressions for interplanar distances in other crystal systems can be readily
obtained if we make use of the relationships between direct and reciprocal bases
(see below).

We conclude this section by indicating a convenient method for graphical
representation of lattice planes. Because of the periodicity of the lattice, this can
be done for the planes with n = 1 and n = 0. The intercepts of the lattice plane
with n =1 on the X, Y and Z axes are, according to the above discussion, a/h,
b/k and ¢/l respectively, and can therefore be found within one of the eight unit
cells about the origin. However, one unit cell is sufficient if we are free to shift
its origin to each of its eight corners (for the purpose of graphical representation
only). Several examples of such lattice planes are shown in Fig. 1.5. According
to the above, a concise definition of the Miller indices is the following: A lattice
plane with Miller indices hkl, conventionally denoted by (hkl), intercepts the X
azis at a/h, the Y axis at b/k and the Z azis at c¢/I. For example, the (312) plane
intercepts the X axis at a/3, the Y axis at b and the Z axis at ¢/2. However,
the above definition could in principle be applicable to any hkl, but would they
always describe a lattice plane? Let us consider, as an illustration, the (100)
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Fig. 1.5 Lattice planes with n=1. The planes are (1)(111), (2)(212), (3)(020), (4)(121).
Note that (020) does not pass through any lattice point and is therefore not a lattice
plane.

and (200) planes, for n = 1. The (100) plane intercepts the X axis at a, and
is parallel to the Y and Z axes. This plane and all the remaining ones in the
(100) family pass through lattice points in planes parallel to the (b, ¢) plane.
The (200) plane intercepts the X axis at a/2, and is also parallel to the Y and
Z axes. However, it does not pass through any lattice point. We would find the
same result for the (222) plane and, in general, for any plane (hkl) (with n = 1)
for which the indices h, k, and [ are not relatively prime. The above argument
serves the purpose of an illustration, but does not constitute a rigorous proof
that the indices h, k, and [ represent a family of lattice planes if and only if h, k,
and [ are relatively prime integers. Such a proof, employing number-theoretical
arguments, can be found in the article of Deas and Hamill (1957) but is outside
the scope of our treatment.

1.3 The reciprocal lattice

The above discussion of families of lattice planes and of interplanar distances
within those families led to the appearance of the vector h, given by eqn (1.15).
It is interesting to consider this vector and its components in some detail, in
view of its numerous applications in crystallography.

Let us first rewrite h as

h = ha* + kb* + Ic*, (1.17)

where
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*

b xc cxa axb
a =

v b* = v c = v (1.18)
and V is the volume of the unit cell.

Let us now allow hkl to take on any integer values, that is we shall not restrict
them to relatively prime integers. The vector h in eqn (1.17) now becomes a
linear combination of the basis vectors a*, b*, and c*, the coefficients of this
combination being any integers. Mathematically, this means that h in eqn (1.17)
is a lattice vector, and is in this sense analogous to ry,, in eqn (1.1). However,
these two lattices are different: r,,, and its basis vectors a, b, and ¢ have
dimensions of length, while h and its basis vectors a*, b*, and c* have dimensions
length™'. For this reason, as well as others which will become clear later, we call
the set of all the points with position vectors

ua + vb + wc,

where uvw are any integers, the direct lattice, and the set of all the points with
position vectors

ha* + kb* + Ic*,

where hkl are any integers, the reciprocal lattice.

We shall now proceed to inspect the relationships between the bases of the
direct and reciprocal lattices. It is evident from eqn (1.18) that a* is perpendic-
ular to b and to ¢, b* is perpendicular to ¢ and to a, and c* is perpendicular to
a and to b. We therefore have

a*-b=a"-c=b"-c=b*-a=c"-a=c"-b=0. (1.19)
We further have
bxc V
.a¥=a- =—=1 1.20
a-a*=a v v ( )

and similarly for the scalar products involving b and c. That is
a-a*=b-b*=c-c*=1. (1.21)

Equation (1.19) indicates further that a o« b* x ¢*, b & ¢* x a* and ¢ oc a* x b*.
If we combine this result with eqn (1.21), we obtain
_b*xc* c* xa* _a"xb”

= b= = 1.22
a= 2 e (122)

where
Vi =a"-(b*xc")=b" (c"xa")=c"-(a* x b")

is the volume of the unit cell of the reciprocal lattice, based on the vectors a*,
b*, and c*.
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Note further that

V*=a"-(b* xc")
_(bxc)-(b*xc¥)

v
— (b-b")(c-c*) — (b-c*)(c- bV
_ é (1.23)

That is, the volumes of the direct-lattice and reciprocal-lattice unit cells also
turn out to be mutually reciprocal. Here use has been made of the standard
vector-algebraic expression for a scalar product of two vector products and of
egs (1.18), (1.19), and (1.21).

Let us now find an expression for V in terms of the unit-cell parameters
a,b,c,a, B,7. A straightforward approach to the calculation of the volume of a
parallelepiped in terms of its edges and angles is rather cumbersome, and we
shall follow the method of Buerger (1941) which is far simpler. If we refer the
basis vectors a, b, and ¢ to a Cartesian system, say

a =ia; + jay + ka.,
b =ib, + jb, + kb.,
¢ =ic; + jey + ke, (1.24)

then the volume of the parallelepiped constructed from these vectors can be
readily shown to equal

Uy Gy
V=a-(bxc)=|by b, b, |. (1.25)

Cz Cy Cs
If we now make use of the fact that a transposition of the rows and columns of a

determinant does not affect its value, the squared volume of the parallelepiped
can be computed as

Az Gy Q| | Gz by Cx a-aa-ba-c a®> abcosvy accos 3
VZ=1b, b, b.||a,b,c,|=|b-ab-bb.-c|=|bacosy b* bccosal,
Cx Cy C.||az b, c; c-ac-bc-c cacosB chcosa 2

(1.26)

and upon expanding the rightmost determinant in eqn (1.26) and taking the
square root we obtain

V = abe(1 — cos® o — cos? f — cos? v 4 2 cos acos f cos ) /2. (1.27)

An analogous expression for the volume of the reciprocal unit cell can be obtained
as
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V* = a*b*c¢* (1 — cos? o — cos? §* — cos? " 4 2cosa” cos B cos )2 (1.28)

We now, finally, find the relationship between the interaxial angles of the
reciprocal unit cell and of the real unit cell. We can do this, for example, by
comparing different expressions for the same scalar products of two basis vectors.
We have

a?be

b*.c* = TT cosa’ = W Sinﬁsin’}’cosoz* (129)
and, on the other hand
cxa axb
b*.c* = .
CT TV v
(c-a)(a-b)—(c-b)(a-a)
a?be
= W(cosﬁcosw —cos ). (1.30)

If we equate eqn (1.29) and eqn (1.30), we obtain

cos 3 cosy — cos

st = 1.31
cosa sin Fsiny ( )
Analogous calculations lead to
COS 7y COS (¥ — COS
cos 3" = ’y- - b (1.32)
sin v sin v
cos* = cosozcosﬁ—cos*y, (1.33)

sin asin 3
and to the inverse relationships

cos 3* cosv* — cosa*
cos o = B - Y - , (1.34)
sin * sin y*

cosy* cos a* — cos §*

cos = , (1.35)

sin y* sin a*
cos o cos 3* — cosy*

cosy = (1.36)

sin a* sin 3*

The relations in eqns (1.31)-eqn (1.36) can also be obtained by methods of
spherical trigonometry (see, for example, Buerger 1956).

1.4 Permissible rotational symmetries of a three-dimensional
lattice
The universally present symmetry of a lattice is, by definition, a translation by

a lattice vector. However, a lattice may also be symmetric with respect to a ro-
tation about a certain direction, through certain angular intervals. For example,
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any two-dimensional lattice is symmetric with respect to a rotation through 180°
about an axis perpendicular to the lattice and passing through a lattice point, a
square two-dimensional lattice is symmetric with respect to rotation through 90°
about a perpendicular axis and possesses additional symmetry elements, and so
on. It is well known that the permissible angles of rotation about axes of sym-
metry of a three-dimensional lattice are multiples of 360°, 180°, 120°, 90°, and
60° only, and many illustrations of this result have been presented in the crys-
tallographic literature. Rigorous proofs of the above are rather scarce, however,
and we shall try to present one, along the lines of that given by Zachariasen
(1945). Most of the mathematical details involved in this proof will, however, be
collected in Appendix A, which will also be referred to from other chapters of
the book.

Let a three-dimensional lattice be symmetric with respect to a rotation
through an angle a about some, as yet unspecified, direction. This means that
the lattice is brought by this rotation into self-coincidence and that each vector
of the lattice before the rotation took place is carried into a vector of the rotated
lattice. Let us assume that the basis vectors have been chosen so that they define
a primitive unit cell, and their coefficients in any lattice vector r;, = ua+vb+wc
are therefore necessarily integers. The operation of rotation can be written as

uf Pi1(a) Pia(a) Pis(a) w;
Uf = Pgl(a) PQQ (Oé) P23 (Oé) Vs s (137)
wf Pgl(a) P32 (Oé) P33 (Oé) w;

where the subscript ¢ denotes the lattice vector before the rotation, P () is an
element of the matrix of the symmetric rotation acting on the components of
rr; = u;a+v;b+w;c and the subscript f denotes the lattice vector resulting from
this rotation. Since the whole lattice is symmetric with respect to the rotation
P(a), the rotation in eqn (1.37) must carry an infinite number of triples of
integers into triples of integers. This can be so only if all the elements of the
rotation matrix P(«) are also integers. In particular, we must have

TI‘(P) = Pll(Oé) + PQQ(O{) + P33(Oé) =n, (138)

where n is an integer. We show in Appendix A that the trace of a square matrix
is invariant under a transformation of the basis to which the matrix is referred,
provided the transformation matrix is nonsingular. We also show there that such
a transformation from the crystal to a Cartesian system can be readily found.
We then find the general form of an operator that performs a rotation through
an angle o about an axis coinciding with a given unit vector. When this operator
is referred to a Cartesian system, it is seen that its trace is given by 1 + 2 cos«,
and thus depends on the angle of rotation alone. Since, in our case, the trace of
the matrix of symmetric rotation must be an integer, we have

Tr(P) =14 2cosa =m, (1.39)
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[n]a

[n]™'a

Fig. 1.6 Permissible symmetric rotations of a two-dimensional lattice.

where m is an integer. This integer is of course restricted, since

1
m2 <1 (1.40)

—1<cosa =

The possible values of m are: —1, 0, 1, 2 and 3 and these values correspond to «
= 180°, 120°, 90°, 60° and 360°, respectively, which was to be shown.

The above result is obtained in the crystallographic literature by a variety
of methods, which vary from the rigorous method outlined above to qualitative
justifications. It may be instructive to present also another geometrical deriva-
tion, which, however, deals with the permissible symmetric rotations of a two-
dimensional lattice about a normal to its plane.

Consider the vector diagram presented in Fig. 1.6. We assume that:

1. The lattice plane in the figure is symmetric with respect to a rotation by
27 /n about the normal to the plane.

2. The origin is chosen on the axis of rotation.

3. The vector a is the shortest in-plane lattice vector.

If we denote the operator of rotation through 27 /n about the symmetry axis
by [n], the vectors [n]a and [n]~'a must also be in-plane lattice vectors, their
magnitudes are equal to |a|, and their sum

[na+[n] ta=rg (1.41)

is also an in-plane lattice vector, which must be parallel or antiparallel to a.
Also, since a is the shortest in-plane lattice vector, rz in eqn (1.41) must be
an integer multiple of a, that is. r, = ka, where k is an integer. Of course, we
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also have |rj | = k|a|. Because of the orientation of ry,, the magnitude |r| is the
projection of ry, on the direction of a,

a
lrp|=rp - —
|

— ([nJa+ [n] 'a)- %

2
= 2|a] cos —W, (1.42)
n

since the angles which are formed by [n]a and a and by [n]~'a and a are 2w /n
and —27/n, respectively. It follows from the above that 2 cos(27/n) = k, where
k is an integer. Finally,

2
—1§cos—ﬂ-:ﬁg—|—1.
n 2

The possible values of k are —2, —1, 0, 1, and 2, and to these correspond the
values of n 2, 3, 4, 6, and 1, respectively.

We have arrived at the same result as that obtained by the first method;
however, only a two-dimensional lattice was considered here. Of course, no other
values of n, that is other orders of rotation, are possible in a three-dimensional
lattice, since they would have to be obeyed by its two-dimensional projections
(which are two-dimensional lattices).

1.5 Every lattice is centrosymmetric

A three-dimensional lattice possesses, by definition, translational symmetry and
can also have a restricted number of rotational symmetries, as shown in the
previous section. There is, however, another kind of symmetry which must be
obeyed by all possible lattices, independently of their (integral) dimensionality.

Let {a;} be a set of linearly independent basis vectors. A typical lattice
vector, constructed from this basis, is a linear combination of the basis vectors,
with integer coefficients. That is, it has the form

N
ry; = Zuiai (143)
i=1
where u;,7 = 1,..., N are any integers. We can therefore find for each set of {u;}

a set of {—wu;} or, in other words, to each lattice point with position vector ry,
there corresponds in the lattice a point with position vector —ry. It follows that
if the lattice is inverted through the origin, chosen to be at a lattice point, it is
brought into self-coincidence. The point through which the lattice is symmetri-
cally inverted is called a center of symmetry of the lattice. Of course, each lattice
point is a center of symmetry of the lattice and, as will be seen later, there are
more such points.



Orientation of symmetry axes with respect to the lattice 17

Returning to the case of the three-dimensional lattice and the conventional
notation, to each lattice point with coordinates uvw there corresponds a lattice
point with coordinates wow, where uvw are all integers. The possible locations
of centers of symmetry will be discussed further in the Exercises.

1.6 Orientation of symmetry axes with respect to the lattice

The above fundamental features of the possible lattice symmetries are the build-
ing blocks of the theory of crystal symmetry, which will be dealt with in the next
two chapters. There exist, however, restrictions on the possible orientations of
symmetry axes and planes with respect to the lattice, which are indispensable
for convenient classification of crystal symmetries. We shall deal here with axes
only, and defer the analogous treatment of planes to the Exercises. Consider a
line in a lattice which coincides with an axis of rotational symmetry (see Fig.
1.7). Let the corresponding symmetry operation be a rotation through 27 /n,
where n may equal 2, 3, 4, or 6, as shown above (the trivial value n = 1 being
omitted), and let the corresponding operator be denoted by P,,. Let rz be a
lattice vector, referred to an origin on the axis of symmetry, such that ry is
neither perpendicular nor parallel to the axis. By definition, P, rz,P2rr, ...,
PZ’lrL are also lattice vectors, and so is their sum. Let us now decompose ry,
into components parallel and perpendicular to the axis, say rp, = rj+r_. It can
be shown that the perpendicular components

I+P,+ - +P' ry,

where I is a unit operator, must equal zero for n = 2, 3, 4 or 6. Therefore, the
lattice vector

I+Py+ - +Pr e, =I+P,+--+ P Y =nr|

must be parallel to the axis of symmetry. Summing up, if a lattice is symmetric
with respect to a (permissible) rotation, there must exist a lattice line parallel
to that axis.

Let us now choose two lattice vectors, r; and r7, each of which is neither
parallel nor perpendicular to the axis of symmetry, and which are not coplanar
with that axis, and decompose them as before into components that are parallel
and perpendicular to the axis. The vectors

rfl — Pnl‘ﬂ and rﬁ — Pnrﬂ’

obviously vanish, and
/ / " 1
I‘L—Pnrl and I‘L—Pnrl

are lattice vectors perpendicular to the axis of symmetry. If we take the shortest
lattice vectors in the directions of those vectors, and all their linear combinations
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Fig. 1.7 Orientation of symmetry axes.

with integer coefficients, we generate a lattice plane which is perpendicular to
the axis of symmetry. It is interesting to note that if a unit cell is constructed
from these shortest vectors it may contain a lattice point at its center (see Fig.
1.8). Such a unit cell is known as nonprimitive and will be discussed repeatedly
later. It follows from the above considerations that if a lattice is symmetric
with respect to a rotation about an axis, the lattice must contain a lattice line
parallel to that axis of symmetry and a lattice plane perpendicular to it. This
theorem, and a similar one related to symmetry planes to be dealt with in the
Exercises, are the basis of the conventional classification of crystal systems which
will conclude this chapter.

1.7 Permissible combinations of axes of rotation

In order to characterize the full symmetry of the direct lattice, we have to solve
two additional problems. First, what are the admissible pairs of differently ori-
ented allowed axes of rotation, such that their successive application still leaves
the lattice unchanged? Second, what additional symmetry operations arise as a
consequence of the ever-present center of symmetry of a lattice (see above)? We
shall solve the first of these problems in this section, and defer the solution of the
second one to the next chapter, which will be largely devoted to the classification
of crystallographic point groups.

If a lattice is symmetric with respect to two rotations about differently ori-
ented axes, the product of these two operations must also be a symmetry op-
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Fig. 1.8 Primitive and nonprimitive unit cells.

eration of the lattice, and this operation must be a rotation about a certain
direction. Let us denote an operator corresponding to a rotation through an
angle 27 /n by [n]. Suppose [2] and [2”] correspond to two twofold axes of sym-
metric rotation, passing through the origin of the lattice and forming an angle
¢ (see Fig. 1.9). An application of the operator [2] to the vector rz yields the
vector [2/]ry, (see Fig. 1.9), and a subsequent application of the operator [2”] to
the vector [2']ry, yields the vector [2”][2']rr. It is readily seen that the endpoints
of the vectors rz, and [2”][2']ry, are at the same height above the plane contain-
ing the two twofold axes. These points are therefore simply related by a rotation
about an axis which is perpendicular to the plane containing the two twofold
axes. Figure 1.9 shows further that the angle of that rotation is exactly twice as
large as the angle enlosed between the two two-fold axes, that is, it equals 2¢.
We know, however, that the angle of rotation (apart from the trivial 360°) can
only be 180°, 120°, 90°, or 60°, and therefore the values of ¢ are restricted to
90°, 60°, 45° or 30°, respectively. Summing up, we have

! = [212rL = [n]ry, (1.44)

where n = 2, 3, 4, or 6 for ¢ = w/2, n/3, w/4, or 7/6, respectively. The axis
of [n] is perpendicular to the plane containing the axes of [2/] and [2”], and
the following four important allowable combinations are obtained: [2][2'][2"],
[B112'][2"], [4][2][2"], and [6][2'][2"].

The consideration of allowable pairs of axes where at least one is of order
higher than 2 is more complicated and is best carried out in a general manner. Let
[p] and [g] be rotation operators corresponding to symmetric rotations through



20 Symmetry in crystals: fundamentals

[2« «] [2x r,

[2r,

c,
\

Fig. 1.9 Permissible combinations of two-fold axes of rotation

27 /p and 27/q, respectively, and let ry, be a lattice vector not coinciding with
either of the axes of rotation. We then have

ry, = [plrg
r} =[qlry
v} = [ql[plrL = [n)rz, (1.45)

where [n] is a symmetry operator, equivalent to the product [g][p] and corre-
sponding to a rotation through 27 /n, with n = 2, 3, 4, or 6. We further have

Tr([n]) = Tr([g][p]) = 1 + 2 cos(27/n), (1.46)

as shown in Appendix A. The trace of [n] thus depends on the product of the
representations of the operators [p] and [g] and this, in turn, depends on the
angle between the corresponding axes of rotation and on their orders. We shall
therefore derive an explicit expression for the trace of the matrix representation
of [¢][p] and try to form an equation for the angle between the axes of [p] and
[q], given fixed orders of [p], [¢], and [n].

In view of the trace invariance discussed in Appendix A, we can refer the
calculation to a Cartesian system. Let the axes of rotation corresponding to the
operators [p] and [g] be located in the XY plane of a Cartesian system, and be
denoted by C, and Cj, respectively. The axes are assumed to form an angle ¢
and to intersect at the origin of the Cartesian system. Suppose that C), coincides
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[q][pIr,

Fig. 1.10 Permissible combinations of axes of rotation

with the X axis (see Fig. 1.10). The matrix representation of the operator [p] is
then

10 0
pl: 1 0¢cp —sp |, (1.47)
0sp, ¢

where ¢, = cos(2n/p) and s, = sin(27/p). The matrix representation of the
operator [g] can be obtained by making direct use of the matrix in eqn (A.23),
the components of the unit vector along C; being ki = cosy, k» = sin¢ and
ks = 0. An alternative, easily visualized three-stage approach leading to the
same result, is the following: (i) rotate the Cartesian system about the Z axis
through 7/2 — ¢, so that the Y axis coincides with Cy; (ii) apply, in the rotated
system a rotation about C, through 27/¢; and (iii) restore the Cartesian system
to its original position. The matrix representation of [¢] is thus given by the
three-matrix product

55 € 0 cq 054 S —Cy 0
[q]: | —cp 85 0 010 co So 0], (1.48)
0 01 —54 0 ¢4 0 01

where ¢, = cosp, s, = sing, ¢, = cos(2m/q) and s, = sin(27/q). The result,
whether computed from eqn (1.48) or from eqn (A.23), is

cp(l—cq) +¢g spco(l—cq) S¢Sq
lq] : SpCp(1 —cq) sp(l—cq) +cq —cpsq | - (1.49)
—848q CpSq Cq

The required matrix representation of the product [¢][p] is obtained as
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C?p(l = Cq) + €q SpCo(1 = Cq)Cp + Sp5psg —5pCp(1 = cq)sp + 5pCpsq
lq][p] : 5pco(l = cq) ci(cpcq —Cp) + Cp — CoSpSq —Co(SpCq — Sp) = Sp — CCpSq
—SpSq CypCpSq + SpCq —CpSpSq + CpCy

and the trace of this matrix representation is obtained as

2
Tr([q][p]) = Acos®(¢) + Bcos(p) + C =1+ 2cos %, (1.50)
where n = 2,3,4 or 6 and

A= 1-cos(2n/p) — cos(2m/q) + cos(2m/p) cos(27/q)
= 4sin®(n/q)sin®(w/p),

—2sin(27/p) sin(27/q)

—8sin(r/q) sin(r/p) cos(r/g) cos(x/p),

C = cos(2m/p) + cos(2m/q) + cos(2m/p) cos(2m/q)
= 4cos*(m/q)cos®(n/p) — 1.

B

The solution of the quadratic equation, formed from eqn (1.50), with the above
simplified forms of the trigonometric expressions, is

cos(m/q) cos(m/p) £ cos(m/n)
sin(m/q) sin(/p)

It is now possible to undertake a systematic determination of all the allowable
combinations of axes of rotational symmetry. The method outlined above is
based on the matrix-algebraic derivation of crystallographic groups of symmetry
by Seitz (1934). An alternative approach, presented in considerable detail by
Buerger (1956), is based on spherical trigonometry. There are altogether six
different nontrivial allowable combinations of three axes of rotational symmetry:
four of these have been found above for the special case of p = ¢ = 2, and the
remaining two are [2][3][3] and [2][3][4]. Some angular relationships involved will
be discussed in the Exercises.

cos(p) = (1.51)

1.8 Crystal systems

We conclude this chapter with a discussion of the seven crystal systems which
define unit cells that conform to the symmetry that exists. This discussion will
be based on the results of Sections 1.6 and 1.7.

1. If there is no rotational symmetry other than [1], there is of course no formal
indication of the choice of basis vectors and they satisfy, in the general case, the
relations

aFb#c, aFfFy#90%
The unit cell is thus a general parallelepiped, and the crystallographic system of

coordinates (referred to more briefly as the crystal system) based on such a cell
is called the triclinic system.
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Note that in the discussion of crystal systems the character “ # ” means
“must not be equal to”. An accidental approximate equality, not constrained by
symmetry, is of course possible.

2. If the lattice is symmetric with respect to rotation about a single type of
twofold axis, there exists a lattice line parallel to the axis and a lattice plane
perpendicular to it (see Section 1.6). We can therefore choose one of the basis
vectors along the axis of symmetry and the other two in the perpendicular plane.
Such a choice constrains two angles to the value 90°, and the parameters of the
resulting unit cell can be

a#b#c, a=0=90°~#90°

if the basis vector along the twofold axis is called ¢ (this is referred to as the
first setting), or
a#b#c, a=v=90°p%#90°

if the basis vector along the twofold axis is called b (this is referred to as
the second setting). These are the most frequently encountered unit-cell choices
based on this lattice symmetry. The corresponding crystal system is called the
monoclinic system.

3. If the lattice is symmetric with respect to rotation about either of two mu-
tually perpendicular twofold axes, there must also be a third twofold axis of
symmetry, perpendicular to the other two, and by the same argument as that
given above there exist three mutually perpendicular lattice lines along which
the basis vectors can be chosen. The unit cell based on such a choice is given by

a#zb#ec, a=p=7=90°

and the crystal system based on this lattice symmetry is called the orthorhombic.
system. This system is orthogonal, but the lengths of the basis vectors are still
unconstrained by symmetry.

4. We now consider a lattice which is symmetric with respect to rotation about a
single type of fourfold axis (rotation through 27 /4 or 90°). As in the monoclinic
system, one of the basis vectors can be chosen along the fourfold axis and the
other two in the lattice plane perpendicular to it. When, however, we choose a
vector in the perpendicular lattice plane as one of the basis vectors, a symmetric
rotation through 90° must carry it into another in-plane vector which is perpen-
dicular to the first, and has the same length. The latter vector is chosen to be
the second basis vector in the lattice plane perpendicular to the fourfold axis.
The unit cell based on such a choice of basis vectors is given by

a=b#¢, a=pF=vy=90°

and the corresponding crystal system is called the tetragonal system(the basis
vector along the fourfold axis is always called c).
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5. We next consider a lattice which is symmetric with respect to rotation about
a single type of threefold axis (rotation through 27/3 or 120°). In the more
frequently encountered case, the basis vector c is chosen along the threefold axis
and the other two in the lattice plane perpendicular to it. However, as in the
tetragonal case, we choose here the two in-plane lattice vectors so that they are
related by a rotation about the threefold axis, that is, they form an angle of 120°0
and have the same length. The unit cell based on this choice of basis vectors is
given by
a=b#c, a=0=90%~y=120°

and the corresponding axial system is called the hexagonal axial system.

The other case, somewhat less readily visualized, is illustrated in Fig. 1.11.
Of course, there exists a lattice line parallel to the threefold axis, but none
of the basis vectors is chosen along this line. Instead, one of the basis vectors
is chosen to be the shortest lattice vector that radiates from an origin on the
threefold axis and is neither parallel nor perpendicular to that axis. Repeated
application of the operator [3] generates two more such equivalent vectors, and
these three vectors are chosen as the basis vectors of the lattice. They must have
the same length and, by symmetry, the angles between each pair of them are
the same. The threefold axis then coincides with one of the body diagonals of
the resulting symmetric parallelepiped, each face of which is a rhombus. The
standard definition of the unit cell based on such a choice of basis vectors is
therefore

a=b=c=ay, a=f=v=ay#90°

and the corresponding axial system is called the rhombohedral axial system. It
is seen that for ap = 90° the rhombohedral parallelepiped reduces to a cube.
The crystal system based on a lattice possessing a single type of threefold axis
of symmetry is called the trigonal system, and its symmetric unit cell can be
represented either by hexagonal or rhombohedral axes, or by both types by means
of a suitable transformation.

6. We now consider a lattice which is symmetric with respect to rotation about
a single type of sixfold axis (rotation through 27/6 or 60°). One of the basis
vectors is chosen along the lattice line coinciding with the sixfold axis, and is
called ¢, while the other two are chosen in the lattice plane perpendicular to it.
If a is taken as the shortest in-plane lattice vector, the vector b is chosen so as to
be generated by rotating a through 120° about the sixfold axis, resulting in the
same hexagonal axial system as that seen above in the trigonal case. However,
the vector a + b has the same length as a and forms an angle of 60° with the
latter: hence the compatibility of this axial system with the sixfold symmetry.
The unit cell based on this choice of basis vectors is given by

a=0b#c, a=0=90° ~=120°

and the corresponding crystal system is called the hexagonal system. The ap-
parent confusion between the hexagonal axial systems within the trigonal and
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Fig. 1.11 A rhombohedral unit cell and the threefold axis of symmetry.

hexagonal crystal systems has been alleviated by the introduction of the concept
of a “crystal family” (Hahn 1983). Thus, the hexagonal family includes both
trigonal and hexagonal crystal systems.

The permissible combinations of three operators of rotational symmetry were
found in Section 1.7 to be [2][2][2], [3][2][2], [4][2][2], [6][2][2], [2][3][3] and [2][3][4].
The first four combinations are associated with the orthorhombic, trigonal, tetrag-
onal and hexagonal crystal systems respectively, as follows from the above dis-
cussion. Each of the last two combinations gives rise, by composition, to four
threefold axes of symmetry where each pair of adjacent axes forms an angle of
70°32’ (or 109°28’). This can be found with the aid of equation (1.51). These
angles are characteristic of the threefold symmetries of a regular tetrahedron,
a cube, and a regular octahedron. The basis vectors are chosen to attain the
highest symmetry, so that the unit cell is a cube and the threefold axes are ac-
commodated along the four body diagonals of the cube, the axes being parallel
to the lattice directions [111], [111], [111] and [111]. The unit cell is a special
case of the rhombohedral cell,

a=b=c=ag, a=p0=vy=90°

and the crystal system is called the cubic system.

Note that in none of the seven cases discussed above have we assumed that
the unit cell conforming to the symmetry requirements was primitive. We shall
take up this question in our discussion of lattice types in Section 2.4. The crystal
systems are summarized in Table 1.1.
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Table 1.1 The crystal syatems

Name of the system

Symmetric unit cell

Comments

Triclinic

aFb#c, aFfFy#90°

Monoclinic a#b#c, a=0F=90° ~#90° first setting
a#b#c, a=v=90° [F#£90° second setting

Orthorhombic a#b#c, a=0p=v=90°

Tetragonal a=b#c, a=p=v=90°

Trigonal a=b#c, a=pF=90° ~=120° hexagonal axes
a=b=c=ag, a=0F=vy+#90° rhombohedral axes

Hexagonal a=b#c, a=p3=90° ~=120°

Cubic a=b=c=ag, a=0F=v=90°

1.9 Exercises for Chapter 1

1. Describe the pattern in Fig. 1.1 in terms of three different pairs of basis vectors,
chosen so that each pair defines a primitive unit cell. Calculate the areas of these
cells. Explain why the areas of all possible primitive unit cells, in a given two-
dimensional lattice, should be exactly the same.

2. The compound papaverine hydrochloride, with empirical formula CooH21 NO4-HCI,
crystallizes in a lattice, in which a primitive unit cell has the dimensions:
a=13.059, b=15620, c=9.130A,a=90°, B=9213°, ~=90°
The density of the crystal is 1.33 g cm™'. Find the number of molecules of pa-
paverine hydrochloride in the primitive unit cell.

Accurate measurements of unit-cell dimensions and specific gravity are the basis
of accurate determination of the Avogadro number.

3. Show, with reference to the discussion of the distance between successive lattice
planes (Section 1.2), that for a family of lattice planes with Miller indices h, k and
[ the following three equations,

I

Il
> S

I

; (1.52)

o T

-h
-h
-h

o~

must be simultaneously satisfied. We shall see in a later chapter that equations
closely analogous to those in eqn (1.52) are of central importance in the theory of
diffraction by crystals.
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Sketch the lattice planes (102), (124), and (111), assuming that the value of n in
eqn (1.12) is 1 for each of them. Indicate in your diagrams the directions of the
basis vectors a, b and ¢ (remember that they have to form a right-handed triad).

Verify eqns (1.34)-eqn (1.36).

Show, with the aid of reciprocal-lattice relationships, that if the unit cell dimen-
sions satisfy a = b # ¢ and « = 8 = 90°, v = 120°, then the interplanar distance
between successive lattice planes in the (hkl) family is given by

A(h° + K>+ 1K) P —1/2

dnkl = —

hkl 322 o
Show that if a lattice is symmetric with respect to a plane of reflection, the lattice
must contain a lattice line perpendicular to that plane and a lattice plane parallel
to it. This completes the considerations of Section 1.6.

Show that the allowable combinations of axes of symmetry, where two of them
must be twofold, obtained from the geometrical argument at the beginning of
Section 1.7 are also obtainable from the more general eqn (1.51). Interpret geo-
metrically the positive and negative values of cos().

Convince yourself that the components of the unit vector k along the axis of
rotation Cy in Fig. 1.10 are k1 = cosy, k2 = sinp and k3 = 0 and show that
eqn (1.49) can be obtained directly from eqn (A.23).

Examine in detail the interaxial angles associated with the allowable combination
of a twofold, a threefold and a fourfold axis of rotational symmetry. Explain,
without detailed calculations, how eqns (A.27)-eqn (A.29) could be used in such
considerations.

It was pointed out in the text that centers of symmetry may also be located at
points other than lattice points. Show that a symmetric primitive unit cell of a
lattice contains seven centers of symmetry not related by lattice translations, and
one center at a lattice point.

Show, by considering the derivations in Section 1.2, that the normal to a family
of lattice planes in the reciprocal lattice is a vector in the direct lattice with
relatively prime components, and that the interplanar distance within this family
is the reciprocal of the magnitude of that direct-lattice vector.

Show that the cosines of the angles v; and v}, where i = 1,2,3, v; is the angle
between the direct basis vector a; and the reciprocal-lattice vector h(hihahs)
perpendicular to the family of lattice planes (hih2hs) in the direct lattice, and v}
is the angle between the reciprocal basis vector aj and the direct-lattice vector
perpendicular to the family of planes (uiu2us) in the reciprocal lattice, are given
by

d(hihz2h3)

|l

d* (u1 U2U3)

and cosv; = u; -
as]

cosv; = h;

where
d" (uruguz) = |ura; + ugas + u3213|_1

(see the previous exercise).
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2 Point groups and lattice types

2.1 Introduction

Crystallographic symmetry can be considered from several points of view. The
main ones are (i) the macroscopic symmetry of the crystal and its physical
properties, (ii) the symmetry of a three-dimensional point lattice, and (iii) the
symmetry of a periodic arrangement of material units, or the symmetry of the
ideal crystal. The descriptors of macroscopic symmetry are rotations, introduced
in the previous chapter, and rotoinversions (the latter include inversion and
reflection). Their classification is one of the main topics of this chapter. The
crystal and its geometrical abstraction—the three-dimensional lattice-must also
conform to these macroscopic operations. However, the full symmetry of the
periodic arrangement also includes translational symmetry which may be based
on the lattice alone (in the case of lattices and some types of crystals) and on
additional combinations of rotations and special types of nonlattice translations
(in the general case of ideal crystals). These essentially microscopic symmetry
operations that involve combinations of rotations and translations will be dealt
with in the next chapter.

We begin this chapter with a brief recapitulation of the fundamentals of
group theory, which is an invaluable aid in the classification of sets of symmetry
operators, both finite macroscopic and infinite microscopic ones. We shall then
employ the building blocks prepared in the previous chapter to classify the groups
of admissible rotations and rotoinversions, the crystallographic point groups. The
last part of the chapter will be devoted to the classification of lattice types, due
to Bravais, in accordance with the underlying macroscopic symmetry.

2.2 Fundamentals of group theory

The concept of a group and its basic properties are discussed in practically
all textbooks of modern algebra, and have been extensively developed in the
literature. The following brief summary is no substitute for a regular introduction
to group theory, but rather is aimed at collecting together the most relevant
properties of a group that will be required in this book. The summary is based on
textbooks on group theory (for example Ledermann, 1976) and crystallographic
introductions to the subject (for example Hahn and Wondratschek 1994).

An abstract group is a set of elements for which a composition law is defined
and which also satisfies the following four axiomatic conditions:

1. Composition of any two elements, say a and b, of a set G results in a uniquely
determined element, say ¢, of G, which is usually called the product of a and
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b. A set possessing this property is said to obey the axiom of closure with
respect to the composition law assumed. In symbolic form, if a € G and
b € G, then there always exists ¢ € G such that ¢ = ab. The symbol € stands

[13p9e})

for “belongs to” or “in

2. Ifa € G, be G, and ¢ € G, then (ab)e = a(be) and the result can be
denoted by abc. This axiom is called the associative law with respect to the
composition assumed.

3. Among the elements of the set, there exists an identity element or unit
element e € G, such that ae = ea = a for any element a € G.

4. For each a € G, there exists an element b € Gsuch that ab = ba = e. The
element b is called the inverse of a and is denoted by a~!.

Summing up, if for a certain law of composition the set obeys closure and
associativity, has an identity element, and each of its elements has an inverse
element, also belonging to the set, then the set is a group. Let us consider some
examples. The set of all the integers (including zero) is a group with respect to
addition, chosen as the composition law. This is so because (i) it obeys the axiom
of closure (the sum of any two integers is an integer), (ii) it obeys the associative
law ((p+¢q)+7 =p+ (¢+7r), where p, q,r are integers), (iii) its identity element
is zero (p 4+ 0 =0+ p = p, for any integer p), and (iv) the inverse element of an
integer p is simply —p (p + (—p) = (=p) +p = 0).

If we reconsider the set of all the integers but choose the subtraction as
the composition law, the set is not a group, as can be readily verified. Also,
if multiplication is chosen as the composition law, with unity as the identity
element, the set of all the integers cannot be a group, because none of its elements,
except the identity, possesses an inverse within the set. If, on the other hand, we
consider the set of all positive rational numbers, of the form p/q where p and
q are natural numbers, and choose multiplication as the composition law, with
unity as the identity element, this set can be readily shown to be a group.

Our first example considered above has a most important application to crys-
tallographic symmetry. Since the set of all the integers is a group with respect
to addition of integers, the set of all the vectors of a one-dimensional lattice,
w;a, is a group with respect to vector addition. This is a translational group of
the one-dimensional lattice. More importantly, we can easily show that a three-
dimensional lattice also forms a group with respect to the addition of triplets of
coefficients of basis vectors or, equivalently, with respect to addition of lattice
vectors.

Consider a lattice expressible in terms of basis vectors a, b, and ¢, which
define a primitive unit cell. The coordinates of the lattice points are therefore
integers. A typical lattice vector can be written as ry; = u;a + v;b + w;c and
the set of all such vectors can be denoted by I = {rz;}.

1. Ifrp; €eland rp; €I, then alsory; +rr; = rp, € I, since the coordinates
of rrx are of necessity integers. The condition of closure is satisfied.
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2. For any rr; € I', rp; € I', and rrp € T' we have (rp; +rr;) +rop =
rr; + (rpj + k), and associativity holds true.

3. The zero vector 0, corresponding to u; = v; = w; = 0, is the identity element
of ', since rp; + 0 = 0+ rp; for any rp; € I'.

4. The inverse element of any ry; € I' is —ry;, which also belongs to T.

The set I' is therefore an infinite group of lattice vectors or, equivalently an
infinite group of coordinate triplets. This group is of a fundamental importance
to crystallographic symmetry.

There are several definitions and concepts we shall require, however, it will be
convenient to introduce an example involving a finite set of symmetry operators
and use it to illustrate those concepts and definitions.

Let us consider all the symmetries of an equilateral triangle (see Fig. 2.1).
We fix the origin at its center, choose the basis vectors a and b as indicated
in the figure so that they form an angle of 120° and have equal lengths, and
take the coordinate axes X and Y to be parallel to a and b, respectively. We
also number the vertices of the triangle, and indicate its mirror lines as explained
below. The obvious symmetry operators are rotation of the triangle through 120,
240 and 360 degrees about an axis perpendicular to the triangle and passing
through its center, which we denote by [3],[3]?, and [3]> = [1]; reflection of
the triangle in a line passing through vertex 1 so as to interchange vertices 2
and 3, which we denote by [ma3]; and two additional reflections in lines passing
through the vertices 2 and 3 so as to interchange the remaining vertices, denoted
by [mi3] and [m2], respectively. These appear to be all the operators which
when applied to the triangle will bring it into self-coincidence, or the symmetry
operators of the triangle. It is logical that any successive application of two such
operators will also bring the triangle into self-coincidence, and should be one
of the six operators described above, provided that the list is exhaustive. Let
us construct a “multiplication table” showing all the possible products (that
is, successive applications) of pairs of symmetry operators. For example, let us
first rotate the triangle about the threefold axis through 120° and then apply
to the so-rotated triangle the reflection [mas]. We can do this simply by keeping
track of the vertex numbers during the above movements: the rotation [3] carries
vertex 1 into vertex 2, 2 into 3, and 3 into 1; the reflection [ma3] now leaves
3 (formerly 1) unchanged and interchanges 1 and 2 (formerly 2 and 3). The
anticlockwise sequence of vertices was 123 before the rotation [3], and becomes
321 after successive application of the rotation and (then) the reflection: the
position of vertex 2 is now the same as before the combined operation, and the
vertices 1 and 3 are interchanged; this is just the result of the reflection [mq3].
We can therefore write [mas][3] = [m13]. Note, however, that reversing the order
of the operations leads in this case to a different result: it can be readily shown
that [3][mas] = [m12]. Table 2.1 shows the results of all the products of pairs
of the symmetry operators of the equilateral triangle, where the left factor of
a product corresponds to an operator in the leftmost vertical column, and the
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Fig. 2.1 Symmetries of an equilateral triangle.

Table 2.1 Multiplication table of the group of an equilateral triangle

1 3 3 2 maos mis mio
[1] 1 3 3 2 mos mis mio
3] (3] B (1 [maa]  [mas]  [mas]
B B [ (3] [mas]  [maa]  [mas]
[mas]  [mas]  [mas]  [maa] [1] (3] [3]?
[mas]  [mas]  [ma2]  [mes] [37 [1] 3]
[mas]  [mas]  [mas] [mas] [3] 32 (]

right factor corresponds to an operator in the uppermost horizontal row.

It can be seen from Table 2.1 that each row and each column contain all six
symmetry operators. Hence the set is closed with respect to successive application
of these operators. It can be shown that associativity holds true. The operator
[1] is the identity element of the set, and each operator has an inverse in the set.
Hence the set of the symmetry operators of the equilateral triangle is a group.
We also observe immediately that each reflection is its own inverse, as expected,
and that the inverse of [3] is [3]> = [3]7!, which represents a rotation through

240° or —120°.
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2.2.1 Some important definitions
We can now introduce some very relevant definitions and illustrate them in terms
of the examples seen above.

The number of different elements of a group G is called the order of G and
is denoted here by n(G). For example, the order of the translation group of
a lattice is infinity, and that of the group of the triangle is 6.

If for any pair of elements g; € G and g; € G the relation g;9; = g;9: is
valid, the group is called commutative or Abelian. Clearly, the translation
group of a lattice is Abelian, while that of the triangle is not.

A set of elements, say a,b,... € G, from which the whole group can be
generated by composition, is called a set of generators of the group. For
example, the group of the triangle can be generated from the operator [3]
and any one of the reflections.

A finite group G is called cyclic if it can be generated by one of its elements,
and has the form

G=1{a,d? ... a" =e}

An example of a cyclic group is [1], [3], [3]?, and its multiplication table is
the upper left 3 by 3 block of the multiplication table of the group of the
triangle.

If G is a group with elements e = ¢, g2, ..., then for each element g; € G
its cyclic group G; = {e, gi, 92,...} can be defined. Its order, defined here
as n(G;) is called the order of the element g;. For example, in the group of
the triangle one can distinguish three orders: the identity [1] is of order 1,
each of the three reflections is of order 2 and each of the rotations [3] and
[3]2 = [3]71, is of order 3.

A subset H of a group G is called a subgroup of G if H obeys the group
axioms (it is itself a group). The group G itself and its identity Z = {e}
are called trivial subgroups of G, while the others are called proper sub-
groups. For example, the proper subgroups of the group of the triangle are

{00, 31, 3171}, €], [mas]}, {[1], [masl}, and {[1], [maa]}-

2.2.2 DMatrix representation of symmetry operations

A most convenient representation of symmetry operators is one in terms of ma-
trices, and ultimately in terms of coordinates of symmetry-equivalent positions.
A most detailed compilation of such representations may be found in Volume
A of the International Tables for Crystallography (Arnold 1983), and our pur-
pose here is only to introduce the reader to the meaning and formation of such
representations.

We shall now describe briefly a possible method for representing rotation

operators by matrices. We base this on the fact that a rotated vector can be
expressed either in terms of the old coordinates and a rotated basis or in terms
of new coordinates and the old basis. We can therefore do the following:
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1. Express a vector in terms of its old coordinates and a temporarily rotated
basis.

2. Relate the rotated basis vectors to the old ones.

3. Reexpress the rotated vector in terms of the old basis.

The relationship between the rotated and the old coordinates of the vector, or
the matrix representation of the rotation operator, follows readily. For example,
consider the rotation of a vector r through 120°, in the anticlockwise sense about
the threefold axis, as shown in Fig. 2.1. The rotated vector r’ can be written in
the general form r’ = [3]r. Since a and b are basis vectors along the axes X and
Y, respectively, forming an angle of 120° and having equal lengths, we have

3]r = [3](za + yb)

= z[3]a+y[3]b

=zb + y(—a—Db)

= —ya+ (z —y)b. (2.1)

If we write v’ = 2’a + y'b, we can relate the coordinates of symmetry related

points by , B
()= () 22)

and a matrix representation of [3]-in the basis assumed—has been obtained. Pro-
ceeding as above, we obtain the matrix representations of the symmetry operators
of the group of the triangle as

o (o9) ] m (V1) = (f0)
s (19) |t (93) sk (§7):

The operators are followed by colons here, rather than by equality or equiv-
alence signs, since the operators have a clear geometrical interpretation, while
the matrices depend on the choice of basis. Nevertheless, for a given basis, the
above six matrices form a group with respect to matrix multiplication, and the
structure of its multiplication table is identical to that given in Table 2.1. This
will be discussed further in the Exercises.

2.2.3 Isomorphism, coset decomposition, and the Lagrange theorem
Two groups with multiplication tables of the same structure are said to be iso-
morphic. Take, for example, the subgroups of order 2 of the group of an equilat-
eral triangle. Each of them has a multiplication table of the general (abstract)
form
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and hence any one is isomorphic to any of the other two and, indeed, to any
other group of order 2, which is of necessity cyclic (has the form {a, a* = e}).
It can be shown that groups of order 3 must be cyclic and therefore any pair of
such groups must be isomorphic. There are, however, only two different abstract
groups of order 4: (i) a cyclic one of the form { a, a?, a®, a* = ¢ } and (ii) a
group of the form { e, a, b, ¢ }, where ab = ba = ¢,bc = ¢b = a,ac = ca = b and
a? = b2 = ¢? = e, called the four group. Therefore, any group of order 4 must be
isomorphic either to the abstract cyclic group of order 4, or to the four group.
We shall see later more examples of this property.
A more formal definition of group isomorphism is the following:

DEFINITION 1. By an isomorphism between two groups G and G' is meant a
one-to-one correspondence a < a’, between their elements which preserves group
multiplication, that is which is such that if a < a’ and b < V', then ab < a'l’.

For example, let us compare the group of rotational symmetries of an equi-
lateral triangle, {[1], [3], [3]?}, with the group of integers under addition modulo
3 (that is, the remainder after dividing the sum of two integers by 3; this can be
only 0, 1, or 2). The multiplication table of the latter group is

The above multiplication table has clearly the same structure as the upper 3 by
3 block of the multiplication table shown in Table 2.1, the correspondences being
0+ [1], 1 [3], and 2 < [3]* = [3] L.

A very useful property of a group, which will be of importance in the discus-
sion of space groups in the next chapter, is its decomposability into (right and
left) cosets. Its formal definition, to be illustrated below, is:

DEFINITION 2. If H is any subgroup of the group G, then by a right coset (or left
coset) of the subgroup H of the group G is meant any set Ha (or aH) of all the
right multiples sa (or left multiples as) of the elements of H by a fized element
a€g.

Let us examine this definition by taking H as for example, {[1], [m23]} and
find all the right cosets of ‘H for the group of the equilateral triangle, with the
aid of Table 2.1. We obtain
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{[1], [maa] }1] = {[1], [maa]}, (2.3)
{11, [mas]}3] = {[3], [mas][3]} = {[3], [ma]}, (2.4)
{[1, [ma2s] }[3]% = {[3]%, [mas][3]*} = {[3]%, [ma2]}, (2.5)
{[1], [mas] }mas] = {[mas], [mas][mas]} = {[mas], [1]}, (2.6)
{[1], [mas] tmas] = {[mas], [mas][mas]} = {[mas], [3]}, (2.7)
{[1], [mas]}maa] = {[maa), [mas][maa]} = {[ma2], [3*]} (2.8)

The above example illustrates two important theorems in the theory of groups:

THEOREM 1. If R and S are any two elements of G and if H is a subgroup of G,
then the cosets HR and HS are identical if and only if RS~ € H.

There are indeed three pairs of identical cosets in eqns (2.3)—(2.8), and these
conform to the above theorem.

THEOREM 2. If H is a subgroup of G, where the orders of these groups are n(H)
and n(G), respectively, then n(H) is a divisor of n(G), such that

— =m,

n(H)

where m is an integer. The integer m is called the index of H in G. This is also
the number of distinct (right or left) cosets of H into which the group G can be
decomposed.

The division property, contained in Theorem 2 is known in group theory as the
Lagrange theorem. Clearly, all the parts of the theorem are illustrated by the
formation of all the right cosets of the subgroup {[1], [ma3]} of the group of the
equilateral trangle. This will be discussed further in the Exercises.

A possible decomposition of the group of the triangle into right cosets of the
above subgroup is, for example,

{[1]; [mas]} U {[1], [mas]}[3] U {[1], [mas] }3]* (2.9)

where the symbol U indicates a union of two sets.

We now introduce the concept of an invariant subgroup, which will be of
particular importance in our discussion of space groups in the next chapter.
This concept is defined as follows.

DEFINITION 3. If H is a subgroup of G such that, for all h € H and all g € G,
ghg™' € H, then H is said to be an invariant subgroup (or normal subgroup or
self-conjugate subgroup) of G.

It can also be shown that H is an invariant subgroup of G if and only if aH = Ha
for all a € G; that is, if and only if all right and left cosets of H coincide.
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We define finally the outer direct product, which will be most useful in the
classification of the point groups in this chapter. We have the following definition.
DEFINITION 4. Let G be a group with subgroups H and KC such that

(1) if h € H and k € K then hk = kh;

(2) all g € G can be expressed in the form g = hk with h € H and k € I, and
(3) the intersection of H and K, denoted by H N K = {e}, is the set consisting
of the identity element of G.

Then G is called the outer direct product of H and IC, and the factorization
in point (2) above is unique. We write G = HK =K Q@ H.

Examples of such outer direct products will be seen in the next section. It is
strongly recommended that the reader reviews the Exercises on the above fun-
damental aspects of group theory if any reviewing of this subject seems to be
desirable.

2.3 Crystallographic point groups

We shall now classify all the crystallographic point groups. These are groups of
symmetry operations, the “point” attribute being due to the fact that on the
application of such an operation at least one point of the object acted upon
remains fixed. In fact, this is strictly so only for the operation of inversion (its
fixed point is the center of inversion) and for rotoinversions (see below). In the
case of a pure rotation, we have a line of fixed points, while in the case of a
reflection in a plane, the whole plane is fixed.

We shall first consider the groups of symmetry operations consisting of pure
rotations alone. It was shown in Section 1.4 that the permissible angles of ro-
tation about the axes of symmetry of a three-dimensional lattice are multiples
of 27 /n, where n = 1,2,3,4 or 6 only. The corresponding rotation operator was
denoted by [n]. We can therefore have five cyclic groups (see Subsection 2.2.1)
generated by the rotation operators [1], [2], [3], [4], and [6], respectively. For
example, {[4], [4]%, [4]3, [4]* = [1]} is such a cyclic group. Each of these groups,
except {[1]}, is associated with a single axis of rotation, which is oriented in
a definite manner with respect to the periodic arrangement obeying this rota-
tional symmetry. It was also shown in Section 1.7 that there are several permis-
sible combinations of differently oriented axes of symmetry. We have, in fact, six
such combinations and a group of symmetry operations can be generated from
each of them. Let us consider, for example, the simplest combination of three
twofold axes of symmetry. Since these axes must be mutually perpendicular we
can choose each of them to be along an axis of a Cartesian system, denote the
corresponding rotation operators by [2x], [2y] and [2z], and derive easily their
matrix representations:
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100 100 100
001 001 001

It is easily shown that the set {[1], [2x], [2v], [22]} is a group and is isomorphic
to the four group (see Subsection 2.2.3).

2.3.1 The axial point groups

We can now approach the classification of the point groups containing rotations
alone, known as the axial point groups. This is done in Table 2.2, where the
first column contains the old Schénflies point-group symbol, the second column
contains the international or Hermann—Mauguin point-group symbol, and the
last column shows all the rotation operators of each point group according to
the following convention: The symbol [, ] denotes an operator of symmetric
rotation through an angle 27 /n about an axis parallel to a lattice vector ua+vb+
we (that is, a lattice direction [uvw]), and associated with the crystal or axial
system S. The symbols for the system are M2, monoclinic (second setting); O,
orthorhombic; T', tetragonal; H, hexagonal; and C, cubic. The point groups 3 and
32, belonging to the trigonal system, are considered here in their representation
in the hexagonal axial system only, and hence their nontrivial elements carry
the superscript H. It is also assumed that the basis vectors have been chosen
so as to conform to the crystal/axial system, as discussed above; this suffices
for finding the matrix representations of the point-group elements, as will be
indicated below.

Some simplifications have been introduced in the listing of the point-group
elements and these may, at first sight, disguise the cyclic nature of some groups.
For example, the operators [6{1,]? and [6),]® in the point groups 6 and 622 have
been replaced by [35),] and [2Z),] respectively, since they have the same meaning.
The group—subgroup relations are thereby emphasized.

The representation of the point-group operators by matrices is vital for their
further applications. We can do this by the method described in Subsection 2.2.2,
as illustrated below.

For example, let us represent the operator [24{,] by a matrix:

[2530]r = [23510] (za + yb + 2c)
= z[2550)a + y[251,]b + 2[25]o]c
= z(a+b) +y(=b) + z(—c)

=za+ (z —y)b— zc. (2.10)
Hence,
100
21— 1T0
001

The matrix representations of the rotation operators necessary to generate
all the axial point groups listed in Table 2.2 are given in Table 2.3. Some of
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Table 2.2 Axial point groups

Schonflies  Hermann-Mauguin — Point group

C1 1 {1}

Cs 2 {[1], 26151}

C3 3 {11, [3864] [3601] "}

Ca 4 {1, [4801]; 2001, 480a] "}

Cs 6 {1, (68641 [3601], (25011, [3861) 5 [6601) "}

D, 222 {[1, 12§00, (2810, 126011}

Ds 32 {[1, 8864], [3801] - [2400); [2110], [2810)3

Dy 422 {111, [4601]), [2801], (4801171,
(2%00]; [2810), (2110 (27,1}

Dg 622 {111, (68611 3601, [2661] [3601] " [6601]
(200]: [2530]s [2110], [2150], [28}0], (28]}

T 23 {[1], [2%00); [2810], (2601,
35,1, 135,17 [3¢,), 35,17
3641 35471 3%, 30141}

O 432 {1, 2610 [255, ) [21001} 25,,]: [2510),
[2%0} 3110, [35,] 7" [31011] [31011]7 [31011}
[3%1} [ 111] [31011]_ 7[4%0} [2%0} [4?00}_1’
[4610], [2610]; [4610) 5 [4601], 126011, [4601) 7"}

the operators have the same representation in several crystal systems, and this

20TC

is indicated by a multiple superscript (for example, [2];,""] means that the
representation is the same in orthorhombic,tetragonal and cubic systems). A

complete listing of the matrix representations of point group operators is given
by Arnold (1983, Tables 11.2 and 11.3).

2.3.2 Completion of the presentation of the point groups

Given all the information about the structure of the axial point groups, the
derivation of the remaining point groups can be completed in a fairly systematic
manner. As shown in Section 1.5, every lattice is centrosymmetric and thus re-
mains invariant under the operations of the group of inversion, {[1], [1]}, denoted
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Table 2.3 Representations of axial point-group generators

100 100 100

1 - 010 oY - 0T0 [2012.0..¢) 010
001 00T 00T

100 re 010 o 010

286] — |o0To 2176] — [100 2551 — (110
001 00T 001

1710 100 001

[2{{)0} - 010 [25110 - 110 [31011] - 100
00T 00T 010

010 . 0710 170

B2 — 110 4 - 100 64, — 100
001 001 001

by T and C; in the Hermann—Mauguin and Schénflies notations, respectively. This
leads to 11 additional point groups, which are obtained by forming the outer di-
rect products of each of the axial point groups with the group of inversion. Such
direct product groups exist, since the inversion operator commutes with any
point-group operator. When a centrosymmetric point group is formed, we try
to find all its subgroups other than those already in the list. When this process
has been completed we have 10 more new subgroups (other than the axial ones)
and all the 32 crystallographic point groups have been obtained. The 10 new
point groups are noncentrosymmetric and not axial. When the inversion opera-
tor is combined with rotation operators we obtain rotoinversions, a special case
of which is the mirror reflection operator. As above, we shall try to define the
operators in an explicit manner—including the orientation of the corresponding
symmetry elements, and the axial systems where appropriate-and the following
notation will be used:

e The symbol [m3,,,] denotes an operator of symmetric reflection through a
plane perpendicular to the lattice vector ua + vb + we (that is, a lattice
direction [uvw]), and is associated with the crystal or axial system S.

e The symbol [@7,,,] denotes an operator of symmetric rotoinversion, defined

here as rotation through an angle 27 /n about an axis parallel to the lattice
vector ua + vb + wc (that is, a lattice direction [uvw]), combined with
inversion through a point on the axis of rotation, and is associated with the
crystal or axial system S. The point of inversion is a center of symmetry
only when n is odd.

For example, [2010] is a twofold axis of rotation parallel to b (or [010]), and
[mago] is the operator of reflection in a plane perpendicular to a (or [100]). The
orientation of the axes of rotoinversion is denoted in the same manner as that of
axes of rotation. The above formal definitions will be explained further below.
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Let us examine in some detail such a direct product of the point groups 2
and 1, assuming the choice of basis vectors on which Table 2.3 is based. We have

2©1 = {[1], 2051} [1]. (1}
={[1], [, [%V{S} [2%]@]} (2.11)

Since the matrix representation of the inversion operator is
Mf—1(o010 (2.12)

for any crystal system (all three coordinates of a point simply change their sign
under this operation), the fourth element of the direct product in eqn (2.11) is

100 100 100
2016)[1] — | 010 010 |=(010]. (2.13)
001 001 001

It can be seen that the matrix on the right-hand side of eqn (2.13) transforms a
column vector with components z, y, and 2z so that z and z remain unchanged
and y changes its sign. Since b is perpendicular to a and c¢ in the system M2
(monoclinic, second setting), this matrix represents a reflection in the zz plane.

We shall denote this reflection operator by [m{#Z] or [Z])\ﬁ} in line with the formal
definition given above. If we omit the superscript M2 for simplicity, the direct
product in eqn (2.11) becomes

2® 1= {[1], 1], [2010], [mo10]}- (2.14)

It is readily shown that the set on the right-hand side of eqn (2.14) is a group. It
can be seen that each of its elements is its own inverse, and that [1][2010] = [m010],
[2010][mo10] = [1], and [mg10][1] = [2010]. This group is therefore isomorphic to
the four group.

The group in eqn (2.14) has three nontrivial subgroups: {[1], [2010]}, denoted
by 2 or Cs, {[1],[1]}, denoted by 1 or C; and {[1], [mo10]}, denoted by m or C;
in the Hermann—Mauguin or the Schonflies notation, respectively. The groups 2
and 1 were used in the formation of the outer direct product (they are “old”)
and the group m is a “new” one. This example illustrates the process of the
derivation of all the crystallographic point groups; another, more complicated
example, will be given below.

Let us comment further on the rotoinversion. This is a rotation followed im-
mediately by inversion, or vice versa. We can write this in our explicit notation
as [1][n3,,,] and denote it by [@5, . It should be noted that the concept of rota-
tion is often generalized to proper rotation, which we have called pure rotation
and which has a matrix representation with a determinant of 4+1, and improper
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rotation, which we have called rotoinversion and which has a matrix representa-
tion with a determinant of —1. That is, both proper and improper rotations are
often referred to as rotations and all the 10 point-group rotations can be written
as [1]7 [T]’ [nng] [nsmu] with n = 2 3 4 6.

We shall now present the complete Hermann—Mauguin notation for point-
group symbols. As seen in Table 2.2, the Hermann-Mauguin symbol for an axial
point group shows the orders of the rotation operators present, but does not
give any information about the orientations of the axes of rotation. As we shall
see, it gives some more information about the relative orientations of planes of
reflection and axes of rotation, when both are present in a point group. The
Hermann—Mauguin symbols, and their important combinations are presented
below.

e n: Rotation through 27 /n or rotation of order n.
e : Rotation of order n followed by inversion, or vice versa.
e m: Reflection in a plane. Also called mirror reflection.

e : Rotation of order n and a mirror reflection plane
perpendicular to the axis of rotation.

e nm: Rotation of order n and a mirror reflection plane parallel
to the axis of rotation.

For example, the direct-product group in eqn (2.14) is denoted in Hermann—
Mauguin notation by the symbol 2/m: the inversion is implied by the presence
of the twofold axis and a perpendicular mirror plane.

Let us now consider in some detail a more complicated example, the formation
of the outer direct product 32®1 = 3%. We shall omit for brevity the superscript
H, but bear in mind that the hexagonal axial system is being employed. We have
from Table 2.2

32 T = {[1], [3001], [3001] ", [2100], [2110]; [2010]} © {[1], [T]}
= {[1], [3o01], [B001] ™", [2100], [2110]; [2010],
[1[1], [3o01] (1], [3001] M, [2100]T, [2110](T]; [2010] 1]}
= {[1], [Boo1]; [3001] %, [2100], [2110], [2010],
(1], [Boo1], Boor] ™, [maoo], [ma1o], [moro] }- (2.15)

Let us first give a geometrical description of the resulting group. We have here an
axis of inversion, 3, three twofold axes in the perpendicular plane, each adjacent
pair forming an angle of 60°, and a mirror plane perpendicular to each of these
axes appears, as expected.

The direct-product group is of order 12 and, by Lagrange’s theorem, the
possible orders of its proper subgroups are 6, 4, 3, and 2. We find three subgroups
of order 6. One of them is the centrosymmetric group 3, or
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® 1] = {[1], [Booa]; [Boo1) ™", [T, Boor], B},

which can be generated by taking the first six powers of the operator [3g01], and
is therefore cyclic. The other two subgroups of order 6,

32 = {[1], [Bo01], [Boo1] ™", [2100], [2110], [2010]} (2.16)

and
3m = {[1], [3001], [Bo01] ™", [m100], [m110], [moro] } (2.17)

are isomorphic to the symmetry group of an equilateral trangle, discussed in
Section 2.2. There are three subgroups of order 4, each having the general form:
{11, [1], [2uvw], [Muvw] }, geometrically analogous to 2/m but differently oriented
and isomorphic to the four group. Finally, there are seven subgroups of order 2,
namely three 2 groups with symmetry related-axes, three m groups with mirror
planes perpendicular to the twofold axes, and the group of inversion.

The matrix representations of the generating elements are:

070 170 100
B — [1To| |28 — [|oTo)|@M — [oTo],
001 00T 00T

and all 12 matrix representations of its elements, in the hexagonal axial system,
can be constructed from these generators.

We now summarize the 32 point groups, in Hermann-Mauguin notation, in
Table 2.4, and add some explanatory comments.

Some remarks on Table 2.4 are in order:

1. The upper part of the Table is based on uniaxial groups, and the lower part
is derived from combinations of several different axes of symmetry.

2. We see that whenever an axis of rotation, given in the first column, is of
even order, a mirror plane perpendicular to this axis appears in the symbol
of the corresponding centrosymmetric direct-product point group. This is
so because the cyclic subgroup generated by such a rotation always has 2
as its trivial or proper subgroup. As was shown above, this must give rise
to the appearance of such a mirror plane of symmetry.

3. An empty entry in the column labeled “New subgroups” means that the
centrosymmetric point group to the left of such an entry does not have
any subgroups other than the axial one in the same row, and those in the
preceding rows (if any).

4. The symbol m is synonymous with 2. However, the latter is very rarely
encountered in the literature.

5. Detailed graphical representations of the point groups and their elements
can be found in Chapter 10 of Volume A of the International Tables for
Crystallography (Hahn and Klapper 1983).

We show in Table 2.5 how the 32 point groups are distributed among the seven
crystal systems. Only the short Hermann—Mauguin notation is be used here. This
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Table 2.4 The 32 crystallographic point groups

Axial groups Centrosymmetric groups New subgroups

1 1 _
2 2 m or 2
3 3 -
4 4 1
6 - 6

Axial groups Centrosymmetric groups New subgroups

Full Short
222 % % % mmm mm?2
32 32 3m 3m
422 122 4/mmm 4mm, 42m
622 522 6/mmm 6mm, 62m
23 23 m3 -
432 132 m3m 43m

Table 2.5 Subdivision of the point groups among crystal systems

Crystal system  Point groups

Triclinic 1, 1

Monoclinic 2, m, 2/m

Orthorhombic 222, mm2, mmm

Tetragonal 4, 4, 4/m, 422, 4mm, 42m, 4/mmm
Trigonal 3, 3, 32, 3m, 3m

Hexagonal 6, 6, 6/m, 622, 6mm, 62m, 6/mmm

Cubic 23, m3, 432, 43m, m3m
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subdivision is interesting for its own sake, but it is also of considerable practical
importance. As we shall see later the determination of the crystal system follows
in a straightforward manner from an initial examination of the experimental
data and, obviously, narrows down the possible point-group symmetries of the
crystal examined.

2.4 Bravais Lattices

We conclude this chapter with a discussion of the various lattice types which are
consistent with the point-group symmetries. Our discussion of crystal systems
in Section 1.8 showed that if the lattice obeys a certain rotational symmetry,
it is possible to choose in it a set of basis vectors that define a unit cell which
preserves that symmetry. In fact, a higher symmetry is preserved (see Table 2.5),
since each lattice is centrosymmetric. For example, it can be readily shown that
if a lattice is symmetric with respect to a single type of twofold axis, its full
symmetry is 2/m, if it is symmetric with respect to two perpendicular twofold
axes only, its full symmetry is mmm, and so on. In general, the full symmetry
of a lattice corresponding to a given crystal system is that of the highest-order
centrosymmetric point group in Table 2.5 among the groups corresponding to
that system.

Two lattices of the same point-group symmetry are said to be of different
type, if the symmetric unit cells constructed in them differ in their primitivity
or departure therefrom. For example, if in one lattice of symmetry mmm we
can construct a primitive orthorhombic unit cell, while in the other lattice of
the same symmetry the orthorhombic unit cell contains a lattice point at its
center, the two lattices are said to be orthorhombic lattices of different types; it
is not possible to construct in the lattice with the centered orthorhombic cell a
primitive orthorhombic cell by means of a linear transformation.

A prominent French crystallographer of the nineteenth century, Auguste Bra-
vais, examined the problem lattices of different symmetry and found that there
were altogether 14 different lattice types. These are known as Bravais lattices.
We shall describe and illustrate them, but before we do so, we wish to examine
in some detail the possible lattice types that are consistent with the symmetry
2/m. This implies a monoclinic unit cell, and we assume that the notation for
the cell parameters follows the second setting, and that the abc basis vectors
are primitive translations.

Suppose that the unit cell may be nonprimitive, but assume that the two-
dimensional sublattice based on a and c is primitive; this assumption will be
justified below. Let us find the possible locations of any additional lattice point(s)
within the cell. Let v’ be such an additional lattice vector. Its general form is

r’ = pa+ gb +rc.

Since the lattice obeys the point-group symmetry 2/m, the vectors
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r’ — [2010]r" = 2pa + 2rc,
I‘I =+ [2010]1'/ = 2qb

must be lattice vectors. In view of the above assumptions, this can be so only if
p, q, and r are integer multiples of 1/2, or if

, 1 1 1
r = 2la—i— 2mb—|— 2nc,
where [, m, and n are integers. Let us consider their smallest values, that is, 0
and 1. The values | = m = n = 0 obviously correspond to a primitive monoclinic
unit cell. A monoclinic lattice in which such a cell can be constructed is called a
type P monoclinic Bravais lattice. The combinations 100, 010 and 001 for Imn
are impossible, since they would place lattice points at a/2, b/2, and ¢/2, respec-
tively, contrary to the assumption that a, b, and c are primitive translations.
Each of the remaining four possibilities leads to a permissible value of r’ but, as
will be seen below, they all reduce to one type of non-primitive monoclinic cell.

The combination [ = 0,m = 1,n = 1 means that there is an additional lattice
point in the center of the bc face of the unit cell. This is called A-centering, and
if no additional lattice points are present in the cell, the lattice is called type A
monoclinic. Further, the combination [ = 1, m = 1,n = 0 means that there is an
additional lattice point in the center of the ab face of the unit cell. This is called
C-centering, and if no additional lattice points are present in the cell, the lattice
is called type C monoclinic. It can be shown, however, that type A and type C
monoclinic lattices are equivalent, and can be related by a linear transformation
of their basis vectors (see the Exercises).

The combination [ = 1,m = 0,n = 1 means that there is an additional lattice
point in the center of the ac face of the unit cell (we have assumed that this
cannot be the case in a monoclinic lattice, in the second setting). This is called
B-centering. If there are no additional lattice points in the cell, this should be
type B monoclinic lattice. However, it is clearly redundant, since we can define
in the same lattice a new monoclinic cell

a' = —a—l—lc,
2 2
b = b,
= —la—i—lc
2 27

which is primitive, and our assumption is thus justified.

Let us now consider the combination [ = m = n = 1. This means that there
is an additional lattice point in the center of the cell. If there are no additional
lattice points in the cell, this is called I-centering, and the lattice is called type
I monoclinic. As in the case of the A- and C- centerings it can be shown that
I-centering is equivalent to A- or C- centerings. If, for example, we define in an
I-type monoclinic lattice
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Table 2.6 Lattice types and crystal systems

Crystal system  Bravais lattices

Triclinic P
Monoclinic P, C
Orthorhombic P, C, I, F
Tetragonal P, I
Trigonal R
Hexagonal P
Cubic P I F
a=a+c
b'=b
cd=c

the lattice point which was in the center of the cell abc is now located in the
center of the face a’b’ , and is nothing but a C-centering.

We consider finally the coexistence of various types of centering in the same
lattice. The only formally admissible coexistence of centerings is that of A, B, and
C' in the same lattice (remember, however, that the B-centering is redundant).
That is, there is a lattice point in the center of each face of the unit cell. A
symmetric unit cell so centered is called face centered and the lattice is called
as an F-type lattice. Again, it is possible to show that in a monoclinic lattice
F-centering is related to C-centering by means of a linear transformation. All
other coexistences of centerings destroy the lattice periodicity, and are irrelevant.

Summing up, there are two mathematically different types of monoclinic lat-
tice: the type P, and one of the types A, C, I and F. Older literature used
to reduce each of the latter four to the type C, but in more recent tables of
symmetry groups the types A and I are also given, to avoid harmless but un-
necessary transformations of experimental settings; see the 1983 edition of the
International Tables for Crystallography (Hahn 1983), referred to hereafter as
ITA83.

Table 2.6 lists the 14 different Bravais lattices, and Table 2.7 defines the
coordinates of the equivalent positions of the lattice points for each of the various
types listed.

To summarize, for triply periodic arrangements such as ideal crystals we
have 32 groups of point symmetry operations, and 14 lattice types consistent
with these point groups. Each such lattice type may be regarded as a translation
group. These finite point groups and infinite groups of translations form the basis
of the space groups, to which the next chapter is devoted.

2.5 Exercises for Chapter 2

1. Show that the set {us,vs, w;, x; }, where each of u;, vi, w;, and x; may be any inte-
ger, including zero, is a group with respect to addition. Explain, without calcula-
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Table 2.7 Geometrical definition of lattice types

Type Coordinates

P 0,0,0

A 0,0,0; 0,%,1

B 0,0,0; 5,0,

C 0,0,0; 1, 1,0

I 0,0,0; 3,1, %

F 0,0,0;0,4,%; 2. 2.0, 3,10
R 00,0555 533

tions, how this result is related to the translational symmetry of a four-dimensional
lattice.

. Indicate, with the aid of a drawing, all the symmetries of a square. It can be
shown that they form a group of order 8. Is this group commutative? To which
crystallographic point groups is the group of the square isomorphic?

. According to the Lagrange theorem, the group of the square can have only proper
subgroups of orders 4 and 2. How many subgroups of these orders are there in the
group of the square, and which of them are cyclic?

. Check all the matrix representations of the symmetry operators of the group of
the triangle given in Section 2.2.2.

. The point group 32 (see Tables 2.2 and 2.3) is isomorphic to the group of the
triangle. Find the correspondences between the elements of the two groups.

. Show in detail how eqns (2.3)—(2.8) illustrate the Lagrange theorem. Equation
(2.9) shows a decomposition of the group of the triangle into right cosets of the
subgroup {[1], [mas]}. Find all the other possible decompositions of the group of
the triangle with respect to this subgroup.

. As pointed out in the text, there are only two different types of monoclinic lattice,
a P-type lattice and a centered one. Find the transformations of basis vectors
relating A-centered and F-centered monoclinic lattices to the C-centered one.

. Show that in the tetragonal crystal system, the Bravais lattices of types [ and F'
are equivalent.

. Show that if the direct lattice of a crystal is of type F', the vectors of the face-
centered unit cell being a, b, and ¢, a unit cell constructed in that lattice on the
vectors:

a'=(b+c)/2, b=(c+a)/2, ¢/ =(a+b)/2

is necessarily primitive.



3 Space-group symmetry

3.1 Introduction

The previous two chapters dealt with the geometrical properties of a three-dimen-
sional point lattice, its admissible rotational symmetries and their classification
in terms of point groups, crystal systems and Bravais lattices. The symmetry of
an ideal, three-dimensional crystal, that is, a triply periodic (infinite) assembly
of material units with an underlying point lattice, must be a combination of the
translational and rotational symmetry of its lattice with the possible modifica-
tions that may result from the interaction between these two types of symmetry.
We shall present a brief discussion of the algebraic and geometric properties
of such combined symmetry operators, represent them in the framework of a
crystal structure and present some examples of such derivations. More detailed
discussions of the above topics are available in the literature, notably in Volume
A of the International Tables for Crystallography (Hahn 1983) (all the editions
of this volume will be referred to here as ITA83). Section 3.7 of this chapter
deals with the principles of graphical representation of space groups and their
symmetry elements, fully described in ITA83, a database which is indispensable
in crystallographic research. The chapter concludes with some comments on the
computational aspects of space-group symmetry and a set of computer-readable
space-group symbols sufficient for the derivation of this information.

3.2 Space-group symmetry operators

Before we start this chapter we shall describe the notation to be used. Operators
of proper or improper rotation and their representations will be denoted by:

e upper-case bold upright letters (for example P and I) if general (proper or
improper) rotation operators, that is, operators not referred to a basis, are
meant;

e the symbols introduced in Chapter 2, for example |1y, for a proper rota-
tion about an axis of order n, parallel to the lattice vector ua + vb + wc,
and [muyy] for a reflection in a plane perpendicular to the above lattice
vector;

e explicit 3 x 3 matrices (as in Chapter 2);

e upper-case bold italic letters (for example P, @, and I) if symbolic repre-
sentations of 3 X 3 matrices are meant.

Translation operators and their representations will be denoted by:
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e lower-case bold upright letters, if general translation operators or linear
combinations of basis vectors (for example t = t1a + to2b + t3¢) are meant;

e explicit 3 x 1 matrices (columns of the components ¢;);

e lower-case bold italic letters (for example ¢, u, and v) if symbolic represen-
tations of explicit 3 x 1 matrices are meant.

Position vectors of points and their representations will be denoted by:

e the lower-case bold upright letter r if a physical vector (length + orientation)
or a linear combination of basis vectors (for example r=za + yb + zc) is
meant;

e the lower-case bold italic letter r or @ if a symbolic representation of a
column of coordinates x, y, and z is meant.

The easiest to imagine general symmetry operator on a crystal is a combina-
tion of a permissible rotation and a translation by a lattice vector. We shall use
the corresponding general symbols in the following general considerations. Let
a permissible rotation operator P act on a position vector r, and let the result
be translated by the lattice vector ry,. If the position vector resulting from this
combined operation,

r =Pr+rp (3.1)

is equivalent to r with respect to some property, the transformation in eqn (3.1) is
a symmetry transformation relative to that property. If, for example, the prop-
erty of interest is a suitably averaged electron density function p(r), then the
equality

p(r) = p(Pr+rp)

expresses the symmetry of the electron density under the transformation in eqn
(3.1). This is a most relevant example, since we shall be interested here in the den-
sity of crystalline matter, and its influence on the pattern of radiation diffracted
from a crystal. The densities one encounters in crystallography are the electron
density, the nuclear density and the density of electrostatic potential, affecting
the diffraction of X-rays, thermal neutrons, and electrons, repectively. The prin-
ciples of crystal symmetry are the same for each of these experimental techniques,
and can be conveniently discussed without reference to applications.

In mathematics, combined rotation-translation operations—such as those in
the right-hand side of eqn (3.1)—are known as affine transformations, but this
designation will be used only seldom in the present treatment. We shall as-
sume that the rotation operators belong to one of the 32 crystallographic point
groups and the lattice vectors to one of the groups of lattice translations (Bra-
vais lattices) discussed in the previous chapter, and convince ourselves that the
combined rotation—translation operators form a group. We shall do so in general
terms, before specifying a particular basis for the rotation operators and vectors.
Let the above groups be

G={P;} and T ={rz, }, (3.2)
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where G is the (finite) point group of the (infinite) lattice of all the translations
belonging to I'. We shall first introduce, following ITA83, a convenient shorthand
notation for these operations,

v =Pr+r; = (P,rp)r, (3.3)
and regard (P,ry) as a symmelry operator. Another notation, equivalent to the
above and frequently employed in solid-state physics, is

Pr+ry = (Plrp)r.

Consider two such operators, say (P;,rr,) and (P,rz,), and let us try to
evaluate their product by applying them successively to the position vector r:

(Pj,rp,)(Pg,rp,)r = (Pj,rp, )(Prr +rz,)

= PijI‘ + PjI‘Lp +rr,
= (Pij,PjI‘LP + an)R (34)

The composition law of these symmetry operators is therefore
(Pj,rr,)(Pr,rr,) = (P;Pr,Pjry, +rp,). (3.5)

Since P; € G and Py, € G, then P;P, = P; € G. Since, further, G is the point
group of the lattice, P rz,, must also be a lattice vector, say rz . Finally, the sum
of the two lattice vectors rz, and ry, is also a lattice vector, say rp, . Therefore,
successive application of two such symmetry operators results in an operator of
the same form. In our case,

(Pj,rr,)(Pr,rr,) = (P,1r,) (3.6)

The above result shows that the postulate of closure holds true for the set of all
of the symmetry operators considered above, the composition law being given
by eqn (3.5).

The identity elements of G and I" are I and 0, respectively. The operator (I,
0) is the identity element of the set of all of the symmetry operators considered
above. Indeed, it can be readily seen, making use of eqn (3.5), that

(Pj,rr,)(I,0) = (I,0)(P;,rr,) = (Pj,rL,),

independently of the values of j and n.
If (P’,r} ) is the inverse element of (P, rz, ), it must satisfy

(P},xy, )(Pj.rr,) = (Pjrp,)(P),xy, ) = (L0). (3.7)
Let us evaluate the first product:

(Pl ry, )(Pj,re,) = (PyP;, Piry, +ry ) = (1,0). (3.8)
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If we equate the rotational parts P;Pj and I, we obtain P; = Pj_l. Proceeding
similarly with the translational parts, P;.rL,,L + 17 and 0, we arrive at

r/Ln = _PJ‘_lan7 (39)

which is an element of T', since P; € G. Hence, the inverse element of (P;,rz,)
is given by
(Pj,rp,) = (P; 1, —P;'rL,). (3.10)

The evaluation of the second product leads to the same result (see the Exercises).

We have confirmed the validity of the postulates of closure, identity and
inverse, and leave to the reader the confirmation of last postulate of associativity.

The set of symmetry operators {(Pg,rr;)} therefore forms a group, known as
a space group. The remaining part of this chapter will be devoted to a discussion
of some important geometrical aspects of space groups, and the formulations of
them which are most useful in crystallographic research.

3.3 Nonsymmorphic space-group operators

The space-group operators discussed in the previous section were obtained by
simply combining rotation operators of the point group with translations of the
lattice. Space groups consisting of such operators are called symmorphic space
groups. We can show, however, that there exist admissible translations which are
not exact lattice vectors. These arise from the interaction between the rotational
and translational symmetries, as will be seen in this section. Before we embark
upon the appropriate derivation, let us examine another drawing by Escher (Fig,
3.1) which hints at this new type of space-group symmetry. Of course, if any
symmetry accompanied by a change of color is disregarded, the unit of pattern in
Fig. 3.1 can be taken as two adjacent white and gray knights. We then have pure
translational symmetry, just as in Fig. 1.1. Let us now consider two adjacent
white and gray knights across an imaginary vertical line. If the white knight
is reflected in the vertical line, its color changed to gray, and it is translated
along this line by half a lattice translation, it is brought into coincidence with
a gray knight that is located there. This symmetry operation is called a gliding
reflection combined with a color change, and the imaginary vertical line functions
as the glide line. The space group of the pattern thus consists of a group of two-
dimensional lattice translations and a color-glide line operator. We can simplify
the picture by assuming that all the white knights are turned gray. The glide-line
operation then becomes a reflection combined with a translation through half a
lattice vector. Such a space-group operator is called non-symmorphic.

In a more general manner, let us consider an operator of the form (P, t), where
P is a rotation operator, of order g, belonging to one of the crystallographic point
groups, and t is an arbitrary translation vector. The question we wish to examine
is what are the permissible values of t for (P,t) to be a space-group operator.
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Fig. 3.1 A non-symmorphic two-dimensional periodic pattern. Reproduced from
MacGillavry (1965), with copyright permission of the International Union of Crys-
tallography (IUCr).

Note that we have not yet defined a basis and fixed its origin, but we shall do
this soon.
Let us decompose t into its components parallel and perpendicular to the
axis of rotation,
t=t +tL (3.11)

where t|| is parallel to the axis and tis perpendicular to it, and calculate the
gth power of (P,t),

(P,t)? = (P, t)(P,t)...(P,t)
= (P2, Pt +t)(P,t)...(P,t)
= (P>, P’t + Pt +t)...(P,t)

PY, (P9 P92 .. 4 I)t]
L(P9 '+ P92 ... £ I)t], (3.12)

[
=
where I is a unit operator. The rotation part of this g-fold product of (P,t)
is the identity, I, and in order that it should be a space-group operator, its

translation part must of course be a lattice translation. Let us now substitute
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the decomposition of t in eqn (3.11) into eqn (3.12). It is readily shown that the
perpendicular component

Pt +PI 24+ D)ty (3.13)

vanishes identically when P is an operator of rotation through 180°, 120°, 90°,
or 60°. Obviously, only these angles of rotation are associated with nontrivial
symmetric rotations of three-dimensional periodic arrays. On the other hand,
the parallel component of t is invariant under a rotation by P or any of its
powers. We then have

(Pg_l + P92 +-- 4+ I)t” = gt”.
Therefore, if P is a permissible crystallographic symmetric rotation,

The vanishing of the perpendicular component in eqn (3.13), for any t, , implies
that t is an arbitrary vector in the plane perpendicular to the axis of rotation.
This is in fact the case for a single symmetry operator, since we are free to choose
the projection of the origin onto this plane. However, once the three components
of the origin have been fixed, the translation parts of any additional operators
belonging to the same space group must be consistent with this choice. This will
be dealt with below. For the time being, let us assume that t is a zero vector,
and find the possible (smallest) values of t;.

Let the rotation operator correspond to a twofold symmetric rotation, in the
second setting of the monoclinic system, or briefly, P — [23/2]. The shortest
nonzero lattice vector parallel to the axis of rotation is b, and since in this
case g = 2 we have t|| = b/2. There are therefore two translationally different
symmetry operators based on a twofold axis of rotation in this setting: ([24/2],0),
which is a simple rotation about a twofold axis, and ([232],b/2), which is a
rotation about a twofold axis, accompanied by a translation through one-half
of a lattice vector along the axis. The common designation of the symmetry
element corresponding to the latter operator is two-fold screw axis. Of course, an
arbitrary lattice vector can be added to the translation part of each of these two
symmetry operators. In general, if ryyy is the shortest lattice vector parallel to
the axis of rotation, the nonlattice translations which are parallel to the axis, are
shorter than ryyw and may appear in the symmetry operator are ryyvw X m/g,
where m = 1,...,g— 1 and ¢ is the order of the rotation operator. The symbolic
designation of these various screw axes is simply n.,,, where n is the order of the
axis and m is a multiple of the basic fractional parallel translation. Thus, if n = 3
and the axis is parallel to ¢, we obtain the operators ([3001], 0), ([3001],¢/3), and
([3001], 2¢/3), which are designated as 3, 3, and 32, respectively, and similarly
for fourfold and sixfold axes.

Another kind of nonsymmorphic symmetry element arises from the inter-
action of reflection and translation. Consider the space-group operator (o,t),
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Table 3.1 Glide planes in the monoclinic system

u v Reflection operator Corresponding symmetry element
0 0 ([mo1o],t1) m (reflection plane)

1 0 ([mo1o], 2a +t.1) a (a glide)

0 1 ([mo1o], e +t1) ¢ (c glide)

1 1 ([mow) 2(a+c)+t1) n (n glide)

where o is an operator of reflection in a plane, and t is a translation vector
decomposable into components that are parallel and perpendicular to the mirror
plane,. that is, t = t| + t,. Two successive applications of this operator are
equivalent to

(O',tH +tj_)(0',t” +t,)= (I,tH -t +t +t1)= (I,QtH). (3.15)

As in the case of a screw axis, the perpendicular component is arbitrary (for
a single operator), as it depends on the location of the plane with respect to
the origin. On the other hand, twice the parallel component must be a lattice
vector, for the right-hand side of eqn (3.15) to be a space group operator. Hence,
t) may be a zero vector, one-half of a lattice vector, or an integer multiple thereof.
An operator consisting of a reflection in a plane accompanied by a translation
through half a lattice vector parallel to the plane is called a glide-plane operator
and the corresponding space-group symmetry element is known as a glide plane.

Let us assume in the following example that the reflection operator ([mo10], t)
belongs to a monoclinic space group, in the second setting,that is, with a plane
parallel to a and ¢ and perpendicular to b. According to the above discussion,
the translation part of the right-hand side of eqn (3.15) has the form

2t = ua+ wc,

where u and w are integers. If we take their values as 0 and 1, we obtain the
forms of the reflection operator listed in Table 3.1. The symbolic representations
of of mirror and glide planes, as well as of rotation, rotoinversion, and screw axes,
as used in space-group tables (for example in ITA83), are given in Table 1.3 of
ITA83. We reproduce part of that table in Table 3.2 in a somewhat different
notation from that used in the original reference.

The symbols presented in Table 3.2 and letters specifying the lattice type are
all that are needed for a representation of a three-dimensional crystallographic
space group in terms of the Hermann—Mauguin symbols. The conventions used
in these representations are described in detail in ITA83 and in Hahn (1988),
and will not be repeated here. The symbols presented in Table 3.2 have graphi-
cal representations, which are used in the construction of space-group diagrams.
These will be illustrated below. In the meantime we shall present several exam-
ples of Hermann-Mauguin symbols and extract from them the (matrix, vector)
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representations of the representative elements of the space group, as well as other
highly pertinent information.

Let us consider as an example the centrosymmetric orthorhombic space group
Pben. According to the conventions set out in ITA83 (all editions), we have here
a b glide perpendicular to a (parallel to the yz plane, with glide vector %b), ac
glide perpendicular to b (parallel to the xz plane, with glide vector %c), and an n
glide perpendicular to ¢ (parallel to the xy plane, with glide vector (a + b)/2).
These three glide planes must intersect at a point, and let us choose, for the
time being, the origin of the space group at this point. This choice constrains
the perpendicular components of the translation parts to be equal to zero, and
the glide plane operators can therefore be represented as

mﬁQmmL§0,Cﬁ(mW¢%ﬁ,nﬁ<mm¢%@+m>

or, in (matrix,vector) representation,

100
b— {010,
001

oI O

100
c— 010 |,
001

100
n — 010},
001

O = NI= O O
1

The superscript O on the reflection operators has been omitted for simplicity.
The lattice of Pbcn is of type P, that is, there are no lattice translations which
may interact with the translation parts of the space-group operators.

We shall now evaluate the products cn, bn, and be of the glide-plane operators,
represented above. We have for cn

([mow], %C> <[m001]7 %(a + b)) = ([mow] [moo1], %([mow]a + [mo10]b + C))

= ([21001,
= ([21001,

The product of the reflection operators can be evaluated from geometrical consid-
erations or from their matrix representations. The last line of eqn (3.16) follows
from the second by addition of the lattice vector b to the translation part of the

@—b+@>

N = N

(a+b+c)> . (3.16)
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Table 3.2 Symbols for symmetry elements as given in [TA83

Symmetry element
and its orientation

Definition of symmetry operation
Symbol

Reflection plane
m Reflection line
Reflection point

Reflection in plane (3 dimensions)
a line (2 dimensions), or a point
(1 dimension)

“Axial” glide plane Glide reflection in a plane
with glide vector:

a Ilborlc %
b lcorla ¥b
c laorlb ?c
c L(a—b)or L (a+b) =c
c laorlborl(—a—b) %c (hexagonal coordinate system)
c L(a=b)or L (a+2b)or L (-2a—b) 5c (hexagonal coordinate system)
“Double” glide plane Two glide reflections in a plane,
(in centered cells only) with perpendicular glide vectors:
e lec Llaand ib
e 1la sb and %c
e 1b %a and ;c
e L (a—Db); L(a+Db) i(a+b)and ic; 1(a—b)and ic
e L (b—c); L(b+c) %(b—s—c and %c; %(b—c) and ?fc
e l(-a+c); L(a+c) 5(a+c)and 5¢; 5(a—c)and e
“Diagonal” glide plane Glide reflection in a plane
with glide vector:
. . 1 o1 1
n lc;Lla;Llb ¥(a—&—b)7 5(b+c); 5(a+c)
n L(a—b)or L(b—c)or L (—a+c) ¥(a+b+c)
n L(a+b); L(b+c); L (a+tc) 51(7a+b+c); f(a—b+c)
s(a+b—c)
“Diamond” glide plane Glide reflection in a plane
with glide vector:
d lec La;lb %(a:ﬁ:b); ibte) t(tato)
d L(a—b)or L (b—c)or L (—a+c) i(@a+btc) f(ta+b+c);
1
r (atb+c) )
d L(a+b); L(b+c) L(a+c) Zl(—a—i-bzl:c); s(xa—b+c);
j(@atb-—c)
Glide line (2 dimensions) Glide reflection in a line
with glide vector:
g 1b;Lla la; %b

2

second line. The rotation part of the result contains a twofold axis parallel to a;
the translation part contains a/2, parallel to the axis, and the perpendicular vec-
tor (b + c)/2. Hence the successive application of the n and ¢ glides, defined as
above, is equivalent to the application of a twofold screw axis parallel to a which,
however, does not pass through the origin, since it has a nonzero perpendicular
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Table 3.2 Symbols for symmetry elements as given in ITA83 (cont.)

Symmetry element Definition of symmetry operation
Symbol and its orientation
1 None Identity
2,3,4,6 n-fold rotation axis, n Counterclockwise rotation by 360/n

degrees around the axis

1 Center of symmetry Inversion through a point.
2=m,3,4,6 Rotoinversion axis, m and Counterclockwise rotation by 360/n
inversion point on the axis  around the axis, followed by inversion
through a point on the axis.

Screw axes, np

21 Right-handed screw rotation by 360/n
31, 32 degrees around the axis, with screw
41,49,43 vector (p/n)t; here t is

61,62, 63,64,65 the shortest lattice translation

vector parallel to the axis in the
direction of the screw.

translation component. We have, similarly,

bn = ([2010], %a)

be = ([2001], %(b + c)> .

and

We see that be results in a twofold screw axis parallel to ¢, while the result of bn
is a simple twofold axis parallel to b. Let us now evaluate the result of successive
application of a glide and a screw axis perpendicular to it. For example,

([T], —%a—i— b+ %c)

0 a+c).
(.3 +0)

As expected, the result is inversion—but through a point not located at the origin.
No new rotational parts will result from other pairwise combinations of the above
seven symmetry operators. We must, however, add the identity operator, its
translational part being chosen arbitrarily as a zero vector (it can be any lattice
vector).

Let us now examine the correspondence of the above operators to their rota-
tional parts:

<[m100]7 %b> ([2100], %(a +b+ c))

N}
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([1],0) =[]

([2001], (b +¢)/2) = [2001),
([2010],2/2) = [2010),
([2100]; (@ +Db+¢)/2) = [2100]
(1, (a+¢)/2) = [1],

([moo1], (a+b)/2) = [moo1],
([mo10],¢/2) = [mo1o],
([m100], b/2) = [mioo]-

The rotation operators on the right-hand sides of the correspondences are just
the elements of the orthorhombic point group mmm. The symmetry operators on
the left-hand sides are representative elements of the space group Pben (another
octet of representative elements could be chosen). The whole space group will be
exhausted if we add to each representative, in turn, all the lattice vectors. The
space group is split in this way into eight infinite sets, where all the operators
of a set have the same rotation part. One of the sets, that containing identity
as its rotation operator, is a group, the group of the lattice; it can be shown
that the group of the lattice translations is an invariant subgroup of the space
group. There is a one-to-one correspondence between each of these sets and a
rotation operator of mmm. Also, if we apply successively two operators from
different sets, we obtain an operator with a rotation part equal to the product
of the individual rotation parts. Moreover, the product of all the operators of
one set with all the operators of another set will yield one of the existing sets.
Similarly, the “inverse” of a set is also one of the existing sets. Summing up, the
eight sets (that is, the space group Pbcn) are a group which is isomorphic to
the point group mmm. We may note that the above representations of b, ¢, and
n are a possible set of generating elements of the space group Pbcn. It follows
from the above that the full space-group symbol of Pben is P2L22

becn’

3.4 Some general considerations
The above example can be generalized to any crystallographic space group in the
following manner. Let S = {(P;,tx)} be a space group, and let I' = {(I,rz;)}
be the group of its lattice. Of course, I' is a subgroup of S, but we can readily
see that it is an invariant subgroup. If (P;, tx) is any element of S, and (I,rz,)
is any element of I', we know from Section 2.2.3 that I' is an invariant subgroup
of S if (P, ty)(Lrr,) (P, t) ! is also an element of T'. Indeed,
(Pia tk‘)(L rL_;’)(Piv tk‘) (Pla tk‘)(L rLj)(Pi_17 _Pi_ltk)
= (Pi,te)(P; ', —P; "t +1L))
= (I,—ty + Pirp, +tg)
el (3.17)

since P;ry; is also a vector of the lattice of the space group S. Now let

(I,0), (P2, t2), ..., (Py,ty)
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be g representative operators of the space group, such that their translation parts
contain all the existing nonsymmorphic translations and specify the origin of the
space-group, and the rotation parts are all different (and exhaust the elements
of the corresponding point group). The space group S can now be represented
as a union of g right cosets of T,

S=TUT(Ps,ts) U--- UT(P,,t,).

It can be shown that a representation in terms of a union of left cosets of T" is
also possible.

Another general consideration, of unquestionable practical value, is the effect
of a shift of the origin or the change of setting on the translation part of a space-
group symmetry operator. For simplicity, let us start with a shift of the origin
only. Let the operator be given by (Pg,ts), and let the origin shift operation be
given by

r=r—p=(1,—-p)r.
The symmetry transformation is
rs = (PS,tS)I‘,

and hence

rs = (P, t5)(I, p)r'.

The shifted result of the symmetry transformation is therefore

I‘; = (Ia _p)(PSa ts)(Ia p)rl = (Ia _p)(PSa Psp + tS)I'/ = [Ps; (Ps - I)p + ts]r,-
(3.18)

Example. Let us find a shift of the origin which will reduce the translation part
of the inversion operator in Pbcn to a zero vector. That is,

(1], (a +¢)/2) — ([1], 0).

In this case, we have ts = (a+c¢)/2, and our requiremement is: ([1] —[1])p+ (a+
c)/2 = 0. It follows that p = (a+c)/4, and the required origin-shift operation is

([1], —(a+<c)/4)([1], (a+¢)/2)([1], (a + €) /4) = ([1], =(a+ ¢)/4)([1], (a + c/4)
= ([TLO)

which was to be shown. The same transformation must of course be applied to
all the remaining representative space-group operators. We shall do this in detail
for one of them, and leave the others to one of the Exercises. Let us take care of
the operator corresponding to the two-fold screw axis parallel to a
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( a+c> <[2100]7a+2+c) (mazc)
( a+c> <[2100]7[2100]a1—c+a+l2)+c>
- (o

a—|—c a—c a+b+c
)([2100], 1 + 5 )

(o).

Proceeding as above, we obtain for all the eight representative operators of Pbcn

([1],0),

([2001], (@ + Db +¢)/2)
([2010],¢/2),

([2100]; (@ +b)/2),
([1],0),
([moo1], (a +b +¢c)/2),
([mo1o], ¢/2),

([mioo], (a +b)/2).

In this and similar calculations we have omitted integer multiples of lattice vec-
tors and made the translation parts positive by adding lattice vectors (if, for
example, the result was -a/2, we converted it to a/2 by adding a).

Let us now consider the effect of a change of setting on the representation
of a space-group operator. We shall first deal with the transformation of the
coordinates and then proceed to a change of the basis vectors (that is, a change
of setting). The symbolic matrix notation will be used.

Let the transformation of the coordinates, with zero origin shift assumed,be
given by

r' = (T, O)r,
where T is a nonsingular 3 x 3 matrix. The result of the symmetry transformation
in the old system is

rs = (Pg,ts)r
= (P, t,) (T, 0)r'

and in the new system it becomes

7, = (T, 0)(Ps.t;)(T™", 0)
= (T, 0) (P, T, t,)r
= (TP, T, Tt,)r". (3.19)

The matrix Tpremultiplies a column vector of coordinates of a point, denoted
here by 7. Before the transformation, the position vector of this point can be



62 Space-group symmetry

written as r = za + yb + zc or, in matrix notation, r = ATy, where A7 is the
row of vectors a, b, and c. Since the position vector of a point is independent of
the choice of the basis or the system of coordinates, if » has been premultiplied
by the matrix T, then AT must be postmultiplied by the matrix 77! in order
to preserve the length and direction of the position vector r. We thus have

r=AYr = ATT'Tr. (3.20)

Example. Consider the effect of a change of basis on the representation of a
symmetry operator. Let, for example, a remain unchanged, b be replaced by
—c, and ¢ be replaced by b. The transformation can be written as

100
(acb)=(abc|001]. (3.21)
010
The corresponding coordinate transformation matrix must be the inverse of the
matrix appearing in eqn (3.21), which happens to be its transpose. Thus

100
T=[00T]. (3.22)
010

Consider now the b glide plane operator of the space group Pben. The (matrix,
vector) representation of this operator is

100 1/2
(Imio),(@a+b)/2): [ 010 |, [1/2]]. (3.23)
001 0

If we now substitute eqns (3.22) and (3.23) into the transformed operator in
eqn (3.19) we see that that the matrix corresponding to the mirror plane remains
unchanged but the components of the translation vector change from (1/2, 1/2,
0) to (1/2, 0, 1/2). The b glide plane thus becomes a ¢ glide plane. If we apply
this transformation to all the representative elements of Pbcn found above, we
shall see that the space-group symbol corresponding to this changes from Pbcn
to Penb. We shall discuss this further below, in connection with a space-group
diagram of an orthorhombic space group.

In practice, we are interested in the structure of a given crystal, possessing a
given space-group symmetry. The basis abc is fixed in such considerations, and
a useful representation of the space-group operator is a (3 x 3matrix, 3 X lmatrix)
pair (also denoted as a (matrix,vector) pair). The matrix representation of the
rotation part is the same as that described in Chapter 2, while the representa-
tion of the translation part is simply a column of vector components. So, the
representation of (P, t) is
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Py Pip Pi3
Py1 Py Po3
P31 P3p Ps3

where t = t1a + tob + t3c.

i

1
to
t3
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Let us represent in the above manner the representative space-group opera-

tors of Pben:

([1),0) =

([2001], (@ +b+¢)/2) =

([2010],¢/2) =
([2100], (2 +b)/2) =
(11],0) =

([moo1], (@ +b+¢)/2) =

([mo1o], ¢/2) =

([m1o0], (a +b)/2) =

100
010
001

100
010
001
100
010
001
100
010
001
100
010
001
100
010
001
100
010
001
100

010
001

0

1/2
1/2
1/2

1/2

1/2
1/2

o O O

1/2

1/2

1/2
0

The last stage seems more complicated than the others, however, it leads to
a very concise symbolic representation of symmetry transformations, which finds

application in all crystallographic formalisms. If (P, ¢) is a matrix representation

of a space-group operator, the corresponding representation of a space-group
transformation is Pr + ¢, and in explicit (matrix, vector component) notation it

becomes
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Py Pio Pi3 T t Pz + Pioxs + Pisxs +
Py Pyy Po3 o | + | t2 | = | Poix1 + Poawa + Pogxs + 1
P31 P33 Ps3 x3 i3 P3121 + P3axo + Pygxs + 11

The space-group operations of Pbcn can now be represented in terms of the
coordinates x = x1, y = x2, and z = x3:

D zy,2z 2T+3,7+32+% B)zTyz+s D2+l 7+3 75

N[—=
SIS

5)7,79.% )+t y+5.z2+3 Moy z+3 ®)T+3,y+i, 2
If the point with coordinates x,y, z in the above list does not coincide with any
symmetry element, in which case it will be brought into coincidence with itself,
different coordinates are generated for the remaining seven points by the repre-
sentative operators of the space group Pbcn. The positions of these eight points
are the general equivalent positions of this space group. The elements on which a
point can be brought into coincidence with itself are only the twofold axes along
[010] and the eight centers of symmetry: this is so because if the point is placed
on a screw axis or on a glide plane, the corresponding operators will displace it
by the intrinsic translation vector.

Suppose, a point is placed on the simple twofold axis along [010]. It will be
shown in the next section that the coordinates of a point on the axis correspond-
ing to the operator ([2010],¢/2) are (0,y, §). If we substitute these coordinates
for (x,y,z) in the general equivalent positions we obtain four pairs of identical
positions, or only four equivalent positions:

O,y,13 57+ % 0T% 57+3 1
This is an example of special equivalent positions—they correspond to points lo-
cated on the four independent simple twofold axes in the unit cell of the space
group Pbcn. In general, a special position is brought into coincidence with itself
by one or more operators of the space group (for example a point at the inter-
section of a twofold axis and a mirror plane).

This representation of space-group operations in terms of fractional coordi-
nates lends itself conveniently to a variety of crystallographic applications. It is
therefore used very extensively used in standard symmetry tables (Henry and
Lonsdale 1952, 1965, and ITA83) and is the representation best known to the
crystallographic community. However, as is obvious from the above, this sim-
plicity conceals the group properties of the symmetry operators which are inter-
esting for their own sake but are also most important in various computational
approaches. We have therefore dedicated the first few sections of this chapter
to an introduction to the general space-group formalism. Of course, once the
fractional-coordinates representation is given, it is very simple to recover from
it the (3 x3 matrix, 3 x1 matrix) representation that is needed for more gen-
eral considerations (see the Exercises). The above space-group tables present, for
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each space group listed the general and special equivalent positions, as well as
other information, some of which will be referred to in Chapter 5.

3.5 Classification and tabulation of crystallographic space
groups

The first comprehensive classifications of the 230 three-dimensional crystallo-
graphic space groups were published by Schonflies (1891), whose notation is still
in wide use in many fields of science, and Fedorov (1891), whose space-group
diagrams—also rederived by Hilton (1903)—appear to be the basis of the diagrams
we see in modern crystallographic symmetry tables. As soon as crystallography
became a promising experimental science, it was decided to introduce a standard
notation for space symmetry elements/operators, and to choose conventional
space-group origins and basis vectors, so that the space-group information could
be tabulated and used conveniently. The first such tables, entitled Internationale
Tabellen zur Bestimmung von Kristallstrukturen (Hermann 1935) were edited by
C. Hermann. The following series of tables, entitled International Tables for X-
ray Crystallography, started with Volume I (Henry and Lonsdale 1952), edited
by N. F. M. Henry and K. Lonsdale, which contains space-group symmetry infor-
mation, and its application to structure factor and electron density calculations.
Several corrected reprints of this volume followed. The present series of tables,
entitled International Tables for Crystallography, started with Volume A (Hahn
1983), edited by Th. Hahn. This volume contains significantly enhanced informa-
tion about various aspects of space-group and point-group symmetry, including
a complete tabulation. The fourth revised edition of Volume A appeared in 1996.
We intended here to provide a short introduction to the use of the most recent
space-group tables given in Volume A, but before doing so, it is in order to discuss
the problem of finding the location of symmetry elements, given the rotation and
translation parts of the corresponding space-group operators. This is of major
importance to the understanding of the space-group diagrams which appear in
the tables.

3.6 Location of symmetry elements

Let us assume that the origin of the space group has been fixed according to some
choice or convention, and that the basis vectors are those of the symmetric unit
cell discussed in Chapter 2. Let us denote the rotation operator and translation
vector by their symbolic matrix representations (bold italic). Before proceeding
to a description of the International Tables, we wish to examine the problem of
finding the location of the symmetry elements within the symmetric unit cell,
in which an origin has been defined. The following considerations follow closely
those given by Shmueli (1984).

Let the point 7 = (r y 2) coincide with some symmetry element, say that
corresponding to the space group operator (P, ting,+ tioc), where ting, is the
intrinsic translation (for example a translation along a screw axis or parallel to
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a glide plane) and ¢, is the location-dependent component of the translation.
If we apply the matrix of the space-group operator to the point @, the point will
remain unmoved if the intrinsic translation is a zero vector, and will be shifted
by tint: if the latter is nonzero. In general, we have

(Pa tintr + tloc):B = Px + tintr + tloc

= x + tingr,

and, in any case

Px+to.=x or (I—P)x=to, (3.24)

where I is the unit matrix.

If P corresponds to the inversion, or to an axis of inversion m, with n > 2,
it is easily shown that I — P is nonsingular and that the coordinates of a point
located on the axis (or the center) are simply & = (I — P) ™ 1¢j,..

The simplest example is the location of a center of symmetry. We have here

—1

100 100 1/2 0 0
010 |—{0To0 = 0 1/20
001 00T 0 0 1/2

and hence the location of the center of symmetry is given by & = t1,./2. If we
add a lattice vector, say 7, such that (tioc + 71,)/2 lies within the unit cell,
another translationally independent center is generated. For example, if ), is
a zero vector and the Bravais lattice is of type P, there are eight such centers
and their positive fractional coordinates are (0, 0, 0), (1/2, 0, 0), (0, 1/2, 0), (0,
0,1/2), (0,1/2,1/2), (1/2, 0, 1/2), (1/2,1/2,0) and (1/2, 1/2, 1/2). Similarly,
there are 16 centers per cell in a singly centered lattice (types A, B,C, and I)
and 32 centers in a symmetric unit cell of an F-type Bravais lattice (see the
Exercises).

If P represents a twofold axis of proper rotation or a twofold axis of im-
proper rotation (that is, a plane of reflection), the translation component ¢, is
perpendicular to the element and, in either case, the solution of eqn (3.24) can
be written as & = tioc/2+ @y, where &, is an indeterminate part of  and can be
set equal to a zero vector. In general, for P — 2, x,, is parallel to the twofold
axis and for P — m, x, is parallel to the plane of reflection. For example, it is
now easy to find the locations of the representative elements of the space group
Pben (No. 60), considered above. Table 3.3 shows a summary of their derivation.

The above considerations suffice for the determination of the locations of the
symmetry elements in all the space groups belonging to the triclinic, monoclinic,
and orthorhombic systems, and are useful also for the twofold axes and reflection
and glide planes in higher systems.

We are now left with axes of proper rotation of orders higher than 2. In
standard representations of space groups (for example in ITA83), fourfold and
sixfold axes is always parallel to one of the basis vectors, while a threefold axis
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Table 3.3 Location of the representative elements of the space group Pbcn

Operator tfm tloc T
((1], 0)

([2001], (a+b+c)/2) (001/2) (1/21/20) (1/41/4 z)
([2010], €/2) (000) (001/2)  (0y1/4)
([2100], (a+b)/2) (1/200) (01/20) (x 1/40)
(1], 0) (000) (000) (000)
([moo1], (a+b+c)/2) (1/21/20) (001/2)  (xy1/4)
([mo10), ¢/2) (001/2) (000) (z 02z)
([m1oo], (a+b)/2) (01/20)  (1/200) (1/4y=2)

may be parallel to a basis vector or to a body diagonal of the unit cell. In either
case the matrix corresponding to I — P is singular, and the singularity is most
obvious if the axis is parallel to a basis vector. If, for example, an axis of rotation
is parallel to ¢, then the third coordinate (x3) of the vector x is indeterminate,
and the remaining two coordinates are solved for by deleting the third row and
third column of the matrix corresponding to I — P in eqn (3.24). Axes parallel
to a and b are treated analogously.

The case where a threefold axis is parallel to a body diagonal of the unit cell
is less obvious, since the singularity of the matrix corresponding to I — P cannot
be dealt with so simply as for the [100], [010] and [001] orientations above. The
solution is:

1. Transform eqn (3.24) to a new system, such that one of its basis vectors
coincides with a vector parallel to the axis of rotation.

2. Solve the transformed eqn (3.24) for the determinable components of the
transformed @, while equating the indeterminate component to zero.

3. Transform the solution vector back to the original system.

The general forms of the location vectors of the various symmetry elements
can now be obtained as sums of the corresponding vectors & and vectors with
variable coordinates (as in Table 3.3) which are based on lattice vectors parallel
to the axes of rotation and planes of reflection (these include, of course, screw
axes and glide planes). If, for example, a threefold axis in a cubic space group
is parallel to [111] and is found to pass through the point (1/6, -1/6, 1/3), a
general location vector for this axis can be written as (z+1/6,7—1/6,T+1/3).
Of course, any vector with coordinates (§, —9d, —d) can be added to the general
location vector without changing its geometrical significance.

The considerations outlined in this section are of fundamental importance
in the construction of space-group diagrams, to be illustrated below. These dia-
grams, displayed in ITA83 for all the two- and three-dimensional space groups,
play a most important role in the visualization of crystal structures.
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3.7 Graphical representation of space groups

The printed symbols for symmetry planes and axes have already been given in
Table 3.2. We now proceed to the graphical symbols for rotation and inversion
axes, except those based on m = 2. These are given in Figs. 3.2, 3.3, and 3.4,
which are reproduced from several parts of Table 1.4 in Volume A (ITA83). These
symbols are used in ITA83 for axes perpendicular to the space-group diagrams—
that is, tabulated projections of the unit cell belonging to a space group. Next
we present in Fig. 3.5 the symbols used in space-group diagrams for mirror and
glide planes perpendicular to the plane of projection (in three dimensions) and
symmetry lines in the plane of the figure (in two dimensions). Finally, Fig. 3.6
presents the indication of symmetry planes parallel to the plane of projection,
their height above the origin, and the direction of the gliding translation for
glide planes. These symbols for axes and planes are almost universally used in
the crystallographic literature and are presented and discussed in detail in ITAS83.
They are presented here as a geometrical realization of the analytical description
of symmetry operators discussed earlier

Two examples of space-group diagrams are included. Figure 3.7 shows the
page of Volume A (ITA83) pertaining to the standard representation of the
monoclinic space group P2;/c. It may be noted that a vast number of nonchiral
crystals consisting of small and medium-sized organic molecules, the structures
of which have been determined, belong to this space group. Let us describe this
page in some detail.

The symbol P2;/¢, a Hermann-Mauguin or international symbol, tells us
that the Bravais lattice of this space group is of type P and that the space group
contains a twofold screw axis which is perpendicular to a glide plane of type ¢
(see Table 3.1). As in the case of Pbcn, it can be seen that a center of inversion
must be present, and the corresponding three operators with the identity are
representative elements of a space group isomorphous with the point group 2/m.

The next symbol in the first line is C3;,. This is the Schonflies notation for
the space group considered. The symbol tells us that there is a twofold axis (Cs)
in the isomorphic point group, as well as a “horizontal” (h) mirror plane, and
the superscript 75 tells us that we have here the fifth space group isomorphic to
Cop,. The geometrical information content carried by C3, is of course much lower
than that of the Hermann—Mauguin symbol, and this is why the vast majority
of crystallographic papers and books use the Hermann—Maguin notation.

Next, we have the point-group symbol 2/m, which we have already encoun-
tered in Chapter 2, and we are told that the crystal system to which this space
group belongs is monoclinic. The first item in the second line is the space-group
number, here No. 14. This is a most important identifier within the compilation
of space groups in ITA83.

The second item in the second line is the full space-group symbol. The first
and third positions after P correspond to a and c, respectively, and are occupied
by “17; the second position is occupied by 21 /c. This means that the symmetry
elements in the symbol are associated with the b axis only: the twofold screw
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Symmetry axis or symmetry point Graphical symbol*

Identity None

Twofold rotation axis
Twofold rotation point
(two dimensions)

Twofold screw axis: ‘2 sub I’

Threefold rotation axis
Threefold rotation point
(two dimensions)

Threefold screw axis: *3 sub I’
Threefoid screw axis: '3 sub 2’

Fourfold rotation axis
Fourfold rotation point
(two dimensions)

Fourfold screw axis: ‘4 sub I’
Fourfold screw axis: ‘4 sub 2
Fourfold screw axis: *4 sub 3
Sixfold rotation axis }

R

Sixfold rotation point
(two dimensions)

Sixfold screw axis: *6 sub 1
Sixfold screw axis; "6 sub 2’
Sixfold screw axis: ‘6 sub 3
Sixfold screw axis: ‘6 sub 4’
Sixfold screw axis: "6 sub 5

Centre of symmetry, inversion

centre: 'l bar’ 5
Reflection point, mirror point
(one dimension)

Inversion axis: *3 bar’

Inversion axis: *4 bar’

Inversion axis: ‘6 bar’

Twofold rotation axis with centre
of symmetry

Twofold screw axis with centre of symmetry §

FOOPR @ $0 ¢ P> > = =

ok o b
N

Fourfold rotation axis with centre ¢ o
of symmetry

‘4 sub 2’ screw axis with centre of symmetry 6 o
Sixfold rotation axis with centre o

of symmetry

‘6 sub 3’ screw axis with centre §

of symmetry

Fig. 3.2 Symmetry azes perpendicular to the plane of projection. Reproduced with
copyright permission of the International Union of Crystallography (IUCr).
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Symmetry axis Graphical symbol¥
Twofold rotation axis - - } t
Twofold screw axis: *2 sub I’ P — b
Fourfold rotation axis . 4 ~ |
Fourfold screw axis: *4 sub I’ 1 7 o=
Fourfold screw axis: ‘4 sub 2’ | S | o~y
Fourfold screw axis: ‘4 sub 3’ ~ T -
Inversion axis: ‘4 bar’ e~ T &
Inversion point on ‘4 bar’-axis ' &

Fig. 3.3 Symmetry azes parallel to the plane of projection. Reproduced with copyright
permission of the International Union of Crystallography (IUCr).

Symmetry axis Graphical symbol¥

Twofold rotation axis -c— _°_.
Twofold screw axis: ‘2 sub 1"

Threefold rotation axis

Threefold screw axis: ‘3 sub 2’

Inversion axis: ‘3 bar’

7 Y
/L A\
Threefold screw axis: ‘3 sub I’ % )i‘
4 N
Koo
K A
o %

Fig. 3.4 Symmetry azes inclined to the plane of projection (cubic only). Reproduced
with copyright permission of the International Union of Crystallography (IUCr).
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Symmetry plane or symmetry line  Graphical symbol

Glide vector in units of lattice
translation vectors parallel and
normal to the projection plane

Reflection line, mirror line
(two dimensions)

‘Axial’ glide plane }

Reflection plane, mirror planc}

Glide line (two dimensions)

*Axial’ glide plane e

‘Double’ glide plane*® P

(in centred cells only)

None

1 lattice vector along line in projection plane
§ lattice vector along line in plane

1 normal to projection plane

Two glide vectors:
; along line parallel to projection plane,

} normal to projection plane

‘Diagonal’ glide plane =~ = —.—.—.— One glide vector with two components:
2 i along line parallel to projection plane,
! normal to projection plane

‘Diamond’ glide plane? ——————— 4 along line paralle] to projection plane,
(pair of planes: in centred =< combined with 2 3 normal to projection
cells only) plane (arrow indicates direction

parallel to the projection plane for
which the normal component is positive)

Fig. 3.5 Symbols for mirror and glide planes (cf. Table 3.2). Reproduced with copy-
right permission of the International Union of Crystallography (IUCr).

Glide vector in units of lattice translation Printed symbol

H 1
Symmetry plane Graphical symbol™ =1 barallel to the projection plane
Reflection plane, mirror plane f_ S None m
*Axial’ glide plane j_ |_- | Iattice vector in the direction of the arrow ab,ore
‘Double’ glide plane® r‘ Two glide vectors: | in either of the e
(in centred cells only) directions of the two arrows

‘Diagonal’ glide plane }in the direction of the arrow n

‘Diamond’ glide plane?
(pair of planes; in centred
cells only)

’- in the direction of the arrow; the glide d
‘l [ir vector is always halfl of a centring vector,

i.e. one quarter of a diagonal of the

conventional face-centred cell

Fig. 3.6 Symmetry planes parallel to plane of projection (cf. Table 3.2). Reproduced
with copyright permission of the International Union of Crystallography (IUCr).
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axis is parallel to b, and the glide plane is perpendicular to it. The last item in
the second line is the Patterson symmetry, which will be discussed in some detail
in Chapter 6. Here too the abc notation is implied, where 2/m is associated with
b. The first item in the third line says in words what we see in the full symbol,
that is, that b is the “unique” axis associated with the symmetry elements.

The attribute “CELL CHOICE 1” has to do with the designation of the glide
plane in this monoclinic space group. As shown in Table 3.1, the possible glide
planes in the monoclinic system are a, ¢ and n. It can, however, be shown that
these three glide planes are equivalent and can be related by a transformation of
the basis vectors a, b and c or, in other words, that they correspond to different
choices of the unit cell (only a and c are changed in the case of “unique axis
b”, and only a and b are changed in the case of “unique axis ¢”). The screw
axis is always associated with b if b is unique, and with c if ¢ is unique. Space
group No. 14 is thus represented in ITA83 as P12y /cl, P12y /nl, and P12, /al,
corresponding by convention to cell choices 1, 2 and 3, respectively with unique
axis b, and as P112;/a, P1121/n, and P112;/b, corresponding to cell choices 1,
2, and 3, respectively with a unique axis c¢. This redundancy is a most useful
feature of ITA83. As we shall see in Chapter 5, the designation of the glide plane
follows immediately from the interpretation of the diffraction pattern. Any of
three cell choices for unique b or ¢ may be found to be the desired one, and
the once mandatory transformation to the formally standard cell choice 1 with
unique b often seems to be an unnecessary constraint.

We now come to the graphical representation of the space group. The upper
left drawing is the projection of the unit cell of the space group down the b axis.
The translationally nonequivalent 2; axes are located at (0,y,1/4), (1/2,y,1/4),
(0,9,3/4) and (1/2,y,3/4). The ¢ glide is indicated to be located at a height
of 1/4 above the ac plane (fractional coordinates are employed throughout)
and is parallel to that plane. The upper right and lower left drawings show
that there is another ¢ glide at a height of 3/4 above the ac plane. There are
eight translationally nonequivalent centers of symmetry at points (p/2, q/2,7/2),
where each of p, ¢ and r is 0 or 1. One of these centers is of course at the origin
of the unit cell. All these locations can be derived from the considerations given
in Section 3.6. The lower left drawing is a projection of the cell down the ¢ axis
(note that the glide plane is dotted, indicating a translation normal to the plane
of the projection; see Fig. 3.5). The edge a, of the drawing is the projected
a axis (that is, asin ). The lower right drawing has the same orientation as
the upper left one. It shows the effect on the position of an object, say, the
empty circle above the ac plane (indicated by a plus sign) adjacent to the origin,
when the various space-group operations are applied to it. For example, the
inversion through the center of symmetry at the origin produces a circle below
the ac plane (indicated by a minus sign) but there is a comma at its center.
This means that the “handedness” of the object has been changed, as well as its
position. On the other hand, application of the screw rotation around an axis
at (0,y,1/4) results in another empty circle, displaced by 1/2 along the screw
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P2; / Cc Cgb 2/m Monoclinic

No. 14 P | 2|/C 1 Patterson symmetry P12/m |

UNIQUE AXIS b, CELL CHOICE |

Origin a1 1

Asymmetric unit  0<x<I; 0<y<i; 0<z<1

Symmetry operations

(1 (2) 2(0.4.0) 0.t (31 0,00 @) ¢ xitaz

Fig. 3.7 Geometry of space group P21/c (No. 14). Reproduced with copyright per-
mission of the International Union of Crystallography (IUCr).

axis. In general, proper rotations do not change the “handedness” of the object
acted upon, whereas improper rotations (including reflections) produce such a
change. This is readily seen if it is assumed that the object has attached to itself
a right-handed system of coordinates: clearly, an inversion of the right-handed
system transforms it into a left-handed one, and the same thing happens when
the system is reflected (the rotation part of a glide-plane operator is a reflection
in a mirror plane).

The asymmetric unit of the cell is chosen here chosen as a parallelepiped that
has the same ac basis as that of the unit cell, its height being just 1/4 of the b
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Pnma ;?, mmm Orthorhombic
No. 62 P 21/?1 21/??1 2:/0‘ Patterson symmetry Pmmm

g4 W o

Fribie)
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© 10- -Q]
P _ SIRED) o-
I It I
Origin at T on 12,1
Asymmetric unit  0<x<}; 0<y=i; 0<:z<I
Symmetry operations
1 (2) 2(0,0.4) 1.0,z (3) 2(0,4.0) 0.y.0 (4) 2(4,0,00 x.{,i
%5} 1 0,0,0 (6) a x,y.% @ m xiz (8) n(0.4,H vz

Fig. 3.8 Geometry of space group Pnma (No. 62). Reproduced with copyright per-
mission of the International Union of Crystallography (IUCr).

axis. An application of the symmetry operations of the space group to this unit
obviously fills the space exactly. Note, again, that the asymmetric unit can be
chosen in many ways.

The page is concluded with a list of symmetry operations. The intrinsic trans-
lation components of the screw rotation are given in parentheses and those of
the glide plane are implicit in its symbol. This list also presents the locations of
the corresponding symmetry elements.
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Our next example, shown in Fig. 3.8, is the page showing the standard repre-
sentation of the orthorhombic space group Pnma (No. 62). The structure of the
header is similar to that for space group No. 14, except there is no “unique axis”
and the concept behind the cell choice is different. This will become clear from
the discussion given below. This space group, like the previously discussed Pbcn,
is isomorphic to the point group %%% or, briefly, mmm. The correspondence
can be easily seen from the space-group diagrams, where the symbols are ex-
plained in Figs. 3.2-3.5. To each of the twofold axes of mmm there corresponds
a family of parallel twofold screw axes and, as can be seen from the diagrams,
these families of twofold screw axes are nonintersecting. To the first mirror plane
in mmm there corresponds a family of diagonal (n) glide planes perpendicular
to a, to the second mirror plane in mmm there corresponds a family of mirror
planes (m) perpendicular to b and to the third mirror plane in mmm there
corresponds a family of axial (a) glide planes perpendicular to c. Finally, to the
center of symmetry in mmm there corresponds a family of such centers in Pnma.
The upper left drawing is a projection of the cell down c, the a glide plane is
parallel to the plane of projection, and the direction of the gliding translation
(a/2) is indicated by the symbol in the upper left corner. If we place the origin
in the upper-left corner of the drawing, the left edge of the drawing therefore
corresponds to a (pointing down) and the upper edge of the drawing to b (point-
ing to the right). These three basis vectors form a right-handed triad—as they
should. Let us now consider the upper right drawing. It follows from the above
that this is a projection of the cell down b. If we choose the origin to be in the
upper left corner of this drawing and assign to the left edge the vector a (point-
ing down the page), and to the upper edge the vector ¢ (pointing to the right),
in agreement with the glide-plane symbols, a, b, and ¢ will form a left-handed
triad, which is not allowed. One solution is to place the origin in the upper right
corner, and associate ¢ (pointing to the left) with the upper edge of the drawing
and a with its right edge (pointing down). We end up with having a L n glide,
b L m mirror, and ¢ L a glide, with a, b and ¢ forming a right-handed triad—as
we should. A concise way of putting this is to say that the setting abc has been
transformed into the setting acb, or, in matrix notation:

a’ 100 a a
bl=(o0T][b]|=[%], (3.25)
c 010 c b

where a’, b’ and ¢’ are the basis vectors corresponding to the new setting. There
exist six settings for any orthorhombic space group, consistent with the permu-
tations of the labels of the basis vectors and a right-handed system (see Chapter
2 of ITA83).

It can be seen in the diagram that six different full symbols for the space
group appear near the upper and left edges of the three drawings. Let us try to
understand one of them, namely that printed above the upper edge of the upper
right drawing. If we look at the upper-right drawing from the top, we shall see



76 Space-group symmetry

an n glide plane normal to a’, an a glide plane normal to b’ and a mirror plane
m normal to ¢/, where a’b’c’ are given by eqn (3.25). The corresponding space
group symbol is therefore Pnam, and as we can see in Fig. 3.8. there are six
such symbols corresponding to the different settings of the same unit cell. This
is of considerable practical importance; just as space group No. 14 may appear to
one crystallographer as P2;/c and to another as P2;/n, Pnma and Pnam two
symbols that can be correctly assigned to the space group of the same crystal.
The treatment of these multiple symbols is not as detailed in ITA83 as in the
monoclinic case, but Table 4.3.1 in Chapter 4 of ITA83 (Bertaut 1983) contains
all the necessary information.

3.8 Some computational aspects

Space-group symmetry accompanies all stages of crystal structure determination
and refinement, and must therefore be readily dealt with by the relevant com-
puter programs. A simple method which is used by many program packages is to
input the symbolic coordinates of the general equivalent positions (see Section
3.4) from which the (matrix, vector) representations of the symmetry operators
can be readily recovered (see the Exercises).

There are also programs which require as input all the components of the
rotation and translation parts of the space-group operators. This is somewhat
tedious, and is done when the performance of the program justifies the effort.

Another category of symmetry input involves the use of computer-readable
space-group symbols. These can be stored in a small database, and the symme-
try input can be confined to the space-group number and some of its attributes.
The computer program interprets the symbols in terms of the generating el-
ements of the space group, and these are used to compute the representative
(matrix, vector) representations of the space-roup operators, either iteratively or
directly. The space-group information given in Volume A (ITA83) was computed
from a selection of generating elements for each space group (Fokkema 1983),
presumably in an iterative manner.

A set of computer-readable symbols interpretable in terms of space-group gen-
erators was proposed by Hall (1981) for the 230 space groups; it was enlarged to
include the symbols for the various choices of the monoclinic cell (Hall 1993), and
was further extended to include the symbols for the orthorhombic space groups
in their six (or sometimes fewer) different settings (Hall and Grosse-Kunstleve
2001). The representative elements of the space groups are generated from these
symbols in an iterative manner. A detailed description of the Hall symbols is
given in Hall’s original paper (Hall 1981) and their further developments are de-
scribed in the first and second editions of Volume B of the International Tables
for Crystallography (Shmueli 1993a, 2001a).

Another approach was taken by Shmueli (1984), who proposed computer-
readable space-group symbols containing explicitly a specific kind of generating
element. These generators permit a direct (rather than iterative) derivation of
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the space-group representatives according to the following scheme. Any space
group may have one of the forms

{(Qu)},
{(Qu)} x {(R,v)}, or
{P,6)} x {(Qu)} x{(R,v)}], (3.26)

where P, Q, and R are point-group operators, and t, u, and v are zero vectors or
translations not belonging to the lattice-translation subgroup. Each of the forms
in eqn (3.26) enclosed in braces is evaluated as, for example,

{(P,t)} = {(1,0), (P,t), (P, t)%, ..., (P, t)9 '}, (3.27)

where I is a unit operator and ¢ is the order of the rotation operator P (that is,
P9 = I). The representative elements of a space group are then given directly
by the expansion in eqn (3.27) or by an ordered product of such expansions,
as indicated in eqn (3.26). In the application of this formalism to automatic
generation of geometric structure factors (Shmueli, 1993b; Shmueli, 2001c¢), the
actual forms of the generators selected, based on the work of Zachariasen (1945),
were adapted to all the three-dimensional space-groups given in ITA&3.

The general structure of a three-generator symbol, corresponding to the last
line of (3.26), as represented in Table 3.4 (Shmueli 2001c), is

LSC$I‘1Ptlt2t3$r2QU1UQU3$I‘3RV1V2V3, (328)

where the symbols are defined as follows:

e [, is the lattice type, which can be P, A, B, C, I, F, or R. The symbol R is
used only for the seven rhombohedral space groups in their representations
in terms of rhombohedral and hexagonal axes (the obverse setting in Henry
and Lonsdale 1952).

e S is the crystal system, which can be A (triclinic), M (monoclinic), 0 (or-
thorhombic), T (tetragonal), R (trigonal), H (hexagonal) or C (cubic).

e C is the status of centrosymmetry, which can be C or N according to whether
the space group is centrosymmetric or noncentrosymmetric, respectively.

e $: this character is followed by six characters that define a generator of the
space group.

e 1; is an indicator of the type of rotation that follows: r; is P or I according
to whether the rotation part of the ith generator is proper or improper,
respectively.

e P, Q, R are two-character symbols for the matrix representations of the
generators of the axial point groups (see Table 2.3) appearing in Table 3.4.

e t1tots, ujusus, vivevs are the components of the translation parts of the
generators, given in units of 1/12, for example, the translation part (0 1/2
3/4) is given in Table 3.4 as 069. An exception: (0 0 5/6) is denoted by 005
and not by 0010.
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The two-character symbols for the matrices of rotation, which appear in the
explicit space-group symbols in Table 3.3, are related to the generating point-
group operators, shown in Table 2.3, as follows:

1A— (1], 28— 2579, [2B] — [2039T9),
20— [2a1],  2p— [25:C], [2E] — [ ]
2F— (2], 26— [25]0), [3Q1 — [3%4],
3C— [3fh,), 4C— [4550],  [6C1 — [65h,].

The actual matrices are given in Table 2.3. Of course, only matrices of proper
rotation are given (and required), since the corresponding matrices of improper
rotation are created by the program for appropriate value of the indicator r;. The
first character of a symbol is the order of the axis of rotation, and the second
character specifies its orientation: in terms of direct-space lattice vectors, we have

= [100], B =[010], C=[001], D = [110],
E=[110], F=[100], G = [210], and Q= [111].

for the standard orientations of the axes of rotation. This is also seen from the
subscripts on the orders of the axes in the symbols of the generating operators
shown above.

In this scheme a space group is determined by one, two or at most three
generators [see eqn (3.26). It should be pointed out that a convenient way of
achieving a representation of the space group in any setting and relative to any
origin is to start from the standard generators in Table 3.3 and let the computer
program perform the appropriate transformation of the generators only. The
subsequent expansion of the transformed generators and the formation of the
required products (see eqns (3.26) and (3.27)) leads to the new representation
of the space group.

In order to illustrate an explicit space-group symbol consider, for example,
the symbol for the space group Ia3d, as given in Table 3.4:

ICC$I3Q000$P4C393$P2D933.

The first three characters tell us that the Bravais lattice of this space group is
of type I, that the space group is centrosymmetric, and that it belongs to the
cubic system. We then see that the generators are (i) an improper threefold axis
along [111] (I3Q) with a zero translation part, (ii) a proper fourfold axis along
[001] (P4C) with a translation part (1/4, 3/4, 1/4), and (iii) a proper twofold
axis along [110] (P2D) with a translation part (3/4, 1/4, 1/4).

If we make use of the above-outlined interpretation of the explicit symbol
in eqn (3.28), the space-group symmetry transformations in direct space corre-
sponding to the above three generators of the space group Ia3d become

001 T 0 z
100 y|+10 =z,
010 z 0 ]
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Table 3.4 Explicit space-group symbols, according to Shmueli(2001c)

H.-M. Explicit H.-M. Explicit
No. short  var. No. short var.

1 P1 PAN$P1A000 14 P21 /¢ P1121/a PMC$I1A000$P2C606

2 P1 PAC$I1A000 14 P21 /c P1124 /n PMC$I1A000$P2C666

3 P2 P121 PMN$P2B000 14 P21/c P1121/b PMC$I1A000$P2C066

3 P2 P112 PMN$P2C000 15 CQ/(: C12/c1 CMC$I1A000$P2B006

4 P2y P12;1 PMN$P2B060 15 CQ/C A12/n1 AMC$I1A000$P2B606

4 P2y P1124 PMN$P2C006 15 CQ/C 112/(11 IMC$I1A000$P2B600O

5 C2 C121 CMN$P2B000 15 CQ/(: A112/a AMC$I1A000$P2C600

5 C2 Al21 AMN$P2B000 15 C2/C B112/n BMC$I1A000$P2C660

5C2 1121 IMN$P2B0O00 15 CQ/(: IllQ/b IMC$I1A000$P2C060

5C2 Al12 AMN$P2C000 16 P222 PON$P2C000$P2A000

5 C2 B112 BMN$P2C000 17 P222; PON$P2C006$P2A000

5C2 1112 IMN$P2C000 18 P2:2:2 PON$P2C000$P2A660

6 Pm Plml PMN$I2B0O00 19 P21212, PON$P2C606$P2A660

6 Pm Pllm PMN$I2C000 20 C'2224 CON$P2C006$P2A000

7 Pc Plcl PMN$I2B006 21 C222 CON$P2C000$P2A000

7 Pc Plnl PMN$I2B606 22 F222 FON$P2C000$P2A000

7 Pc Plal PMN$I2B600 23 1222 ION$P2CO00$P2A000

7 Pc Plla PMN$I2C600 24 121212 I0ON$P2C606$P2A660

7 Pc Plln PMN$I2C660 25 Pmm?2 PON$P2C0O00$I2A000

7 Pc P11b PMN$I2C060 26 Pmc2y PON$P2C006$I2A000

8 Cm Clml CMN$I2BO0OO 27 Pcc2 PON$P2C000$I2A006

8 Cm Alml AMN$I2BO0OO 28 Pma?2 PON$P2C000$I2A600

8 Cm Ilm1 IMN$I2B0O0O 29 Pca2q PON$P2C006$12A606

8 Cm Allm AMN$I2C000 30 Pnc2 PON$P2C000$12A066

8 Cm Bllm BMN$I2C000 31 Pmn2; PON$P2C606$I2A000

8 Cm I11m IMN$I2C000 32 Pba2 PON$P2C000$12A660

9 Cc Clel CMN$I2B006 33 Pna2y PON$P2C006$12A666

9 Cc Alnl AMN$I2B606 34 Pnn2 PON$P2C0O00$I2A666

9 Cec Ilal IMN$I2B600 35 Cmm2 CON$P2C000$I2A000

9 Cc Alla AMN$I2C600 36 C'mc2, CON$P2CO06$I2A000

9 Cc Blln BMN$I2C660 37 Cce2 CON$P2CO00$I2A006

9 Cec I11b IMN$I2C060 38 Amm?2 AON$P2C000$I2A000
10 P2/m P12/m1 PMC$I1A000$P2B0O00 39 Abm?2 AON$P2CO00$I2A060
10 P2/7n P112/7n PMC$I1A000$P2C0O00 40 Ama?2 AON$P2C000$I2A600
11 P2y /m P12; /m,l PMC$I1A000$P2B060 41 Aba?2 AON$P2C000$I2A660
11 P2y /m P1124 /m PMC$I1A000$P2C006 42 Fmm?2 FON$P2C000$I2A000
12 C2/m ClQ/m,l CMC$I1A000$P2B0O00 43 Fdd2 FON$P2C000$12A333
12 C2/m A12/7n1 AMC$I1A000$P2B0O00 44 ITmm?2 I0ON$P2CO00$I2A000
12 CQ/m 112/m1 IMC$I1A000$P2BO00O 45 Iba2 ION$P2CO00$I2A660
12 C2/m All2/m AMC$I1A000$P2C000 46 Ima?2 ION$P2CO00$I2A600
12 CQ/m 3112/m BMC$I1A000$P2C0O00 47 Pmmm POC$I1A000$P2CO00$P2A000
12 CQ/m 1112/771 IMC$I1A000$P2C000 48 Pnnn O POC$I1A666$P2C000$P2A000
13 P2/c P12/cl PMC$I1A000$P2B006 48 Pnnn O2 POC$I1A000$P2C660$P2A066
13 P2/c P12/n1 PMC$I1A000$P2B606 49 Pcem POC$I1A000$P2C000$P2A006
13 P2/c P12/a1 PMC$I1A000$P2B600 50 Pban O POC$I1A660$P2C000$P2A000
13 P2/c P112/a PMC$I1A000$P2C600 50 Pban O2 POC$I1A000$P2C660$P2A060
13 P2/c P112/’n PMC$I1A000$P2C660 51 Pmma POC$I1A000$P2C600$P2A600
13 P2/c P112/b PMC$I1A000$P2C060 52 Pnna POC$I1A000$P2C600$P2A066
14 P2y /c P12; /(:1 PMC$I1A000$P2B066 53 Pmna POC$I1A000$P2C606$P2A000
14 P2y /c P12, /nl PMC$I1A000$P2B666 54 Pcca POC$I1A000$P2C600$P2A606
14 P2y /c P12; /al PMC$I1A000$P2B660 55 Pbam POC$I1A000$P2CO00$P2A660
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Table 3.4 Explicit space-group symbols, according to Shmueli (2001c¢) (cont)

H.-M. Explicit H.-M. Explicit

No. short var. No. short var.
56 Pcen POC$I1A000$P2C660$P2A606 101 Pdsem PTN$P4C006$I12A006
57 Pbem POC$I1A000$P2C0O06$P2A060 102 Pdonm PTN$P4C666$12A666
58 Pnnm POC$I1A000$P2C000$P2A666 103 Pdce PTN$P4C000$I2A006
59 Pmmn (5] POC$I1A660$P2CO00$P2A660 104 Pdne PTN$P4C000$12A666
59 Pmmn O2 POC$I1A000$P2C660$P2A600 105 Pdome PTN$P4C006$I2A000
60 Pben POC$I1A000$P2C666$P2A660 106 P4sbc PTN$P4ACO06$I2A660
61 Pbca POC$I1A000$P2C606$P2A660 107 Idmm ITN$P4CO00$I2A000
62 Pnma POC$I1A000$P2C606$P2A666 108 Idem ITN$PACO00$I2A006
63 Cmem COC$I1A000$P2C0O06$P2A000 109 T4y md ITN$P4ACO63$I2A666
64 Cmeca COC$I1A000$P2C066$P2A000 110 T41cd ITN$P4ACO63$I2A660
65 Cmmm COC$I1A000$P2C000$P2A000 111 P42m PTN$I4C000$P2A000
66 Ccem COC$I1A000$P2CO00$P2A006 112 P42¢ PTN$I4C000$P2A006
67 Cmma COC$I1A000$P2C060$P2A000 113 PZle PTN$I4C000$P2A660
68 Ccca (5] COC$I1A066$P2C660$P2A660 114 PZQl c PTN$I4C000$P2A666
68 Ccca O2 COC$I1A000$P2C600$P2A606 115 Pdm2 PTN$I4C000$P2D000
69 Fmmm FOC$I1A000$P2C0O00$P2A000 116 Pic2 PTN$I4C000$P2D006
70 Fddd (R FOC$I1A333$P2C000$P2A000 117 P4b2 PTN$I4C000$P2D660
70 Fddd O2 FOC$I1A000$P2C990$P2A099 118 Pan2 PTN$I4C000$P2D666
71 Immm I0C$I1A000$P2CO00$P2A000 119 I4m?2 ITN$I4CO00$P2D000
72 Ibam I0C$I1A000$P2C000$P2A660 120 I14c2 ITN$I4C000$P2D006
73 Ibca IOC$I1A000$P2C606$P2A660 121 I42m ITN$I4ACO00$P2A000
74 Imma I0C$I1A000$P2C060$P2A000 122 142d ITN$I4CO00$P2A609
75 P4 PTN$P4C000 123 P4/mmm PTC$I1A000$P4CO00$P2A000
76 P4, PTN$P4C003 124 P4/mcc PTC$I1A000$P4ACO00$P2A006
i P4y PTN$P4C006 125 P4/’n,b7n, (ON PTC$I1A660$P4ACO00$P2A000
78 P43 PTN$P4C009 125 P4/nbm Os PTC$I1A000$P4AC600$P2A060
79 I4 ITN$P4CO00 126 P4/’n,n(: O PTC$I1A666$P4ACO00$P2A000
80 144 ITN$P4ACO63 126 P4/’n,n(: Os2 PTC$I1A000$P4AC600$P2A066
81 P4 PTN$I4C000 127 P4/mbm PTC$I1A000$P4ACO00$P2A660
82 14 ITN$I4CO000 128 P4/mn(: PTC$I1A000$P4ACO00$P2A666
83 P4/m PTC$I1A000$P4C000 129 P4/nmm O PTC$I1A660$PAC660$P2A660
84 P4y/m PTC$I1A000$P4C006 129 P4/’n,m7n Os2 PTC$I1A000$P4AC600$P2A600
85 P4/’rL (N PTC$I1A660$P4AC660 130 P4/ncc O PTC$I1A660$PAC660$P2A666
85 P4/’rL O2 PTC$I1A000$P4C600 130 P4/ncc Os PTC$I1A000$P4AC600$P2A606
86 P4y /n (0N PTC$I1A666$P4AC666 131 P45 /mmec PTC$I1A000$P4ACO06$P2A000
86 P4y /n Oo PTC$I1A000$P4C066 132 P4y /mcm PTC$I1A000$P4ACO06$P2A006
87 I4/m ITC$I1A000$P4CO00 133 P42/nbc O PTC$I1A666$PAC666$P2A006
88 I41/a (5] ITC$I1A063$P4ACO63 133 P45 /nbc Os PTC$I1A000$P4AC606$P2A060
88 144 /a O2 ITC$I1A000$P4C933 134 P4y /n’nm O PTC$I1A666$PAC666$P2A000
89 P422 PTN$P4C000$P2A000 134 P45 /nnm Os PTC$I1A000$P4AC606$P2A066
90 P42,2 PTN$P4AC660$P2A660 135 P45 /mbce PTC$I1A000$P4ACO06$P2A660
91 P4,22 PTN$P4C003$P2A006 136 P4y /m’nm PTC$I1A000$PAC666$P2A666
92 P412:2 PTN$P4AC663$P2A669 137 P45 /nme O PTC$I1A666$PAC666$P2A666
93 P4522 PTN$P4C006$P2A000 137 P45 /nme O2 PTC$I1A000$P4AC606$P2A600
94 P452,2 PTN$PAC666$P2A666 138 P4y /ncm O PTC$I1A666$PAC666$P2A660
95 P4322 PTN$P4C009$P2A006 138 P45 /nem O2 PTC$I1A000$P4AC606$P2A606
96 P432,2 PTN$PAC669$P2A663 139 I4/mmm ITC$I1A000$PACO00$P2A000
97 1422 ITN$P4ACO00$P2A000 140 I4/mcm ITC$I1A000$PACO00$P2A006
98 14,22 ITN$P4ACO63$P2A063 141 I41/amd O ITC$I1A063$P4C063$P2A063
99 Pdmm PTN$P4C000$I2A000 141 144 /amd O» ITC$I1A000$PAC393$P2A000

100 P4bm PTN$P4ACO00$I2A660 142 I41/acd O ITC$I1A063$P4AC063$P2A069
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Table 3.4 Explicit space-group symbols, according to Shmueli (2001¢) (cont)

H.-M. Explicit H.-M. Explicit

No. short var. No. short var.

142 I4l/acd Os ITC$I1A000$P4C393$P2A006 186 P6smc PHN$P6CO06$I2F000

143 P3 PRN$P3C000 187 P6m2 PHN$I6C000$P2G000

144 P3q PRN$P3C004 188 P62 PHN$I6C006$P2G000

145 P3s PRN$P3C008 189 P62m PHN$I6C000$P2F000

146 R3 H RRN$P3C000 190 P62¢ PHN$I6C006$P2F000

146 R3 R PRN$P3Q000 191 PG/mmm PHC$I1A000$P6CO00$P2F000
147 P3 PRC$I3C000 192 Pﬁ/m,cc PHC$I1A000$P6CO00$P2F006
148 R3 H RRC$I3C000 193 PGg/mcm PHC$I1A000$P6CO06$P2F006
148 R3 R PRC$I3Q000 194 P63 /mmc PHC$I1A000$P6CO06$P2F000
149 P312 PRN$P3C000$P2G000 195 P23 PCN$P3Q000$P2C000$P2A000
150 P321 PRN$P3CO00$P2F000 196 F23 FCN$P3QO00$P2CO00$P2A000
151 P3112 PRN$P3C004$P2G000 197 123 ICN$P3Q000$P2C000$P2A000
152 P3;21 PRN$P3C004$P2F008 198 P23 PCN$P3QO00$P2C606$P2A660
153 P3512 PRN$P3C008$P2G000 199 12:3 ICN$P3QO00$P2C606$P2A660
154 P3521 PRN$P3C008$P2F004 200 Pm3 PCC$I3Q000$P2CO00$P2A000
155 R32 H RRN$P3CO00$P2F000 201 Pn3 O, PCC$I3Q666$P2CO00$P2A000
155 R32 R PRN$P3QO00$P2E000 201 Pn3 Os PCC$I3Q000$P2C660$P2A066
156 P3m1l PRN$P3CO00$I2F000 202 Fm3 FCC$I3Q000$P2CO00$P2A000
157 P31m PRN$P3C000$I12G000 203 Fd3 O FCC$I3Q333$P2CO00$P2A000
158 P3cl PRN$P3CO00$I2F006 203 Fd3 0o FCC$I3Q000$P2C330$P24033
159 P3lc PRN$P3C000$I12G006 204 Im3 ICC$I3Q000$P2C0O00$P2A000
160 R3m H RRN$P3CO00$I2F000 205 Pa3 PCC$I3Q000$P2CE06$P2A660
160 R3m R PRN$P3QO00$I2E000 206 Ia3 ICC$I3Q000$P2C606$P2A660
161 R3c H RRN$P3CO00$I2F006 207 P432 PCN$P3Q000$P4CO00$P2D000
161 R3c R PRN$P3QO00$I2E666 208 P4532 PCN$P3Q000$P4C666$P2DE66
162 P31m PRC$I3C000$P2G000 209 F432 FCN$P3QO00$P4CO00$P2D000
163 P31lec PRC$I3C000$P2G006 210 F4,32 FCN$P3Q000$P4C993$P2D939
164 P3ml PRC$I3CO00$P2F000 211 1432 ICN$P3Q000$P4CO00$P2D0O00
165 P3cl PRC$I3CO00$P2F006 212 P4332 PCN$P3Q000$P4C939$P2D399
166 R3m H RRC$I3CO00$P2F000 213 P4,32 PCN$P3QO00$P4C393$P2D933
166 R3m R PRC$I3Q000$P2E000 214 14,32 ICN$P3Q000$P4C393$P2D933
167 R3c H RRC$I3CO00$P2F006 215 P43m PCN$P3Q000$I4C000$I2D000
167 R3c R PRC$I3QO00$P2E666 216 F43m FCN$P3Q000$I4C000$I2D000
168 P6 PHN$P6C000 217 I43m ICN$P3Q000$I4C000$12D000
169 P6q PHN$P6C002 218 P43n PCN$P3Q000$I4C666$I2D666
170 P65 PHN$P6C005 219 F43c FCN$P3Q000$I4C666$I2D666
171 P6o PHN$P6C004 220 143d ICN$P3Q000$I4C939$I2D399
172 P64 PHN$P6C008 221 Pm3m PCC$I3Q000$P4CO00$P2DO00
173 P63 PHN$P6C006 222 Pn3n O, PCC$I3Q666$P4CO00$P2D000
174 P6 PHN$I6C000 222 Pn3n Os PCC$I3Q000$P4C600$P2D006
175 P6/m PHC$I1A000$P6C000 223 Pm3n PCC$I3Q000$P4CE66$P2DE66
176 P63/7n PHC$I1A000$P6C0O06 224 Pn3m O PCC$I3Q666$P4C666$P2DE66
177 P622 PHN$P6CO00$P2F000 224 Pn3m O2 PCC$I3Q000$P4CO66$P2D660
178 P6122 PHN$P6C002$P2F000 225 Fm3m FCC$I3Q000$P4CO00$P2D0O00
179 P6522 PHN$P6CO05$P2F000 226 Fm3c FCC$I3Q000$P4CE66$P2DE66
180 P6522 PHN$P6C004$P2F000 227 Fd3m O FCC$I3Q333$P4C993$P2D939
181 P6422 PHN$P6CO08$P2F000 227 Fd3m O2 FCC$I3Q000$P4CE93$P2D936
182 P6522 PHN$P6C006$P2F000 228 Fd3ec O FCC$I3Q999$P4C993$P2D939
183 P6émm PHN$P6CO00$I2F000 228 Fd3c O2 FCC$I3Q000$P4C093$P2D930
184 P6ee PHN$P6CO00$I2F006 229 Im3m ICC$I3Q000$P4C000$P2D000
185 P6scm PHN$P6CO06$I2F006 230 Ta3d ICC$I3Q000$P4C393$P2D933
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Similarly, space-group symmetry transformations in reciprocal space can be
constructed, which in fact give us the indices of symmetry-related reflections and
phase shifts due to fractional translations (see Chapter 5 and Shmueli (2001c)
for a more detailed analysis).

The explicit space-group symbols have been implemented in software which
can be downloaded from the URL http://crystal.tau.ac.il/xtal/spgmic and run
under the Windows system. Space-group operators can be obtained there in
conventional, Cartesian, and general representations, and the conventional co-
ordinates of general equivalent positions are a by-product of the computation.
In fact, the explicit symbols given in Table 3.4 may serve as an input to the
retrieval of fundamental information on the three-dimensional space-group set-
tings treated in Volume A (ITAS83), for its applications to direct and reciprocal
space.

Finally, it must be mentioned that the fundamental space-group information,
described above, as well as many group-theoretical computational treatments of
space groups and their subgroups, are available online from the Bilbao Crystal-
lographic Server (Aroyo etal., 2006). The related theoretical background, which
is outside the scope of this book, can be found in Volumes A (Hahn 1983,1996),
A1l (Wondratschek and Miiller 2004) and E (Kopsky and Litvin 2002) of the
International Tables for Crystallography and in the literature quoted in these
volumes.

3.8.1 Description of Table 3.4 - explicit space-group symbols

The first column of Table 3.4 contains the conventional space-group number. The
second column shows the conventional short Hermann—-Mauguin (H.-M.) or in-
ternational, space-group symbol, and the third column, labeled “var.”, shows the
full international space-group symbol only for the various settings of the mono-
clinic space groups that are given in the main space-group tables of Volume A
(ITA83). The other items appearing in the third column pertain to the choice of
the space-group origin—where there are alternatives—and to axial systems. The
Volume A designations “Origin 17 and “Origin 2” are abbreviated here to Oy
and Oq, respectively. Hexagonal axial system for trigonal space groups is indi-
cated by H, and rhombohedral axial system by R. The fourth column shows the
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explicit space-group symbols described above, for each of the settings considered
in Volume A (ITA83). The descriptions of the first to the fourth column apply
also to the fifth through the eighth columns,

Table 3.4 contains 306 entries/symbols which correspond to the 306 settings
of the 230 three-dimensional space groups given in Volume A of the interna-
tional Tables for Crystallography (Hahn 1983, 1996). The output of the software
described above contains the symmetry operators/transformations in the same
order as that given in Volume A.

3.9 Exercises for Chapter 3
1. Starting from eqn (3.7), show in detail that the equation

(Pj,rp,)(Pj,rL,,) = (L,0)

leads to ) )
! ! — —
(Pj,r1,)=P; ,—-P;rr,).

This completes the proof of the existence of an inverse space-group operator.

2. Convince yourself that for space-group operators with the composition law given
by eqn (3.6), associativity holds true.

3. Analyze the orthorhombic space group Abm?2: choose the origin to be on the
twofold axis parallel to [001], and let the b glide plane, normal to [100], pass
through the origin. Show that one of the mirror planes coincides with the plane
(z,1/4, z). The A-centering is equivalent to the operator ([1], (b+c)/2). Find all
the space-group operators derived from the centering, and show that the set of
operators contains a double glide plane (cf. Table 3.2).

4. The space group Pbcn was derived in the text on the assumption that the ori-
gin was chosen at the point of intersection of three mutually perpendicular glide
planes. Complete the transformation of all the representative operators to an ori-
gin chosen at a center of symmetry. The transformation of the operator of inversion
is given in the text.

5. The space group Pbcn is referred to the basis (a, b, ¢). How does the space-group
symbol change if the space group is referred to the basis (c, a, b)?

6. Look up in Volume A of the International Tables for Crystallography the coordi-
nates of the general equivalent positions for the space group Pnma (No. 62) and
retrieve from these coordinates the corresponding space-group operators in their
(3 x 3 matrix, 3 x 1 matrix) representation.
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4 X-ray diffraction techniques

4.1 Introduction

An integral part of the process of crystal structure determination is an experi-
ment and the techniques used to collect the experimental data. The experiment
consists of scattering radiation from crystalline matter, the radiations that are
usually employed being X-rays, electrons and neutrons. Although all three radi-
ations can be employed, the vast majority of structure determinations are based
on X-ray diffraction data. This chapter will therefore be dedicated to X-ray
techniques. It is, however, important to point out that all the other chapters are
applicable to all three diffraction techniques. We begin this chapter by intro-
ducing the Laue and Bragg conditions, and their geometrical representation in
terms of the Ewald sphere of reflection. These conditions are common to all the
experimental techniques that will be discussed. We shall next discuss in some
detail the principles of operation of traditional and modern sources of X-rays:
the X-ray tube and its spectroscopic fundamentals, and the vastly more pow-
erful synchrotron. Our discussion of sources of X-radiation will be followed by
an outline of the operation of some area detectors for this radiation: (i) pho-
tographic film, which may be thought to have become of historical importance
only but which has lasting underlying principles; (ii) the imaging plate, which is
geometrically analogous to X-ray film but has different physical principles and
greatly enhanced performance; and (iii) the charge-coupled device, which pro-
duces very efficiently a digital image of the diffraction pattern. We shall next
discuss the instrumentation which is employed with the above sources and de-
tectors for the generation of diffraction patterns. The rotation method will be
treated in some detail, the principles of the Weissenberg, de Jong-Bouman and
precession methods will be briefly indicated, and a detailed discussion of the
four-circle diffractometer will be presented. The four-circle diffractometer is a
very precise device, which enables one to measure very accurately one reflection
at a time and uses a photon counter as a detector. The chapter is concluded with
a discussion of the Laue method. This was the first method ever employed in the
production of diffraction patterns, it had limited application, and was for a long
time considered to be mainly of historical interest. However, with the advent
of synchrotrons and highly linear and fast detectors, the Laue method has seen
a major revival and is nowadays being applied to collect extensive amounts of
data. We shall see how, in principle, a Laue pattern can be calculated-which
provides a way to its interpretation.
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4.2 Diffraction conditions

The purpose of this section is to describe the geometric conditions under which
constructive interference of radiation scattered from a triply periodic arrange-
ment of material units takes place. These conditions, known as diffraction condi-
tions, are the basis of any experiment in which intensities of diffracted radiation
are measured. These measurements have many purposes but two are outstand-
ingly important: (i) to determine the periodicity, symmetry, and orientation of
a crystal, and (ii) to obtain accurate estimates of the intensities of diffracted
radiation, in order to elucidate from them the atomic arrangement within the
asymmetric unit or, in other words, to determine its structure. Most usually,
stage (ii) must be preceded by the completion of stage (i), but there are some
important applications for which stage (i) is sufficient.

A more complete model of the structure of a material unit, and its effect
on the diffraction pattern, will be considered in the next chapter. However, for
the present purpose the simplest model, of classical electrons, each located at a
lattice point and neutralized by a proton located nearby, will be considered. It
will be seen in the next chapter how the mass of the proton makes its contribu-
tion negligible. This model is clearly a triply periodic arrangement of scatterers
and suffices for the determination of the directions of the diffracted beams. No
quantitative considerations of the intensities will be given.

4.2.1 The Laue and Bragg equations

Let us assume that the above “crystal” of point charges is irradiated with
monochromatic X-radiation. Since X-rays are electromagnetic radiation, they
can be described, at a large distance from the source, in terms of plane waves,
with appropriate wavevectors. The electric field of the incident X-ray wave varies
with time and therefore accelerates the point charges it encounters. Electromag-
netic theory tells us that an accelerated charge emits energy in the form of
electromagnetic radiation, with the same frequency as that of the incident wave.
This may require some small correction for quantum effects, such as the Comp-
ton effect, but these will be neglected in the present treatment. We can therefore
say that the incident X-rays are reemitted, with an unchanged wavelength, the
efficiency of this reemission being determined by the scattering cross section of
the electron for electromagnetic radiation. This topic will be dealt with in the
next chapter.

We consider an X-ray wave, with wavevector sg, falling on a crystal, and a
reemitted (or scattered) X-ray wave with wavevector s. In view of the assumption
of unchanged wavelength, the magnitudes of the wavevectors sp and s will be
identical, and we shall take them as

1
sl = Isol = 5-

We assume further that the lattice of our crystal can be described in terms of the
basis (a b ¢). The question to be answered is: for what geometrical relationship
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Fig. 4.1 Derivation of the Laue diffraction conditions.

between the wavevectors of the radiation and the basis vectors of the lattice will
maximum constructive interference of the scattered X-ray waves occur? Because
of the assumed strict periodicity of the arrangement, it is sufficient to consider
two point charges related by translation through a lattice vector 7., as illus-
trated in Fig. 4.1.

The waves scattered from the charges at A and C will undergo maximum con-
structive interference if the difference between the optical paths passing through
these charges is an integer multiple of the wavelength A. It can be seen from Fig.
4.1 that the optical-paths difference is given by

A= AD — BC
S So
=Twow " 77 — Tuvw " 77
s ol
- )\rumu : (S - SO)-
It follows that the required condition is
Tuew - D = integer, (4.1)

where h = s — s is called the diffraction vector. This can also be rewritten as
(ua 4+ vb + wc) - h = integer.

Since the coefficients u, v, w can be any integers, eqn (4.1) is equivalent to the
three equations

a-h=~h (4.2)
b-h=k (4.3)
c-h=1 (4.4)

which have to be simultaneously satisfied for maximum interference to occur; here
h,k,l are any integers. Equations (4.2)—(4.4) are known as the Laue equations
(Laue 1914).
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In order to find a possible expression for the vector h, let us divide both sides
of each of the Laue equation by its right-hand side, and then subtract the second
equation from the first, and the third from the second. We obtain

(%—%)-h: , (4.5)
(%—%)-h: . (4.6)

It can be seen that the vector h is perpendicular to the vectors a/h — b/k and
b/k —c/l, and therefore also to the plane determined by these two vectors. It is
also evident that the vector h has the same direction as the vector product of
these two vectors, that is, it is proportional to this product. We then have

h=K|[a/h—b/k) x (b/k— c/l)]

bxc c¢cxa axb

T

=p(b x c)+¢q(c x a)+r(axb). (4.7)

=K

If we form the scalar products of both sides of eqn (4.7) with the vector a, we

obtain
a-h=pa-(bxc)=pV,

where V' is the volume of the unit cell. If we use eqns (4.2)—(4.4), we obtain
p = h/V and, similarly, ¢ = k/V and r = [/V. Tt follows that
bXxc cxa axb
h=nh v +k v +1 v
that is, h is a vector of the reciprocal lattice, as obtained from our discussion
of lattice planes in Sections 1.2 and 1.3. This is a mathematical solution of the
Laue equations.

Returning to the plane containing the vectors that appear in eqns (4.5) and
(4.6), Fig. 4.2 shows that this is the plane whose intercepts on the coordinate
axes are a/h, b/k, and ¢/I.

If we recall Section 1.2, we see that if h, k and [ are relatively prime, this
plane is just a lattice plane (hkl), adjacent to the origin. If, however, h, k, and [
have a common factor, say n, the plane is parallel to the (h/n, k/n, l/n) family
of lattice planes and belongs to a family of parallel and equidistant planes, in
which only a plane the serial number of which is an integer multiple of n is a
lattice plane. That is, if we write the indices of such a plane as nh/nk’nl’, where
W'E'l" are relatively prime, we have for the interplanar distances

1
dnhnkntr = Edh’k’l“ (4.8)

The interplanar distance (given by the distance of the plane in Fig. 4.2 from the
origin) is, analogously to the calculation in Section 1.2,
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Fig. 4.2 Geometrical interpretation of Laue’s equations

a h 1
dhkl = 7 =7 = 7 (4.9)
h[af  |h]
since it follows from eqn (4.2) that a-h/h = 1. If we now denote the angle between

s and sg by 26, and construct the isosceles triangle obtained from h = s — sg, we
have for |h|

2sind
Ih| = |s|sind + |so| sin§ = S;n . (4.10)
From eqns (4.9) and (4.10), we have
A= 2dhkl Sin@, (4.11)

where h,k,l can be any integers. If h,k,[ are of the form nh',nk’,nl’, where
B, K I are relatively prime and if we use eqn (4.8), we have

n\ = th’k’l’ sin 6. (4.12)

Equation (4.12) is the original version of the Bragg equation, and eqn (4.11) is
the version most often encountered in practical applications. This is in fact a
simpler interpretation of the Laue equations, in terms of a known wavelength,
a single measurable scattering angle, and the interplanar spacing of the (hkl)
family of planes. The interrelation of the geometry of lattice planes and the
geometry of diffraction phenomena is quite remarkable.

Equations analogous to the Laue equations were already encountered in FEx-
ercise 3 in Chapter 1, in connection with the discussion of lattice planes and the
reciprocal lattice. It is most significant that the diffraction vector h satisfying
the Laue’s equations can be represented as a reciprocal-lattice vector. This result
is widely employed in the theory and practice of diffraction from crystals.
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4.2.2 Ewald’s sphere of reflection
A highly suggestive geometrical description of the conditions for diffraction was
put forward by Ewald (1913), and is employed very extensively in the crystallo-
graphic literature, albeit in several differing representations.
Let us first find the maximum value of |h|. From eqn (4.11),
1 2

h|= — = —sinf
B At A

and since the maximum value of sinf is 1, we must have

2
|h|max - 7-

A
Hence, all the reciprocal-lattice vectors potentially satisfying the Laue or Bragg
equations, must be enclosed in a sphere of radius 2/\, with the origin of the
reciprocal lattice chosen at the center of this sphere. This sphere is called the
limiting sphere (see Fig. 4.3 and also the Exercises).

The Ewald sphere fits into the limiting sphere as indicated in Fig. 4.3. This
is a sphere tangent to the limiting sphere at the point A and passing through the
point O, the origin of the reciprocal lattice. Its radius is 1/, and the incident
beam, with wavevector sy, is directed along the diameter AO. The wavevectors
s of the scattered radiation propagate from the point C, the center of the Ewald
sphere, to the surface of that sphere.

It is convenient to imagine the crystal to be associated with the point C;
the fact that the spheres exist in reciprocal space and the crystal in the direct
space should not give rise to difficulties, since all the reciprocal-lattice vectors
involved have directions which are measurable in direct space, and magnitudes
expressible in units of (length) ™! but calculable from direct-space quantities.

In a diffraction experiment carried out with monochromatic radiation, the
Ewald sphere can either be fixed or be constrained to move within the limiting
sphere while always passing through the point O and touching the limiting sphere
from the inside. In either case, the triangle COP, built from the vectors sg, s
and s — sy must be isosceles, but the vector s —sg is a diffraction vector only if it
satisfies simultaneously the Laue equations or, equivalently, if the angle enclosed
between s, and s is twice the angle appearing in the Bragg equation. If this is
the case, P is a point in the reciprocal lattice. Conversely, if a reciprocal lattice
point comes into contact with the Ewald sphere, this point corresponds to a
diffracted beam. This is the main idea of Ewald’s most useful construction.

A diffracted beam is more often than not, called a reflection. The reason for
this can be conveniently illustrated by the Ewald sphere. If the point P in Fig.
4.3 is a reciprocal-lattice point, the vector h = s —s is perpendicular to a family
of lattice planes (hkl) in the crystal. The plane passing through the segment AP
and perpendicular to the plane of the drawing is also parallel to the (hkl) family,
since APO is of necessity a right angle (it is subtended by the diameter AQO).
If we shift this plane parallel to itself to the point C| it is seen that the angle
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Fig. 4.3 The Ewald sphere.

formed by sy and the plane is the same as the angle formed by the plane with
s and that each of these angles equals 6, the Bragg angle. A diffracted beam
can therefore be represented pictorially as a reflection from a family of lattice
planes and its orders (the integer n on the left-hand side of the Bragg equation,
eqn (4.12), is called the order of the reflection). For the above reason, the Ewald
sphere is widely known as the sphere of reflection. Obviously, the analogy with
reflection of electromagnetic radiation from a mirror is only qualitative.

4.3 Production of X-rays

4.3.1 The X-ray tube

The traditional method of producing X-rays in a crystallographic laboratory is
by means of an X-ray tube. This device, originally invented by Roentgen in 1895,
and improved technically during the following century, is still being used and has
an interesting physical background that marks major scientific developments.
The principle of its operation is also very instructive.

An X-ray tube (see Fig. 4.4) consists of a tungsten filament, and a water-
cooled metallic cup, both components being enclosed in an evacuated housing.
The filament is connected to a source of alternating current (of the order of 10 A)
and is, accordingly, heated. As a result of this, thermionic emission of electrons
from the surface of the filament takes place—initially in all directions. When,
however, a high voltage (of the order of 50 kV) is placed between the filament
and the metallic cup, where the cup is grounded, the electrons emitted from the



92 X-ray diffraction techniques

Water

Anode

Be window

Fig. 4.4 Schematic drawing of an X-ray tube. Reproduced with copyright permission
of the International Union of Crystallography (IUCr).

KB

KB Ka

Fig. 4.5 Parts of the X-ray spectra from copper and molybdenum anodes. Reproduced
with copyright permission of the International Union of Crystallography (IUCr).

filament are sharply focused in the direction of the cup. When these electrons
collide with the cup (the anode), most of their kinetic energy is converted into
heat—and hence the necessity for cooling the cup. The remaining part is converted
into radiative energy, which was called X-rays by Roentgen, the “X” standing
for something not understood. This radiation leaves the X-ray tube through thin
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Fig. 4.6 FElectronic transitions and characteristic radiation. Reproduced from the web
site: http://ie.lbl.gov /xray/.

windows, usually made from beryllium.

Parts of the spectra of X-radiation obtained from collisions of electron beams
with copper and molybdenum cups are illustrated in Fig. 4.5. In both cases we
see a continuous broad “hill” and two sharp peaks superimposed on it, the second
sharp peak appearing at wavelength of about 0.7 and 1.5 A for molybdenum
and copper, respectively. More sophisticated arrangements may show additional
sharp peaks, which, however, are of little relevance for our purposes.

There obviously exists some shortest wavelength at which radiation is ob-
tained. When an electron of charge e under a potential difference of V' volts is
brought to a halt at the surface of the anode, it is suddenly decelerated (nega-
tively accelerated), and its energy eV is transfomed into the energy of an X-ray
photon hv, where h is Planck’s constant and v is the photon’s frequency. For the
highest frequency of the photon, or its lowest wavelength, we have

124
he and A\pin = E = —OO

eV = hvpax = -~ T v

For example, for V' = 50000 volts we shall have Amin ~ 0.25 A. An explanation
of the intensity distribution within the broad hill will not be given here but it is
clear that it depends on the accelerating voltage in the tube. This broad hill of
radiation intensity, called white radiation, was thought for many years to be of
little use but, as we shall see later, it is most useful with the Laue method.
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Table 4.1 Some frequently applied wavelengths (in Angstrom units).

Copper: wavelength (A)
(K B) 1.3922
AMKaq) 1.5406
AMEar) 1.5444
AK atan) 1.5418
Molybdenum: wavelength (A)
MK B) 0.6323
MKaq) 0.7093
AMKaq) 0.7136
MK agy) 0.7107

The sharp peaks are known as the characteristic radiation and the wave-
lengths at which they appear depend on the element from which the anode is
constructed. They are, in fact, related to the energetic structure of the atoms of
that element, as will be explained below. When an electron retains just enough
energy to be able to ionize the lowest-lying shell in an atom of the anode, an
electron with principal quantum number n = 1 is raised to the continuum and
gives rise to transitions of electrons from higher energy levels to the lowest level.
Upon such a transition, a photon is emitted with an energy related almost ex-
actly to the levels involved. X-ray spectroscopy associates the quantum numbers
n = 1,2,3,4 etc. with the letters K,LL,M,N etc, as seen in Fig. 4.6. Thus, the
origin of the sharp peak labeled KG in Figure 4.5 is several transitions from the
M shell and also some from the N shell. They appear as one sharp peak in all
but very high-resolution measurements. The peak labeled Ko appears as a single
peak at low or moderate scattering angles and as a doublet at high scattering
angles: Koy associated with a transition from the L shell, with [ = 1 and spin
+1/2, to the K shell, and Kas associated with a transition from the L shell, with
I =1 and spin —1/2, to the K shell. This doublet is employed in crystallographic
experiments aimed at very accurate determination of unit cell constants, but
the most frequently employed wavelength is that corresponding to a weighted
average of A(Kay) and A(Kag). Table 4.1 lists the wavelengths of special interest
in routine crystallographic studies; these concern anodes made from copper and
molybdenum. A comprehensive list of interesting wavelengths as well as detailed
information on the properties of X-rays, is given in Chapter 4.2 of Volume C
of the International Tables for Crystallography (Wilson and Prince 1999). The
other transitions indicated in Fig. 4.6 give rise to radiation with longer wave-
lengths, lower intensity and which is much more readily absorbable.

More or less approrimate monochromatization
Apart from the Laue method, to be discussed later, all diffraction techniques are
based on the assumption that the radiation used is approximately monochro-
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Fig. 4.7 Molybdenum radiation approximately monochromatized with a zirconium
filter. Reproduced with copyright permission of the International Union of Crystallog-
raphy (IUCr).

matic. The most intense characteristic radiation is Koy, or Kag,y if a limited
angular range of the scattering is available. Therefore, one seeks to suppress the
radiation at all wavelengths except in a narrow range around the required wave-
length. This can be quite usefully, if not completely, done by using a thin foil of
a material which has an absorption edge (see below) at a wavelength somewhat
shorter than A\(Ka). If the atomic number of the metal from which the anode is
made is Z, that of the filter material should be Z — 1 or Z — 2. Thus, nickel foil
is used as a filter for copper radiation and zirconium for molybdenum radiation.
Figure 4.7 shows the effect of a zirconium filter on the X-rays emitted from a
molybdenum anode. Note the location of the absorption edge in the absorption
spectrum of zirconium.

The above filtering method will now be briefly explained. X-rays are absorbed
in matter according to Beer’s law,

I = Iyexp(—put),

where I is the incident intensity of the X-ray beam, u is the linear absorption
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coefficient, t is the thickness of the irradiated specimen, and I is the intensity of
the X-ray beam after it has passed through the specimen. This law is applicable
to electromagnetic radiation in general. The absorption coefficient depends on
the wavelength of the incident radiation, and in the case of X-rays, for a sin-
gle atomic species (for example nickel atoms) it depends on the atomic number
and on the third power of A\. Hence the absorption increases with increasing A.
However, when an energy is reached which corresponds exactly to the ionization
energy of an atom in the absorber, the absorption falls abruptly and then contin-
ues to increase again as A increases. The X-ray absorption spectrum of an atom
has a sawtooth shape, each peak corresponding to the ionization of an electron
from one of the atomic energy levels. The abrupt decrease of the absorption is
called an absorption edge. For example, in the case of nickel the wavelength of the
K absorption edge (corresponding to the ionization of the K shell) is A = 1.4882
A. Such a filter obviously decreases the Cu(Kav, ) emission line but suppresses
the Cu(Kp) and the white radiation to a much greater extent. Optimization of
the filter thickness is of crucial importance here.

The above approximate monochromatization method is cheap, elegant, but
rather imperfect and is only very infrequently used nowadays. A much more
accurate method, is the use of a crystal monochromator. The principle is simple.
A crystal is mounted in the incident X-ray beam so that its strongest reflection
for a chosen wavelength, is active. The X-ray beam diffracted from the crystal
is then used as the incident beam that falls on the sample to be examined. The
wavelength of that radiation is just the above chosen wavelength. This is good
but not entirely exact because of the width of the reflection profile from the
monochromating crystal. There is another problem, that of harmonics: as we
know, the Bragg equation is

n\ = thkl sin 9,

where n = 1,2,3,... is the order of the reflection from the lattice plane (hkl).
Hence, together with radiation of wavelength A, reflections corresponding to A/2,
A/3, etc. may also be obtained. However, this can usually be taken care of either
by an appropriate choice of the monochromator crystal or during the processing
of the data.

4.3.2 Synchrotron radiation

All the diffraction techniques to be outlined below are of widespread availability;
they can be found in crystallographic laboratories, and serve as the basic tools for
the collection of diffracted-intensity data. A popular instrument is the four-circle
diffractometer, because of its accuracy and sophisticated automation. Its main
limitations, when a sealed X-ray tube is used, are the relatively low intensity
of incident radation that can be obtained and the neccessity for collecting the
diffracted intensities from one reflection at a time. The first of these results in
time-consuming experiments, and the second adds the danger of crystal deteri-
oration due to radiation damage. Ideally, therefore, one would like to be able to
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collect a large number of diffracted intensities in a short time. The best answer
to the latter requirement is offered by synchrotron radiation which is produced
in special installations. The simultaneous collection of several items of intensity
data is made possible by area detectors (see below).

The physical principle of synchrotron radiation goes back to classical elec-
trodynamics: an accelerated moving charge emits a spectrum of electromagnetic
energy, and if the magnitude of the velocity of its motion is comparable to the
speed of light, very significant effects are predicted and, in fact, observed. The
theory of synchrotron radiation and its application to crystallography have been
discussed rather extensively in the literature (for example Koch 1983; Coppens
1992), and only a brief outline will be given in this chapter. If a charge e moves
with a velocity u, and has an acceleration vector 1, then the power radiated by
the charge is given by

p_ e? 112—(u><1'1)2/c2’ (4.13)
6megc® (1 —u2/c?)3

(Schwinger 1949; Panofsky and Phillips 1956), where ¢ is the speed of light in
vacuo and € is the permittivity of free space. This general expression readily
admits the basic ideal features of the synchrotron as a special case: a charge
rotates in a circular orbit of radius R with speed u, caused by a strong magnetic
field perpendicular to the plane of the orbit, and orbits with a constant circular
frequency w. At any instant the velocity vector is tangential to the orbit, and
the acceleration vector is perpendicular to it. Hence the magnitude of the vector
product (u x 0) reduces to ut and eqn (4.13) can be rewritten as

€242 1

P= .
6mepc® (1 —u2/c?)?

(4.14)

It is readily seen that for speeds much lower than ¢, eqn (4.14) reduces to

e?u?

P= R (4.15)
which is the total instantaneous power radiated by a nonrelativistic accelerated
charge. Equation (4.15) is of importance in the description of the scattering of
X-rays by electrons in a crystal, since relatively small speeds are involved. This
will be discussed in some detail in the next chapter.

Returning to eqn (4.14) and the acceleration of a charge in circular motion,
the magnitude of the acceleration is Rw?, and if we introduce the definitions
B =wu/cand v = (1 — 3?)71/2, eqn (4.14) becomes

62 R2w4'y’4

P
6megcd

(4.16)

Since, further, w = u/R = ¢’ /R, we can write



98 X-ray diffraction techniques

B 626 6147/4
" 6mey  R2

(4.17)

The total instantaneous power radiated by an electron accelerated in this
way is therefore approximately proportional to the fourth power of the energy
of the relativistic electron. In fact, the parameter 4’ can be written as the ratio
of the energy of the moving electron to its rest energy, and the speed-dependent
term 3% tends to unity as u tends to c. Very high speeds permit large values of
the radius and hence an ample circumference of the orbit, which allows a large
number of users to benefit from this radiating accelerator. As will be seen later,
the radiated power is very much higher than that obtaineable from conventional
sources, such as X-ray tubes with stationary or even rotating anodes.

The above description forms the theoretical basis of real synchrotron instal-
lations, which have led to major breakthroughs in structural studies. Detailed
descriptions of the principles of operation of real synchrotrons and their appli-
cation to crystallographic research are given in Coppens’ (1992) and many other
sources in the literature. We shall outline these principles briefly in what follows.
We show in Fig. 4.8 a schematic view of an actual synchrotron installation.

e Electrons are injected by an electron gun into a linear accelerator (LINAC)
in which they reach an energy of several hundred million electron volts
(MeV).

e These energetic electrons are then injected into a synchrotron (BOOSTER),
in which they circulate rapidly, while gaining an amount of energy in each
revolution. This continues until the electrons reach an energy of several
billion electron volts (GeV). At this point the speed of the electrons is very
close to the speed of light ¢, and the parameter v defined above becomes
enormously large.

e These highly energetic electrons are then extracted from the synchrotron
into the storage ring, where their motion is maintained, and they are there-
fore continuously accelerated and emit, tangentially to the ring, a spectrum
of intense electromagnetic radiation.

A detailed description of the various experimental installations shown in Fig.
4.8 is outside the scope of this chapter. We shall just point out that many of
them deal with extensive crystallographic research and they are well described on
the web site http://www.aps.anl.gov/About/Research Teams. It is also in order
to point out that while APS is a major synchrotron installation, an increasing
number of such installations can now be found in many countries.

A most important consideration is the spectral distribution of the synchrotron
radiation, and specifically the achievement of high intensities of radiation in the
interesting range of wavelengths—particularly those corresponding to X-rays. In
practical installations, this is taken care of by suitable modifications of the path of
the electron beam, and hence enhanced acceleration, with the aid of the insertion
devices (see, for example, Coppens, 1992).
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Fig. 4.9 History of X-rays. Reproduced by courtesy of Dr. R. Garrett from the web
site: http://www.ansto.gov.au/natfac/asrp4.html.

Last but not least, a comparison of brilliance between conventional X-ray
tubes and synchrotrons, as given in Fig. 4.9, brings out the main reason for the
usefulness of this electron accelerator. (Brilliance is a quantity related to inten-
sity (the average energy per unit time, per unit area) but also depends on the
degree of spectral purity of the radiation, and has served until recently as a unit
of comparison between various radiations.) It can be seen from Fig. 4.9 that
no significant progress was made in the enhancement of the brilliance of X-ray
sources from the invention of the X-ray tube by Roentgen in 1895 until about
1960. In the early 1960s, an X-ray tube with a rotating anode was introduced,
which gave rise to an increase in the brilliance by an order of magnitude. This was
regarded as a major development, but not for very long. The real breakthrough
was afforded by particle accelerators in which unwanted synchrotron radiation
from the electrons present was detected. This was accompanied by an increase
in the brilliance by several orders of magnitude and marked the beginning of the
so-called first-generation synchrotrons. It was soon realized that a program of
construction of electron accelerators dedicated to the production of synchrotron
radiation was indicated, and a second generation of synchrotrons appeared, with
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a marked increase in brilliance. Further attempts were made at enhancing the
brilliance by introducing various insertion devices, which contribute to increased
acceleration of the electrons in the storage ring, and by improvong the main-
tenance of their energy—this led to the third-generation synchrotrons. Further
research is in progress but even that accomplished some years ago has led to an
increase in the brilliance by a factor of about 10'? as compared with a sealed
X-ray tube with a rotating anode. This development is responsible for major
advances in the structure determination of protein crystals and for the introduc-
tion of a variety of techniques which became feasible given the high brilliance of
the radiation.

It should be pointed out that synchrotron radiation ranges throughout most
of the useful spectrum of electromagnetic radiation, and thus constitutes a major
stimulus to experimental science.

4.4 Detectors of X-rays

This section describes briefly the principles of operation of some detectors of
X-rays that used to be or still are very popular. More detailed descriptions of
these and other detectors, accompanied by graphical presentations and many
references to relevant literature, are given in Volume C of the International Tables
for Crystallography (Amemiya et al., 1999).

4.4.1 X-ray film

The oldest detector of X-rays, and one which is being used in many laboratories
to this very day, is photographic film. Its principle of operation and processing
are well known, but we shall recall them for the sake of completeness. X-ray film,
unlike conventional photographic film, is coated on both sides with an emulsion,
in which predominantly ionic silver halide crystals (usually AgBr) are dispersed.

e When an X-ray photon strikes the film, a small number of silver ions in an
excited crystallite are converted to black metallic silver. So, upon completion
of the experiment, a latent image of the diffraction pattern is stored in the
film.

e The conversion process to metallic silver (only in the silver halide crystals
exposed to X-rays) is completed by the developer solution, and the pattern of
scattered X-rays which reached the film appears as appropriate blackenings
on the emulsion. All this process is of course performed in a darkroom, to
prevent exposure of the film to visible light.

e After the film has been washed in order to remove unwanted reaction prod-
ucts and traces of the developer solution, it is immersed in a fixer bath. The
purpose of fixing is to remove the emulsion and all the siver halide crystals
that were not exposed to X-rays. One now has (after washing and drying) a
transparent film showing diffraction spots, the positions and relative inten-
sities of which can be measured for the purpose of structure determination.
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The positions of the spots are fairly accurate and can be used for a good
determination of the unit cell parameters. However, the blackening of the film
is proportional to the intensity of X-rays that caused it only in a relatively
small range, called the linear range of optical density. If the whole range of
optical densities was to be measured, it was customary to work with packs of
several films: the weak reflections were measured on the film facing the incoming
scattered radiation, and the intensity of the strongest reflections was reduced to
the linear range in the last film of the pack. Although this procedure is rather
tedious, this disadvantage is mainly technical. A more serious shortcoming is the
very low quantum efficiency of X-ray film, which results in the need for very
long exposures. The quantum efficiency of a detector is defined as the ratio of
the number of detections to the number of incident photons. In the case of X-ray
film, a detection can be taken as the excitation of a silver halide crystal, and the
quantum efficiency amounts here to a few percent.

4.4.2 Imaging plate

The imaging plate is an area detector, qualitatively similar to the photographic
film but operating on entirely different principles. It also consists of a support
coated with an emulsion, which, however, contains crystallites of barium fluo-
ride bromide or barium fluoride iodide with artificially introduced impurities of
Eu?* (doubly ionized europium). During the preparation of these crystals a large
number of vacancies is created at the sites of fluoride and bromide (or iodide)
negative ions, and these vacancies are essential to the process (see below).

e When a photon strikes the imaging plate, Eu?* ions are ionized further to
Eu?t and the “detached” electrons are raised to the conduction band. When
so excited, the electrons are trapped at the vacancies and thereby produce
temporary color centers. Hence, the imaging plate changes color at the sites
on which incident scattered radiation is falling.

e When the exposure has been completed, the diffraction pattern has been
temporarily recorded on the imaging plate. The plate is then scanned by a
He—Ne laser, and the trapped electrons are released, fall down to the valence
band, and recombine with Eu?t to Eu?*. This transition is accompanied
by a release of energy, which corresponds to the emission of blue light. The
intensity of this luminescence, measured with a photomultiplier, is propor-
tional to the intensity of the X-rays which gave rise to the color centers.

e The coordinates of the diffraction spots and the intensity of the luminescence
are recorded online in a computer and constitute the required set of data.
When the scanning process has been completed, the imaging plate is exposed
to visible light, which erases all the remaining traces of color centers and
the plate is suitable for further use.

Unlike the X-ray film discussed above, the imaging plate has a very large
linearity range, and an excellent quantum efficiency, and is therefore a convenient
and very fast detector of X-ray diffraction patterns. It is nowadays frequently
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used in the collection of intensity data from protein crystals and is quite popular
in other applications.

4.4.3 Charge-coupled device (CCD) detector

Another powerful area detector is based on a popular method of electronic imag-
ing, which employs a two-dimensional array of small light-sensitive elements,
known as a charge-coupled device; the elements are referred to as pixels. The
CCD has a variety of applications, and their implementation in an X-ray detec-
tor is discussed by Amemiya et al. (1999) and in the literature referred to there.
Let us see, in broad outline, how X-rays scattered from a crystal are converted
into an image of a diffraction pattern.

e The detector itself has the shape of a truncated cone, at the large base of
which is a phosphor screen, the purpose of which is to convert incident X-
ray photons into visible light. The light emitted by the screen is conducted
by a tapered bundle of optical fibers and strikes the array of pixels, each of
which is a metal-oxide-semiconductor (MOS) capacitor.

e When a light photon strikes an MOS pixel, an electron is emitted owing to
the photoelectric effect and stored in the capacitor (an electron—hole pair
is produced). Therefore, the charge distribution throughout the whole CCD
follows the distribution of radiation scattered from the crystal. The charge
is subsequently transferred to an electronic circuit, and converted into an
array of pulses the height of which is proportional to the intensity of X-rays
that fell on the phosphor screen. This digital information is transferred to
a computer, which records the pattern of diffracted intensity on a relative
scale.

e The crystal is then rotated, new reciprocal-lattice vectors come into contact
with the Ewald sphere, and a new charge frame is produced in the CCD. All
this is repeated until the desired portion of the diffraction space has been
covered by the motions imparted to the crystal. The required information
on the distribution of diffracted intensity is now stored in the computer and
available for further processing.

The CCD detector has a very large linearity range; it has a high quantum effi-
ciency and a large dynamic range (the ratio between the maximum and minimum
reliably measured intensities). It is not clear whether the imaging plate or the
CCD detector is preferable, but both are certainly in the forefront of intensity
data collection. The performance of the CCD detector also depends on the size
of the pixel array. Typical values are 1.5 to about 4 million pixels. Interestingly,
values of the same order are encountered in digital cameras, in which CCD arrays
have replaced photographic film.

4.5 The rotating-crystal method

This is the oldest moving-crystal method. It was for many decades associated
with photographic film and conventional X-ray tubes, but in modern research
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Fig. 4.10 Rotating crystal method. Schematic drawing.

the X-ray film is being replaced by imaging plates and—where feasible-the X-
ray tube by synchrotron radiation. However, this has nothing to do with the
geometrical considerations of this method, and an important variant of it, the
oscillation method.

The diffraction condition is fulfilled when a point of the reciprocal lattice
comes into contact with the sphere of reflection. If the radiation is monochro-
matic and the crystal is stationary, any occurrence of reflections is accidental and
there may be none at all. Since the direct lattice can be represented in terms
of families of parallel, equidistant lattice planes, and to each of these families
there correspond collinear vectors in the reciprocal lattice, then if the crystal is
rotated about some direction, a large number of reciprocal-lattice vectors will
sweep through Ewald’s sphere and give rise to reflections. This is the principle of
the rotating crystal method, and is related to other methods in which the crystal
is moved in order to bring reciprocal-lattice points into contact with the sphere
of reflection. Let us consider Figure 4.10. The plane of the drawing contains the
basis vectors a* and b* of the reciprocal lattice and linear combinations of them
with integer coefficients, and the direct basis vector perpendicular to this lattice
plane in the reciprocal lattice must be the vector ¢ (see Section 1.3).

Consider the Laue equation ¢ - h = [, with [ = 0. The locus of the vectors h
(not only that of their endpoints) is a reciprocal-lattice plane perpendicular to
c, that is, a typical diffraction vector has the form h = ha* 4+ kb* +0c*, and each
of the reciprocal-lattice points in this plane has indices hk0O. When the crystal
is rotated about c, each of the points with indices hk0 becomes a reflection hkQ
as soon as the endpoint of the reciprocal-lattice vector ha* + kb* 4 O0c* comes
into contact with the surface of the sphere of reflection. The diffracted beams
radiate from the point C and lie in the (a*, b*) plane. They can also be regarded
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Fig. 4.11 Projected Laue cones limited by the Ewald sphere.

as lying on the surface of a flat cone, with the apex at the point C.
We now proceed to the Laue equations ¢ -h = [ with [ # 0. If we divide both
sides of this equation by ¢ = |c|, we obtain

Cp=l (4.18)

that is, the projection of h on the direction of ¢ is constant and equals I/c. The
locus of the endpoints of h, satisfying eqn (4.18), is a plane in the reciprocal
lattice in which each point has indices hkl. As the crystal rotates about c, the
vectors hpy;, for [ not exceeding a certain maximum value, cross the sphere
of reflection and give rise to corresponding diffracted beams. These beams, or
reflections, are located on the envelope of a cone with its apex at the point C,
its axis parallel to the axis of rotation, and its half-opening angle given by
1A

o] = cos ~ —.
c

Clearly, the maximum value of [ is ¢/)\, truncated to the nearest integer.

Each Laue equation therefore corresponds to a family of planes in the recip-
rocal lattice which, upon rotation of the crystal, intersect the sphere of reflection
and form a series of reflection cones, known as Laue cones. Figure 4.11 illustrates
this statement.

The rotating crystal method, the oldest technique employing monochromatic
radiation, is related in a simple manner to the above description. Suppose that
a single crystal is irradiated, with sy perpendicular to c, while it is rotating
about the direction of ¢ at a uniform angular speed. Let us now surround the
crystal with a cylindrical photographic film, suitably protected from exposure
to light, so that the axis of rotation coincides with the axis of the cylinder. The
Laue cones, or the loci of the reflections, will intersect the cylinder in circles



Moving-crystal-moving-film methods 105

on the circumference of which the X-ray reflections (assumed to penetrate the
protecting medium) will give rise to latent sharp spots. After the experiment
has been performed and the cylindrical film or other imaging medium has been
flattened out, we obtain a series of straight rows of sharp spots, of varying degree
of blackening.

The spots in the central row correspond to the Laue equation ¢ -h = 0 and
therefore to indices hk0. The first row above the center has indices hk1, the
first below the center has indices hk1, and so on. A complete interpretation of
the photograph would involve the assignment of indices h and k to each spot
in the row of hk0 reflections (this turns out to be sufficient) and a quantitative
estimation of the intensity of the spots in the photograph. Such an assignment
of indices, or indexing, requires a knowledge of unit cell parameters of the di-
rect or reciprocal cell, and a single rotation photograph furnishes only one such
parameter, as will be seen below. Let d be the distance of the [th circle on the
film from the central row, and let R be the distance of the film from the crystal.

Therefore,
d
20 =tan"* | —= | .
a0 (R)

The distance from the base of the Ith Laue cone from the flat cone, in the sphere
of reflection, is I/c. We thus have

e I |
1/—)\ = ? = bln(Qe)

and hence

. I\
~ sinftan—!(d/R)]

and only the length of the vector ¢ can be determined.

It should be pointed out that a rotation photograph of a cubic crystal can be
readily indexed, since only one parameter is needed. However, for lower symme-
tries other types of information are usually required. The rotating-crystal method
has been described here mainly in order to introduce the reader to the basics
of the formation of a diffraction pattern. The actual experimental technique in-
volved and further details of the interpretation are very clearly described for
example, by Buerger (1941) and by Stout and Jensen (1968), and the interested
reader is referred to these works.

4.6 Moving-crystal-moving-film methods

We shall now mention briefly some photographic methods that served as the
crystallographer’s tool for several decades, and some of which are still used, albeit
not frequently. However, their revival is possible in view of the development of
new, highly efficient, detectors which can replace the classical photographic film,
as well as in view of the possibility of computerized indexing.
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4.6.1 The Weissenberg method

Consider the arrangement described in the previous section, with two modifica-
tions: (i) only one Laue cone is allowed to reach the film, for example by the use of
a sliding cylindrical metallic absorber with a circular slit that can be positioned
so that only a desired cone is transmitted, and (ii) the cylindrical film is allowed
to move back and forth, while remaining coaxial with the axis of rotation of the
crystal; the movement of the film and the rotation of the crystal are synchronous
(for example, Buerger, 1941). If, for example, only the hk0 Laue cone is allowed
to pass, the hk0 reflections will be spread throughout the film in a regular man-
ner and this turns out to permit the determination of the parameters a*, b* and
the angle v*. So, from a single setting of the crystal, four out of the six possible
parameters can be determined. Further experimental details are provided in the
references quoted.

4.6.2 The de Jong—Bouman method

In this method, very elegantly illustrated by Woolfson (1997), also only one Laue
cone is allowed to pass. This is done by placing a flat metallic absorber with a
circular ring aperture in a plane perpendicular to the axis of rotation of the
crystal, say the c axis, so that the axis is directed towards the center of the
circular absorber. The Laue cone is selected by setting the inclination of sy with
respect to the ¢ axis, and the distance of the absorber from the crystal. A flat
film is rotated about an axis parallel to the axis of rotation of the crystal at the
same angular speed as the crystal, the plane of the film being perpendicular to
the axis of rotation. In our example, the reflections hk0O are spread all over the
film. However, if a crystal is rotated about an axis at a certain angular speed,
the reciprocal lattice is rotated about a parallel axis with the same speed. Hence,
the distribution of the spots on the de Jong—Bouman photograph will follow the
geometry of the reciprocal-lattice plane based on a* and b*. This is the first
example of the so-called “undistorted reciprocal-lattice photography”. In fact,
the Weissenberg method also produces “photographs of the reciprocal lattice”,
but seriously distorted ones owing to the cylindrical geometry.

4.6.3 The Buerger precession method

This method is described in great detail by Buerger (1964) and is dealt with more
briefly in most crystallographic texts. In this method, again only one Laue cone is
allowed to pass in a given experiment, and its result is an undistorted image of a
reciprocal-lattice plane. However, the mechanical design is based on a precession—
rather than rotation—of a direct lattice vector, a corresponding precession of the
transmitted Laue cone and the absorber involved, and a rather complicated
motion of the film involving a combination of precession and translation of the
film parallel to itself. While the de Jong-Bouman principle illustrates reciprocal-
lattice photography neatly, Buerger’s precession camera—although complicated—
is versatile and much more frequently used. This is especially true for preliminary
examinations of protein crystals.



The four-circle diffractometer 107

4.7 The four-circle diffractometer

4.7.1 Geometrical considerations

An outstandingly important instrument, allowing one to determine the full set
of unit-cell parameters as well as to measure accurately the intensities of all
the accessible reflections—all with a single setting of the crystal-is the four-circle
diffractometer. This instrument is equipped with a photon-counting device and
a mechanical system which can be programmed (i) to bring the crystal into an
orientation in which the wavevector of the incident radiation forms the Bragg
angle 6 with the desired plane hkl, and (ii) to bring the slit of the detector to
a position in which it can receive the scattered radiation, with a wavevector
also forming the Bragg angle 6 with the plane hkl. This very general description
indicates that the diffractometer can be programmed to measure automatically
the intensities of a large range of reflections, which is an obvious asset. However,
it also indicates that the reflections are measured one at a time, which is a
disadvantage if the number of reflections is very large and the intensity of the
scattered radiation deteriorates upon prolonged exposure of the crystal to X-rays.
For this reason, and in order to perform the data collection more expediently,
the slit that accepts one reflection at a time is being gradually replaced with an
area detector such as,for example, the CCD device discussed above. The problem
of crystal deterioration is encountered most often in studies of protein crystals,
and is less acute in crystals of small and medium-sized molecules. Of course, the
replacement of the slit with an area detector radically changes the computational
aspects of the data collection, a detailed treatment of which is outside the scope
of this book. We shall, by way of an introduction, analyze the classical four-circle
diffractometer which measures one reflection at a time. The present analysis is
based on the article by Hamilton (1974). A schematic drawing of a four-circle
diffractometer is shown in Fig. 4.7.1.

Since the control of the four-circle diffractometer is the precursor of that of
most modern diffraction techniques, we shall describe here the geometrical de-
tails involved in the Eulerian cradle variant of the single-crystal diffractometer.
The instrument can be described as follows: three points (i) the center of the
source of the radiation (.5), (ii) the center of the crystal (C), and (iii) the center
of the receiving slit of the detector (D) define a plane, which call the diffraction
plane. The axis passing through the crystal and perpendicular to the diffrac-
tion plane is called the principal azis of the instrument. Its direction remains
fixed throughout the experiment (perpendicular to the table on which the instru-
ment is mounted), and hence the diffraction plane is horizontal. The detector is
therefore constrained to rotate about the principal axis only. The angle SCD
equals 180° — 260,where 20 is the angle between the incident and the diffracted
beam. The diffraction vector corresponding to the Bragg angle 6 is parallel to
the bisector of the angle SC'D. The other axes of rotation are:

e The x axis. This is an axis passing through the crystal and lying in the
diffraction plane. In a conventional diffractometer, this is the symmetry axis
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Fig. 4.12 A schematic drawing of a four-circle diffractometer. Reproduced with copy-
right permission of the International Union of Crystallography (IUCr).

of a ring on whose internal cylindrical surface the device to which the crystal
is rigidly attached can be displaced by a predetermined angle, called the x
angle. The center of the crystal must coincide with the center of the y ring,
throughout the experiment, and the plane of the x ring is perpendicular to
the diffraction plane.

e The ¢ axis. This is an axis about which the crystal, together with the
device to which the crystal is rigidly attached, can be rotated through a
predetermined angle, called the ¢ angle. The device carrying the crystal is
called the goniometer head. During the rotation about the ¢ axis the center
of the crystal must remain at the center of the y ring and the orientation of
the axis of rotation of the crystal within the plane of the ring is determined
by the x angle.

e The Q axis. This axis passes through the crystal and through the plane
of the x ring, and is perpendicular to the diffraction plane. By definition,
the Q axis coincides with the principal axis of the instrument. Physically,
however, there are two independent rotations associated with this axis: the
Q motor rotates the x ring (with everything it carries) and does not affect
the position of the detector, and the 20 motor rotates the detector without
affecting the orientation of the crystal with respect to the incident beam.
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e The ¢ azis. This is (usually) a virtual axis, the direction of which coincides
with the direction of the diffraction vector. If the crystal is very small,
or ground to a sphere, rotation of the crystal about the 1 axis will not
cause appreciable fluctuations in the diffracted intensity corresponding to
this vector. If, on the other hand, the crystal is strongly anisotropic (for
example, if the crystal has the form of a platelet or a needle), the intensity
of diffracted radiation will in general vary as the crystal is rotated about
the 9 axis, because of varying absorption. The v rotation can be realized
by a suitable combination of the angles x, ¢,and 2.

In a diffraction experiment performed with the aid of a four-circle diffrac-
tometer, the diffraction vector is represented in terms of several sets of basis
vectors:

1. The conventional basis of the reciprocal lattice, the coordinates of the diffrac-
tion vector are simply the integers appearing in the Laue equations. This
representation can be written as

h = ha* + kb* +ic* = HTA", (4.19)

where HT = (h k ) and A*T = (a* b* c*).

2. An orthonormal basis attached to the diffraction vector and the diffractome-
ter. Such a basis is needed for the construction of the laboratory working
system. We represent h in this system as

h = X Ep, (4.20)

where X§ = (21, 23 23) and EJ = (eip eap e3p), and where the basis vec-

tors e;p, j = 1,2,3, form a right-handed set of orthonormal (unit) vectors.
These vectors are defined as follows:

e The vector esp is parallel to the diffraction vector and therefore bisects
the complementary angle 180° — 26 between the incident and diffracted
beams.

e The vector ep lies in the diffraction plane, is perpendicular to esp and
points to the source of radiation when 6 = 0.

e The vector esp coincides with the principal axis of the instrument and
is directed so as to make the system of basis vectors right handed.

3. An orthonormal basis attached to the crystal and the diffractometer. This is
a necessary mediator between the crystal system and the laboratory system.
The diffraction vector is given in this system by

h =X Ec, (4.21)

where XL = (x%; xé x?é) and Eg = (e1¢ eag esq), where the basis vectors
ejaq, j = 1,2,3, form a right-handed set of orthonormal (unit) vectors.
The basis vectors in eqn (4.21) are defined so that the Eg and Ep sets
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of basis vectors coincide when y = ¢ = Q = 0. Also, the unit vector ezg
always coincides with the ¢ axis (the axis about which the goniometer head
rotates).

For any values of the angles y, ¢, and €2, the two orthonormal bases described
above are related by a rotation matrix depending on these three angles, which
correspond to a known triplet of Eulerian angles (see, for example, Goldstein,
1956; note, however, that the meaning of Golstein’s symbols is different from the
present usage). This rotation matrix is obtained as a product of three rotation
matrices about the corresponding axes. That is,

E¢ = FEp, (4.22)
where
F =r4ryro
cos¢ sing 0 1 0 0 cos€) sinQ 0
= | —sin¢ cos¢ 0 0 cosx siny —sinQ cosNQ 0
0 0 —sinx cosx 0

cospcosf) —singsincosy cos@sin{) —sin¢coslcosy sin@siny
= | —singcos — cos ¢sin 2 cosy — sin ¢ sin ) + cos ¢ cos 2 cos x cos ¢ sin y
sin y sin 2 — sin x cos (2 CoS X
(4.23)

Since, however,
h=XIEq = X Ep = X JF 'FEp
we must have
X§ =XpF!
or

X = FXp, (4.24)

because a matrix of rigid rotation is orthogonal, and for such a matrix its inverse
and transpose are identical.

4.7.2 The orientation matrix
It is very useful to define a matrix V that satisfies the relation

A* = VEq. (4.25)

Each row of V contains the Cartesian components of a basis vector of the recip-
rocal lattice, in the system linked to the crystal and diffractometer. If the orien-
tation matrix is known, the unit cell dimensions can be obtained in a straight-
forward manner. It can be shown that

A* . A*T — g—l

)
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where g is the matrix of the direct metric tensor (see Appendix B). Indeed

A*-A"" = VEq -E{VT
=vv?

since Eg - Eg is a unit matrix. Therefore, the product VVT is indentically
equal to the matrix of the metric tensor of the basis of the reciprocal lattice. By
inverting this matrix, we obtain the matrix of the metric tensor of the basis of the
direct lattice, and hence the direct unit cell parameters. The orientation matrix
is of central importance in planning diffraction experiments by diffractometric
methods as well as other methods.

4.7.3 Coordinates and angles
Recall that the diffraction vector h is always parallel to the unit vector esp of
the orthonormal basis linked to h and the diffractometer. For any reflection, we
can therefore write h = |h|esp, or

0
Xp=||n |. (4.26)
0

If we premultiply the right-hand side of eqn (4.26) by the rotation matrix F given
by eqn (4.23), we obtain the Cartesian coordinates of the diffraction vector in
the system linked to the crystal and diffractometer,

cos ¢ sin 2 + sin ¢ cos x cos €2
Xg = |h| | —sin¢gsinQ + cos ¢ cos y cos? | . (4.27)
— sin ¢ cos )

We now obtain, from eqns (4.19), (4.21) and (4.25),
HTA* =H"VEq = XZEq,

from which it follows that
H'V = XL, (4.28)

If we know HT = (h k [) and the orientation matrix V, we can compute the
components of X and solve eqn (4.27) for the values of the angles x, ¢, Q2 which
are required in order to bring the crystal to an orientation at which the intensity
of the reflection h can be measured. Equations (4.27) and (4.28) are of value
in programming a diffractometer to carry out intensity measurements for given
ranges of reflection indices.

If, finally, we know the angular settings of a given reflection , for which the
Cartesian coordinates of the corresponding diffraction vector can be computed
from eqn (4.27) and the orientation matrix is also given, then the indices of this
reflection are in principle found as
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H= (V") 'Xq (4.29)

Equation (4.29) is of importance for the indexing of reflections in the preliminary
stages of the work.

It remains to show how the orientation matrix can be determined, or alter-
natively, how the Cartesian components of the basis vectors of the reciprocal
lattice can be obtained. This can be usefully preceded by some comments on the
experimental strategies employed.

4.7.4 Comments on the experiment

There are several methods of determining the orientation matrix, all of them
requiring some preliminary experimental work. If some information about the
crystal is already available, for example from photographic work, this can be of
value in the determination of the orientation matrix and the unit-cell parame-
ters. It is, however, more common to “put the crystal on the diffractometer” in
an arbitrary orientation and carry out an experiment. An important prerequi-
site is to bring the crystal to the center of the diffractometer system, at which
all the axes of rotation intersect. This can be done manually by bringing the
crystal to the center of the field of a properly aligned optical microscope. Once
this is done, the computer-controlled operation of the diffractometer takes over.
With the radiation on, the crystal is systematically scanned over the 0, x, ¢, Q2
space, until a significantly diffracting orientation is reached. Once it is there,
the computer makes minor adjustments of the various axes until a maximum
of a diffraction peak is obtained. The values of all four angles corresponding
to the diffraction maximum are automatically recorded, and the magnitude of
the diffraction vector is computed as 2sin#/\. The coordinates of the diffrac-
tion vector in the “G” Cartesian system can now be computed from eqn (4.27)
and its direction is also defined. The automatic search for diffraction maxima
continues until some 20 or so reflections have been recorded and the correspond-
ing diffraction vectors defined. For better accuracy, the available reflections are
checked together and recentered. An often useful alternative to the above sys-
tematic search is a rotation photograph taken on the diffractometer, on which
the coordinates of some 20 or so reflections are measured and serve as an input
to a program which locates the reflections in the 6, x, ¢, 2 space. This procedure
also involves a restricted search but is superior to a full systematic search, since
the exposure of the crystal to radiation is significantly reduced. The next stage
is an automatic indexing procedure. All the sums and differences of the available
diffraction vectors are now sorted according to increasing magnitude, and the
three shortest vectors which form intervector angles as close as possible to 90°
are chosen as the basis vectors of the reciprocal lattice. Since their coordinates in
the “G” system are available, a first approximation to the orientation matrix is
immediately obtained, and so are the metric tensors of the reciprocal and direct
bases, and the corresponding unit-cell dimensions. All the reflections which have
so far been located are now indexed, and the unit-cell parameters are refined by
a least-squares procedure, which also provides their standard deviations.
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At this point the ranges of the indices hkl are specified and the collection
of the intensity data collection is planned. There are several modes of scanning
the diffraction space around each reflection, most of them being implemented
on particular instruments. The process of data collection is usually automatic
and its reliability can be monitored in a number of ways. A frequently applied
way is to choose two or three strong reflections and remeasure their intensities
at regular time intervals. The intensities of these so-called “standard” reflections
give useful indications of the stability of the system (crystal + diffractometer).
The actual measurement of the intensity of a reflection consists of (i) bringing
the crystal and counter to an orientation corresponding to the maximum inten-
sity of the reflection; (ii) performing a scan of the diffraction space around the
reflection according to the mode chosen, where the intensity is measured at each
real or virtual step of the scan, thus creating an intensity profile; and (iii) in-
tegrating the intensity profile, including its background tails, and obtaining the
net integrated intensity of the reflection along with the standard deviation of this
intensity. Stage (iii) may range from a straightforward summation of intensity
and background counts to more sophisticated profile analysis.

The results of this experiment, which are really the “raw material” for the
determination of the crystal structure, are (i) the unit-cell dimensions and partial
or complete information on the symmetry of the crystal (this subject will be
discussed in the next chapter), and (ii) a number of records containing, for each
reflection, its indices hkl, its net integrated intensity (or simply intensity) I(hkl)
and its standard deviation o;(hkl). The actal planning of the experiment usually
involves considerations of the accuracy which is aimed at and the number of
structural parameters to be determined.

4.8 The Laue method

4.8.1 Principle of the method

The first diffraction pattern obtained by irradiating a stationary single crystal
with a continuous spectrum of X-rays was observed by Friedrich, Knipping, and
Laue (1912). Its interpretation was fully consistent with the existence of a peri-
odic arrangement of material units within the crystal (Laue 1912), an idea which
had been put forward in the eighteenth century and which gave rise to the theory
of crystal symmetry—which dealt mainly with its microscopic aspects. It is most
remarkable that the above experiment and all later diffraction experiments—even
the most recent ones—bore out fully the theories of crystallographic lattices, point
groups, and space groups, which were based mainly on macroscopic observations
and on sound reasoning.

The technique based on the above experiment came to be known as the
Laue method. The experimental arrangement is rather simple. The source of
radiation is a continuous spectrum of X-rays, which fall directly on the crystal
after passing through a “collimator”. The crystal is stationary, and the diffracted
radiation is usually collected by a flat radiation-sensitive plate, perpendicular to
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the direction of the incident beam. In practice, the source can be a stationary-
anode X-ray tube, a significantly more powerful rotating-anode X-ray tube, or,
finally, a suitable range of X-rays selected from the spectrum of synchrotron
radiation, the intensity of which is higher by several orders of magnitude than
that emitted from laboratory X-ray tubes. The collector of diffracted radiation
can be a photographic film or, as discussed above, an imaging plate, which is
much more sensitive..

As we shall see in what follows, Laue patterns are not easily indexed, and
were believed until recently to be of little or no use for structure determination.
However, the most fruitful combination of a synchrotron source and an imaging-
plate detector showed that a vast amount of information can be obtained in a
very short time, and thus stimulated a search for indexing algorithms. Applica-
tions of the Laue method to structure determination of protein crystals may be
encountered in the recent literature (for example, Helliwell 1992).

A well-known property of a Laue pattern is that it allows one to determine
the orientation of the crystal, say in terms of the coordinates of a reciprocal-
lattice vector which is perpendicular to an irradiated crystal face. This has many
application to metallurgy and materials science in general. The symmetry of the
Laue pattern is very sensitive to deviations of the direction of the incident beam
from the normal to the irradiated crystal face, and hence its use in orienting
crystals. The symmetry of the weighted reciprocal lattice will be dealt with in
the next chapter.

Let us now see what the origins of the Laue pattern are. Since a stationary
crystal is irradiated here with polychromatic radiation, then instead of a single
Ewald sphere, as in the case of monochromatic radiation, we have now a range
of such spheres, the largest one corresponding to the shortest wavelength and
the smallest to some arbitrarily chosen longest wavelength. Both spheres pass
through the origin of the reciprocal lattice, and any reciprocal-lattice point ly-
ing within the large sphere and outside the small one corresponds to a possible
reflection. This is how a stationary crystal can give rise to a large number of si-
multaneously produced reflections. We shall now show, expanding the derivation
given by Rabinovich and Lourie (1987), how a Laue pattern can be computed
or, perhaps, simulated. This procedure leads to the possibility of indexing the
pattern.

4.8.2 Calculation of the Laue pattern

Let us assume that a polychromatic (“white”) X-ray beam is perpendicular to
a circular flat plate that acts as a detector (a photographic film or an imaging
plate), and passes through a stationary single crystal with known unit-cell di-
mensions. Let the crystal-to-plate distance be d centimeters, the radius of the
plate be R, centimeters, the X-ray tube operate at a high voltage of V volts,
and the absolute maximum values of the diffraction indices be hmax, kmax and
Imax- Under these conditions, the shortest wavelength is given by
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the largest recordable Bragg angle is

R
gmaX:~t =R ’
0.5 tan (d)

and the largest magnitude of the diffraction vector is

e = 2sin Hmax.
)\min
As indicated in Appendix B, a knowledge of the unit-cell dimensions enables
us to obtain the matrix of the metric tensor of the direct lattice, with components
gi;, and inversion of the latter matrix leads to the metric tensor of the reciprocal
lattice, with components ¢*. This is of use in the calculation of the magnitude
of the diffraction vector as

1/2

3 3
| = D> ) hihjg? | (4.30)

i=1 j=1

where _‘hmax| < hl =h < hmaX7 _‘kmax| < h2 =k < kmaxa and _|lmax| < h3 =
[ < lmax (see also Appendix B).

It is also convenient to define a Cartesian system in the diffraction device so
that the unit vector es points towards the X-ray source (is antiparallel to sg),
e is horizontal, es is vertical, and the three orthonormal basis vectors form a
right-handed triad. (see Fig. 4.13). The diffraction vector in the reciprocal and
Cartesian bases can then be written as

3
h = Z hjaj = Z qiei. (431)

If we relate the basis vectors of the reciprocal lattice to the Cartesian basis by
means of an orientation matrix, say D, the diffraction vector can be written as

3
h=> "h;> D'e;, (4.32)

j=1  i=1

and the Cartesian components of the diffraction vector are therefore given by
3
¢ =Y h;D". (4.33)
j=1

The components of the wavevectors s and sg are now
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detector

Xl
Fig. 4.13 To the indexing of the Laue pattern.
so: (0, 0, —1/)) (4.34)
and
s=h+s:(¢') ¢\ AEA—1)/\ (4.35)

Let us now consider a plane in reciprocal space, perpendicular to the wavevector
so and passing through the endpoint of s (see Fig. 4.13). The distance of the plane
from the center of the sphere corresponding to the current diffraction vector is
the projection of s onto the direction of s,

so  1—¢*X  cos(20)

OD=s-2 — -
® Tsol ) N

(4.36)

which readily leads to an expression for the wavelength corresponding to the
current diffraction vector. Indeed,

¢*X =1 — cos(260) = 2sin? 0

and

2si
= sin 6 sinf = |h|sind.

On the other hand, we always have |h| = (2sin#)/\. It follows that

_ 2

(4.37)
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The other components of the wavevector s are
AD =s-e; =q' and BD =s-ey = ¢°. (4.38)
If the plane ABD is projected onto the flat detector, the coordinates of the

diffraction spot, measured in centimeters from the center of the circular plate,
can be obtained from the similar triangles shown in Fig. 4.13, as

AD '\
1 _
X' = O _dl Y (4.39)
and
BD @\
2 _ _
X“=d _dl—q3)\' (4.40)

Given the orientation matrix D, the coordinates of the diffraction spot can
now be related to the diffraction indices hihohs for the wavelength given by eqn
(4.37).

A possible practical realization of the above algorithm would be to mount a
crystal on a four-circle diffractometer, obtain its orientation matrix and unit-cell
dimensions, record the Laue pattern (either on the diffractometer or after trans-
ferring the crystal to a Laue device), and compare it with the pattern computed
as indicated above.

4.9 Exercises for Chapter 4

1. The Laue equations can be written as

8.1'1’1:]7,17 az-h:hz, ag-h:h3

and the vector h then becomes
h = h1af +4 hga; +4 h3a§,

where ajasaj are basis vectors of the reciprocal lattice. However, the vector h can
also be referred to the direct basis vectors ajasas as

h = qa1 + qeaz + gzas.

Find and interpret the transformation matrices P and @ relating the coordinates
of h in the above two representations in accordance with

3 3
hi =Y Qijq; and gi=>»_ Pih;.
J=1 j=1
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2.
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A crystal was investigated by scientists I and II. Each of them assigned to it a
different unit cell and the relation between the basis vectors they chose is:

air = ar — b
b = ar + br

ci = C1
What is the relation between the diffraction indices hkl that I and 11 assigned to

the reflections they observed? Can this be generalized to any linear transformation
of the basis bectors?

For a given crystal, consider the transformation
a=(b+c)/2, b =(cta)2 < =(at+b)2
where abc are the basis vectors of a Bravais lattice of type F. Find the relation
between the diffraction indices h'k’l’ and hkl and hence the condition for possible
reflections hkl from this crystal. Show that the unit cell based on the vectors a’,
b’, and ¢’ is primitive.
(Note: The primed indices correspond to primed basis vectors, etc).

The volume of a primitive unit cell of a certain crystal is V = 1564 A®. What

are the approximate total numbers of reflections which can be obtained from this
crystal when it is irradiated with copper and molybdenum radiation?

(Assume that A(Kagy) is being used.)



5 The structure factor and the
electron density

5.1 Introduction

The purpose of this chapter is to introduce the reader to the model underly-
ing the interpretation of X-ray diffraction intensities, which is the basis of the
methods for crystal structure determination to be described in later chapters.
The next section deals in some detail with a simple description of the physics
of the scattering of X-rays. That section makes use of results provided by classi-
cal electrodynamics, and presents a derivation of the Thomson scattering cross
section, which is most usually quoted without proof in textbooks of crystallog-
raphy. We shall then turn to the construction of the structure factor as the
Fourier transform of the electron density function within the unit cell, first as
a Fourier integral and later as a sum of atomic contributions, and proceed to
the electron density function which is reexpressed as a Fourier synthesis, the
coefficients of which are the structure factors. The last section of this chapter
introduces relationships between the space-group symmetry in the direct space
and the symmetry of the weighted reciprocal lattice, and their application to
the determination of lattice type, point-group symmetry, and non-symmorphic
space-group symmetry elements of the crystal investigated.

5.2 Scattering by a free charged particle

X-rays belong to the spectrum of electromagnetic radiation, and those applied in
crystallographic diffraction studies have wavelengths of the order of 1 A(lO’10
m). Their speed in vacuo is ¢, about 3 x 10 m/s, and thus their frequency
is of the order of 10'® cycles per second. When an X-ray beam encounters a
charged particle, for example, an electron or a proton, the rapidly alternating
electric field of the X-ray wave forces the particle to execute an oscillatory motion,
that is, to become an oscillating dipole. The particle is thus accelerated, and
electrodynamic theory tells us that an accelerated charge emits energy in the
form of electromagnetic radiation. The radiation reemitted by the oscillating
charge has the same frequency as the incident radiation. Summing up, irradiation
of charged particles by X-rays accelerates them and gives rise to a reemission
of X-rays. This is known as the scattering of X-rays by charged particles. Let
us now turn to a relevant result from classical electrodynamics. If a charge e of
mass m is moving with velocity vector u, and its acceleration vector is 1, the
charge emits an electromagnetic wave, in which the radiation component of the
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electric field has the form

e |r|u ..
Erad:m{rx |:<I‘—T) XI‘:|}, (51)

where the constant ¢y equals 107/(47c?) F/m in the SI system of units, ¢ is the
velocity of light, r is the position vector of the point charge at the time the wave
was emitted, and s = |r| —u-r/c (see, for example, Panofsky and Phillips 1956).
For a slowly moving charge, relative to ¢, which is the case for an electron in a
crystal, s reduces to |r|, and the |rju/c term in eqn (5.1) can be neglected. We
then have

Epod = [t % (r x ©)]. (5.2)

4mepc?r)?
If we now define the angle between r and t as «, the magnitude of the triple
vector product in eqn (5.2) reduces to

v x (r x ¥)| = |r||r X ¥|

= |r|?|i*| sin
and the magnitude of the radiation component of the electric field becomes

e|t| sin a

|Erad| - (53)

Amegc?|r|’

which can be evaluated in terms of |r| if the acceleration |¥| is given. We need
not repeat the above considerations for the radiation part of the magnetic field,
since that effect can be neglected because of the assumed slow motion. The rate
at which the reradiated energy crosses a unit area can be expressed as

€0
|N| = %|Erad|2a (54)

where the constant po equals 47 x 107 H/m in the SI system of units.

Since we wish to obtain an expression for the acceleration, let us consider the
equation of motion of an oscillating charge, say an electron. In the general case
of harmonic oscillation we have the Newtonian acceleration, a damping term
proportional to the velocity, a restoring force (the binding to the environment),
and an external force, which in our case is the electric field of the incident
electromagetic wave. This equation of motion will have the form

P+ F + wir = %EO exp(iwt) (5.5)

and we seek a solution of the form x = x¢ exp(iwt).Substitution of such a solution
in eqn (5.5) gives
1 e
2

D2 — 2 4o
wy —w* +rywm

r =

E, (5.6)



Scattering by a free charged particle 121

where E = Eq exp(iwt) is the electric field of the incoming wave. The acceleration

1S

—w2 €

r=—5——— 5.7
wg — w2 +iywm (5.7)
and its magnitude can be used with eqns (5.3) and (5.4). This is of relevance when
the presence of dispersive scatterers must be considered. However, in many cases
of practical importance it is possible to assume that the electrons are weakly
bound (that is, wp < w) and appreciable damping is absent. This reduces the
equation of motion to that for a free electron, and the acceleration for this simple
case is .
r=—E. 5.8

— (58)

If we substitute the magnitude of the acceleration obtained from eqn (5.8) in

eqn (5.3), we obtain for eqn (5.4)

2 . 2
€0 | e“Esina
N|=,/—|— 5.9
NI \ 1o [47regmc2r] (5.9)
I
— 2 in2 0
= rgsin (7‘_2) , (5.10)

where

e2

ro (5.11)

4megme?

is the classical electron radius (2.8178 x107'% m) and

Io= | 2E?
Ho

is the intensity of the incident radiation.

We see from eqns (5.10) and (5.11) that the reradiated or scattered power is
inversely proportional to m?2. It follows that the power radiated by a proton will
be (1837)% times smaller than that radiated by an electron, and can be safely
neglected; indeed, only the electrons are of importance in the present case.

Figure 5.1 shows schematically the quantities of interest. A free electron is
located at the origin of a Cartesian coordinate system £7¢. The plane of the elec-
tromagnetic wave propagates so that its normal is parallel to ¢, and is indicated
here while passing through the origin (that is, interacting with the electron) and
coinciding with the £n plane. The end of the vector r_ denotes the field point, at
which the radiation part of the electric field of the scattered wave is measured.
The system is oriented so that r_ lies in the £ plane, and forms an angle 20 with
(. The electric field of the incident wave, E, lies in the £n plane and forms an
angle ¢ with the £ axis. The angles ¢ and 26 are called the polarization and scat-
tering angles, respectively. The angle between r_ and E is denoted by « (note
that the direction of the acceleration vector is the same as that of the vector of
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Fig. 5.1 Scattering by a free electron.

the electric field in the incident wave). The angles a, ¢, and 90° — 260 subtend a
right-angled spherical triangle, for which the following relation is valid:

cos o = cos psin 26.

It follows that
2

sin?a = 1 — cos? (1 — cos? 26).
In the usual experimental arrangements the incident wave is unpolarized, that
is, the electric field vector may assume any orientation in the plane of the wave.
We must then average sin? & over all values of . We obtain
1+ cos? 26
(sin® o), = % (5.12)

since the average of cos? ¢ is 1/2. The right-hand side of eqn (5.12) is called the
polarization correction, which is routinely applied to the 6-dependent intensity
data. The polarization correction may, of course, take a different functional form
if the electric field of the incident wave is partially polarized. We shall not deal
with such corrections in this book.

The intensity scattered into a unit solid angle at an angle 26, on the assump-
tion that the incident wave is unpolarized, is given by

73 1+ cos? 20
r2 2 '
If we want to obtain the total scattered power, we have to integrate eqn (5.13)
over the surface of a sphere of radius r and centered at the origin, as follows:

1(20) = I, (5.13)
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r2 [T 1+ cos®26

Tscart = Ior—g | 5 2712 sin 26 d(26)
(1 220
= 2nlyr? / %L)Sin 20 d(20)
0
_ 8rlord

5 (5.14)

If we now divide the total integrated power by the intensity of the incident
radiation, we obtain the scattering cross section per electron,
_ 8mrd et

= = . 5.15
70 3 6re3m2ct (5.15)

Equation (5.14) is known as the Thomson scattering formula, and eqn (5.15) is
called the cross section for Thomson scattering. The value of this cross section is
about 6.65x10722 m? per electron. It is essential for the calculation of absolute
values of scattered intensity (along with corrections for quantum effects, such
as Compton scattering). However, we shall try to express the scattering from a
crystal in terms of the scattering from a single classical electron at the origin,
since such relative intensities are sufficient for our purpose.

5.3 Scattering by a material unit

Let us now try to find the wave scattered by a distribution of electron density
within a single material unit. This unit can be an atom, a molecule, or a group of
molecules of arbitrary complexity. We shall assume that the unit, as illustrated
schematically in Fig. 5.2, (i) is kept fixed with respect to the incoming radiation,
and (ii) has a well-defined function of electron density (number of electrons per
unit volume, the unit being chosen here as A?’) at each point. We shall also
assume that the process of scattering is not accompanied by any loss of energy
(that is, elastic scattering is assumed), and define the wavevectors of the incident
and scattered radiation as sg and s respectively, where |sg| = [s| = 1/\ and A
is the wavelength of the radiation. Finally, all the scattering will be taken as
relative to the scattering by a single classical electron located at the origin,
and consideration of the detailed mechanism of scattering will therefore not be
needed. We denote the electron density at the position r by p(r) and proceed
to relate the wave scattered from the volume element dV to that scattered from
a classical electron at the origin O. The relative amplitude of the wave scattered
from dV is just the number of electrons in this volume element, this number
being given by p(r) dV. The spatial part of the phase of the wave scattered from
the electron content of dV, relative to that scattered from the electron at the
origin, depends on the difference between the optical paths traversed by the two
waves. Since the relation between the phase difference ¢ and difference of optical
paths A in any given direction is
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Fig. 5.2 Scattering by a material unit.

the wave scattered from the density distribution within the volume element dV'
relative to that scattered from the reference electron at the origin is
2miA

y .

dF(A) = p(r)dV exp ( (5.16)

The time-dependent part of the phase, exp(iwt), has been omitted, since the
frequencies of the incident and scattered waves are the same. The path difference
A, is given (see Fig. 5.2) by

A =0A-BC
S So
:r-——r._
s| Isol
= Ar- (s —sp), (5.17)

and we can now express the wave in terms of the field point and wavevectors as
dF(h) = p(r) dV exp(2nih - r), (5.18)

where the abbreviation h = s — s is called the scattering vector or diffraction
vector of the wave. The wave scattered from the whole material unit is now
obtained by integrating both sides of eqn (5.18) over the volume occupied by the
material unit, that is, over the whole three-dimensional space. We obtain

F(h) = /p(r) exp(2mih - r)dV. (5.19)

The wave scattered from the unit and corresponding to the diffraction vector h
turns out to be the Fourier transform of the electron density function that defines
the structure of the unit. The function F'(h) is therefore called the structure fac-
tor corresponding to the diffraction vector h. Of course, the structure of the unit
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could in principle be specified if the values of the function F'(h) were available
in all of the h space, since the electron density p(r) could then be obtained as
an inverse Fourier transform of F'(h). There are, however, two main reasons that
prevent us from carrying out a scattering experiment on a single material unit
which would lead to its complete structure determination:

1. Our requirement of a well-defined electron density function within the unit
examined is not consistent with the chaotic motion that isolated molecular
units execute in the gaseous or liquid state. We can then only think of an
average electron density over a vast range of configurations, which is not
likely to be useful. We therefore need a device which keeps the material unit
fixed or very nearly so.

2. The scattering cross section for Thomson scattering, as discussed in Section
5.2, is of the order of 1072 m? per electron. The intensity scattered from
a single unit is unlikely to be detectable unless the intensity of the incident
radiation is very high and the unit is is very large (possesses many elec-
trons). These requirements have been made less severe by the availability of
powerful synchrotron radiation.

A good solution to the above two problems is provided by a single crystal
composed of such material units, playing the role of its fundamental structural
units. These units are arranged on a triply periodic array and, owing to their
closely packed arrangement, maintain closely similar orientations, or a periodic
electron density function.

5.4 Scattering by a periodic array of material units

We must, however, consider the effect that a triply periodic arrangement of
identical units has on the pattern of the diffracted radiation. Let us first take
two parallel identical units, say o and 3, with their centers of gravity separated by
the vector a. Thus, the unit 3 can be generated from the unit « by a translation
by a, parallel to itself. In terms of their electron densities, we have

pa(r) = ps(r +a) = p(r),

where the origin is fixed in the unit «. Assuming the same geometry of the
wavevectors as in Fig. 5.2, the wave scattered from the pair of units is given by

Foip(h) = /p(r) exp(2mih -r)dV + / p(r)exp[2mih - (r + a)] dV (5.20)
= F(h)[1 + exp(2wih - a)]. (5.21)

The intensity of the radiation scattered from the two units is proportional to the
squared magnitude of their combined structure factor, that is,

Iatp (h) o [Fasyp(h)?
= |F(h)|?[1 + exp(27ih - a)][1 + exp(—27ih - a)]
= 2|F(h)[*[1 + cos(2rh - a)]. (5.22)
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We see that, independently of the structure of the scattering material unit, the
intensity attains its maximal value when h - a is an integer, and vanishes when
h - a is an odd multiple of one-half. It attains values between zero and 4|F (h)|?
for other values of the scalar product h - a. These are examples of constructive
and destructive interference.

Let us now consider the intensity of radiation scattered from a row of N,
identical, parallel material units, in which the electron density is periodic, with
a period a,

p(r) = plr + ua),

where 0 < u < N, — 1. The structure factor for the diffraction vector h for this
chain of units is

No—1
F,(h) = (r)exp[2mih - (r + ua)]dV
X e |
No—1
= F(h) Z exp(2miuh - &) (5.23)
u=0
— F(h) 1 —exp(2miN,h - a) (5.24)

1 — exp(2mih - a)

since the sum in eqn (5.23) is that of a geometric series in which the first term is 1,
the number of terms is N, and the ratio between successive terms is exp(27ih-a).
The intensity scattered from the above chain follows as

51 —exp(2miNsh - a) 1 — exp(—27miN,h - a)
| 1 —exp(2mih-a) 1 —exp(—2nih-a)
1 —cos(2nN,h - a)

1 —cos(2rh - a)
,sin?(7Nyh - a)

sin?(7h - a)

la(h) o< |[F(h)

= |F(h)]?

= [F(h)| (5.25)

The function of the form sin® Nz/ sin® 2 which appears in eqn (5.25) is often
encountered in problems of diffraction from periodic arrays, and is called the
interference function, since it accounts for interference effects that are due to the
periodicity of the diffracting medium. We present a graph of it in Fig. 5.3, for a
modest value of N = 10. It is seen that the function attains its largest maxima
for the values of x which are integer multiples of 7, and has small subsidiary
maxima within its period. As N increases, the largest subsidiary maxima move
towards the main ones, and for very large N it becomes a comb function with
nonzero values at © = nz only. If we consider eqn (5.25), we see that the intensity
may be nonzero only if the scalar product h - a is an integer, and must vanish if
it is not. The values of the interference function at x = nm cannot be obtained
by direct substitution, but follow readily by applying I’'Hopital’s rule twice:
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Fig. 5.3 The interference function.
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Equation (5.25) now becomes

N2|F,(h)2if h-a=n
Ia(h)oc{ 0 ¥ hoagn (5.26)

where n is an integer. If we now consider a block of crystalline material containing
Ny NpN, unit cells, where N,, N, and N, are the numbers of cells along a, b and
c, respectively, a closely similar calculation to that leading to eqn (5.25) gives
the result

2 sin?(7N,h - a) sin?(7Nyh - b) sin?(7N.h - ¢)

I(h) o |F () sin’(th-a)  sin’(rh-b)  sin®(rh-c)

(5.27)

Since each of the three interference functions in eqn (5.27) leads to a condi-
tion analgous to that expressed in eqn (5.26), their product must require that
the three conditions be simultaneously satisfied. We thus have for the intensity
diffracted by a crystal

I(h) o |[F(h)]?, (5.28)
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and this intensity may be nonzero only if the equations

h-a=nh,
h-b=k,
h-c=1, (5.29)

where h, k and [ are integers, are simultaneously satisfied. As we already know
from Chapter 4, equs (5.29) are the Laue equations, formulated by Laue during
the interpretation of the first diffraction pattern obtained from a crystal (Laue
1912, 1914).

Note that the intensity of the diffracted radiation is proportional to that
diffracted by a single material unit, independently of the number of units in-
volved. The proportionality factor preceding the squared magnitude of the struc-
ture factor appears to include the squared number of unit cells in the crystal.
This is, however, true only up to a certain limit. Matter also absorbs electro-
magnetic radiation, and when the thickness of the absorber exceeds a certain
critical dimension the scattered intensity starts decreasing, rather than increas-
ing as would be indicated by the N? proportionality. In fact, corrections for
X-ray absorption are needed in many instances and are an important part of the
reduction of intensity data. Methods for doing this were recently reviewed by
Maslen (1999).

5.5 The atomic scattering factor

We have obtained the structure factor as a Fourier transform of the electron
density, as given by eqn (5.19), which we rewrite for convenience as

F(h) = /p(r) exp(2mih - r)dV. (5.30)

This is an idealization, since we have not allowed for possible small oscillations
of the atoms about their equilibrium positions, nor for departures from perfect
periodicity or other kinds of disorder that are present in real structures. We shall
deal with these topics in later chapters. The first simplification of the above
important expression is obtained by assuming that the electron density at the
point r is a superposition of atomic electron densities, each of which is centered
at the mean position r; of the jth atom. This can be expressed as

N
p(r) Zij(r—rj), (5.31)

where N is the number of atoms in the unit cell. If we now introduce the variable
u=r —r;, insert eqn (5.31) into eqn (5.30), and interchange the order of the
integration and summation, we obtain
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f: { / pj(u) exp(2mih - u) dV} exp(2mih - r) (5.32)

J

F(h)

Il
-

fi(h)exp(2mih - r;), (5.33)

I1l
.MZ

I
-

J

where f;(h) is called the scattering factor of the jth atom. This factor is assumed
to contain the effect of atomic displacements. We shall now assume that the
atomic electron density possesses spherical symmetry. Although this assumption
appears to be a strong one, especially for covalently bonded light atoms, whose
bonding electron density departs significantly from sphericity, it is sufficient in
order to determine an essentially correct structure of the crystal. Once this is
accomplished, the final stages of the refinement of the structural parameters
allow one to take account of some features of the bonding density. There are
several approaches to this problem, one of them being reviewed by Coppens, Su,
and Becker (1999).

The above assumption leads to a considerable simplification of the integral
in the right-hand side of eqn (5.32). Spherical symmetry of the atomic density
means that p(u) approximates to p(u), and if we choose h as the polar axis of
the system of spherical coordinates we have

fi= /pj (u) exp(27mth - u) dV (5.34)
0 2 g
~ / / / p;(u) exp(2mi|h|u cos ¥)u? sin ¥ v dp du
o Jo Jo

= 27r/ u?p;(u) {/ exp(2mi|h|u cos ) sinﬂdﬂ} du
0 0

00 ) 1 27| h|u
=2 (u){ ——— z)da § d
AL ey B L X

o sin(27 | h|u)
=4 2, () S0C7IRI) .
71'/0 u“p;(u) 2aThlu du (5.35)

Tables of atomic scattering factors, presented as functions of |h|/2 = sin@/A,
have been computed from eqn (5.35) for all the elements and most ions by
quantum mechanical methods and can be found in Volume C of the International
Tables for Crystallography (Wilson 1992). Scattering factors of several elements
have also been determined experimentally from absolute intensity measurements
(for example, James 1965).

Note that the value of the atomic scattering factor for h = 0, whether given
by the exact eqn (5.34) or by the approximate eqn (5.35), equals exactly the
number of the electrons in the atom, or the atomic number, Z.
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It is useful, for many practical purposes, to represent the structure factor in
terms of the components of the vectors involved. The mean position vector of
the jth atom is given by r; = z;a + y;b + zj;c, and the scalar product h - r;
appearing in eqn (5.33) is therefore

hrj:arj(ha)—kyj(hb)—kzjhc

If we now make use of the Laue equations, eqns (5.29), the scalar product reduces
to
h-r; = hx; + ky; + lz;.

Of course, the same result would be obtained if we expressed h in terms of
the basis of the reciprocal lattice, and evaluated the scalar product in a direct
manner. Since the diffraction vector h is uniquely associated with the triplet of
integers hkl appearing in the Laue equations, we can rewrite the structure factor,
in the spherical-atom approximation, as

N .
F(hkl) = Z f; <¥> exp[2mi(hx; + ky; + 1z;)]. (5.36)
j=1

5.6 Space-group symmetry and the structure factor

Incorporation of space-group symmetry into the expression for the structure
factor leads to simplifications in most stages of crystallographic computing. Let
us first view the process in rather general terms, and then conclude with some
examples.

Suppose that the crystal belongs to a P-type Bravais lattice, and all the
atoms are located in general positions of the space group the representative
elements of which are {(P;,t;)},i =1,...,g. Here, (P, t;) is the (matrix, vector)
representation of the ith space-group operator. Let x;, 7 = 1,...,N be the
column vectors of the atomic coordinates of the N atoms within the unit cell
and let h" denote a row matrix of diffraction indices (hkl). The general form of
the structure factor is

N
F(h) = fjexp(2mih a;). (5.37)

Jj=1

In view of the above, the unit cell contains g asymmetric units, with N/g atoms
in each of them. There are also N/g possibly different atomic scattering factors.
Equation (5.37) can therefore be rewritten as follows:

N/g g
F(h)=>_f; Y expl2mih” (P, +t;)]. (5.38)
j=1 =1

The inputs required for the computation of such a structure factor, for any space
group, are (i) the coordinates of the atoms within the asymmetric unit, (ii) the
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Table 5.1 Some simplified expressions for trigonometric structure factors

Space group Trigonometric structure factor  Parity
P1 2 cos[2m(hz + ky + 12)]
P21 /c 4cos2n(hx + 1z)] cos(2mky) k+1=2n

—4sin2n(hx + 12)]sin(2rky) k+1=2n+1

Pbcn 8 cos(2mhx) cos(2mky) cos(2mlz)  h+k =2n;l=2n
—8cos(2rhz) sin(2rky) sin(2xwlz) h+k=2n;l=2n+1
—8sin(2whx) cos(2mky)sin(2wlz) h+k=2n+1;1=2n
—8sin(2whz) sin(27ky) cos(2wlz) h+k=2n+1;l=2n+1

atomic scattering factors for these N/g atoms (with appropriate displacement
parameters), and (iii) the g space-group symmetry operators. The latter can
be supplied as matrix-column items or as symbolic coordinates of the general
equivalent positions, or computed from a computer-readable space-group symbol
(see Chapter 3).

Another method is based on the use of a tabulation of the inner summa-
tion in eqn (5.38), known as the trigonometric structure factor. This is of use
in cases of high symmetry (large values of ¢) and is indispensable if an analytic
expression for the symmetry-dependent structure factor is required. Trigono-
metric structure factors are tabulated in Volume I of the International Tables
for X-ray Crystallography (Henry and Lonsdale 1952, 1965) and in Volume B
of International Tables for Crystallography (Shmueli 1993a, 2001a) for all 230
space groups and are valid for atoms in general positions and for general reflec-
tions. Some simplified expressions for trigonometric structure factors are shown
in Table 5.1.

Only centrosymmetric cases are given in Table 5.1. For noncentrosymmetric
space groups we would expect the real and imaginary parts of the trigonometric
structure factor to be listed. It can also be seen that the functional form of
the trigonometric structure factor depends on the parity of the reflection indices
involved. This is so, however, only for space groups containing screw axes and/or
glide planes, that is, for non-symmorphic space groups.

5.7 The Fourier synthesis of the electron density

One of the principal aims of our study is to elucidate the internal structure
of the repeating material unit. With X-ray diffraction, this internal structure
is given by the features of the electron density function within this unit. We
can express the structure factor as a Fourier transform of the electron density,
but the calculation of the inverse transform is not straightforward, since we do
not measure the (generally complex) structure-factor function but, rather, only
its magnitude. As we shall see in later chapters, this problem can be solved,
and let us in the meantime prepare the formalism that has to be used once the
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values of the structure-factor function have been retrieved from their observed
magnitudes. The electron density function in the crystal is triply periodic, and
as such it can be expanded in a triple Fourier series:

p(xyz) Z Z Z Cpgr exp[—2mi(pz + qy + 12)], (5.39)

P=—00 q=—00 r=—00

where xyz are the fractional coordinates of the point at which the electron density
is to be calculated. We wish to substitute eqn (5.39) in the structure-factor
equation, eqn (5.19), and carry out the integration, but we must first represent
eqn (5.19) as a triple integral over the variables zyz. We choose the range of
the integration as a single primitive unit cell, which we know to contain just one
repeating material unit. The volume element dV is chosen as an infinitesimal
parallelepiped, constructed from the vectors da, db and dc. We thus have: dV =
da-(db x dc) =[a- (b x ¢)]dzdydz =V dxdy dz, where V is the volume of the
unit cell. The scalar product h - r in eqn (5.19) is given by hx + ky + [z (see the
derivation of eqn (5.36)) and the structure factor can therefore be written as

F(hkl) = V/o /0 /0 p(ayz) exp[2mi(he + ky + 12)] dx dy dz. (5.40)

We now substitute eqn (5.39) into eqn (5.40), and interchange the order of the
summations and the integrations:

F(hkl) VZ Z Z Cogr
1

1 1
X /0 exp[2mi(h — p)x] dx/o exp[2mi(k — q)y] dy/O exp[2mi(l — r)z] dz.
(5.41)

It is easily seen that each of the integrals in eqn (5.41) equals unity when the
argument of the exponential is zero (that is, when h = p,k = ¢, or [ = r) and
vanishes when the argument of the exponential is nonzero. Therefore

FhE) =V > > 3" CogrOnpdigdn (5.42)

P=—00 g=—00 r=—00

= VO, (5.43)

where §;; is the Kronecker delta which equals 1 or 0 according as ¢ = j or ¢ # j,
respectively. Equation (5.39) can now be rewritten as

playz) Z Z Z F(hkl) exp[—2mi(hz + ky + 12)].  (5.44)

h—foo k=—o0l=—00

Equation (5.44) is of fundamental importance in reconstructing the structure of
the unit cell from crystallographic information. We should point out, however,
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that while in theory the summation indices hkl should range from minus infinity
to infinity, they never do so in practice, predominantly because the range of
indices is restricted by the wavelength of the radiation employed.

5.7.1 Computational considerations

The computation of Fourier series used to be a very laborious task, prior to the
discovery of the Fast Fourier Transform technique. This was true for crystal-
lography, as well as for other sciences which make use of this tool. Therefore,
major effort was directed towards simplifications of eqn (5.44), and these are de-
scribed in great detail in the crystallographic literature. We shall mention these
simplifications briefly at this point, with appropriate references, and present an
elementary introduction to the Fast Fourier Transform technique in Appendix
D. The oldest simplification, still in some use for space groups of high symmetry,
is the explicit introduction of space-group symmetry into the functional form of
the electron density. These simplified forms are described, for example, by Lipson
and Cochran (1966), in Volume I of the International Tables for X-ray Crystal-
lography (Henry and Lonsdale 1952, 1965) and in Volume B of the International
Tables for Crystallography (Shmueli 1993a, 2001a), and the relevant symmetry-
dependent coefficients are tabulated for all the three-dimensional space groups
in these volumes of International Tables.

Another simplification of eqn (5.44) is a reduction of it to a succession of
one-dimensional summations (Lipson and Cochran 1966). This is described in
detail in that reference for a summation with real terms, and can be hinted at
as follows. If we omit the limits, eqn (5.44) can be written as

p(ryz) =V Z

Z {Z F(hkl) exp(—27rihx)} exp(—27riky)] exp(—2milz).
h

(5.45)
For given indices k and [, the one-dimensional summation in the braces is a
function of z, k, and [, say C(x, k,1). Equation (5.45) then becomes

playz) = 7 Z

For given [, the one-dimensional summation in brackets is a function of , y and [,
say D(z,y,l). Equation (5.46) finally reduces to the one-dimensional summation

ZC x, k, 1) exp(— 27rzky)] exp(—2milz). (5.46)

plryz) = ZD x,y,1) exp(—2milz). (5.47)

Of course, there are many one-dimensional summations that have to be carried
out, but it is clear that only one-dimensional summations have to be computed.

The problem now reduces to the computation of a one-dimensional summa-
tion. An ingenious method of doing this was proposed by Beevers and Lipson
(1936), and is described in detail by Lipson and Cochran (1966). However, this
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has been superseded by the Fast Fourier Transform technique, which quite dras-
tically reduces the computing time. The principle of this powerful technique is to
separate a one-dimensional summation into several short ones, thereby compli-
cating the functional form of the summation but reducing the number of the op-
erations required. We present in Appendix D a brief introduction to the discrete
Fourier transform and show how it leads to the Fast Fourier Transform method.
The rich underlying theory of Fourier methods (see, for example, Bricogne 2001)
is outside the scope of this book.

5.8 The phase problem

We have already indicated that the experiment furnishes a quantity proportional
to the magnitude of the structure factor, whereas the previous section shows that
it is the structure factor itself which is needed in order to evaluate the electron
density within the unit cell of the crystal. The relation between the available
|F'(h)| and the desired F(h) can be usefully formulated as follows.

The general form of the structure factor can be written as

N
Z fj exp(2mih x;)

Jj=1

F(h)

I
] =

filcos(2mh™x;) 4 isin(2rh ;)]
1
A(h) +iB(h),

.
I

where
N
A(h) = Z fjcos(2mrh™x;)
j=1
and
N
B(h) = f;sin(2rh ;)
j=1
are the real and imaginary parts, respectively, of the (generally) complex number

F(h). If we think of F'(h) as a vector in the complex plane, its squared length
(related to the observed intensity) is

[F(B)?> = F(h)F*(h) = [A(R) + iB(B)|[A(h) — iB(h)] = A(h)* + B(h)*.

The phase of F(h), which we shall denote by ¢(h), is defined as the angle
between F'(h) and the real axis or between F'(h) and A(h). A(h), B(h), and
F(h) form a right-angled triangle, in which

A(h) = |F(h)| cos(p(h))

and
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Consequently,
F(h) = |F(h)|(cos(¢(h)) + isin(p(h))) = |[F(h)|exp(ip(h)).

It can also be easily shown that p(h) = tan=![B(h)/A(h)].

The above relations and considerations lead to the phase problem of crys-
tallography: In order to determine the crystal structure we need both the magni-
tudes and the phases of the structure factors, whereas only quantities related to
the magnitudes are furnished by the experiment.

Chapters 6 and 8 are dedicated to indirect and direct solutions of the phase
problem.

5.9 Effects of space-group symmetry

We shall now examine the effect of the space-group symmetry of the crystal on
the structure-factor function. These effects are of importance in the determina-
tion of crystal symmetry and can be conveniently discussed at this stage. If (P, t)
is a representative operator of the space group of the crystal, then, by definition,

p(x) = p(Px +t),

where p(x) is the electron density function at the point . Before comparing the
electron density at these two equivalent locations, let us consider the effect of the
point-group symmetry of the direct lattice on its associated reciprocal lattice.
If the application of the operator P to the direct lattice brings it into self-
coincidence, this operation will also bring families of crystal planes (with integer
indices hkl that are not necessarily relatively prime) into equivalent families of
crystal planes. That is, the point-group symmetry operation acts on direct-lattice
vectors as well as on the normals to the crystal planes (the reciprocal-lattice
vectors), bringing both sets of vectors into self-coincidence. This means that the
direct lattice and the reciprocal lattice have the same point-group symmetry. We
shall see this more quantitatively in what follows.

The electron density at the point x is given by

plx) = % > F(h)exp(—2mih ), (5.48)
h

where, in this and the following equations h”' is the row matrix (b %k [) and
x is a column matrix containing z, y, and z in the first, second, and third row,
respectively. Of course, hTz is simply equivalent to the scalar product h-r used
above. We introduce this matrix notation to allow the convenient inclusion of
matrices of symmetry operators in the expressions. Similarly, the electron density
at the equivalent point Px + t is given by
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p(Px +t)

= Z F(h)exp[—27mih™ (Pz + t)],
=y Z h) exp(—2mihTt)] exp(—2mih" Px)
=¥ Z h) exp(—2mihTt)] exp[—2mi(PTh) @], (5.49)

Of course, the summations in eqns (5.48) and (5.49) are identical and range
over the same terms, albeit in a different order. It follows that the coefficient of
exp[—27i(PTh)Tz] in (eqn 5.49) must be the structure factor of the reflection
PTh. Hence,

F(PTh) =F(h) exp(—2mih™t). (5.50)

Equation (5.50) is the fundamental relationship between symmetry-related re-
flections. If we write F'(h) = |F(h)|explig(h), eqn (5.50) leads to the following
relationships:

[F(PTh)| = |F(h)] (5.51)

and
o(PTh) =p(h) — 27h™t. (5.52)

Equation (5.51) indicates the equality of the intensities of truly symmetry-related
reflections, while eqn (5.52) relates the phases of the corresponding structure
factors. The latter equation is a most important phase relationship and will be
discussed further in connection with direct methods of phase determination (see
Chapter 8).

Returning to eqn (5.51), if, for example, the crystal is monoclinic and belongs
to the point group 2/m, the rotational parts of its representative space-group
operators—the second setting being assumed—are:

100 100 100 100
pP,=|o010|, P,=|0T0]|, P3=|010], P,=[0T0],
001 00T 00T 001

the row matrices of the corresponding symmetry-related diffraction vectors, (P;Fh)T
are (h k 1), (h k 1), (h k 1),and (h k 1), and the intensities of any
four such reflections are therefore predicted to be equal. In other words, the
point-group symmetry of the crystal must be contained in the symmetry of the
intensity distribution in the diffraction pattern. The converse is, unfortunately,
not true. If, for example, the intensity distribution displays a 2/m point-group
symmetry, we cannot immediately conclude that this is also the point-group
symmetry of the crystal. In fact, the diffraction pattern appears in the majority
of cases to possess a center of symmetry, whether or not such a center is also
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present in the crystal, and, in the above example, the symmetry of the diffrac-
tion pattern will be apparently the same for all monoclinic crystals,that is, for
crystals belonging to the point groups 2, m, and 2/m. This phenomenon is asso-
ciated with the fundamentals of the process of scattering of X-rays by electrons,
as outlined in Section 5.2. If the electrons behave as if they are free, the atomic
scattering factor is an approximately real quantity, and the structure factor and
its complex conjugate are given by

N
= Z fiexp(2mihTr)  and

j=1

N
h) =Y fjexp(—2mih’r).

j=1
It can be seen from the above that F*(h) = F(—h) and F(h) = F*(—h). Conse-
quently, under the above assumption, |F'(h)[? = |F(—h)|? or I(h) = I(—h). The
latter frequently observed relationship, is known as Friedel’s law (Friedel 1913).
Table 5.2 summarizes the apparent symmetries of the diffraction pattern along
with the possible point-group symmetries of the crystal, under the assumption
that Friedel’s law is valid.

As pointed out above, Friedel’s law is based on the assumption that all the
electrons behave as if they were free—only under such an assumption are the
atomic scattering factors real quantities. In fact, electrons which are close to the
nucleus are screened by the outer electrons in all but the lightest atoms, and
they can be assumed to scatter X-rays like bound, damped, oscillating charges.
This additional contribution (as compared with free electrons) is often called
“anomalous scattering”, or “anomalous dispersion” in the literature, but there
is really nothing anomalous about it, and the terms “resonant scattering” or
“dispersion correction” are certainly more appropriate. Such effects are stronger
the higher is the atomic number, that is, the heavier the atom, the more strongly
a dispersive scatterer it is.

The atomic scattering factor, allowing for resonant scattering, can be approx-
imated as

F(IB[,A) = () + f/(Ihl,X) + i f"(Jh], ),
where f© is the part of the scattering factor based on the assumption of free
electrons, and f’ and f” are the real and imaginary parts, respectively, of the
dispersion correction. It is still assumed that the atom is spherically symmetric,
and that effects of atomic displacements are included. However, the dependence
of the dispersion correction on the diffraction vector is very weak and is usually
neglected. It is the dependence on the wavelength that is of importance.

If we define f® = fO 4 f’, the structure factor can be written as

ij exp(2mih - rj) _HZ " exp(2mih - r;),
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Table 5.2 Apparent symmetries of diffraction patterns

Point-group symmetries of crystal ~ Apparent symmetry of I(h)

1,1 1
2,m,2/m 2/m
222, mm2, mmm mmm
4,4,4/m 4/m
422, 4mm, 42m, 4/mmm 4/mmm
3,3 3
32,3m, 3m 3m
6,6,6/m 6/m
622, 6mm, 62m, 6/mmm 6/mmm
23, m3 m3
432,43m, m3m m3m

and if we write the first sum on the right-hand side as A + iB and the second as
a + ib it can easily be shown that Friedel’s law breaks down for noncentrosym-
metric crystals but holds true for centrosymmetric ones (see the Exercise).

With the advent of synchrotron radiation and the ability to collect intensity
data at several chosen wavelengths, dispersion corrections became an impor-
tant tool in several branches of crystallography (see, for example, Giacovazzo
1998 and Vijayan 2001). There are several extensive reviews of the classical and
quantum mechanical theories of the dispersion correction and its experimental
determination (see, for example, James 1965 and Creagh 1999).

We shall now resume the discussion of the effects of crystallographic symme-
try on the diffraction pattern. First, the apparent symmetry (when Friedel’s law
is approximately valid) of the diffracted intensity is related to the possible point-
group symmetries in Table 5.2.

The eleven centrosymmetric point groups appearing in the right column of
Table 5.2 are called the Laue groups. These are furnished directly by the symme-
try of the intensity distribution. The Laue group of a given diffraction pattern
tells us first of all tells us to which system the crystal, from which the pattern
was obtained, belongs to. These corresponding relationships are summarized in
Table 5.3.

We shall return to the problem of resolving possible point-group ambiguities
after the discussion of the effects of screw axes and glide planes on the diffraction
pattern.

5.9.1 Effect of the lattice type

The next item of information we require is the type of Bravais lattice that char-
acterizes the periodicity of the crystal investigated. Since a lattice translation is
also a space-group operator, it can be written as ([1],¢1,), where #1, is a column
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Table 5.3 Relationship between Laue group and crystal system

Laue symmetries Crystal system

1 Triclinic
2/m Monoclinic
mmm Orthorhombic
4/m,4/mmm Tetragonal
3,3m Trigonal
6/m,6/mmm Hexagonal
m3, m3m Cubic

consisting of the components of a lattice vector. Implementing this operator in
eqn (5.50), that equation reduces to

F(h) = F(h) exp(—2mihTty,) (5.53)

and F(h) can be nonzero only if exp(—2mih ty) = 1. This leads to conditions
for possible nonzero reflections, depending only on the lattice type. For example,
if the components of ty, are all integers, which is the case for a P-type lattice,
the above condition is fulfilled for all A and this lattice type does not impose
any restrictions. If the lattice is a type I, there are two lattice points in the
unit cell, at say (0 0 0)and (1/2 1/2 1/2). The first of these does not lead
to any restrictions on possible reflections. The second, however, requires that
exp[—mi(h + k + )] be equal to unity. Since exp(min) = (—1)", where n is an
integer, the possible reflections from a crystal with an I lattice must have indices
such that their sum is an even integer; those adding up to an odd integer are
systematically absent. We can examine all lattice types in this manner and find
the restrictions that they impose on the parity of the indices hkl or their sum.
The results are summarized in Table 5.4.

The conditions shown in Table 5.4 apply to all reflections. Conversely, when
systematic absences consistent with any of these conditions are detected, the cor-
responding lattice type is determined. For example, if the intensity distribution
in the diffraction pattern obeys the operation of the point group 2/m we know
that the crystal belong to the monoclinic systems. If, in addition, the intensities
of the reflections with h 4+ k = 2n 4+ 1 are systematically absent this indicates
that the lattice type of our crystal is C. With this information, and assuming
that Friedel’s law holds true, the possible space groups of the crystal are C2,
Cm, Cc, C2/m and C2/c. This list can be narrowed down by considering the
systematic absences that are induced by the presence of a ¢ glide plane. We shall
now turn to these and similar considerations.

5.9.2 Effect of screw axes and glide planes
The intensities that are systematically affected by the presence of nonsymmor-
phic symmetry elements,that is, screw axes and glide planes, correspond to
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Table 5.4 Effects of lattice type on conditions for possible reflections

Lattice type tL hTt, Conditions for possible reflections

P (0 00 0 none

A (Y (k+1)/2 hkl: k+1=2n

B (3 01 (h+1)/2 hkl: h+1=2n

c (z 3 0 (h+k)/2 hkl: h+k = 2n

I (3 £ 3 (h+k+0)/2 hkl:h+k+1=2n

F (S (k+1)/2 h,k and [ are all even or all odd
(3 0 3) (h+1)/2 (simultaneous fulfillment of the
(3 20 (h+k)/2 conditions for types A, B and C').

R (3 2 3) (h+k+1)/3 hkl: —h+k+1=3n
( 2 2) (h+2k+20)/3

diffraction vectors that are eigenvectors of the rotation part of the space-group
operator involved. Specifically, if the space-group operator is (P, t), the diffrac-
tion vectors involved in absences must satisfy the equation PTh = h. Equation
(5.50) then becomes

F(h) =F(h) exp(—2mih"t) (5.54)

and can be satisfied only if the exponential factor on the right-hand side of
eqn (5.54) equals unity. Let us consider first the monoclinic ¢ glide as a specific
example. Assuming the second setting, that is, the normal to the glide plane is
parallel to the basis vectors b and b*, the indices of the reflections that remain
unchanged under the operation of the mirror component of the glide operator
must have the form (b 0 [). These are indeed the eigenvectors of the reflection
operator, since the mirror plane is parallel to the plane containing the vectors
a* and c*. The translation part of the c-glide operator has the form (0 y 1/2),
where y = 0 corresponds to the plane passing through the origin. Hence, for any
value of y, the scalar product h't is simply 1/2, and the necessary condition for
a nonzero value of the intensity of an h0l relflection is [ = 2n. Intensities of h0l
reflections with odd [ will be systematically absent.

Suppose we have detected in the diffraction pattern of the crystal with a C-
type lattice considered above, such an absence of h0l reflections with odd ! index.
This indicates the presence of a ¢ glide plane in the crystal, and the possible space
groups are now Cc and C2/c. It remains to find out whether or not the crystal is
centrosymmetric, in order to determine the space group unequivocally. This can
often be easily done, and methods for doing this will be discussed in Chapter 7.
A somewhat more difficult situation arises when we see that there is no ¢ glide in
our crystal, and it has been shown to be noncentrosymmetric. We are then left
with the problem of distinguishing between the two noncentrosymmetric space
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Table 5.5 Effects of screw axes on conditions for possible reflections

Screw axis tT hT Conditions for possible reflections
21 || [100] (12 y =z) (h 0 0) h =2n
21 || [010] (x 1/2 =2) 0 k 0) k=2n
2; || [001] (x y 1/2) (0 0 1) l=2n
2, || [110]  (1/2 1/2 z) (b h 0) None
31 || [001] (x y 1/3) (0 0 1) l=3n
3y 111 (1/31/31/3) (b h h) None
44 || [100] (1/4 y =2) (h 0 0) h =4n
4, || [010] (x 1/4 2) 0 k 0) k=4n
4, || [001] (x y 1/4) (0 0 1) l=4n
45 || [001] (x y 1/2) (0 0 1) l=2n
61 || [001] (x y 1/6) (0 0 1) l=6n
62 || [001] (x y 1/3) (0 0 1) l=3n
63 || [001] (x y 1/2) (0 0 1) l=2n

groups C'2 and C'm. We shall also indicate how such situations can be dealt with.

Let us now assume a monoclinic crystal with a P-type Bravais lattice, in the
second setting, which contains a twofold screw axis as well as a ¢ glide plane.
The eigenvectors of the rotational part of the screw-axis operator, in reciprocal
space, must be parallel to b* and the corresponding triplets of diffraction indices
must be of the form: (0k0). The translation part of the screw axis operation
must have the form: (x 1/2 z), where the values of x and z depend on the
location of the origin. Hence for any values of z and z the scalar product h't is
simply k/2, and the necessary condition for a non-zero value of the intensity of
a 0k0 reflection is k = 2n. The intensities of 0k0 reflectons with odd & will be
systematically absent. Of course, a monoclinic crystal with P-type lattice, which
contains a twofold screw axis as well as a ¢ glide plane must belong to the space
group P2 /c.

A brief summary of the effects of the various screw axes on the conditions
for possible reflections from the corresponding special subsets of hkl is given
in Table 5.5. Complete reference tables of such conditions, for screw axes and
glide planes, with specification of the relevant crystal systems, can be found in
Chapter 2 of Part 1 of Volume A of International Tables for Crystallography
(Hahn 1983, 1996).

The components of tTwhich are represented by simple fractions in Table
5.5 are the intrinsic translations of the screw-axis operators and are obviously
independent of the choice of the origin of the space group, whereas those denoted
by the symbols z, y and z depend on the location of that origin. It is interesting
to note that some “diagonal” screw axes, which are so conspicuous in the space-
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group diagrams seen in Volume A of the International Tables for Crystallography
(Hahn, 1983, 1996) do not give rise to any conditions for possible reflections.

5.10 Exercises for Chapter 5

1. Consider a material unit within which an electron density function is defined, and
three more such units related to the first by the vectors a, b and a + b. That is,
if the first unit were displaced parallel to itself by each of these vectors, it would
come into coincidence with each of the other three. The four units are irradiated
by X-rays of wavelength A\ and it is assumed that there is no loss of energy upon
scattering. Calculate the structure factor of this assembly. For what values of h-a
and h-b will the intensity of the scattered radiation be greatest? For what values
will it be smallest?

[It is possible to answer the questions without calculating the complete expres-
sion for |F(h)|?]

2. Assuming spherical symmetry, the electron density of a hydrogen atom is given
by

1\ U
pu(u) = Rig(u), where Rio(u) = <7r_ag> exp (—a—0>

is the normalized radial wavefunction of the electron and ag is the Bohr radius.
Show that the scattering factor of the hydrogen atom in the free-electron approx-
imation is given by

fu(Ib]) = 1+ 7*ad|h|*) >

3. The coordinates of sodium and chlorine in the unit cell of the NaCl crystal are
the following.

/2); (1/2,1/2,0)
),  (1/2,1/2,1/2).

(a) Show that the structure factor of any reflection hkl from an NaCl crystal with
possibly nonvanishing intensity, is given by

[ 4A(fwa+ fa) if h+k+1=2n
Frvac (kD) = {4(fNa —fo) it h+k+l=2n+1

(b) Crystals of KCI have a structure analogous to that of NaCl (apart from the unit
cell parameter) and hence a similar expression for the structure factor Fxci(hkl).
However, in the diffraction pattern of KCl, the reflections with h+k+1=2n+1
are too weak to be measured and seem systematically absent. Explain this phe-
nomenon.

4. Convince yourself that in the presence of a significant dispersion correction, Friedel’s
law breaks down for noncentrosymmetric crystals but holds true for centrosym-
metric ones.



6 The Patterson function

6.1 Introduction

Early approaches to crystal structure analysis included extensive use of space-
group symmetry, and trial-and-error methods. These approaches proved satisfac-
tory when highly symmetric or very simple structures, characterized by a small
number of structural parameters were of interest. However, quite apart from the
obvious scientific aspects, it was soon realized that the real structures of interest
were becoming more and more complex, and systematic approaches were clearly
indispensable. The first such systematic approach to structure determination was
put forward by Patterson (1934), and methods based on this approach are still in
use to this very day, especially in the solution of structures of macromolecules.
This chapter is devoted to an introduction to Patterson techniques and their
recent ramifications.

6.2 The Patterson function

The principle of the Patterson method is the easily demonstrated dependence of
the diffracted intensity, and hence the squared magnitude of the structure factor,
on the set of interatomic vectors. In fact, if we assume that the atomic scattering
factors are real, we have

I(h) o< |F(h)[?

= F(h)F"(h)
N N

= Z fiexp(2mih - r;) (Z frexp(—2mih - rk)>
Jj=1 k=1

SN fifrexp2mih- (r; — 1), (6.1)
ik

where N is the number of atoms in the unit cell, f; and fj are the scattering
factors of atoms j and k, r; and r, are their respective position vectors, and
h is the diffraction vector. Hence, the measurable |F|? depends on the set of
interatomic vectors {r; — ry}. In words, whereas the structure factor F'(h) is a
sum of atomic contributions, each depending on the scattering factor and position
vector of an atom, its squared magnitude |F(h)|? is a sum of pairs of atomic
contributions, each depending on the product of the scattering factors of the two
atoms involved and the difference between their position vectors (that is, on the
interatomic vector). The two summations have similar mathematical structures.
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They differ merely in the number of terms, in the nature of the coefficients of
the exponentials, and in the arguments of the latter. More specifically, a term
in the structure factor summation depends on a position vector whereas a term
in |F(h)|? depends on the difference between two position vectors. The position
vector is meaningful only if it has been referred to some origin, whereas the
interatomic vector is clearly independent of the (arbitrary) choice of such an
origin.

We saw in the previous chapter that the electron density at the point r in
the crystal space is given by

p(r) = % > F(h)exp(—2mih ). (6.2)
h

We also know that p(r) is a peaked function, and the peaks of this function
correspond to atomic position vectors. Let us now consider a Fourier synthesis
analogous to eqn (6.2), but with F(h) replaced by |F(h)|?. In view of the sim-
ilarity of the two types of summation, it is reasonable to expect that the peaks
of the new Fourier synthesis, say P(u), will correspond to interatomic vectors.
This can, however, be easily verified:

P(u) —Z|F 2 exp(—2mih - u) (6.3)

_Z Zngfkexp 2mih(r; —ry)] p exp(—2mih - u)

ZZ{ ZfﬂfkeXP{ 2mih - [u — (r; _rk)]}} (6.4)
=222 Pyl — (x5 =) (6.5)

If we compare eqns (6.4) and (6.5) we see that the term P} attains its maximum
value when the argument of the exponential in eqn (6.4) vanishes, that is, when
u =r; —r. It follows that Pj; is a peaked function, with maximum height

M = = Z fife, (6.6)

and the new Fourier synthesis P(u) given by eqn (6.3) is a superposition of
such peaked functions, each associated with an interatomic vector, this is what
was to be verified. The function P(u) is known as the Patterson function. It
should be noted that for each interatomic vector (r; —ry) there is also a vector
(rp—r;) in the summation and the Patterson function therefore posesses a center
of symmetry—provided of course Friedel’s law is valid. The original derivation
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of the Patterson function follows from considering the electron density at the
points r and r + u, where u is a constant vector, and the endpoint of r ranges
over the whole unit cell. The integral of the product of the electron densities
at the above two points over the variable components of the vector r, that is,
the autocorrelation function of the electron density, with a correlation vector u,
is expected to attain its maximum value when the vector u is an interatomic
vector. Indeed, as verified in the Exercises,

P(u) = / Hp(r)p( VZ|F 2 exp(—2mih - u). (6.7)

It is perhaps in order to reemphasize that the argument of the electron den-
sity function is a position vector of a point in the point space, and that of the
Patterson function is a difference between two such position vectors—or, simply,
an element of a vector space. The Patterson vector is thus independent of the
choice of the origin in the point space.

6.2.1 Periodicity of the Patterson function
As we know, the periodicity of the electron density can be represented as

p(r +ua + vb + we) = p(r),

where r is the position vector of the point at which the density is calculated; u,
v, and w are any integers; and a, b, and c are basis vectors of the direct lattice,
such that the unit cell constructed from these vectors is primitive. In view of
the analogous structure of the Fourier syntheses for the electron density and the
Patterson function, it is expected that the periodicities of the two functions will
also be the same. Indeed,

P(u+ua+vb+ wc) = Z|F 2 exp[—27ih - (u 4 ua + vb 4 wc)]
== Z |F(h)|? exp(—27ih - u) exp[2mi(hu + kv + lw)]

=7 Z |F(h)|? exp(—27ih - u)
= P(u),

as was expected. Note that the first line of the above equation reduces to the
second if we use the Laue equations or, equivalently, the definitions of the mu-
tually reciprocal bases. This periodicity of the Patterson function has some far-
reaching consequences that affect its applicability. Since the periodicity of P(u)
is the same as that of p(r), both functions are characterized by the same unit
cell. The volume of this cell is filled with NV atomic peaks in the case of p(r), and
with N2 interatomic peaks in the case of P(u). It follows that if the atoms have
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approximately similar scattering factors, if there is no substantial overlap of in-
teratomic vectors (which would decrease the number of peaks and enhance their
heights—see below), and N is not too small (say, larger than 20), then the unit
cell of the Patterson function will be overcrowded to an extent that will usually
make the recognition of individual Patterson peaks impossible. In other words,
the Patterson function will then be featureless. This seems to be a rather serious
drawback, but there is a way out of the difficulty, and this will be described in
the next subsection.

6.2.2 The heavy atom method

Equation (6.6) indicates that the height of a Patterson peak is roughly propor-
tional to the product of the atomic numbers of the two atoms involved, that is,
P oc Zi Z.

Consider for example two identical molecules, each containing 20 carbon
atoms and one bromine atom, and the Patterson peaks corresponding to this
assembly. We expect, first, a single peak corresponding to the 42 zero vectors
in the system (vectors relating each atom to itself), of height proportional to
402% +2Z2% = 3890. This peak does not carry any structural information, but
is important insofar it defines the origin of the vector space. We then have 1560
carbon-carbon peaks, with heights proportional to Z& = 36. These peaks oc-
cupy roughly the same volume as the 40 carbon atoms and are therefore so
heavily overcrowded that their probable contribution is to raise the background
of the Patterson function. We next have 160 bromine-carbon and carbon-bromine
peaks, with heights proportional to Zp,Zc = 215. Here, the chance of resolving
the peaks is better than in the carbon-carbon case; however, they still seem to be
rather numerous. Finally, we have just two bromine-bromine peaks, with height
proportional to Z& = 1225. These two peaks are outstandingly high and should
be easily located in a map of the Patterson function. Let us assume further that
the two molecules are related by a center of symmetry, and choose the origin of
the assembly at this center. One bromine — bromine vector, ug,_p;, now relates
bromine atoms at rg, and —rp;, and the position vector of the bromine can
be taken as one-half of up,_p;. In a real example, this would lead immediately
to the possible fractional coordinates of the bromine. We shall show in a later
section, in a more general manner, how to apply space-group symmetry to the
location of a heavy atom. Let us, try, however, to continue the above argument
and see how the coordinates of a single heavy atom in the asymmetric unit can
be used in the structure determination of a crystal. Let the structure factor be
written as

F(h) = Fknown(h) + Funknown (h), (68)

where, in our case, Finown(h) is the known contribution of the heavy atoms (the
single heavy atom plus those generated by symmetry operations) in the unit cell.
We can use this contribution in calculating an approximation to the phase of the
structure factor,
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B nown
Gapprox (h) = tan ™t 2O (6.9)

known

for a range of reflections, where F' = A 4+ iB, and compute a Fourier synthesis
for an approximation to the electron density. We use as Fourier coefficients the
magnitudes of the structure factors derived from the experiment, multiplied by
approximate phase factors given by eqn (6.9). This density is therefore given by

Papprox(I) = % Z | Fobs (h)| explipapprox (h)] exp(—27h - r). (6.10)
h

When we examine this approximate electron density, several peaks appear. These
include of course the heavy atoms which were input, but most usually, additional
peaks, corresponding to the hitherto unknown light atoms, are found. These
new peaks are then included in the known part of the structure, by recalculating
Fynown (h). Equations (6.8), (6.9), and (6.10) are then used in an iterative manner
until all or most of the atoms have been located.

The method described above was first applied to the determination of struc-
tures that contained outstandingly heavy atoms, and hence the name “heavy
atom method”. It is, however, clear that any substantial known part of the
structure may be used as a starting point, and the heavy atom was just an ex-
ample, but one which happens to be very pertinent to a discussion of the basic
applications of the Patterson technique.

6.2.3 Overlap of interatomic vectors

It is sometimes possible to take advantage of a known overlap of interatomic
vectors and determine the structure without the need for introducing a heavy
atom. Because of the powerful direct methods of phase determination (to be
dealt with in a later chapter), this is nowadays very seldom done. It is, however,
an elegant approach and deserves to be mentioned.

A typical example is one where there is a small number of planar polycyclic
aromatic molecules in the unit cell, of completely or partly known structural
formula, where the aim of the study is the determination of their packing ar-
rangement.

The principle is simple: if several, say n, interatomic vectors in an “equal-
atom” structure have the same length and are identically oriented, they will give
rise to a single peak in the Patterson map. The height of this peak will of course
be n times that expected for a single interatomic vector. The overall effect is
favorable: the number of Patterson peaks decreases and their height increases,
thus enhancing the chance of their recognition. Indeed, many structures of or-
ganic aromatics, investigated in the 1950s, 1960s, and also somewhat later were
solved using this principle (see, for example, any issue of Acta Crystallographica
from that period).
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6.3 Classification of Patterson vectors

We shall now consider the various kinds of Patterson vector, determined by
the (known) space-group symmetry of the crystal. Let r; and rj be general
position vectors of two atoms within the asymmetric unit, and let (P, ts) and
(P, t,) be space-group operations. Let N and g be the number of atoms and
number of asymmetric units, respectively, in the unit cell. The general form of
an interatomic vector is therefore

u= (Pg,to)r; — (Py,t,)rs
=P,r; —Purp +t, —t,. (6.11)

We can now distinguish the following four cases:

1. Casel. Let s =u and j = k in eqn (6.11). We obtain zero vectors (vectors
between the atoms and themselves) u=0, and their number is the num-
ber of asymmetric units in the unit cell times the number of atoms in the
asymmetric unit, or ¢ Xx N/g = N.

2. Case2. Let s # w and j = k in eqn (6.11). We obtain vectors between
equivalent atoms in different asymmetric units. Such a vector has the form

UHarker — (Ps - Pu)rj + ts — tu (612)

This is a most useful kind of interatomic vector, since it is directly related
to an atomic position vector. As we shall see in an example, this is the
crystallographer’s tool for the location of a heavy atom in a wide range of
space groups. The use of the vectors given by eqn (6.12) was first proposed by
Harker (1936), and the corresponding Patterson peaks are known as Harker
peaks. The reason for their usefulness will be evident from the example
given below. The number of Harker vectors is the number of combinations
of different asymmetric units times the number of atoms in an asymmetric
unit, or g(g — 1) x N/g = (g — 1)N.

3. Cased. Let s = w and j # k in eqn (6.11). We obtain, for a given s, the
vectors between nonequivalent atoms within the sth asymmetric unit, also
known as intraunit Patterson vectors. Such a vector has the form

Uintra = Ps(rj - rk)- (613)

The intraunit vectors are independent of the translation parts of the space-
group operations. They do not carry any information about the location
of the molecule but fully define its orientation. The latter property is the
basis of the rotation function (Rossmann and Blow 1962), which will be
described briefly in the last section of this chapter. The intraunit vectors
are also known as self-Patterson vectors. The number of intraunit vectors
is the number of asymmetric units in the unit cell times the number of
interatomic vectors within an asymmetric unit, less those counted in Case

1, or g x (N/g)[(N/g) — 1] = N*/g — N.
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4. Cased. Let s # w and j # k in eqn (6.11). We obtain the vectors between
nonequivalent atoms in different asymmetric units, also known as interunit
vectors. Such a vector has the form given by (6.11). These vectors depend
on both the orientations and the relative locations of the asymmetric units.
They are, in general, not easily interpretable by visual inspection, but com-
puterized search methods may provide information about the locations of
the units if their orientations are known. This is done by computing the
translation function (see, for example, Crowther and Blow 1967), and will
be discussed briefly in the last section of this chapter. The interunit vectors
are also known as cross-Patterson vectors. The number of interunit (non-
Harker) vectors is the number of combinations of different asymmetric units
times the number of interatomic interunit vectors between atoms in two
asymmetric units, or g(g — 1) x (N/g)[(N/g) —1] = N> —gN — N?/g+ N.

The above numbers of interatomic vectors of course add up to N2. The above
classification leads us to the most important applications of the Patterson func-
tion. We shall present below an example of some detailed considerations of the
use of Harker vectors, and the last section of this chapter contains a survey of
other applications. We shall, however, consider first the symmetry of the Patter-
son function.

6.4 Symmetry of the Patterson function

We have shown above that the Patterson function has the same periodicity as the
function for the electron density. What, then, is the space group of the Patterson
function, given that of the electron density?

The general expression for the Patterson function is given by

Z |F(h)|? exp(—2mih - u), (6.14)

where h extends over all the available part of the reciprocal lattice. We have also
shown, in the previous chapter, that the structure factors of symmetry-related
reflections obey the equation

F(h™P,) = F(h")exp(—2mihTt,), (6.15)

where (Pg, t5) is the sth representative operator of the space group of the crystal
considered. If we multiply each side of eqn (6.15) by its complex conjugate we

obtain
[F(h"P)[* = |[F(h™)]? (6.16)

and so on, for all the operators of the point group {P;} of the crystal. The
translation part ts of the space-group operation is clearly irrelevant. This simply
confirms that the distribution of the diffracted intensity has the full symmetry
of the point group of the crystal, as shown by the diffraction experiment. Note
that we do not assume the validity of Friedel’s law here.
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If the point group of the crystal is of order g, the summation in eqn (6.14) can
be split into g summations, each taken over an asymmetric unit of the available
reciprocal lattice. Equation (6.14) can thus be rewritten as

P(u) = v ZZ |F(h™P,)|? exp(—2mih TP u)

g
=7 ZZ F(h™)|? exp(—27ih TP u)
s=1 h

= Z F(h™)|? Zexp —27ih™Pu), (6.17)
s=1
where the primed summation over h extends over the asymmetric unit of the
reciprocal lattice.
It is now easily shown that the Patterson function P(u) is symmetric with
respect to the operations of the symmorphic space group {P;,ry}, where {P;}
is the point group of the crystal and {ry} is its Bravais lattice. We have

P(Pju+ryp) Z |F(hT)? Zexp —27ihTP,Pju) exp(—27ihTP,ry)
- (6.18)
VZ |F(h™)? Zexp —2mih TP u) (6.19)
= P(u). - (6.20)

Equation (6.19), identical to eqn (6.17), is obtained from eqn (6.18) if we observe
that

e exp(—2mih™P,ry,) = 1, since the point group {P;} of the crystal leaves its
Bravais lattice invariant and hence P ry, is also a lattice vector, and the
second exponential in eqn (6.18) equals unity for any h; and

e the product P,P; is also a point-group operation, say P.

The space group of the Patterson function is the symmorphic group obtained
from the space group of the crystal by deleting screw axes and glide planes,
if any, and retaining the Bravais lattice. So, for example, P2;/¢ and C2/c¢ in
the crystal become P2/m and C2/m respectively, in the Patterson function.
However, this function may be either centrosymmetric or noncentrosymmetric
if Friedel’s law has not been assumed. If Friedel’s law is assumed to be valid,
the space group of the Patterson function is always centrosymmetric (just like
the apparent diffraction pattern, of which the Patterson function is a Fourier
transform), and its point group is one of the 11 Laue groups. It is observed in
practice, that the deviations of the Patterson function from centrosymmetry are
often small and not readily detectable. This may not be so, however, if significant
dispersion corrections are present.
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Table 6.1 Patterson—Harker vectors for the example discussed in the text

T, Y,z %+7,%+y,%+2 z,Y,z %-&- %—Q—j% z
z,y, 2 0,0,0 T+22, 3,2 +22 2z, 2y, 22 1. i+2,1
LT by b 4E| S0k L 42 0,0,0 5.5 +2y. 3 22,2y,22
%7, % 2%,2y,2z 1,142y, 3 0,0,0 14+27,1,1+22
L4 l4yi4z] L1433 22,2y, 22 3+20, 5,342z 0,0,0

6.5 Harker peaks

We shall now present a detailed example of the use of Harker peaks. Let us
assume, first, that the space group of the crystal is P21 /n (No. 14), with its origin
at a center of symmetry and in the second setting (with the b axis unique), and
construct a table of differences between the coordinates of the general equivalent
positions of P2;/n, as given in ITA83. Note that a Patterson vector will be
denoted here by u = uja + usb + usc or a triple u = (uy, ug, uz). A commonly
used designation is u = (u,v,w), but these symbols have been used here for
another purpose. The Patterson-Harker vectors are given in Table 6.1.

In Table 6.1, the table entry (¢,7) is a difference between the ith position
vector in the leftmost column and the jth position vector in the uppermost
row. All the fractions 1/2 were made positive by adding a basis vector where
appropriate. Assuming that (x,y, z) are the fractional coordinates of an atom,
all the off-diagonal table entries are coordinates of Harker vectors, given by
eqn (6.15). The vector (2z,2y,2z) results from the coordinates of two atoms
related by a center of symmetry, and is located in a general position of the space
group P2/m, which is the space group of the Patterson function in the present
example. The three positions related to (2x,2y,2z) by symmetry operations of
P2/m are albo seen in the table Of greater importance are the Harker vectors
(2 +22,4, 1 +22) and (3,1 42y, 3), and their symmetry-related ones. Each of
these vectors appears in the table twice, and hence the corresponding peaks are
approximately twice as high as the peak due to inversion which appears only
once. The Harker peaks corresponding to :l:( + 2z, 55 2 + 2z) are located on a
mirror plane of the space group P2 / m and are found by computing the section
of the Patterson function at ug = =, that is, P(uq, 2,u3) The Harker peaks
corresponding to :l:(27 5 + 2y, 2) are located on a twofold axis of P2/m and
are found by computing the line section P(%,Ug, %) of the Patterson function.
Indeed, these Harker peaks are of outstanding importance because (i) we know
where to look for them, (ii) their locations are simply related to the coordinates
of the atom at (x,y,z) and (iii) when that atom is a significantly heavy one,
these Harker peaks are usually readily seen.

It is not easy to say what is meant by ”significantly heavy”. However, a
conservative criterion for this situation is that the ratio
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Z2
r= % Zicany (6.21)

Z ZIQight

be close to unity. This usually guarantees a successful determination of the heavy-
atom coordinates, but there are examples of determinations with » < 1. It is
interesting to mention vitamin Bis, with formula CgaHggCoO14P, in which 7 is
well below 0.2 for the cobalt atom alone (Hodgkin et al. 1957).

Some computational considerations are in order. The underlying derivations
will be given in the next chapter, and we summarize their results here. Briefly,
the following calculations are needed:

e The observed magnitudes of the structure factors are brought to an abso-
lute scale by Wilson’s (1942) method. This is needed for the calculation of
magnitudes of normalized structure factors (see below) and easy removal of
the Patterson origin peak, which is very high and not informative.

e The Patterson function is computed from modified squared magnitudes of
the normalized structure factors, the modification consisting mainly of the
removal of the origin peak. Fourier maps computed from normalized struc-
ture factors have much sharper peaks than those computed from conven-
tional ones, as explained in Chapter 8. The sharpening procedures normally
used are therefore not necessary.

6.6 Overview of Advanced Applications

6.6.1 Superposition methods

The above discussion indicates that the problem underlying the interpretation of
the Patterson function is to recover the set of atomic position vectors, referred to
some arbitrary origin, from the observable set of interatomic vectors. Of course,
the intrinsically high density of Patterson peaks makes such a proposition of
doubtful applicability—when all the peaks are considered—but a consideration of
the problem is of interest for its own sake, as well as in view of related applica-
tions. It was shown by Wrinch (1939) that the problem can indeed be solved if it
is assumed that all the peaks in the Patterson function are completely resolved.
The principle of Wrinch’s method is the recognition of the Patterson function as
a superposition of images of each atom in the rest of the structure. In fact, the
set of Patterson vectors consists of all the vectors from atom 1 to all the atoms
in the structure, all the vectors from atom 2 to all the atoms in the structure,
and so on, until all the atoms in the asymmetric unit are exhausted. Proceeding
along these lines, the set of Patterson peaks is the superposition of the image of
atom 1 in all the atoms of the structure, the image of atom 2 in all the atoms of
the structure and so on. The interpretation of the Patterson function here con-
sists of finding the image that corresponds exactly to the underlying structure.
Several “image seeking” functions have been proposed in the early 1950s, and
these are rather extensively reviewed by Buerger (1959). For other discussions
of the subject, and many pertinent references, the reader is referred to Lipson
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and Cochran (1966) and Rossmann and Arnold (2001). Superposition methods
have been largely superseded by computerized direct methods, to be discussed
in a later chapter, but the principle is important for a discussion of rotation and
translation functions and their synthesis in the method of molecular replacement,
to be dealt with below.

6.6.2 Rotation functions

In our classification of Patterson vectors we saw that there exists a subset of vec-
tors, called ujnira or self-Patterson vectors, which relate atoms within the same
asymmetric unit—for all the asymmetric units present in the unit cell. The set of
self-Patterson vectors within a given unit (not necessarily an asymmetric unit)
specifies its orientation with respect to the basis vectors a, b, and ¢ and this
or related information can often be extracted with the aid of a rotation func-
tion, to be discussed in this subsection. We shall follow closely the formalism of
Rossmann and Blow (1962), as presented in a much more recent review (Ross-
mann and Arnold 2001b), in an occasionally different notation. Let us imagine
a structure consisting of two identical but differently oriented units. The sets
of self-Patterson vectors of these units are also differently oriented, because of
the different orientations of the units. In addition, we have the cross-Patterson
vectors which, since they are interunit vectors, are usually longer than the self-
Patterson ones. If we now consider the Patterson function of this structure, in a
volume surrounding the origin and limited by the overall dimensions of a unit, it
is likely that this volume will contain mainly self-Patterson vectors. Let us now
denote the original Patterson function by P; (u) and superimpose on it a rotated
version, or a self-Patterson function based on a model, denoted by P»(Cu) where
C is a finite rotation operator (see, for example, Section A.3), that rotates the
vector u through a certain angle and about a certain direction. No particular
agreement or “overlap” is expected except when the two sets of self-vectors cor-
responding to the two structural units have the same orientation. Rossmann and
Blow define the measure of agreement, for a general superposition of mutually
rotated Patterson functions, by the integral

R:/ Py (u) Py(Cu) d*u, (6.22)
U

where U is an envelope centered on the superimposed origins, and call this in-
tegral the rotation function. The rotation function attains its maximum value
when the agreement is exact and the corresponding rotation measures the rela-
tive orientation of the sets of self-Patterson vectors involved. This rotation also
yields the relative orientation of the two units.

As explained by Rossmann and Arnold (2001b), a computation of the ro-
tation function which is mathematically simple and reasonably efficient makes
use of a Fourier representation of the Patterson function. Omitting constants,
and introducing the standard representation of the Patterson function, we can
rewrite eqn (6.22) as
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-

> | 2 exp(~2rih’" Cu)

Z | F |2 eXp(—27rihTu)]
h

X du

hl
= UZZ|Fh|2|Fh/|2th/, (6.23)

h h'

where

UGhn = / exp[—27i(hT + h'T C)u] d*u
U
E/exp(—2m’gTu)d3u, (6.24)
U

and where gT = h™ +h’ TC. If U is the volume of a sphere of radius R, which is
often a convenient assumption, we can solve the integral in eqn (6.24) in spherical
coordinates as follows:

R prm 27
UGpy = / / / exp(—2migu cos 0)u? sin @ df dp du
o Jo Jo

R T
= 27r/ u? {/ exp(—2migu cos ) sin 9d9} du
0 0

2 R
= —/ usin(2rgu) du. (6.25)
9Jo

A straightforward solution of the last integral in eqn (6.25) leads to the following

expression for G:
3(sina — avcos «)

Ghn = , (6.26)

3
where o = 27gR and U = (47R3)/3. The right-hand side of eqn (6.26) is an
interference function for a spherical envelope of radius R at a distance H from
the origin of the reciprocal space. As shown by Rossmann and Arnold (1993),
only the terms with HR < 1 need be computed, the others being small enough
to be neglected. The number of significant terms in the summation in eqn (6.23)
is further reduced by the requirement that CTh’ be close to a reciprocal-lattice
vector. This approach is probably fast enough if the number of terms is not
unduly large. For problems involving macromolecules, a much faster but mathe-
matically more demanding method called the fast rotation function (Crowther,
1972), is usually recommended.

The matrix-algebraic considerations pertinent to the Rossmann and Blow
(1962) type of rotation function can be found in Chapter 2.3 of Volume B of the
International Tables for Crystallography (Rossmann and Arnold, 2001b) and in
Appendix A of this book.
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6.6.3 Translation functions
The rotation function discussed above may furnish the correct orientations of the
molecules or molecular fragments present in the structure. The vectors which par-
ticipate in the computation of the rotation function are, as pointed out above, the
self-Patterson vectors. The remaining problem of determination of the structure
is to obtain the locations of the molecules or molecular fragments, the orienta-
tions of which are already known. In fact, soon after the establishment of the
rotation function, the problem of finding the location of the molecules was ad-
dressed for some special situations (see, for example, Rossmann et al. 1964) The
solution of this problem involves location-dependent Patterson vectors, and these
are the cross-Patterson and Harker vectors, corresponding to cases 4 and 2 in
Section 6.3. Both will be termed cross-Patterson vectors in what follows. The
present overview of the above problem follows the article by Crowther and Blow
(1967) on “A Method of Positioning a Known Molecule in an Unknown Crystal
Structure”. By a “known molecule” these authors mean that the atomic coordi-
nates relative to some local origin, fixed in the molecule, are known and that the
molecule has the same orientation as one of the molecules in the unknown crystal
structure. Briefly, the method consists of superimposing cross-Patterson vectors
obtained from a model on the observed Patterson function until a good agree-
ment is found and a vector relating the local origins of two symmetry-related
molecules can be obtained. We shall omit constant multipliers in the following
derivation.

The cross-Patterson vectors relating molecule 0 with molecule 1 can be writ-
ten as

Por (1) = / (el (6.27)
unit ce

where pg and p; are the electron density functions of two molecules related by
the space-group operator (P, t), that is, the coordinates of equivalent atoms are
related by z;(1) = Pz;(0) + t. If we assume that the local origin of molecule 0
is located at position d, and make use of the relation between the symmetry of
the electron density in its function space and in the underlying coordinate point
space,

(P.t)p(y) = pl(P,t)""y]

(see, for example, Bricogne 2001, section 1.3.1.1.2), the expression in eqn (6.27)
for the cross-Patterson vectors can be represented as

Py (u,d) = / om(r —d)py[P 7 Hr +u—Pd —t)] d’r, (6.28)
unit cell

where py denotes the molecular density referred to a local origin.
If we now expand py as a Fourier series in terms of the structure factors Fy,
of the known molecule, calculated relative to the local origin at d, we obtain
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Por (u,d) = / S Fu(h) exp|—2mih™(r — )]
unit cell "
X Z Fy(h') exp[—2mih P~} (r + u— Pd — t)] d°r
= Z > Fu(h)F(h') exp[2ri(h™d + b P~L(Pd + t))]
h W
X exp(—2m'h'TP*1u)/ exp[—2mi(hT + h'"P~1)r] d’r.
unit cell

(6.29)

Since P is a crystallographic symmetry operator, the integral in the last line of
eqn (6.29) vanishes, unless hT +h'"P~1 = 0T (see eqn (5.41)), in which case it
equals the volume of the unit cell (a constant). Since in that case —hT = n'p-t
and T = —hTP = —PTh, we have

Py1(u,d) ZFM —PTh) exp[2mih™ (d — Pd — t)] exp(2mihTu). (6.30)

Denoting the vector linking the local origins of the two molecules by s = (P, t)d—
d, and assuming Friedel’s law to be valid, we have

Pyi(u,s) ZFM Y (PTh) exp(—27ih™s) exp(27ihTu). (6.31)

The translation function is now defined by the integral
T(t) = / POI (ua t)Pobs(u) d3u, (632)
unit cell

where Pops(u) is the observed Patterson function of the crystal. When the com-
puted cross-Patterson vectors Py fit correctly the observed Patterson function
P, the translation function is likely to have a large positive value. If we substitute
in the standard Fourier representation of the Patterson function into eqn (6.32),
we obtain

T(s) = / ) Z Fr(h)Fp(PTh) exp(—27ihTs) exp(2rihTu)
unit ce h
x Z | Fops(h')|2 exp(—27ih’ T u) du. (6.33)

The integral vanishes unless h —h’ = 0, and we finally have

Z|F0b§ )2 P (h) B (PTh) exp(—27ihTs). (6.34)

The superposition of cross-Patterson peaks on the observed Patterson function
has thus been expressed in terms of a conventional crystallographic Fourier series,
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which can be rapidly evaluated by a standard Fast Fourier Transform routine
and in which the interorigin vector should appear as a conspicuous peak. The
two molecules can of course be related by an arbitrary space-group symmetry
operation.

This translation function is subject to some modifications. The important
ones are subtraction of the origin peak and self-Patterson vectors from | Fyps(h)|?
in eqn (6.34), and peak sharpening. We shall see that reasonable or good peak
sharpening can be achieved if normalized, rather than conventional, structure
factors are used in such computations (see Chapter 8). It is also possible to
modify the Fourier coefficients of the translation function so that the summation
will have peaks for all possible intermolecular vectors in the unknown structure
(for details, see Crowther and Blow 1967), and not only for one such vector as in
the above derivation. There are also a variety of alternative translation functions,
described, for example, by Rossmann and Arnold (2001b), and by Beurskens etal.
(1987), and in the references quoted therein.

6.6.4 Molecular replacement

This is a very nice technique for structure determination, which can be applied,
for example, to unknown macromolecules consisting of known structural frag-
ments. A typical example is the structure of a virus consisting of RNA which is
folded in some unknown manner but surrounded by a shell of protein molecules
of known structure. The main idea is to exploit the structural information avail-
able about the protein, from a crystal the structure of which has been solved,
and apply it to the structure determination of the virus in which this protein
appears in a variety of orientations.

We shall introduce this subject following, in part, Main and Rossmann (1966)
but with a somehat different notation which will be consistent with that used in
this book. Suppose that the structure of a molecule has been determined from a
set of phased diffraction data { F'(h}, which we shall call the (h) crystal for short.
Suppose further that the same molecule appears N times in the asymmetric
unit of another crystal, and that a set of diffraction amplitudes {|F(g)|} has
been collected from that crystal, which we shall call the (g)crystal. We also
know the internal symmetry of the asymmetric unit of the (g) crystal, that
is, we can generate all N molecules given the orientation and location of one
of them. We assume that these have been obtained by the use of the rotation
and translation functions discussed in the previous subsections. The purpose of
molecular replacement, in this context, is to express the approximately phased
structure factors of the (g) crystal in terms of the known structure factors of the
(h) crystal. For simplicity, let us assume that both crystals belong to the space
group P1.

The structure factor for the (g) crystal is given by
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F() = | pg(r) expl2nig™s) d'x

\Z

N
= Z/ penr (ry) exp(2migtr,) dr,, (6.35)
n=1"U

where Vj is the volume of the unit cell of the (g) crystal, U is the volume of any
one of the NNV identical molecules in this unit cell, pg(r) is the electron density
at point r (with coordinates r(z, y, z)) in the unit cell of the (g) crystal and
pgM(ry) is the electron density at point r,, (with coordinates ry, (zn, Yn, 2n)) in
the nth molecule, in the (g) crystal.

The representations of the known non-crystallographic symmetry operators,
relating molecules 1, 2, ..., N, will be defined as (Cq,d1), (Ce,d2), ..., (Cn,dn),
where C; is a unit operator and d; is a zero vector. We thus have

r, =C,r; +d,, n=12,...,N

for the relations between density-equivalent positions within the (g) unit cell.
The structure factor for the (g) crystal therefore becomes

N
F(g) = Z/ pem(r1) exp[27migT (Cpry +d,)] dPry (6.36)
n=1"U
since, by equivalence, pgn(ri) = pgm(ra) = - - - = pgm(rn).

We now turn to the (h) crystal, about which everything is supposed to be
known. The electron density at the point r in the (h) crystal is of course given
by

1
p(r) = — > F(h)exp(—2mih"r). (6.37)
Vi -
Here comes the crucial step: we bring the origins to which the molecule in
(h) and the molecule 1 in (g) are referred into coincidence, and find the rotation
matrix, say Y, and the translation vector, say y, relating the equivalent points

r; (in (g)) and r (in (h)). Then, by definition, p(r) is equivalent to pgm(r1). We
have

r=Yr +y (6.38)

and from eqn (6.38) and the above argument it follows that
1 .
pem(r1) = — Y F(h)exp[-2mih™ (Yry +y)]. (6.39)
Vi 4

If we now substitute eqn (6.39) into eqn (6.36), we obtain
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=
=
I

Yo
Z /U A Z F(h) exp[—2mihT (Yr; + y)]
n=1 h

exp[?m'gT(Cnrl +d,,)] d%ry

N
= 3" F(h) expl2ri(g"d, — hTy)]
Vo S

X

X / exp[27i(gT C,, — hTY)r;] d®ry. (6.40)
U

It can already be seen from the above preliminary formulations that approx-
imately phased structure factors for the (g) crystal can be expressed in terms of
the known structure factors for the (h) crystal and other quantities assumed to
be known. Various phase extensions and refinements can now be applied, the sim-
plest being based on the principle of the “heavy-atom” method discussed above.
This technique is not trivial to implement in practice, but recent advances in in-
strumentation and computer technology have given rise to remarkable progress
in its applications. The interested reader is referred to Chapter 2.3 in Volume
B of the International Tables for Crystallography (Rossmann and Arnold 2001b)
and to more extensive discussions of the subject in Volume F (Rossmann and
Arnold 2001a).

6.7 Exercises for Chapter 6

1. The convolution of two functions f and g is defined as
£ 5 g6) = [ fr)gta=m)d’.
v
A special kind of convolution, where f(r) = p(r) and g(r) = p(—r), is given by

P(w) = p(s) + (1) = [ p@)plu+ )’ (6.41)

and is called the self-convolution, autoconvolution or autocorrelation function of the
electron density; it is known as the Patterson function. Let us first represent the volume
element d®r in terms of infinitesimals of fractional coordinates, so that the Patterson
function integral can be written as a triple integral over the fractional coordinates. The
volume element d®r can be taken as the volume of a parallelepiped constructed from
the vectors da, db, and dc, that is,

d’r = da - (db x dc)
=dza-(dyb x dzc)
=[a-(bxc)|dzdydz
= Vdzdydz, (6.42)

where V' is the volume of the unit cell. The electron density function at a point with
fractional coordinates xyz is given by
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plz,y,2) = % Z Z Z F(hkl) exp[2mi(hx + ky + 12)]. (6.43)
ookl

Substitute p(x,y, z) and p(z+u1,y+us2, z+us) in eqn (6.41), using the volume element
given by eqn (6.42), assume that Friedel’s law is valid, and show that

1 .
P(ui,uz,u3) = v Z Z Z |F(hED)|? exp[2mi(hur + kusz + lus)], (6.44)
hokod

as indicated by eqn (6.7) in the text.
[Hint: show first that

1
/ exp2mi(h + h')x]dx = S5 77
0

where J;; equals 1 or 0 according as ¢ = j or ¢ # j, respectively.]
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7.1 Introduction

Most of the procedures involved in structure determination, except perhaps the
use of the Patterson function, are rather heavily dependent on probabilistic con-
siderations. A brief summary of the underlying principles, oriented towards the
applications encountered in this book, is presented in Appendix C.

Before we embark on the present description, it is interesting to try to answer
to a question which suggests itself: why are probabilistic considerations needed in
such a well-ordered system as a crystal, with such highly predictable directions
of the diffracted beams? An answer to this not altogether trivial question can
be found in the crystallographic literature (for example, Hauptman and Karle
1953b, Giacovazzo 1980, Shmueli and Weiss 1995), and we shall state here the
most important part of the argument.

The structure factor has the form

N
F= ij exp(ib;), (7.1)
j=1
where
0 = 2n(hx; + ky; + lz;). (7.2)

Let us consider two situations: (i) an unknown structure and known, fixed hkl,
and (i) a fixed, known structure and each of hkl varying over a large range
of integers. In situation (i), each of z;y,z; may assume any value in the range
(0,1) with approximately the same probability, the approximation being due
to the neglect of effects of excluded volume (atoms cannot interpenetrate each
other). In other words, each of z;y,z; can be regarded as a random variable
approximately uniformly distributed in the range(0,1). The same must hold for
the fractional part of the scalar product h - r;, and hence 6; can be taken as
uniform in the range (0,2m). The functions cos6; and sinf; are therefore also
random variables, and the structure factor in eqn (7.1) can be taken as a pair
of sums of random variables. An analogous result is obtained for situation (ii)
if we invoke a theorem first developed in the context of number theory (usually
known as Weyl’s theorem). Broadly, it states that if =, y, and z are rationally
independent real numbers, and each of h, k, and [ ranges over a wide range of
integers, then the fractional part of the sum hx + ky + [z is uniformly distributed
in the range (0,1). Strictly, the variables z, y, and z are rationally independent
if there does not exist a set of integers (my,ma, ms, my4) such that mixz + may +
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msz = my. In practice, however, it is sufficient to require that z, y, and z do not
approximate to small fractions.

In either case, the structure factor can be regarded as a pair of sums of
random variables, and several methods of the classical theory of probability can
be profitably applied to its statistics.

7.2 Wilson’s method of scaling the intensities

Probabilistic considerations entered crystallography in the context of the funda-
mental problem of bringing the experimental results to the scale of the model
that is meant to describe them. Such a procedure for scaling the diffracted inten-
sities, already corrected for Lorentz, polarization, and other effects, and therefore
known as reduced intensities, to the squared magnitude of the structure factor
was first introduced by Wilson (1942) and will be described below.

If all the experimentally obtained diffracted intensities are on the same rela-
tive scale, the scale factor can be defined as

(| Fobs(h)[*)n
<|Fm0del(h)|2>h,

where |Fyps(h|? is the reduced intensity of the reflection corresponding to the
diffraction vector h, and |Fyoqe1(h)|? is the reduced intensity of this reflection
calculated from the available model of the structure, that is, depends on the avail-
able positional and displacement parameters. However, none of these parameters
is known from the outset in the structure determination. Let us consider the de-
nominator of eqn (7.3), which is just the average of the squared magnitude of
the structure factor, as introduced in Chapter 5:

K = (7.3)

N N
|F‘model(h)|2 = |F(h)|2 = Z Z fjfk eXp[27m'h . (I'j — I'k)]

j=1k=1

N
= Z sz + QZ fifrcos2mh - (r; —rg)], (7.4)
J=1 i>k
where the scattering factor f; contains the effects of atomic displacements. If we
assume that the components of the interatomic vectors appearing in the double
summation in eqn (7.4) are rationally independent it follows from the previous
section that the fractional part of the scalar product h - (r; — ry) is uniformly
distributed over the range (0, 1), provided a large number of diffraction vectors
are involved. It follows that the double summation in the right-hand side of

eqn (7.4) vanishes upon averaging over h, and we have

N
<|Fm0del(h)|2>h =~ <Z ff> . (7.5)
i=1

h

Following Wilson (1942), we assume the simplest model of atomic displacements,
a single displacement parameter common to all the atoms in the structure. That
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is, each atom is displaced isotropically from its mean position, with the same
amplitude. As will be shown in Chapter 9, the atomic scattering factor can then
be written as

AQ

sin? 0
= f;o) exp (—B 2 ) , (7.6)

.92
= 1% e (—srt) 2557 )

where fj(o)is the scattering factor of an atom at rest, (u?) is the mean square
displacement of an atom, and B = 872 (u?). The averaging of the right-hand side
of eqn (7.5) poses a problem, since the summand depends on the Bragg angle
in a nonlinear manner. Wilson’s (1942) approximate solution of this problem
proceeds as follows:

1. Subdivide the available limiting sphere into shells of approximately equal
occupancy, and such that the number of reflections in each shell is sufficiently
large to make averaging meaningful and that dependence of the scattering
factor on the Bragg angle is as linear as possible.

2. Perform the averaging of the numerator of eqn (7.3) over each shell, and
denote such a shell average by {|Fobs(h)[*)n.r-

3. Assuming a linear dependence of the scattering factor on the Bragg angle,
the value of # at the center of a shell can be taken to be a representative
value for that shell; let us denote it by 6,.. Calculate the average in eqn (7.5)
for the rth shell as

P 0 = xp (2527 <§:(ff0))2 (%")>h @

Jj=1

\T

Finally, if we combine eqn (7.3) with eqn (7.7), we have for the rth shell the

equation
Fo S h 2 T sin? r
s = ke (28T )0
(772 s/ )
or, in logarithmic form,
2 -2

p— <\Fozs(h)\ Jhr K opSin 207"' (7.9)
(S simo/n) A

If we now plot the left-hand side of eqn (7.9) against sin? 6, /A%, we obtain a
straight line, the intercept of which is the logarithm of the scale factor K, and
its slope yields the displacement parameter B (or (u?)). This is widely known
as the Wilson plot, which forms part of all practical procedures for structure
determination. There exist variants of Wilson’s method which enable one to
incorporate partial structural information into the scaling procedure (see, for
example, Main, 1975).

h,r




164 Structure-factor statistics

7.3 Basic Wilson statistics

A problem which is often encountered in the initial stages of the solution of
a structure is to determine whether or not the crystal is centrosymmetric. As
pointed out in Chapter 5, the observed diffraction intensities do not readily pro-
vide this information, and use must be made of complementary methods. Among
the oldest are measurements of physical properties of crystals, which, when reli-
ably observed, can provide an indication that a crystal is not centrosymmetric.
Some important types of crystals are composed of asymmetric molecules of the
same kind and of known asymmetry (for example protein molecules) and there-
fore cannot be centrosymmetric. However, none of these methods and consider-
ations can provide positive evidence of the existence of a center of symmetry in
the crystal. Wilson’s (1949) pioneering work on probability distributions of the
structure factor proved to be a most important step towards the resolution of
the above ambiguity, as described below. If all the atoms are located in general
positions and their scattering powers are not widely different, it is convenient
to apply the central limit theorem, similarly to its first application by Wilson
(1949). A simple (and useful for our purpose) form of this theorem states the
following.

If x1,x3,...,x, are independent, identically distributed random wvariables,
each of them having the same mean p and variance o2, then the sum

Sp= (7.10)
j=1

tends to be normally distributed—independently of the distribution(s) of the indi-
vidual random variables—with mean M, = nu and variance X, = no?, provided
n is sufficiently large. This means that the probability density function (hereafter
abbreviated to “pdf”) of the sum S,, tends to the expression

1
p(Shn) =~ 5oy P [

—S”_M"]. (7.11)

2%,

Proofs of this version of the central limit theorem can be found in most textbooks
on the theory of probability (for example, Cramér 1951). The theorem is also
applicable when the means and variances of the random variables are not strictly
identical, but there are no outstanding disparities among them. In this situation
we shall write M, = 377, p1j and %, = 377, 07, where p; and o7 are the mean
and variance of the jth random variable.

Let us now derive the pdf of the magnitude of the structure factor when the
underlying structure is, in turn, centrosymmetric and noncentrosymmetric. If the
structure is centrosymmetric, and the origin is chosen at a center of symmetry,
then to each atom at r; there corresponds an atom at —r; and the structure
factor can be written as
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N/2
F(h) = Z filexp(2mih - r;) 4+ exp(—27th - r;)]

j=1
N/2

=2 fjcos(2rh - 1;), (7.12)

=1

where N is the number of atoms in the unit cell. Regarding F'(h) as a sum of
random variables, the jth such variable is now x; = 2f; cos(27h-r;), its mean is
= (xj) = 2f;(cos(2rh - r;)) = 0, where the brackets denote angular averaging
over the range (0,27) and its variance is

032» = 4fj2<cosz(27rh -T5)) = 2f32,

since the average of cos? § when 6 ranges from 0 to 27 is just 1/2. The pdf of F

is therefore 2
1
(F) ~ ——e —— ), 7.13
plf) = e (-5 ) (113

and since the probabilities of F' being positive and negative are the same, the
pdf of the magnitude of F' is

el =) 2o (<12 an

If we now consider the normalized structure factor, defined as

N
E(h) = njexp(2mih-r;), (7.15)
j=1

where

I

N

we obtain the following for the pdf of | E|, derived from a centrosymmetric crystal:

pe(E) = 2o (1) (710

The probabilities p.(|F|) d| F| and p.(| E|) d|E| are known as centric distributions.
A structure factor derived from a noncentrosymmetric structure is given in its
most general form by

n; =

F(h) = A(h) +iB(h), (7.17)

where

N
A(h) =) fjcos(2rh - 1) (7.18)

j=1
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and
N
h) =" f;sin(27h - 1;). (7.19)
j=1
We now wish to find the joint pdf of A and B, which—on the assumption that A

and B are uncorrelated—is given by

pa(Av B) = p(A)p(B)

1R

! e ( A > ! e ( B > (7.20)
———exp| —= ———exp|—5 )], .
\/27‘(0’124 P 20,24 \/271’023 P 20%;

since A and B can be regarded as sums of random variables, the means (A4)
and (B) are zero (see equs (7.18) and (7.19)), and the central limit theorem is
assumed to apply. We now have

N
o4 = ij cos®(2rh - rj)) %Z (7.21)

j=1

and the same value is obtained for 0%. Equation (7.20) thus becomes

1 A% 4 B 1 3k
pa(A,B) >~ W—ZGXP <—T> = W—ZGXP <—T> . (722)

If we now introduce the change of variables: A = |F|cos and B = |F|sin¢, we
see that the Jacobian resulting from this change of variables is just |F'|. Hence

pa(A, B)dAdB = pa(|F|, )| F|d|F|de,

and if we finally integrate out the unknown phase ¢, we obtain the following
expression for the pdf of |F:

2
pallFl) = 2 exp (—%) . (7.23)

The corresponding expression for the magnitude of the normalized structure
factor is
pa(|E) = 2|E| exp(—|E[?). (7.24)

Equations (7.16) and (7.24) are plotted in Fig. 7.1 for values of |E| ranging
from 0 to 3 (most of the observed intensities lie in this range). Analogously to
the centric case, the probabilities p,(|F|)) d|F| and p.(|E|) d|E| are known as
acentric distributions.

Discrimination between centrosymmetric and noncentrosymmetric structures
based on a comparison of theoretical and experimental pdfs of |E| is in principle
possible but rather rarely done. Much greater popularity is enjoyed by cumulative
distribution functions and moments of |F|, which are obtained with the aid of
the pdfs derived above.
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PIED

Fig. 7.1 Pdfs of |E| based on the central limit theorem: dashed line, centric; solid line,
acentric.

7.3.1 Cumulative distributions

The cumulative distribution function of some given |Ey,| is the probability that
|E| < |Em|. This is just the fraction of values of |E| that do not exceed | Ey,|. So,
the cumulative distribution function of |Ey,|, for a centric distribution, is given
by

[ B
Ncen:/ pC(‘E|)d‘E|

0
2 | B | E2
o~ —/ exp (——|> d|E|.
™ Jo 2

If we put = = |E|/v/2, then d|E| = v/2dx and the upper limit becomes | Ey,|/v/2.
We therefore obtain

2 |Em|/\@ 9
Neen(|Em|) ~ ﬁ/o exp(—z~) dz. (7.25)

However, the right-hand side of eqn (7.25) is the well-tabulated error function of
the upper limit of the integral. Hence, in conventional notation, we have

Nl = e (2] (7.26)
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(see, for example, Abramowitz and Stegun, 1972).

The cumulative distribution of |Ey,|, for an acentric distribution, is similarly
obtained as

| |
Nacen(|Em|) :/0 pa(|E|)d|E|
|Em‘
~ 2/ |E| exp(—|E|*)d|E)|. (7.27)
0

If we put z = |E|?, then dz = 2|E|d|E| and it follows readily that
Nacen(|Bwm|) = 1 — exp(—|Ewl|?). (7.28)

It is customary to express the cumulative distributions in terms of the normalized
intensity, given by z = |E|?. The corresponding expressions are

Neen(2) =~ erf(1/2/2)

and
Nacen(2) = 1 — exp(—2).

The cumulative distributions of |E| for centric and acentric distributions are
compared in Fig. 7.2.

7.3.2 Moments of |F|
The status of centrosymmetry is often indicated by even and odd moments of
the magnitude of the normalized structure factor. The general expressions are

(B> ) ~ \/7/ |E|2" Xp( £ |2) d|E| = (2n—1)!!=(2277:2;,(7.29)

" ” | |2 2n,+1/2n!
|E|ge§r1 \/>/ |E|* T exp( D) d|E| = Ta (7.30)

(B2, ~ 2 / B exp(—|E[?) d|E| = nl, (7.31)
0

(| B2ty ~ 2/ |EPPHY exp(—|E*)d|E| =T (n + g) : (7.32)
0

The expressions in eqns (7.29)—(7.32) can be derived by use of known definite
integrals, given by Gradshteyn and Ryzhik (1980) and straightforward substitu-
tions.

In the following definite integrals, the label GR;n denotes the number of the
integral in Gradshteyn and Ryzhik (1980). For the derivation of eqn (7.29), we
use
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Fig. 7.2 Cumulative distributions of |E| based on the central limit theorem: dashed
line, centric; solid line, acentric.

00 on _p.132 _ (271—1)” z .3.461(2
/0 srerde = L B (GRisa61(2)

For the derivation of eqns (7.30) and (7.31), we use:

>~ n —px? n!
0
For the derivation of eqn (7.32), we use
> v—1_—pxP 1 —-v/ v
e de = —pTYPT | — ). [GR; 3.478(1)]
0 p p

In order to get an idea of the value of such moments in problems involving
centric/acentric ambiguities, the numerical values of some low-order moments of
|E| are summarized in Table 7.1.

The second moment of |E| equals unity for both centric and acentric dis-
tributions, and thus contains no information on the status of centrosymmetry.
However, it is a valuable indicator of a correct computation of normalized struc-
ture factor amplitudes. The discrepancies between the values of the moments
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Table 7.1 Some low-order moments of || E|

Average Acentric Centric

(E]D 0886  0.798
(|E?) 1.000  1.000
(|EJ?) 1.329  1.596
(B 2.000  3.000
(|EJ%) 3323 6.383
(|E|5) 6.000  15.000

for the centric and acentric distributions increase with increasing order of the
moment. However, there is a corresponding increase in the effects of errors of
measurement and therefore the higher the moment, the less reliable it tends to
be.

7.4 Non-ideal structure-factor statistics

The pdfs of |E| given by equs (7.16) and (7.24) depend on |E| alone, and do
not depend on the atomic composition and the space-group symmetry. It is well
known, however, that the experimental intensity statistics depend on these two
factors, and often rather strongly. The dependence on atomic composition is the
more obvious one: if the asymmetric unit contains an outstandingly heavy atom
among several similar light ones, the atomic contributions to the structure factor
are no longer identically distributed, although they may still be independent.
This impairs the validity of the version of the central limit theorem stated above,
and may well lead to a pdf which is not Gaussian. As will be seen later, this is
in fact so in the case of the space group PI, but the pdf is hardly affected
by the presence of an outstandingly heavy atom in the asymmetric unit of the
space group P222. To account for this situation, we therefore need a pdf of |F|
or |E| which takes into account both an arbitrary atomic composition and the
possible space-group symmetry of the crystal under investigation. In contrast to
pdfs obeying the central-limit theorem, which are sometimes termed ideal pdfs,
we shall denote these composition- and symmetry-dependent pdfs as nonideal
pdfs. This is not a new problem. Solutions were proposed as early as in 1953 by
Hauptman and Karle (Karle and Hauptman 1953; Hauptman and Karle 1953b),
by Klug (1958), and by Shmueli and Wilson (1981). Without going into detail,
these solutions have in common a generalized pdf of the form

Peen(|E) = perr(|E)) D ergr(|E)), (7.33)
k

where pcrr(|F]) is a centric or acentric pdf based on the central limit theorem,
¢ are coefficients dependent on symmetry and composition, and g (|E|) are
suitable basis functions. Briefly, the generalized pdf is taken as the corresponding
ideal pdf multiplied by a correction factor which accounts for the departure of
the generalized pdf from that predicted by the central limit theorem. For a
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detailed description of the method and its successes, as well as its limitations,
the interested reader is referred to Shmueli and Weiss (1995).

A different approach to the above problem is offered by a representation of
the pdf in terms of a Fourier series (see Shmueli and Weiss (1995) and references
therein). As will be seen later, this approach is, in general, a much more accurate
one. We shall describe briefly its principle, illustrate a derivation of a pdf of |E|
for the space group P1, and compare the various pdfs discussed with a reliably
simulated distribution of |E|.

Consider a normalized structure factor for the space group P1. This is given
by

N/2

E(h) =2 njcosf;, (7.34)
j=1

where 6; = 27h - r; is assumed to be uniformly distributed in the range (—m, 7).
We also assume that the atomic contributions to the structure factor are statisti-
cally independent, that there is no noncrystallographic symmetry, and dispersion
can be neglected. Under the latter assumption, the maximum value of the struc-
ture factor is just the sum of the normalized scattering factors, that is,

N
Bmax = » ;. (7.35)
j=1

Since the phase of E in eqn (7.34) is restricted to 0 or 7 only, that is, F' can only
be positive or negative, the minimum value of F is of course — E,,x. The value of
E is thus confined to the closed interval (—Fyax, Emax) and, therefore, p(E) = 0
for any E lying outside this interval. Owing to this property, the function p(E)
may be expanded in a Fourier series with the understanding that only the values
of p(E) with —Eax < E < Eyax are relevant.

The Fourier representation of the pdf of E for PT (and, indeed, for any
centrosymmetric space group) can be written as

p(E) = % Z Cypexp(—mimEa), (7.36)

m=—0o0

where a = 1/ Epyax. The Fourier coefficients of this series are given by

1/

Cm = / p(E) exp(rimEa)dE (7.37)
-1/«

:/_ p(E) exp(rimEa)dE (7.38)

= (exp(mimEa«)) (7.39)

Equation (7.37), the basic form of the Fourier coefficient for the series in
eqn (7.36), can be rewritten as eqn (7.38) since p(F) is zero outside the interval
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(= Emax; Fmax). This, in turn, is the standard form of the expectation value of
the function exp(mimFE«), which is the characteristic function of the pdf p(E)
(see Appendix C). This function is further evaluated as follows.

N/2
(exp(mimEa)) = <exp Zﬂimaan cos b, > (7.40)

J=1

N/2
= <H exp(2miman; cos Hj)> (7.41)
j=1
N/2
= H(exp(Zﬂ'imomj cos b)) (7.42)

Jj=1

1 iy
- {2— / exp(2miman; cos 0) d@} (7.43)
™
=1 -

N/2
= H Jo(2mrman;). (7.44)

j=1

A direct substitution of E from eqn (7.34) leads to eqn (7.40), which is
of course equal to eqn (7.41). Now, since the atomic contributions have been
assumed to be statistically independent, the average of their product equals the
product of their averages, given by eqn (7.42). Since, in addition, the angular
variable 0; has been assumed to be uniform in the range (—m, ), the average
of the contribution of the jth atom can be replaced by the expression in braces
appearing in eqn (7.43). This expression, in turn, is the integral representation of
the Bessel function of the first kind of order zero (see, for example, Abramowitz
and Stegun 1972). The Fourier coefficient C,, thus becomes a product of such
Bessel functions, as given by eqn (7.44).

Since Jp(0) = 1 we have Cy = 1, and since Jo(—x) = Jo(x) we have C_,,, =
Cyn. Therefore, eqn (7.36) simplifies to

p(F) = % <1 +2 i Cm cos(mea)) , (7.45)

m=1

and in view of the fact that p(F) is symmetric in E, the expression for the pdf
of |E| for the space group P1 becomes

o [N/2
p(|E]) =aq1+2 Z H Jo(2mmnja) | cos(mm|E|a) p . (7.46)
m=1 | j=1

Fourier representations of the pdfs of |E| have been derived for all space
groups except the highest 24 cubic space groups (Rabinovich etal. 1991). The
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latter can be adequately dealt with by the correction-factor method outlined
above even if the atomic heterogeneity is rather drastic, and attempts at deriva-
tion of Fourier representations of pdfs of |E| for these space groups have not
been made. However, the Fourier method shows its power in the cases of lowest
symmetry, and one such case is illustrated by the following simulation, where
the asymmetric unit was assumed to contain fourteen carbon atoms and one
uranium. This is certainly a highly heterogeneous composition, and it is unlikely
that the central-limit theorem with “identically distributed random variables”
will be valid in this case. The normalized scattering factors were computed as
i Zj

.= ~

(=) (ona)”

where Z; is the atomic number of atom j. Using these approximate scattering
factors, and taking each 6; in eqn (7.34) as a computer-generated pseudorandom
number multiplied by 27, a computation of 100000 values of |E| was carried
out. During this computation, a frequency histogram of |E| was constructed by
simply counting the number of values of |E| falling between 0 and 0.05, 0.05 and
0.1, etc. Altogether, the range (0, 3) was subdivided into 60 equal intervals. Such
a frequency histogram gives a representation of the pdf of |E| which depends
correctly on the atomic composition and space-group symmetry. Pdfs based on
Wilson statistics, the correction-factor method, and the Fourier method were
then computed at the values of |E| corresponding to the midpoints of the his-
togram channels, and all three pdfs and the histogram were brought to the same
scale. The result of this computation is shown in Fig. 7.3. The superior perfor-
mance of the Fourier method and the breakdown of the central limit theorem are
evident. It should be noted, however, that for an equal-atom structure all three
pdfs would agree very well with the simulated histogram (and with each other).

Figure 7.3 shows clearly that the Fourier pdf takes account very well of the
drastic atomic heterogeneity inherent in the simulation. The obvious breakdown
of the central limit theorem in this case is due mainly to the assumed presence of
the outstandingly heavy uranium atom which is associated with a distribution
very different from those of the carbon atoms. Similar discrepancies from the
ideal pdf are seen when the the number of (equal) atoms in the asymmetric unit
is very small.

7.5 Exercises for Chapter 7

Probabilistic considerations arise in various aspects of crystallography owing to the
frequent validity of the assumption that the fractional part of the scalar product h-r is
uniformly distributed in the range [0, 1]. The purpose of these (computational) exercises
is to simulate probability density functions of the magnitude of the normalized structure
factor for the triclinic space groups P1 and P1. The case of identical atoms as well as
that of heterogeneous atomic composition will be considered. The reader should thereby
gain a better understanding of the equations derived in the text.
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AIED

Fig. 7.3 Pdfs of |E| for the space group P1. Dashed line, based on the central limit
theorem; dashed-dotted line, based on a four-term correction-factor expansion; solid

line,

based on the Fourier method. The contents of the asymmetric unit are assumed

to be 14 carbon atoms and one uranium. All three pdfs are brought to the scale of the

simulated histogram (see text).

1.

Statistical properties of centric and acentric diffraction patterns. Assuming that
all the atoms are identical, the expressions for the normalized structure factors
are given by

1 & .
E(h) = i ; exp(2mih - rj) (7.47)
and
9 N/2
E(h) = Vi > cos(2rh - rj) (7.48)

for P1 and PT, respectively. Equation (7.47) can be written as
E(h) = A(h) +iB(h),
where

A(h) = \/—1N Z cos(2rh - rj),

and



Exercises for Chapter 7 175

B(h) = \/Lﬁ > sin(2rh ),

and hence the magnitude |E| for P1 can be computed as (A% + B?)'/?. The
magnitude |E| for P1 is simply the magnitude of the right-hand side of (7.48).

(a) Compute and store 6000 values of |E| for one of the space groups, while
assuming N = 30 and replacing the scalar product h - r with a computer-
generated pseudorandom number (uniform in the (0,1) range). Most com-
puter languages offer this facility. Remember that the “random number” must
be drawn separately for each atomic contribution to each structure factor.

(b) Construct a histogram from the stored values, for |E| ranging from 0 to 3
in 30 equal channels (count the number of values falling between 0.0 and
0.1, between 0.1 and 0.2 etc.) and arrange it in tabular form. A graphic
representation can be used but is not necessary.

(¢) Repeat the calculation for the second space group and compare the two his-
tograms. This is the basis of the resolution of space-group ambiguities.

. Comparison of simulation and theory. Normalize the histograms obtained in Exer-
cise 1 to unity and compute the approximate theoretical values of the probability
density functions
2|E|exp(—|E|?) for P1
FEl|) ~ _
P(ED V2 exp(=|E2/2) for PT

at the midpoints of the corresponding histogram channels. Compute, for each
pdf-histogram pair, a discrepancy factor:

R - {Z?ﬁwm — ha(E)J* }”2
¥, KB 7

where h; is the (normalized) histogram count in the ith channel, p; is the pdf of
|E| at its midpoint, and M is the number of channels in the histogram. Would the
discrepancy be much smaller if you were to repeat the calculation for a histogram
containing twice as many values of |E|?

. Effect of atomic heterogeneity on the pdf of |E| for the space group PT.
Assume that the asymmetric unit of P1 contains one (heavy) atom of atomic
number Zy and N/2 — 1 (equal light) atoms of atomic number Zr..

(a) Make use of the approximation

fi Z;

n; = ~

()" (snz)”

and express the normalized scattering factors nm and nr, in terms of the ratio
p = Zu/Zy, and the number of atoms, N, in the unit cell of P1.
(b) The normalized structure factor for the above model is given by

N/2
E(h) = 2ny cos(2mh - r1) + 2 Z nr, cos(2rh - ry).

j=2
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Follow the procedure of Exercise 1 and construct simulated distributions of
the magnitude |E|, for several choices of the ratio p (say, p = 5,10,15) and
N = 30. Perform the simulation in the range of |E| [0, 3], in 30 equal channels.

(c) The Fourier pdf for the space group P1 is given by eqn (7.46), which was

derived in Section 7.4. Express o = FpL. in terms of p and N and compute
the Fourier pdf at the midpoints of the histogram channels obtained in (b),
for all the values of p for which simulated histograms were computed. For each
value of p, bring the the pdf and the histogram to a common scale (either
normalize the histogram or scale up the pdf) and evaluate the discrepancy
factor as defined in Exercise 2. A Fortran function, from which the Bessel
function, Jy(z), can be computed, is given below.

A routine for the computation of Jo(x).

FUNCTION BESSJO(X)
REAL*8 Y,P1,P2,P3,P4,P5,Q1,Q2,Q3,Q4,Q5,R1,R2,R3,R4,R5,R6
REAL*8 S81,82,83,54,55,36,A,B,F,G

DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA

P1,P2,P3/1.D0,-.1098628627D-2.2734510407D-4/
P4,P5/-.2073370639D-5, .2093887211D-6/
Q1,Q2/-.1562499995D-1, . 1430488765D-3/
Q3,Q4,Q5/-.6911147651D-5, .7621095161D-6,-.934945152D-7/
R1,R2,R3/57568490574.D0,-13362590354.D0,651619640.7D0/
R3,R4,R5/-11214424.18D0,77392.33017D0,-184.9052456D0/
S1,52,83/57568490411.D0,1029532985.D0,9494680.718D0/
S4,55,86/59272.64853D0,267.8532712D0,1.D0/

IF(ABS(X).LT.8.)THEN

Y=X*%2

A= (R1+Y* (R2+Y* (R3+Y* (R4+Y* (R5+Y*R6)))))
B=(S1+Y* (S2+Y* (S3+Y* (S4+Y* (S5+Y*S6)))))
BESSJ0=A/B

ELSE

AX=ABS (X)

7Z=8./AX

Y=Zx%2

XX=AX-.785398164

F=(P1+Y* (P2+Y* (P3+Y* (P4+Y*P5))))

G=(Q1+Y* (Q2+Y* (Q3+Y*(Q4+Y*Q5))))
BESSJ0=SQRT(.636619772/AX) * (COS (XX) *F-Z*SIN (XX) *G)
ENDIF

RETURN

END



8 Direct methods

8.1 Introduction

The phase problem of crystallography was stated and defined in Section 5.8 and
will be restated here for convenience: in order to determine the crystal structure
we need both the magnitudes and phases of the structure factors, F(h), whereas
only quantities related to their magnitudes are furnished by the experiment.

In Chapter 6, we saw an indirect method for solution of this problem, which
makes use of relationships between the reduced intensity and the interatomic vec-
tors, the Patterson method. This method is often powerful but relies on known
structural features such as the presence of a heavy atom or a known molecular
geometry. The methods discussed in this chapter aim at a direct determination
of the phases of the structure factors and hence at a structure determination
without any prior information. These methods, known as direct methods, are
responsible for the great majority of the known crystal and molecular struc-
tures of small and medium-sized molecular compounds. On the other hand, the
crystal and molecular structures of proteins are, as of today, most usually elu-
cidated with the aid of Patterson techniques. However, the phasing of structure
factors obtained from macromolecules is subject to very active research, and the
methodology is likely to change in the not too distant future.

The notation employed in this chapter will be consistent with the rest of the
book, as well as with the literature. So, the symbol h will stand for ha*+kb*+Ic*
as usual, but in some places it will be understood as (h, k,1), (h+k,1), etc. Tt will
then be referred to as the “array h” rather than the “vector h”, where possible.
Before any further discussion, the term “direct phase determination” must be
qualified. The structure factor is given by

N
F(h) = f;(|h]) exp(27ih - ;) = | F(h)| expliio(h)],
j=1
where r; is the position vector of the jth atom, referred to the unit-cell origin,
and ¢(h) is the phase of the structure factor corresponding to the diffraction

vector h (cf. Section 5.8). Suppose that the origin is shifted by some vector, say
p. The position vector of the jth atom relative to the new origin is

[ .
ri=r; —p,

and the structure factor becomes
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N
> fi([h]) exp(2mih - x})

F'(h) =
= e;p(—27rih - p)F(h)
= |F(h)]exp{i[p(h) — 27h - p]}. (8.1)

It is evident from eqn (8.1) that |F'(h)| = |F(h)| and therefore
F'(h) = |[F'(h)| exp[ig' (h)]

where
#/(h) = p(h) — 27h - p. (8.2)

We thus see that the phase of the structure factor depends on the location or
choice of the unit-cell origin, and that an origin shift by a vector p gives rise to
a change in the phase by an amount 27h - p. We shall give an introduction to
the origin problem in Section 8.3.

In the next section we shall consider combinations of phases which are inde-
pendent of the choice of the origin, called structure invariants, and combinations
of phases which are invariant with respect to the choice of the origin if it is in
any of the allowable locations for a given space group; these are called struc-
ture seminvariants. These considerations are of the utmost importance to the
development of direct methods and their application to phase determination.

The direct methods originated from exact relationships first put forward by
Harker and Kasper in 1947, and generalized further by other authors, notably
Karle and Hauptman. We shall devote a section to this interesting topic.

We then proceed to the derivation of the Sayre equation and the tangent
formula, which are the basis of the applications of the classic direct methods.
These relationships are firmly based on the concepts of structure invariants and
seminvariants, as well as on the specification of the origin. Although they are
exact, the applications of these relationships to phase determination call for
probabilistic considerations. We shall first describe in some detail a probability
density function (pdf) of a structure invariant based on the central limit theorem,
and comment on an exact pdf of such an invariant, based on the Fourier method
presented in Chapter 7. The next section will illustrate with some examples
the route from the deterministic Harker—Kasper inequalities to applications of
probability methods in cases where the magnitudes of the structure factors are
not large enough for these inequalities.

We conclude this chapter with some remarks on the practical aspects of the
solution of the phase problem.

At least in the case of X-ray diffraction, we seek representations of the struc-
ture factor in which the angular dependence due to the scattering factor of an
atom at rest, as well as that due to the Debye—Waller factor, is eliminated inso-
far as possible. One such representation is the normalized structure factor, E(h),
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already introduced and defined in Chapter 7. We shall only point out that the
normalized scattering factor, defined as

i
()"

reduces, for an equal-atom structure, to

f 1

nj=———=—.
TN N

Another such representation is afforded by the unitary structure factor, defined

as

ﬂj: s

N
Uh) = Z uj exp(2mih - r;),

j=1
where
_
T N

> k=1 Tk
is the unitary scattering factor. When all the atoms are identical, u; obviously
reduces to 1/N. This representation will be used in the discussion of the Harker—
Kasper inequalities in Section 8.4.

Uj

8.2 Phase invariants and seminvariants

8.2.1 Phase invariants
We have already seen that if the unit-cell origin is shifted by a vector p, the
phase of the structure factor changes, as given by eqn (8.2), which is restated
below:

¢/(h) = p(h) — 27h - p. (8.3)

Following Hauptman (1980), consider any finite linear combination of both sides
of eqn (8.3) with integer coefficients Ap,:

ZAthi] = ZAthh — 27 (Z Ahh> - p. (84)
h h h

It is evident that if

> Aph =0, (8.5)
h

then

> Angh = Angn, (8.6)
h h

no matter what the origin shift p may be. Hence the linear combination in
eqn (8.6) has the same value for every choice of the origin, and is a structure



180 Direct methods

invariant. If each of the coefficients equals +1, the sum of the phases is a structure
invariant and so is the product of the corresponding structure factors.

Let us consider the problem in a less formal manne. For a single structure
factor F'(h), what is the vector h for which F'(h) is independent of the choice of
the origin? It follows from eqn (8.3) that the answer is: for h=0. We have

N

FO)=) f(00=) 2

i—=1 j=1

and the sum of atomic numbers is certainly a structure invariant.

Considering the product F(h)F(k), for what vectors h and k is the product
independent of the choice of the origin? If we carry out the same calculation that
led to eqn (8.1), we have

F'(h)F'(k) = |F(h)F (k)| exp{i[¢(h) + (k) — 2m(h + k) - p]}. (8.7)
Both sides of eqn (8.7) can be the same for any vector p only if
h+k=0o0ork=-h.

Our product now becomes F'(h)F(—h), which is a structure invariant. Moreover,
if Friedel’s law holds the product becomes

F(h)F(~h) = F(h)F*(h) = |F(h)]?,

which, as a quantity related to the diffracted intensity, is certainly independent
of the choice of the origin.

Let us now consider the triple product F'(h)F(k)F (1) and ask an analogous
question: for what vectors h, k, and 1 will the triple product be independent of
the choice of the origin? Following a calculation analogous to those which led us
to eqns (8.1) and (8.7), we obtain

F'(h)F'(k)F'(1) = |F(h) F(k) F(I)] exp{i[p(h) +¢(k) +¢(1) = 2m(h + k +1)- p]}.

(8.8)
Again, both sides of eqn (8.8) can be the same for any vector p only if
h+k+1=0o0rl=-h-k.
It follows that
p(h) + ¢(k) +(-h - k) (8.9)

is independent of the choice of the origin. This lowest nontrivial phase invariant,
of great importance, is known as the three-phase invariant. Similar considerations
lead to higher phase invariants (see, for example, Giacovazzo 1980, 1998), which,
however, will not be treated in any detail in this book.
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8.2.2 Structure seminvariants

In the discussion of structure invariants, the choice of the origin was completely
unrestricted. We know, however, that apart from the space group P1, the origin
of the unit cell is chosen at some symmetry element or intersection of such ele-
ments. For example, in the space group P1 there are eight independent centers of
symmetry in the unit cell, and the origin is chosen at one of them. A translation
of the origin from one center to another does not change the functional form of
the structure factor. In the general case, origins which maintain the same func-
tional form of the structure factor are called equivalent origins and are referred
to as permissible or allowed origins. Also, translations between allowed origins
are called allowed translations. The literature on direct methods observes the
standard choices of allowed origins, as given in Volume A of the International
Tables for Crystallography (Hahn 1996).

Consider again eqn (8.3)

¢/ (1) = p(h) — 27h - p.

If no restrictions are placed on p, the phase of the structure factor will, in general,
undergo a change as a result of the shift of the origin by this vector. If, however,
p is an allowed translation, there exist classes of vectors h for which the scalar
product h - p is an integer. When this is so, the phase of the structure factor
changes by an integer multiple of 27, which is a trivial phase change that can be
ignored. Such phases are called structure seminvariants. Summing up, the phase
(h) is called a structure seminvariant if it does not change (except by an integer
multiple of 27) when the origin is shifted by an allowed translation.

Let us return to the space group PI. An allowed translation vector is of the
form

p=pa+qgb+rc

where each of p, ¢, or r can be 0 or 1/2. The scalar product h - p is therefore
given by hp+ kq+ Ir and can be an integer for all the allowed translations if and
only if h, k, and [ are all even integers. Hence, for this space group, ¢(2h) is a
structure seminvariant for an array h with components of any parity.

We have seen above an example of a single phase in P1 which is a structure
seminvariant. Consider, in the same space group, two arrays h; and hs, the
corresponding indices of which have the same parity (for example the reflections
136 and 514). The components of h +hy = 2h are then all even. The combination

¢(hy) + ¢(hz2) + ¢(—2h)

is a structure invariant and, since ¢(—2h) is itelf a structure seminvariant, the
combination

h; +hy

is also a structure seminvariant—a two-phase seminvariant.
A completely general presentation of the invariant and seminvariant prop-
erties of all the 230 space groups was given by Hauptman and Karle in their
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pioneering series of papers (Hauptman and Karle 1953a, 1956, 1959), it was also
studied by Giacovazzo (1974) and its latest presentation was given by Giacovazzo
(2001) in Chapter 2.2 of Volume B of International Tables for Crystallography.
We shall add here, following Giacovazzo (1980), an algebraic consideration which
facilitates this extension. It was shown earlier, in Section 3.8, that if the space-
group origin is shifted by a vector p, the rotation part of the space-group operator
(Ps,ts) remains unchanged, while the new translation part becomes

t, = Py —I)p+t..
where I is a unit operator. The increment of the translation part is the vector
Vs =(Ps-Dp, (8.10)
and the corresponding increment of the phase factor is
27h - V.

If the coordinates of V are integers, for all the relevant space-group operators,
we have exp(27th - V) = 1, and the functional form of the structure factor is
preserved. This allows us to determine the coordinates of the allowed p for each
space group or, in other words, to determine the permissible origins of a space
group.

Ezample: the general equivalent positions in the space group P3, with the origin
on a threefold axis, are

(x7yvz)7 (yax_lhz)v (y—a:,a:,z).

The P, — I matrices can then be obtained as

000 110 210
P, —-I=(000]|, P,-I=|(120], Ps—I=|[TT0]. (8.11)
000 000 000

The components of the translations satisfying eqn (8.10), that is the allowed
translations, are given by

0 2/3 1/3
0, 1/3 | . 2/3
z z z

This example is taken from Giacovazzo (1980). Note that the components of the
above allowed translations are the coordinates of points located on the three
independent threefold axes in the unit cell of P3. It can also be readily verified
that for crystals belonging to this space group, the phases p(hh0) are structure
seminvariants. This can be generalized as shown in the next section.
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Table 8.1 An example of the specification of the origin

No. Pz Dy Pz eee  oee  €eoe  eeco  eoo  0€eo  ooe 000
1 o o0 o + + + + + + + +
2 120 0 + - + + 4+ - = =
3 0 12 0 + + - + - + - =
4 0 0 12 + + + - - = 4+ =
5 o 12 12 + + - - + - - +
6 12 0 12 + - + - - + - +
T2 12 0 o+ - - + - - + 4+
8§ 1/2 1/2 1)2 4+ - - - 4+ + 4+ =

8.3 Specification of the origin

We shall first see how the origin of the unit cell may be is uniquely specified
for the simplest centrosymmetric space group P1. As we know, there are eight
independent centers of symmetry in the unit cell of this space group, and we
require that the origin be fixed at one of them. The fractional coordinates of these
centers are p,, py, P, where each coordinate may be equal to 0 or % Assuming
that all the atoms are located in general positions, the structure factor (assumed
to be referred to an origin at (0,0,0)) is given by

N/2
F(hkl) =2 f;cos[2m(ha; + ky; + 12;)].
j=1

It is easy to show that if x,y, z are replaced by * — p., y — py, 2 — p-, the new
structure factor becomes

F'(hkl) = F(hkl) cos[2m(hps + kpy + Ip2)].

The structure factor will remain unchanged if the multiplier of 7 in the argument
of the cosine is an even integer, and will change its sign if the multiplier is an
odd integer. We recall that positive and negative signs correspond here to ¢(hkl)
being 0 and m, respectively. This depends, of course, on the parities of hkl. We
denote even parity of an index by e and odd parity by o, so that eee means that
h, k, and [ are all even, etc., and construct a table of centers versus parity groups
so that each entry of the table will tell us whether or not F' changes its sign.
The symbols “4+” and “—” in Table 8.1 mean that F(hkl) remains unchanged
and changes its sign, respectively, when for the given parity group the origin was
shifted to the given center.

We see that if h, k, and [ are all even, that is, for a reflection belonging to the
parity group eee, the sign of the structure factor does not change, irrespective of
the center to which the origin has been shifted. This is not surprising, because
we know that for P, the phase (2h) is a structure seminvariant. It is therefore
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impossible to assign arbitrarily a positive (or negative) sign to an ece reflection—
its sign has been determined by the (so far unknown) structure. Let us assign
arbitrarily a positive sign to an oee reflection. This will remain unchanged upon
shifting the origin to centers nos. 1, 3, 4, and 5 only, and the rows corresponding
to the other four centers can be deleted from the table. Let us assign further a
positive sign to an eeo reflection. This will restrict the possible candidates for
shifting the origin without changing the sign of the structure factor, to centers
nos. 1 and 3 only. If we repeat the above procedure for an eoo reflection, only
no. 1 remains, and the origin is fixed at (0,0,0). There are other possibilities;
however, we cannot choose oeo as the third reflection, because the parities of the
three reflections would then add up to eee which corresponds to a seminvariant.

We thus have a fixed origin of the unit cell, and phases with which all the oth-
ers, except seminvariants, must be consistent. As we shall see later, we shall also
require that the origin-fixing phases be associated with structure factors that are
of large magnitude and are involved in many three-phase-invariant relationships.

A much more general approach is afforded by tables of seminvariants for all
the space groups (Hauptman and Karle 1953a, 1956, 1959; Giacovazzo 1974,
2001). A prerequisite for an understanding of these tables is some background
in modern algebra and we shall try to present and explain the definitions which
are necessary for an understanding of the parameters involved.

We first define the concept of congruence. Given three integers a, b, and m,
a is said to be congruent to b modulo m if the ratio (a — b)/m is an integer. This
is written symbolically as

a =b (mod m),

where the integer m is called the modulus. For example,
10 =15 (mod 5)

is a congruence relationship in which the above ratio is —1. A more relevant
example is

n =0 (mod 2),

from which it is seen that n can be any even integer, positive, negative or zero.
Note, however, that the congruence a = b (mod 0) means a = b. For example
2 =0 (mod 0) means = = 0.

Congruences possess many interesting algebraic properties that can be found
in any text on modern algebra, but we shall content ourselves with the above
definition and examples. The basic definition is in terms of single integers; how-
ever, we can also speak of an array (of integers) being congruent to another array
(of integers) modulo a third array (of integers). For example

(h,k,1) = (0,0,0) (mod (2,2,2)) (8.12)
is interpreted as the three separate congruences

h=0(mod 2) k=0 (mod?2) [=0 (mod2),
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which mean that h, k, and [ are all even. Hence, eqn (8.12) defines the coordinates
of a diffraction vector which is associated with a phase seminvariant. This is
certainly so in the space group P1 but, as shown in the tables of seminvariants,
it is also valid for many other space groups. A general form of eqn (8.12) is
written symbolically (for any space group) as

hy = 0 (mod wy), (8.13)

where the array hg is referred to as the vector seminvariantly associated with
vector h=(h, k,l) (in our case: hy = (h,k,l)), and the array wg is called the
seminvariant modulus (in our case: (2,2,2)).

In the space group P4, the permissible origins must lie on either of the two
fourfold axes. Hence, p must be of one the forms zc or %a—i— %b—i— zc. If the phase
©(h) is to be a structure seminvariant we must have

27hg - p = 27 X integer

and the following equations must be satisfied:
. 1 1 .
lz = integer and h§ + k§ + lz = integer.

These hold for all values of z only if h + k is even and [ = 0. The seminvariantly
associated vector is thus (h + k,1) and the seminvariant modulus is (2,0).

The seminvariant tables present these quantities for all the space groups.

A condition that must be obeyed in order that the origin be uniquely specified
is that the determinant formed from the indices of the origin-fixing reflections,
when reduced modulo the components of the seminvariant modulus, must be
equal to 1. This is called the primitivity condition. For example, in P1 the
three reflections (346), (685), and (431) (conforming to the oee, eeo and eoo
chosen above) form the determinant

346
685
431

which reduces rowwise (mod (2,2,2)) to the determinant

100
001|=-1
011

and satisfies the above condition.

In general, the number of phases/signs to be used in the specification of the
origin equals the number of components of the seminvariant modulus. It follows
from the above that we need only two phases for defining the origin of the unit
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cell of the space group P4. For example, are the reflections (743) and (241)
suitable for this purpose? The required determinant is

‘7+43‘

113
2441

61
and when the rows are reduced modulo (2,0) we obtain

13
FH{EE!
which satisfies the primitivity condition.

The seminvariant tables are so arranged that once we know the space group
all the other parameters required for the specification of the origin are readily
available and have to be supplemented by the primitivity test and other con-
siderations involving the magnitude of the relevant structure factors and their
appearance in three-phase invariants. The process of origin fixing is implemented
in appropriate software; the only input required is the space-group information.

8.4 Inequalities

The first attempt at determining phases of structure factors from their magni-
tudes was made by Harker and Kasper and appeared in 1947 as a Letter to the
Editor of The Journal of Chemical Physics, entitled “Phases of Fourier Coeffi-
cients from Crystal Diffraction Data” (Harker and Kasper 1947). Although, as
will be seen from what follows, it is a long way from the contents of the above
Letter to its title, that publication nevertheless constitutes the first indication
that the phase problem is not as insoluble as it was thought to be in those years.
It should be noted that when reference is made to Harker and Kasper’s work on
this problem, the reference is usually given to their paper published in the first
volume of Acta Crystallographica a year later.

The approach of Harker and Kasper is based on the well-known inequalities
of Schwarz and Cauchy. Cauchy’s inequality (which applies to sums) is

N 2 N N
D aibi| < D el Dbl (8.14)
j=1 j=1 j=1

where a; and b; are any numbers, real or complex. Let us write the unitary
structure factor of the reflection h as

N
U(h) =) ujexp(2rih - 1;), (8.15)

j=1

and assume

a5 = 4/Uj
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and
b; = /u; exp(2mih - r;).
The above substitutions are subject to the assumption that the unitary scattering

factors are positive. If we use these substitutions with eqns (8.15) and (8.14), we
obtain

N N N
> aibi| =UMP <D uy | [ D ujlexp@nih- ;) (8.16)
j=1 j=1 j=1
but
|exp(iz)|* = exp(iz) exp(—iz) = 1 for any =z
and since

N
E Uj = 1,
j=1

we have from eqn (8.16) and the above identities

2

N
doui| =1 (8.17)

This is generally true for the unitary structure factor under the assumptions that
the unitary scattering factors are positive and do not vary with the scattering
angle (see Section 8.1) but does not provide any further information.

Let us consider a centrosymmetric structure with the origin at (0,0,0). The
unitary structure factor is then

N
= Z uj cos(2rh - rj), (8.18)
j=1

and we assume
a; = \/u;
and
bj = \/u; cos(2rh - r;).
The left-hand side of eqn (8.14) is |U(h)|?, and the right-hand side of this in-
equality is

N N
Zuj Z ujcos®(2rh-r;) | =
j=1

N
Z /[1 4 cos(2m2h - r})]
i=1 i=1

l\D|H

[1+ U(2h)]

DN | =
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since cos?(z) = [1 + cos(2x)] /2. We thus have

|U(M)> < =[1 + U(2h)]. (8.19)

| —

This inequality formally links the magnitude of U(h) to the sign of U(2h); how-
ever, it can only show that U(2h) is positive. For example, if |U(h)| = 0.6 and
|U(2h)| = 0.5, we obtain from eqn (8.19)

1
036 < 5(1£0.5).

It is obvious that the inequality is true only if U(2h) is positive, and it fails for
the negative sign of U(2h).

Many inequalities have been derived for a wide range of space groups by sev-
eral authors, and a number of very simple structures were solved by the use of
such inequalities. These studies were reviewed by Giacovazzo (1980), who also
presents several relevant references. As a practical tool for phase determination,
inequalities involving unitary structure factors are largely of historical interest.
Nevertheless, this was the first step in applying a direct method to the determi-
nation of signs of structure factors. The most advanced inequalities, which lead
in a way to the application of probability theory to phase determination and thus
to the very successful direct methods, were put forward by Karle and Hauptman
in their famous 1950 paper.

We shall omit the details of the derivation of the Karle-Hauptman method and
just state the final result in terms of unitary structure factors: The determinant

Uni—n; Uny—hy Uny—ny - Un,—ny
Un,—h; Uny—hy Ung—n, - Un,—n,
Dy, = |Un,-h; Uny—h; Unz—nhy . Un,—n;

Un,~n, Uny—n, Uns-n, - Un,-n,

it is non-negative if and only if the electron density is nonnegative at each point
in the unit cell. This was a necessary condition in the derivation of Harker—
Kasper inequalities, and Karle and Hauptman (1950) were the first to show that
the nonnegativity of the above determinant is also a sufficient condition for the
nonnegativity of the electron density.

Clearly, each such determinant gives rise to inequalities which become in-
creasingly complex with increasing order of the determinant. Let us take hy =
0,hs; = h, h; = k and consider the determinants Dy and Ds.

1 U
>
U120

- )

D ~|
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which, assuming U_y, = U}, gives rise to the known result \Uh|2 < 1. For D3, we
obtain

1 Un Ug
D3=|U_n, 1 Ux_n|=>0
U_xUn—x 1
If we expand this determinant, we have
D3 =1—|Un|* — |Ux|* = |[Un—k|?* + 2|UnUxUn—x| cos anx > 0, (8.20)
where

2cosank = expli(¢n — Yk — Yn-k)] + exp[—i(pn — ¢k — Pn-k)]-

If we add to both sides of the inequality in eqn (8.20) |UnU_k|? and |Un_x/|?,
and subtract from both sides UnU_xU_n—x) + U_nUxUn—x this inequality can
be rearranged to

(1= [Un*)(1 = |U]?) > [Un-1c = UnU—_[?, (8.21)
since
Un—x — UnU_x|* = (Un—x — UnU_1)(Un_x — UnU_1)*

= Uh—kUﬁ,k + UhU_kUﬁUik — UhU_kUﬁik — UﬁUikUh_k
= [Un—k|* + |UnU-x|* = UnU_xU_(h-1) — U-nUxUn—x.

If we make the substitutions H = h — k and K = —k, the inequality in eqn (8.21)
becomes
Ui — Un-xUk|* < (1 - [Un-x|*)(1 - |Uk[*)
or, following Karle and Hauptman (1950) and Giacovazzo (1980)
|Un — du k| < rH K, (8.22)

where

5H,K = Up_kUk and THK = \/(1 — ‘UH—KP)(I — ‘UKP)-

It is readily seen that this simple substitution provides a qualitatative expla-
nation of how deterministic inequalities lead to a probabilistic treatment of the
phase problem: the smaller rg1 k in eqn (8.22) is, the closer are Uy and Uk Un—xk
both in phase and in magnitude. Hence the probability that

pH approximates ¢k + PH_K

is likely to increase with increasing magnitudes of |Uk| and |Un—_xk|.

This argument appears to have been a major breakthrough in the develop-
ment of the theory of direct methods, and it is largely because of their above
quoted 1950 article that Hauptman and Karle were awarded a Nobel Prize in
Chemistry.
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8.5 The Sayre equation and the tangent formula

Sayre (1952) took an entirely different approach, which he termed “the squaring
method” and which led to most significant advances. Sayre’s formalism can be
derived very concisely with the aid of fundamental Fourier transform theory but
it can also be arrived at by more elementary means. The derivation rests on two
assumptions:

1. The crystal is composed of identical atoms with spherical symmetry and
identical isotropic displacement parameters. This assumption is roughly
satisfied by organic compounds in which the hydrogen atoms have been
neglected at the stage of phase/sign determination.

2. We consider a hypothetical structure in which the electron density has been
squared at each point. Clearly, the positions of the atomic peaks will be the
same in the real crystal and in the “squared” one.

Since all the atoms are the same, they have the same scattering factors and the
structure factor can be written as

N
Fh)=f Z exp(2mih - rj),

j=1

where f is the common scattering factor. We can define the structure factor of
the squared structure as

N
F*(h) = f*) " exp(2rih - 1;),
j=1

where f%9 is the scattering factor of the hypothetical squared structure. We
therefore have the following relationship between the structure factors of the
reflection h in the two structures:

f*
f

Let us now consider the expressions for the electron density. For the real
crystal, the electron density at point r is given by

F*i(h) =

F(h). (8.23)

1
p(r) = v gh F(h)exp(—2mih - r) (8.24)
and the squared electron density is given by

P (r) = % S°S" F(h)F(W) expl—2ri(h + B) - 1], (8.25)
h h’

If we substitute H = h +h’ and K = h’, we obtain
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1 .
p*(r) = Ve Z Z Fx Fa_k exp(—2miH - r). (8.26)
H K

On the other hand, the squared electron density is given, in terms of the structure
factor of the squared structure, by

1 S .
pA(r) = v ; Fyf' exp(—2miH - r). (8.27)

If we require that eqns (8.26) and (8.27) be identical, as they should, we must
have

w 1
= v > FxFa k (8.28)
K

for all diffraction vectors H. This is Sayre’s first exact relationship between struc-
ture factors. The summation on the right-hand side ranges over all the values of
K, but in practice only over all the values of K that are present in the available
triplets of reflections with diffraction vectors H, K, and H — K.

If we make use of eqn (8.23), eqn (8.28) becomes

Fu = Vj;q %: Fx Fu_x (8.29)

which is the same as equation (1.3) in Sayre’s (1952) article, in a different nota-
tion. Since the “shape factor” f/f%? is a positive real quantity, it is evident that
the phase of F'(H) is the same as the phase of the summation on the right-hand
side of eqn (8.29). Indeed, recalling that

B
Fy = Ap +iBg and tan(ym) = A—H
H

we have
VT R(F) T R(Sk PP )|

where 7 and R denote the imaginary part and real part respectively, or

_ > ok [FxFa-x|sin(¢pk) + vu-K)
>k [Pk Fa-x)| cos(yk + ¢r-K

tan(em) (8.30)

This is the very important tangent formula, which relates the phase of Fy to
the phase of the summation in the right-hand side of eqn (8.29). It can also be
derived by other methods but we can see that it follows quite naturally from
Sayre’s equation. We shall comment on its application to phase determination
in the last section of this chapter.
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It is interesting to note that the triplet H, K,and H — K appears both in
the Karle-Hauptman inequality and in Sayre’s equality, in spite of the quite
different approaches that were adopted in the work of these authors. It was
shown at the end of the last section that if the structure factors of the reflections
K and H—K are very large, the sum of their phases may approximate the
phase of reflection H. A similar conclusion may follow from an inspection of the
tangent formula. Suppose that the product |Fx Fa—_k| is a leading term in the
summation in eqn (8.30) and the phases of reflections K and H — K are known
(say, from the fixing of the origin) or have been assumed. Their sum then leads
to an approximation to the phase of the reflection H, which now becomes an
approximately known phase that can participate in the approximation of new
phases.

We can consider this “leading term” argument directly from Sayre’s equation.
Multiply both sides of eqn (8.29) by F_g (assumed to be equal to Fyy). We have

f
V fsa

|Ful” = > F nFxFu k. (8.31)
K

The left-hand side of eqn (8.31) is positive, and the same applies to the summa-
tion. If F_y Fx Fa—k is now the leading term in the summation on the right-hand
side of eqn (8.31), it is also likely to be positive and its phase is likely to be close
to zero. Hence, the approximate relation:

¢-u+ ¢k + -k ~0,
or, interchanging H with —H,
¢H + ¢k +p-H-Kk ~ 0. (8.32)

The left-hand side of the approximate equality in eqn (8.32) is the three-phase
invariant which we derived in Section 8.2. This approximate equality plays a
very important role in routine applications of direct methods but it must be put
on a firmer basis by probabilistic considerations, such as those given in the next
section.

8.6 Conditional probability density of a three-phase invariant

The qualitative indications regarding the approximate value of a three-phase
invariant presented in the previous sections will now be put on a more quanti-
tative basis with the aid of an appropriate probabilistic treatment. We redefine
a three-phase invariant as

® = p(hy) + ¢(hs) + p(hs) subject to hy +hy +h3 =0

and rederive in this section a probability density function of such an invariant
in terms of the normalized structure factors nowadays invariably employed. This
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derivation is based on the work of Cochran (1955), who derived a conditional pdf
of the phase ¢, given the phases ¢k, Yn—x and the magnitudes of the unitary
structure factors |Un|, |Uk| and |Un—k|. Rederivations of this pdf in terms of
normalized structure factors have been presented by several authors (for example
Giacovazzo (1980) and Shmueli and Weiss(1995)). The derivations are based on
the central limit theorem.

Logically, we would have to start from the pdf of the complex normalized
structure factor Fy. However, the pdf of a complex random variable is equivalent
to the joint pdf of its real and imaginary parts, and hence

P(En|Ex, En—x) = p(An, Bn|Ax, Bk, An—k, Bn-x),
which, owing to the assumed independence of Ay and By, can be represented as
P(An| Ak, By, An—x; Bn—x)p(Bn| Ak, Bk, An—x; Bn—x).

The derivation rests on the following assumptions:
1. The diffraction vector h is fixed.
2. The diffraction vector k ranges uniformly over those vectors for which FEj
and Fp_k have well-defined magnitudes and phases.
3. All the atoms are identical, their contributions are statistically independent,
and their coordinates are unifomly distributed in the interval (0,1).

The normalized structure factor Fy, can be represented as follows:

N

By = N"'2) "exp(2mih ;) (8.33)
j=1
N

N2 "exp(2nik - r;) exp(2mi(h — k) - 1) (8.34)
j=1
N

= N2 (&nj + inmy) (8.35)
j=1

= Ay +iBp. (8.36)

According to the central limit theorem, which applies to real random variables
(see Section 7.3), Ap is normally distributed with mean

N

(An) = N7V2> " (n;) (8.37)

=1
and variance

N
Z (€hy) — ((€n))7); (8.38)
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and similarly for By. The expressions for the conditional pdfs of Ay and By, are

- 1 (Ah — <Ah>)2
p(Anl...) = G exp (—T> and
_ _(Ba—(Bn))®
p(Bnl...) = Gty exp < 202 > . (8.39)

However, in view of assumption 2 it will be seen that, unlike in Section 7.3, the
means (Ap) and (Bn) do not vanish. Similarly to Woolfson’s (1954) treatment
of a centrosymmetric sign invariant, consider the product

N N
ExEn x=N""! Z Z exp(2mik - rj) exp(2mi(h — k) - 1), (8.40)

j=1m=1
or

N N
R(ExBn1) = N7 Y > Rlexp(2mik - ;) exp(2mi(h — k) -1,)]  (8.41)
j=1m=1
and

N N
I(BxEn-x) = N"'> > Tlexp(2mik - ;) exp(2mi(h — k) -r)].  (8.42)

j=1m=1

In view of assumption 3, each term on the right-hand side of eqns (8.41)
and (8.42) is a random variable, and its average can be approximated by the
corresponding left-hand side divided by the number of terms in the summation:

R(ExFn_x) R(ExFn_x)

(Rlexp(2mik - rj) exp(2mi(h — k) - rp,]) = (1/N)N?2 = N (8.43)
and
(Zlexp(2mik - r;) exp(2mi(h — k) - 1, ]) = L(ExcFnx) = LB ) . (8.44)

(1/N)NZ N

Since the terms with j # m and j = m in eqns (8.43) and (8.44) are approxi-
mately equivalent, if we combine these equations with the representations of Fy
given by eqns (8.34) and (8.35) we have

R(ExEn-x) _ |ExEn-i| cos(¢x + on-k)

(énj) = i ~ (8.45)
and v
() = = D (e = (BB ) (s

J=1
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For the calculation of the variance we use the representation of Fj in eqn (8.33).
Here, also using eqn (8.45), we obtain

N
0% = N> [(cos®(27h - 1;)) — R({exp(2mik - r;) exp(2mi(h — k) - 1n)))?]

j=1

N
- 1 |ExBEn-k]” cos®(px + ¥n-x)
N~ 5 -
Z [2 N?
j=1
‘EkEh7k|2 cos? (¢k + ©h—k)

1
5 3 (8.47)
1

5 (8.48)

provided N is sufficiently large (a condition of the central limit theorem). We
obtain analogously the mean of B, and its variance is also %

We now substitute these means and variances in eqn (8.39), and since Ay, and
Bn, are independent, we obtain the conditional joint pdf of Ay and By,

P(An, Bn|Fx, Fn—x)
(A | Ex En—x| cos(px + ¢¥n-k) ) 2]
(A, -

I N-1/2
ExEn_x|sin(ox + on_1)\ >
x exp | — <Bh _ ‘ kLh k|N_(19/02k ¥h k)) (849)

We now make a change of variables, Ay, = |Ep| cos(¢n) and By, = |En|sin(¢n).

The Jacobian of this transformation,

04, DAy
O|En| Ovn
A
O|En| Opn

readily evaluates to |E| and we have to multiply the transformed eqn (8.49) by
it. When we take into account that |Ey| is also known, as it is given by the
experiment, eqn (8.49) reduces to

P(enlEnl, | Ex|, |En—x|, ¢x, ¥n—x)

FE
= ‘ﬂ—h‘ exp(—W + Knk cos(¢n — Pk — ©h—k), (8.50)

where )
| Ex En_x|

W = |En|* + ~ ,
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2
K = —
TN

and use has also been made of the trigonometric identity

| Ev Ex B —x|, (8.51)

cos(z — y) = cos(x) cos(y) + sin(x) sin(y).
The conditional pdf of ¢p, normalized to unity, is obtained as

exp|Khk €OS(¥h — Yk — Ph—k)]
ST explrnk cos(¢n — ¢k — Pn—k)|den

p(#nl|Enl, Bk, Bn—x) = (8.52)

and if we make use of the integral representation of the modified Bessel function
of the first kind of zero order, Ip(z), eqn (8.52) reduces to

p(¢nllEnl, B, En-x) = m exp[rhk cos(pn — Yk — n-k)].  (8.53)

This is the equation that was derived by Cochran (1955), presented here in
terms of normalized structure factors. Since ¢p_ = —¢n in the noncentrosym-
metric and dispersionless case, it is obvious that the argument of the cosine
in eqn (8.51) is a three-phase invariant: indeed ®px = ¢n — Yk — Ph-k =
¢h + ¢—k + pk—n and the diffraction vectors in the latter phase triplet add
up to a zero vector. Cochran’s equation can be rewritten as a conditional pdf of
the three-phase invariant as follows:

P(Pnk||Enl, [Exl, | En-x|) = ] exp(Knk cos Ppi). (8.54)

271y (Knk

It can easily be seen that this conditional pdf attains its maximum value for
Ppx = 0 and is symmetric with respect to the maximum. The height of this max-
imum depends on the parameter kpx which is given by eqn (8.51). The smaller N

is and the greater the magnitudes of the normalized structure factors involved,
the greater is the maximum of the pdf and the better is the approximation

¥h & Pk + Ph—k, (8.55)

to which reference has been made in previous sections of this chapter and which
plays a crucial role in the early stages of phase determination by direct methods
(see, for example, the review by Giacovazzo (2001)). The shape of this pdf is
illustrated in Fig. 8.1 for several values of kpk. Cochran’s pdf and its further
developments have contributed greatly to the success of direct methods in the
solution of the phase problem for small and medium-sized molecules, but the very
high values of N encountered in protein crystals make the pdf too shallow (nearly
uniform) to be useful as it stands. Direct phasing of protein crystals is being
extensively investigated as a stand-alone approach, as well as in combination
with Patterson techniques.
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IChk=6
IChk=4
xhk=2
IChk=1

0.0 90.0 180.0
cI)hk

Fig. 8.1 Conditional probability density functions of the three-phase invariant ®ni
computed from eqn (8.54) for the values of knk shown in the figure. Thus, the higher the
values of knk are, the more sharply peaked is the pdf and the better is the approximation
in eqn (8.55). The functions are symmetric about ®px = 0.

As has been shown, the derivation of Cochran’s pdf is subject to approxi-
mations and simplifying assumptions. An exact conditional pdf of a three-phase
invariant was derived by Shmueli, Rabinovich, and Weiss (1989), who used the
Fourier method (as illustrated in Section 7.4) and no approximations or assump-
tions. The result is computationally demanding and is not intended for routine
applications. However, test calculations show some interesting results. For ex-
ample, for N = 40 and moderate magnitudes of the Es, the exact pdf and
Cochran’s pdf agree almost completely. For small N, Cochran’s pdf underesti-
mates the exact one, as would be expected from the assumptions underlying the
central limit theorem (the exact pdf is much more sharply peaked). In the pres-
ence of an outstandingly heavy atom, which would lead to the breakdown of the
central limit theorem, the exact pdf is also more sharply peaked than Cochran’s.
However, these disagreements only improve the quality of the approximation in
eqn (8.55). The latter disagreement explains why is it generally easier to solve
the phase problem for an asymmetric unit containing a heavy atom attached
to not too many equal light ones than for an “equal-atom” structure. This is
discussed further by Shmueli and Weiss (1995), who also show that their exact
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pdf of the three-phase invariant reduces to Cochran’s (1955) pdf when terms of
lowest order in their expansion of the characteristic function are retained and an
appropriate Fourier inversion is performed.

8.7 Other probabilistic considerations

We have seen that, for certain magnitudes of the unitary structure factors of two
reflections with diffraction vectors h and 2h, in the centrosymmetric case, the
sign of the structure factor of the reflection 2h is determined as positive by the
simplest Harker—Kasper inequality

1 1
|Ug| < 3 + §U2h-

If we take |Un| = |Uan| = 0.4—which still correspond to large magnitudes— the
inequality is satisfied by both positive and negative signs of Usn. A set of in-
tensity data collected from a centrosymmetric crystal rather often contains pairs
of relections h and 2h associated with magnitudes of the structure factors that
are large but not large enough for the Harker—Kasper inequality. This, and other
considerations, led to the question of what is the probability that Usy, is positive,
given its magnitude and the magnitude of Uy. This conditional probability was
investigated in the earliest days of direct phase determination with the aid of
the central limit theorem. An expression for this probability—of particular im-
portance, since the reflection 2h corresponds to a structure seminvariant—was
given by Cochran and Woolfson (1955) in terms of unitary structure factors and,
represented in terms of normalized structure factors, is given by

1 1 g3
2

|Eon|(|Enl* — 1) ], (8.56)

where p1 (2h|h) is the probability that Fay, is positive, given the magnitudes |Ey |
and |Eop| and o, = Z;V:1 Z7, where Z7 is the nth power of the atomic number

of the jth atom. Note that for an equal-atom structure 03/(203/2) reduces to
1/(2V'N).

Equation (8.56) is known as the ), formula and is usually applied in the ini-
tial stages of a phase determination in order to obtain as many signs of structure
seminvariants as is possible.

Another interesting inequality, for the centrosymmetric case, is based on the
sum of two unitary structure factors. We shall follow here the derivation of
Woolfson (1961).
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N
Un+Ux = Z ujlcos(2mh - r;) + cos(27k - r;)]
j=1
al 1 1
= ZZuj cos [27r X §(h+k) . rj] cos |:27T X §(h -k)- rj} .
j=1
(8.57)
If we define )
a; = +/2u;j cos |:27T X §(h+k) -rj}
and )
bj = \/2u; cos {27r X §(h - k) ~rj}
for use with Cauch’s inequality given in eqn (8.14), we then have

2

N
Z ajbj = (Uh + Uk)z,
Jj=1

and

N N 1
Za? = 2u; cos® [27r X E(h +k)-r;
j=1 j=1

N
= Zuj{l +cos[2r(h + k) - r;]}
=1

N N
Z uj + Z ujcos[2m(h + k) - rj]
j=1 j=1

=14+ Unsx-

We can show in a similar manner that

N
Zb? =1+ Up k.

j=1
If we now substitute these results into Cauchy’s inequality, we obtain
(Un + Uk)2 < (14 Ungx)(1 + Un—x)- (8.58)

If we start with a difference rather than a sum of unitary structure factors and
follow the same steps as above, we can obtain the following inequality:

(Un —U)? < (1 = Upga)(1 — Un—_x). (8.59)
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The inequalities in eqn (8.58) and (8.59) can be combined as follows. Let Uy, =
sh|Un|, where sy equals +1 or —1 if Uy, is positive or negative, respectively. If
Shsk = +1, we have

(Un + Uk)?* = (|Un| + [Uk])? < (1 + sn51Unsi) (1 + snsiUn—x),
and if spsx = —1 eqn (8.59) becomes

(Un — Uk)® = (|JUn| + |Uk])* < (1 + shskUntx) (1 + shskUn—k);
in either case

(IU] 4 1U])* < (1 + snsicUnic) (1 + snsiUn—1x)
= (1 + Sh5k3h+k|Uh+k|)(1 + ShSkSh_k|Uh_k|). (8.60)

It can be shown from eqn (8.60) that with structure factors of sufficient magni-
tude, either or both of the relationships

ShSkSh+k = +1 (8.61)

ShSkSh—k = +1 (8.62)

is true. Although the inequality in eqn (8.60) may be useful as it stands, its
real importance is in the (qualitatively) probable positivity of the triple sign
products. This led to derivations of joint probabilities that the triple sign product
in eqn (8.61) is positive, conditioned on the magnitudes of the three structure
factors involved (Woolfson 1954; Cochran and Woolfson 1955). These derivations,
based on the central limit theorem, led to an expression (represented here in
terms of normalized structure factors) given by

11 4
p+(bkh+k) = 5 + = tanh (03—‘;2|EhEkEh+k|> . (8.63)
P!

This equation played a most important role in the early days of direct methods
when mainly centrosymmetric structures were studied. We shall mention in the
next section some practical approaches to the application of all these formulas to
direct phase determination. It may be pointed out that in the centrosymmetric
case Enix = E_n_k and the triple product in eqn (8.63) is a structure invariant.
The probability that this structure invariant is positive (that is, its phase is
zero) is always greater than that for it being negative (that is, its phase is 7). A
somewhat similar behavior is also seen in the noncentrosymmetric case, where
the probability density function of a three-phase invariant, conditioned on the
magnitudes of the structure factors involved, has its maximum at ®px = 0 (see
the previous section).

The above probabilistic treatments which evolved from the corresponding
Harker—Kasper inequalities, are based on the central limit theorem and presume
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an equal-atom structure (or nearly so). Exact joint pdfs, conditioned on the
magnitudes of the structure factors involved and allowing introduction of effects
of space-group symmetry and arbitrary atomic composition, were derived for
the X1 case (Shmueli and Weiss 1985) and the triple product case (Shmueli and
Weiss 1986) and were discussed further by these authors (Shmueli and Weiss
1995). It was seen, similarly to test calculations of conditional pdfs of three-
phase invariants, that the central-limit-theorem pdfs underestimated the exact
ones when an outstandingly heavy atom was present or when the number of
atoms in the asymmetric unit was small, and that the exact pdfs agree with the
central-limit-theorem pdfs when the assumptions underlying the central limit
theorem are satisfied. The exact pdfs are derived as Fourier series representations
similarly to those for three-phase invariants.

8.8 Some practical comments on the solution of the phase
problem

The foregoing sections of this chapter are by no means a complete description
of direct methods and just seek to highlight some important early developments
related to this topic. Application of direct methods to the solution of the phase
problem for crystals consisting of small and medium-sized molecules (up to a few
hundred atoms in the asymmetric unit .. .) is more or less routine, insofar as the
analysis is cleverly “buried” in software which runs satisfactorily on modern per-
sonal computers. The situation with applications to crystals of macromolecules is
less simple but recent developments of direct methods seem to be very promising.
Many of these developments are reviewed by Giacovazzo (1998) in his compre-
hensive book and in more recent literature, mainly in Acta Crystallographica,
Section A.

In spite of the elementary nature of this chapter, it is possible to outline the

principles of the procedure of phase determination for small and medium-sized
molecules.
1. Calculation of normalized structure factors. First, the observed magnitudes of
the structure factors are brought to an absolute scale, as outlined in Section 7.2,
or by any variant of Wilson’s method (see, for example, Main 1975). Then, the
squared magnitudes of the normalized structure factors are calculated as

|[F(h)[?

P = S RORP) expl 2857

where s? = sin? 6/)\2, the superscript “0” means that the average in the de-

nominator is computed from the scattering factors of atoms at rest, and B is
the overall displacement parameter obtained from Wilson’s scaling method (cf.
Section 7.2). The quantity €, in the denominator depends on the point-group
symmetry (Rogers, 1950).

2. Resolution of possible space-group ambiguity, as outlined in Chapter 7. Note
that routine program packages use only the basic Wilson statistics for this pur-
pose.
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3. Possible use of seminvariants. For centric reflections, the ¥; formula or re-
lated formulas are evaluated and signs are assigned according to the probabilities
obtained, for example, from eqn (8.56). These, if any, are the first known phases.
4. Construction of the )y, listing. The reflections are sorted according to de-
creasing |Ey|, and for each |Ey|, all the pairs |Fx| and |En_x| present in the
reflection set are selected to form triplets |Ey|, | Ex|, | En—k|. For each such triplet
the quantity kni = 2|Fn||Ex||Fn_k|/V/N is evaluated, to indicate its efficiency.
Reflections with |En| below a certain threshold (1.2 to 1.5) are usually omitted
from the list.

The )", listing is thus subdivided into sections, each section having a com-
mon |Fy| and a number of pairs |Ex|,|En—x| with varying k. The purpose of
the process is to find as many phases of these pairs as possible, since then the
tangent formula is likely to provide a good approximation to the phase of Fj,.
Probabilistic considerations are indispensable here. Thus, eqn (8.53) refers to a
single triplet, and one would like to have a probability density function of ¢y,
conditioned on a knowledge of the magnitudes and phases of all the pairs k and
h — k within a section of the ), listing. Assuming that all of the r pairs within
a section are independent, the required probability density function was given
by Karle and Karle (1966) as

. 1
)= R ) — — Oh—k. .64
p(¢nl...) jl;[1 27 To () exp[fnk, CoS(Ph — Pk; — Ph-k;)]  (8.64)
= Apexp Z[nhkj cos(pn — Pk, — Oh—k; )] (8.65)
j=1
= #e [arcos(en — Fn)] (8.66)
= 2nly(a) P #h = Pl '
where
2 2
of = Z Kk, C0S(¢k; + Pn-x,)| + Z Knk; Sin(Pk; + ¥n-k,) (8.67)
=1 j=1
and

2221 Khik, Sin(pik, + SDh*ka‘)
Z;:1 Khk; €os((pk, + Qph*kj).

The simplification of the argument of the exponential in eqn (8.65) to that in
eqn (8.66) was obtained by making use of the relation

tan By, = (8.68)

Z Kk, COS[Ph — (Pk; + Ph-k,)| = an cos(¢n — Bn),
J
where o and tan (3, are given by eqns (8.67) and (8.68), respectively, and the
factor 1/[2n ()] in eqn (8.66) was obtained by normalizing to unity eqn (8.65),
with the exponential simplified as above.
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The variance of ¢p, as obtained from eqn (8.66), is

’/T2 1 > Ign(ozh) 4 > Ign+1 (Ozh)
o= - 8.69
h 3 Io(Oéh) nz::l ’/l2 Io(()(h) 7;) (27’1, + 1)2 ( )

and it can be shown that the higher «ay, is the lower is the variance and therefore
the closer is O to ¢n.

At this stage, there is no phase information as yet (apart from a possible
few seminvariants), and aj cannot be computed from eqn (8.67). However, the
average of af can be shown (Germain, Main, and Woolfson 1970) to equal

- I (knk,, ) 11(knk,, )

2 2 " -
(0% — K _|_2 K e ‘ 870
(on) ;:1 hk; %1 §j2 B P02 T (e, ) To (R, ) (8.70)

Jj1<Jj2

and this can be evaluated, for all the reflections that were retained, without any
phase information. Thus, each section of the ), listing, and the associated | Ex|,
can be assigned a reliability criterion to be used later on.

5. Choice of origin-fizing phases. This most important step is based on the con-
siderations outlined in Section 8.3. Apart from the requirements indicated there
the reflections to be chosen for origin specification must satisfy several practical
requirements. The corresponding structure factors should have large magnitudes
and their ), sections should consist of large numbers of k and h — k pairs, with
magnitudes as large as can be found. However, this approach may be appropriate
for a judicious choice of such phases, but less so for automatic algorithms. A very
popular method, suitable for computation, is the convergence procedure of Ger-
main, Main, and Woolfson (1970). The principle of this method is an iterative
elimination of reflections with the lowest (a#)'/? = ayms and all the triplets in
which they are involved, followed by an updating of a,ns for all the remaining
reflections, until a small set of reflections with very high ;s - that is, involved
in many triplets and associated with large |F|s-remains, from which the origin-
fixing phases are chosen. A detailed description of the convergence method is
given in the original paper of Germain, Main, and Woolfson (1970), and this
and other approaches to this important step have been reviewed, for example,
by Giacovazzo (1980, 1998).

6. Assignment of symbolic phases. At this point the set of known phases, known as
the starting set, contains the origin-fixing phases and possibly some seminvariants
obtained from ) ;. It is possible to look for strong triplets containing two known
phases and approximately estimate the third, etc., but this process is only seldom
successful and more often than not comes to an early end. The remedy is to
assign to a small number of the | E|s symbols, which in the centrosymmetric case
stand for the signs “+” and “—”, and in the noncentrosymmetric case stand for
numerical values of phases, for example, 7/4,37/4, 57 /4, and77 /4. The symbols
are now introduced into the starting set which is the basis of further phase
determination.
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7. Expansion of the starting set by use of the tangent formula. There are many
approaches to this task. All of them use the starting set, which now consists
of the origin-fixing phases, some possible seminvariants, and the symbols to be
expanded into numerical values, Whether this is done at the beginning or at the
completion of the tangent expansion, the number of different solutions clearly
depends on the number of symbols. If m symbols were assigned there will be 2™ or
4™ solutions in the centrosymmetric and noncentrosymmetric cases, respectively.
For example, in the latter case if m = 3 there will be 4® = 64 solutions (not
necessarily different), which will contain the correct one. The criteria for a correct
solution are known as the figures of merit, some of which will be discussed below.
8. Figures of merit. Given a set of phased |E|s, we can rapidly compute the
Fourier synthesis
pe(r) = Z Ey exp(—2mih - 1)
h

which is related to the electron density, and try to interpret it in terms of the
molecular structure. However, in the presence of many solutions, this is very
tedious and may also be misleading. The commonly accepted solution is the use
of figures of merit, some of which will be given below.

e A criterion which used to be very popular is the “absolute figure of merit”
(Germain, Main and Woolfson 1970). This is given by

1/2
ABSFOM = Zh(ah - <a121>rz<ndom) (871)
Sn(0R)Y2 ~ (02) ndom)

where, for the solution tested, ay, is computed from eqn (8.67), (o)

obtained from eqn (8.70) and (aﬁ)iﬁdom is an expected root-mean-square
of ay for a random phase set, given by ij /{flkj. Thus, in theory, for a
random phase set ABSFOM should be zero, while for a correct phase set it

should be unity. This is often a useful criterion.

1/2 is

e Another popular criterion is the residual between the actual and estimated

Qs:
_ 2\1/2
Ra _ Eh |Oéh <ah> | (872)

> l(af)t/?
The correct set of phases is likely to be associated with the smallest value of
R, . It is understood that ay, has been brought to the scale of its expectation
value. This is similar to the R criterion of Karle and Karle (1966).
e We also wish to outline a rather powerful figure of merit, based on four-phase
or quartet invariants (Schenk 1974; Giacovazzo 2001). Briefly, the quartet
invariant is the phase sum

Dy = n + Yk + 01+ Pm

or its cosine, subject to h+k + 14+ m = 0. The magnitudes of FE associated
with these diffraction vectors are called main terms, while the magnitudes



Some practical comments on the solution of the phase problem 205

| Entxly [Ent1]s [ Entml, also associated with this quartet, are called cross
terms. It has been shown that if both the main and cross terms are large,
and the quantity

2
Bukim = N | En Ex BV E |

is sufficiently large, then the function cos ®4 is most probably +1. On the
other hand, for large B, large main terms and small cross terms, the function
cos @4 is most probably —1. This is the basis of the following procedure:

— Search for quartets with large main terms and small cross terms (these
are called negative quartets).

— Evaluate the quantity

Z Bh,k,l,m COS (I>4
h k1

> Bhklm
bkl

NQEST =

(8.73)

where the summation extends over the linearly independent vectors h,k,l
and involves negative quartets. The most negative NQFEST should corre-
spond to the correct phase set. Note that there are also other formulations
of NQEST used in practical applications.

9. When the most plausible phase set has been found, a synthesis of phased |E|s is
computed and the peaks in this electron-density-like map are interpreted in terms
of the molecular structure. This stage is aided by an automatic computation of
interpeak distances and intervector angles, followed by graphic output, usually
available in most direct method packages.

Note that there are more figures of merit in use and it is common practice to
combine their outcomes with weights based on the user’s/programmer’s experi-
ence.
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9 Atomic displacement
parameters

9.1 Introduction

Our discussions of the structure factor have assumed that the effects of atomic
displacements are hidden in the expressions for the scattering factor and hence
in the electron density. It is, however, possible to write the positional and dis-
placement parameters explicitly—albeit approximately—and even let them vary so
that an optimal agreement is obtained between the magnitudes in the model for
the structure factor and the corresponding magnitudes that are obtained from
the observed intensity. This process of variation, known as the refinement of
structural parameters, will be treated in the next chapter. The present chapter
is devoted to an approximate description of the effects of atomic displacement,
following closely Trueblood et al. (1996), and to some simple models of displace-
ment parameters in terms of the positional parameters, such as those proposed
by Schomaker and Trueblood (1968).

The structure factor of a reflection h, taking into account effects of displace-
ments, can be represented by the Fourier transform of the average density of
scattering matter

F(h) = / (p(r)) exp(2rih 1) d’r = F[(p(r))], (9.1)

where the integration extends over the repeating structural unit (or a unit cell);
the brackets denote a double averaging over the possible displacements of the
atoms from their mean positions (a time average over the atomic vibrations in
each unit cell, followed by a space average that consists of projecting all the
time averaged cells onto one cell and dividing by the number of cells); h is a
diffraction vector obeying the Laue equations; and p(r) is the static density of
the motif, consistent with the instantaneous local configuration of the nuclei in
a unit cell.

The above general picture can be reduced to what is conventionally used in
crystal structure analysis if we make the following assumptions:

1. The average density of matter in eqn (9.1) can be regarded as a superposition
of independently averaged atomic densities.

2. For X-rays, the static atomic electron density is assumed to have spheri-
cal symmetry. We made this assumption in the derivation of a simplified
expression for the atomic scattering factor in Chapter 5.
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3. The probability density function for an atomic displacement can be approx-
imated by a univariate or trivariate Gaussian.

Let us now consider these assumptions in some detail. Assumption 1 is equiv-
alent to assuming independently displaced atoms, a fair initial approximation,
although not generally valid. The average density of scattering matter at the
point r in a unit cell can then be approximated as

N
(p(r)) = e [ pnlr = vt = o) i (9.2)
k=1

Here, N is the number of atoms in the unit cell, nj is the occupancy factor of the
kth atom, pg(r — ry) is the static density (the electron density for X-rays or a &
function weighted by the scattering length by, for neutrons) due to atom k at the
point r when the nucleus of that atom is at ry, and pg(ry —rko) is the probability
density function corresponding to the probability of having atom k displaced
by the vector rp — rpo from its reference position rpy in an average unit cell,
which will be the mean position of the nucleus if py is sufficiently symmetrical.
The above approximation includes the assumption that the (static) atoms are
not deformable, by bonding or otherwise, even though at this stage, spherical
symmetry of the atomic electron density has not yet been assumed.

If eqn (9.2) is substituted in eqn (9.1) and the order of summation and inte-
gration is interchanged, the structure factor becomes

N
F(h) ~ > niFi(h), (9.3)
k=1
where
Fi(h) = / {/ pr(r — r)pr(re — ko) d3rk] exp(2mih - r) d’r. (9.4)

If the substitutions r = t+r; and ry = u+ryo are made, the integral in eqn (9.4)
becomes

Fi(h) ~ {/ [/ pr(t — u)pr(u) d3u] exp(2mih - t)d3t} exp(2mih - ryo). (9.5)

The inner integral in eqn (9.5) has the form of a conventional convolution of the
density of atom k with the pdf for the displacement of this atom from its reference
or mean position; the outer integral is a Fourier transform of this convolution.
This transform is multiplied by an exponential that depends on the reference or
mean position rig of atom k.

By the convolution theorem, the Fourier transform of a convolution equals
the product of Fourier transforms of the functions involved. When this theo-
rem is applied to the outer integral in eqn (9.5), we obtain the conventional
approximation for the structure factor of a Bragg reflection,
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N
F(h) ~ Y " ny £ (h) Ty (h) exp(2mih - ryo). (9.6)
k=1
If we let v =1 —r; and (as before) u = ry — ryp, then in eqn (9.6)

f2(h) = /pk (v) exp(27ih - v) d®v (9.7

is the static scattering factor or form factor of atom k (for neutrons this is
replaced by the scattering length by) and

Tr(h) = /pk(u) exp(27ih - u) d*u (9.8)

is the Fourier transform of the pdf p; for the displacement of atom k from its
reference or mean position rig. The dependence of the structure factor on the
atomic displacements has thus been isolated. The quantity T (h) has been known
by the names “atomic Debye-Waller factor” and “atomic temperature factor”,
although it is obvious that it is not only the temperature that plays a role in
giving rise to the displacement. There are no restrictions on the functional form
of the pdf. in eqn (9.8) and, in fact, a variety of such forms have been devised
(for example, Coppens 1993).

Let us now invoke assumption 2, the spherical symmetry of the atomic elec-
tron density. This, when applied to eqn (9.7), reduces it to the following form:

o sin(27|h
b =7 [ )= 2 (9.9

as shown in Chapter 5. Equation (9.9) has been computed and extensively tab-
ulated for all the neutral elements and many ions (Maslen, Fox, and O’Keefe
1992). Of course, the spherical-atom approximation is an idealization and disre-
gards such important asphericities as those due to bonding. However, it is very
convenient to apply it to the determination of the basic features of the struc-
ture, and may serve as a starting point for more refined determinations of atomic
positions and for charge density studies. It may be pointed out that the great
majority of structural studies are based on the spherical-atom approximation.
We finally invoke assumption 3, the Gaussian shape of the pdf for the atomic
displacement. This can actually be shown to follow directly from the assump-
tion of independently displaced atoms, but the proof will be omitted. Interested
readers may consult texts on lattice dynamics for a more rigorous treatment of
this subject (for example Willis and Pryor 1975; Coppens 1997). In this approx-
imation, the atomic Debye-Waller factor obtained from eqn (9.8) becomes

T'(h) = exp[—27%((h - u)?)], (9.10)

where the atomic subscript has been omitted. This equation may be derived from
the theory of lattice dynamics in the harmonic approximation, which considers
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the (always present) contribution of motion to the atomic displacement, but
in practice it may also be applied to minor static displacive disorder. Other
approximations have been proposed for situations in which the Gaussian form
is not adequate (see, for example, Trueblood et al. 1996), but these are applied
rather rarely.

Let us now consider some common variants of eqn (9.10), which can be rewrit-

ten as
T(h) = exp l_w < (“|—h|h) > |h|21 . (9.11)

This shows that the exponent is proportional to the mean square projection of
the atomic displacement u on the direction of the diffraction vector h, times the
squared magnitude of h. If we denote the projection of u on the direction of h
by un and make use of the relation |h| = 2sinf/A, eqn (9.11) becomes

2

T(h) = exp {—8772@121)&;—29} . (9.12)
If the atomic displacements are anisotropic, the value of the average in
eqn (9.12) depends on the direction of h. This is then the anisotropic Gaus-
sian Debye-Waller factor T'(h), discussed in some detail in the next section and
in the following chapter. If, however, the atomic displacements are isotropic, the
average in eqn (9.12) is determined by the structure alone, but may be different
for nonequivalent atoms, and the left-hand side of eqn (9.12) no longer depends
on the direction of h but only on its magnitude. This is then the individual

isotropic atomic Gaussian Debye—Waller factor,

.2
T(|h]) = exp {—sw2<u2>j 5122 9} : (9.13)
where the index j runs over the nonequivalent atoms in the unit cell. The lowest-
order approximation to T'(h) is the overall Debye-Waller factor. It has the same
form as eqn (9.13) except that the atomic subscript is absent: it presumes that
all the atoms have the same isotropic mean square displacement (u?). The whole
crystal structure is assigned, in this approximation, a single displacement pa-
rameter. We have already encountered this approximation in the discussion of
Wilson’s scaling method in Chapter 7. The overall isotropic displacement param-
eter is also used in the initial stages of the refinement of structural parameters.

9.2 Atomic displacement parameters in the Gaussian
approximation

In order to make eqn (9.10) and its variants useful, the diffraction and displace-
ment vectors must be referred to some basis and the Debye—Waller factor must
be expressible in terms of the appropriate components of these vectors. The ba-
sis in question may be either non-Cartesian or Cartesian, and only those bases
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which are generally used will be considered here. We shall indicate the conven-
tional notations for them but the tensor notation, as introduced in Appendix B
but without the summation convention, will also be used in most derivations.

9.2.1 Non-Cartesian representations
The diffraction vector, in the non-Cartesian case, is referred to the basis of the
reciprocal lattice as follows:

h = ha* + kb* + Ic*
= h1a1 + h2a2 + h3a3

3 .
=Y ha'. (9.14)
=1

The atomic displacement vector u, when referred to a non-Cartesian basis,
has two main representations. The more straightforward one, with the conven-
tional basis (a, b, ¢) and respective dimensionless components (Az, Ay, Az)
is

u=Aza+ Ayb+ Azc
= Azta; + Az?as + Azd ag

3
= Zij a;. (9.15)
j=1

The second representation, with a dimensionless and generally nonorthonor-
mal basis (a*a, b*b, ¢*c), and respective components with dimensions of length

(AE, An, AQ), is

u=A{a*a+ Anb*b+ Al c¢'c
= A¢! ala; + A€ a?ay + A€ dPag

3
=Y A dla;. (9.16)
j=1

This representation is due to Hirshfeld and Rabinovich (1966). Only in the or-
thorhombic, tetragonal and cubic systems are these basis vectors orthonormal,
since it is only in these systems that the equalities a* = 1/a, b* = 1/b, and
¢* = 1/c are necessarily true.

Let us now rewrite eqn (9.10) as

T'(h) = exp[—27%((h - u)?)] = exp[—272((h - u)(u - h))] (9.17)

and evaluate T in the above-mentioned bases. For the basis of the direct lattice,
we have from eqns (9.14) and (9.15)
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i=1 Jj=1
3 3
=> ) hiAal s
i=1 j=1
3
= hiAzk (9.18)
k=1
and, similarly,
3
u-h=> Az'n. (9.19)

We have used here the relationship between the direct and reciprocal bases

a.aj_aj_{m“#j. (9.20)

If we insert eqns (9.18) and (9.19) into eqn (9.17), we obtain

3 3
T(h) = exp <—27r2 Z Z hy (Azk Axl)hl>

k=1 1=1
3 3
= exp (— Z Z hkﬁklhl> , (9.21)
k=1 1=1
where
B = 2m% (Ax” Axl). (9.22)

The quantity $* is one of the frequently employed forms of the anisotropic
displacement parameter. Its determination will be discussed in the next chapter.
Let us now consider the basis of Hirshfeld and Rabinovich (1966). We have, from
equs (9.14) and (9.16)

3
<Zh a) : ZAfj a’a;
j=1

3
Zh;Afj a’s’

Il
e i Moa

hipa® Agk (9.23)

ol
Il
—

and, similarly,
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3
u-h=> Addn. (9.24)

=1
If we now substitute equs (9.23) and (9.24) into eqn (9.17), we obtain

3 3
T(h) = exp (—271'2 Zthak<A§k A§l>alhl>

k=11=1
3 3
= exp (—%2 ZthakUklalhl> , (9.25)
k=11=1
where 5
M= (AR AL = S 2
UY = (A"AL) = 555, (9.26)

another well-known form of the atomic displacement parameter. The components
U have dimension of (length)? and can be directly associated with the mean
square displacements of the atom considered, in the corresponding directions
(see, for example, Trueblood et al. 1996).

Another form of the anisotropic displacement parameter, which is often used
in biomolecular crystallography, is

BF = 872U H (9.27)

and the corresponding expression for T'(h) becomes

3
1
T(h) = exp (‘Z > hiaBMd! hl> : (9.28)
k

=11=1

Obviously, the three non-Cartesian representations of the Debye—Waller factor
can be interrelated very readily and none has any significant computational ad-
vantage over the others. From the viewpoint of physical significance, the best
seems to be that in terms of U, because of its clear relationship to a mean
square displacement.

9.2.2 Cartesian representations
The transformation of crystallographic to Cartesian coordinates is dealt with in
A.1. Briefly, if we refer the atomic displacement vector u to the crystallographic

basis (a, b, c or al,a? a?) and the Cartesian basis (e, ez, e3) by:

u= A§f e + A§§ es + Afg e3 = Azta; + Az?ay + Az as, (9.29)

where the superscript C denotes Cartesian components, it is shown in Section
A.lthat

3
ALY = Z Agja, (9.30)
=1
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where
Aij =e€; a’.

We can similarly transform a product of components of u from the lattice to
the Cartesian basis, and of course an average of such a product:

3 3
(ATAL) =D Ajn Ay (Az™ Az™). (9.31)
j=11=1
If we define
jl - <A€j Agl > (932)

as a component of an atomic mean square displacement tensor, with dimensions
of [length]?, referred to a Cartesian basis, and make use of eqn (9.22), we obtain

3 3
Uy, = )TN A A (9.33)

j=11=1

This is the expression for the transformation of 5 to Cartesian components.
Components of the matrix A are given in Section A.1 for a specific choice of the
Cartesian basis.

The transformation of the components of U proceeds in a similar manner.
We express the atomic displacement vector u in the two bases of interest by

u=Atle; + AS es + At e3 = Acta*a; + Ac%a’ay + A& a*ag, (9.34)

and, similarly to the derivation of eqn (9.30), we obtain
3 .
AL = Z Cija?, (9.35)

where o
Cij = (e;-a’)d’.
If we proceed to the transformation of products of coordinates and averages
of these products, we have

w

3
(AT ALL) =33 CimCin(AE™ AE™), (9.36)

j=11=1
and finally
gl - Z Z Cgmcan n (937)
j=11=1

where Uﬁ and U™ are given by eqns (9.32) and (9.26), respectively.

These Cartesian representations of anisotropic displacement parameters are
frequently employed in constrained refinement calculations and in computations
related to lattice dynamics. They will also be referred to in the next section.
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9.3 A rigid-body model

9.3.1 Introduction
Atomic displacements in molecular crystals have two main sources: external dis-
placement (due to motion or disorder) of the molecule as a whole, and internal
vibrations, involving interatomic bonds only, and internal rotations. The ampli-
tude of the internal vibrations is usually very small, as compared to the amplitude
of the external displacements, and its effect on the observed diffraction intensi-
ties negligible. Internal rotations may be more important in flexible molecules
but in many instances the molecules are approximately rigid or consist of rigid
fragments, and in such cases the displacement vector of an atom has two main
contributions: the displacement of the atom due to rotation of the molecule to
which it belongs, u,ot, and the displacement of the atom due to the transla-
tional displacement of the molecule as a whole, Uians. As we shall see later, ot
depends on the position of the atom, while U ans is independent of its position.
Let us assume for convenience that all the quantities are referred to the same
Cartesian system, and employ a symbolic matrix notation. Thus, if a vector is
denoted by u (bold upright), we denote a column made up of its components (a
3 by 1 matrix) by w (bold italic). The components of an atomic displacement
vector can thus be written as

U = Urot + Utrans

and the (Cartesian) mean square displacement tensor can be written as

<uuT> = <(urot + utrans)(urot + utrans)T>

= <urotu;€3t> + <ur0tug‘ans> + <utransu;1:)t> + <utransu;€ans>

In this model, the contributions of the molecular displacement to the mean square
displacement tensor of an atom are the following: (u,oul ) represents the con-
tribution of the molecular rotational or librational displacement, (UtransUisyns)
represents the contribution of the molecular translational displacement, and
(Uporu, o) and (Uransul ) represent the contribution of screw-type, or helical,
displacement of the molecule (from the interaction of rotation and translation)

We shall specify this model in some detail, and find out that (i) it leads to a
sharp decrease in the number of structural parameters, and (ii) it allows one to
determine approximately the parameters of molecular motion.

9.3.2 Rotational displacement

Suppose an atom at r = x1e; + woes + xwzes, belonging to a rigid molecule,
is rotated about an axis parallel to a unit vector k = A/|A| through an angle
|A|, where A = Aje; + Asez + Ases is the vector of rotation. Note that we
revert, for the time being, to the vector notation. The rotational displacement
Urot = Urot,1€1 + Urot,2€2 + Urot,3€3, is given by

Urot = C}\/‘}\|(|>‘Dr - r,
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where C)\/‘)\‘(|)\|) is the finite rotation operator, derived in Section A.3. If we
make use of this result, we have
A < A ) A .
Wot = — | = -1 | [1 —cos(|A])] + r[cos(|A]) — 1] + <— X r) sin(|A]). (9.38)
ENPYRNEY A

We shall first assume that the angle of rotation is very small, which is con-
sistent with an ordered crystal structure in which the molecules execute small
oscillations about their mean positions or have minor departures of rotational
nature from perfect periodicity and symmetry. In this case

1 AP
cos(|A]) ~ 5
and
sin(|A]) ~ |Al,
and eqn (9.38) reduces to
1
Upor ~ 5 [/\/\ - |/\|QI] ‘r+AXr, (9.39)

where I is a unit operator. The first term on the right-hand side of eqn (9.39) is
interesting in connection with the correction of bond distances for libration but
will now be discarded since the mean square displacement is of interest and only
quantities of the order of |A|? can survive after “squaring” eqn (9.39). Hence

Upot &~ A X I. (9.40)

Following the examples given in Appendix B, the ith component of u,. is
given by
Urot,i ~ (A X I‘)i = 67;jk/\ja?k, (941)
where e, equals 41, —1, or 0, according to whether ijk is a cyclic permutation
of 123, a noncyclic permutation of 123, or any two indices are equal, respectively;
summations over j and k are implied in eqn (9.41). If we carry out the summation
over k, we obtain

Urot,i = RijA;, where R;; = ejjnak, (9.42)

and the antisymmetric matrix R is

0 Tr3 —XT2
—I3 0 X1
To —X1 0
Finally, the ilth component of the purely rotational contribution to the mean
square displacement tensor of the atom is approximated as

<urot,iurot,l> ~ Rinlm <)\]>\m> = Rl]leL]m (943)

The average Ljn, = (AjAy) is the jmth component of the symmetric libration
tensor L.
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9.3.3 Rigid-body model parameters
We can now complete the derivation of the rigid-body model. The ith coordinate
of the atomic displacement vector is given by

Ui = Urot,i + Utrans,i

~ le)\j + Utrans,i

and the average product of two such coordinates or, in other words, a component
of the (Cartesian) atomic mean square displacement tensor, can be expressed as

<Uiul> ~ <(Rz] Aj + utrans,i)(le,Am, + utrans,l>
= Rinlm <)\]Am> + Rij <)\juutrans,l> + le <Utrans,i)\m> + <utrans,iutrans,l>
(9.44)

The averages in eqn (9.44) contain the parameters of the motion of the rigid
molecule, subject to the approximation stated above. Thus, Ty = (Utrans,iltrans,i)
is a component of the symmetric translation tensor, Lj, = (A\jAy) is a com-
ponent of the symmetric libration tensor (as also shown above), and S;; =
(AjUtrans,i) is a component of the nonsymmetric screw-motion tensor. The ma-
trices T' and L contribute six independent components each, and the trace of
the matrix S is indeterminate, so that only two diagonal components can be de-
termined (Schomaker and Trueblood, 1968). Therefore, there are altogether 20
parameters of motion for approximately rigid molecule or molecular fragment.

In the description by anisotropic atomic parameters each anisotropic atom
has six independent displacement parameters. Suppose a rigid molecule contains
15 anisotropically refined (see next chapter) atoms and therefore provides 90
displacement parameters. However, the motion of a rigid molecule can be de-
scribed, in general, in terms of 20 parameters - a sharp decrease of the number
of parameters is indeed offered by the rigid body model. This is, however, an
approximation since internal molecular motion is not accounted for.

How are these parameters obtained? One way is to set up, for an N-atom
molecule, a system of 6N linear equations in 20 unknowns, the components of
the tensors T', L and S, and solve it for these parameters by the least-squares
method (see next chapter), while regarding the refined components of the atomic
displacemement tensors as observations. Another method is to formulate the
structure factor in terms of the rigid-body parameters, rather than in terms of
atomic anisotropic displacement tensors, and obtain them from a constrained
refinement procedure. This will be discussed in the next chapter.
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10 Refinement of structural
parameters

10.1 Introduction

Whether a crystal structure is determined by Patterson techniques or by di-
rect methods, the outcome is of necessity approximate and the approximation
is usually poorer than that which would have been obtained if all the experi-
mental data had been correctly taken into account. Indeed, Patterson methods
are largely dependent on the strongest reflections, which are mainly confined
to low-angle regions, and the whole body of data from high-angle reflections is
ignored to a large extent. The resulting structure has a lower resolution than
what the data might lead to. The direct methods, on the other hand, exploit a
relatively small number of reflections with high E values, coming mainly from
the high-angle region. The resolution may thus be high, but errors are intro-
duced as a result of omitting most of the data. The practical implication of
all of these shortcomings is a low accuracy of the structural parameters. Since a
crystallographic experiment can usually be designed so that the ratio of the num-
ber of observations to that of parameters is fairly large, it is possible to let the
parameters obtained from the structure determination vary so that an optimal
agreement of the calculated and observed magnitudes of the structure factors is
obtained. The process of carrying out such a confrontation of a model with ex-
perimental data, as a result of which the parameters of the model are improved,
is known as refinement of the model parameters. Several methods allowing such
systematic variation are known in numerical analysis. We shall, however, content
ourselves with the description of the method most popular in crystal structure
analyses, the least-squares method. The next two sections will be devoted to an
introductory presentation of the relevant variants of the least-squares method,
as a preparation for the actual refinement of structural parameters.

10.2 The linear least-squares method

This method is in principle suitable for the treatment of sets of observations
which are linear combinations of unknown parameters with exactly known coef-
ficients. The observations are accompanied by small, unknown errors, and these
are assumed to obey a Gaussian distribution. It will be seen that, under this
assumption, the “best” set of parameters is obtained by requiring that the sum
of the squares of all the errors accompanying the observations is minimal. Hence
the name of the method.
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Consider an overdetermined system of linear equations

erZArjpj, r=1,2,...,m, m>n. (10.1)
j=1

Suppose we have to find the quantities pi,...,p,, on the basis of eqn (10.1),

where the coeflicients A,; are exactly known while by, ...,0b,, are accompanied
by unknown errors €1, ..., €,, respectively. Our set of observations can thus be
written as

op=b.+e¢., r=12...,m. (10.2)
As outlined above, we assume further that the errors €1, ..., €, are independent

and are normally distributed with zero mean and estimated standard deviations
01, .-.,0m, where

2=2" r=1,2,...,m (10.3)

Here, the quantities w1, ..., w,, are known weights and o2 is an unknown. Our
task is therefore to estimate the values of the parameters pq,...,p, and the
unknown o on the basis of the observations o1, ..., 0, as formulated above. We
shall employ for this purpose the method of maximum likelihood, as described
in greater detail by Linnik (1961). We have

0 = €, + Z Arjpj (104)

Jj=1

where ¢, is a random variable with zero mean and an estimated standard devia-
tion given by o/, /w;, and the second term on the right-hand side of eqn (10.4)depends
on the constants A,; and independent parameters p1,...,p,. It follows that the
average (¢,) vanishes, and hence

<0r> = ZArjpj~ (105)

In view of the assumed normal distribution of the errors €., the probability
density function for an observation o, is

2
1/2 n
Wy W,
fr(o’r) = W exp _ﬁ Op — Zl Arjp] . (106)
=
The likelihood function for the sample of independent observations o1, ..., 0, i8

then given by the product of the pdfs of the individual observations
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L(Ol,...,Om) = Hfr(or) (107)
1
2
m /2 m n
(ILZ, wr)l 1 .
= (o 2\m/2 T 9,2 r| 9 -IJPj
L) S (o3
r=1 j=1
(10.8)

and the likelihood should attain its maximum when the function or its logarithm
is at its maximum (Cramér 1951; Linnik 1961). That is,

1 1 1 -
InL(o1,...,0m) = —§mln27r — §mln02 + 3 In (HI&))
i=1

2
202 Z wy | 0r =) Arps

j=1
= max. (10.9)
We see from eqn (10.9) that for each value of o2 the likelihood function attains

its maximum for the sample p1,. .., p,—independently of o>~when
2

M = Zwr 0y — ZArjpj = Zwrez = min, (10.10)

r=1 i r=1

where use has also been made of eqn (10.4). Equation (10.10) is the fundamental
condition from which the least-squares equations can be derived, as shown below.

The above requirement for a minimum with respect to the parameters p1, ..., pn
implies that

8pk Zwrer /: . k=1,2,...,n. (10.11)

Since, now,
n
=Y Avp;
Jj=1

and

Oe,
Op

= _Arka

eqn (10.11) becomes
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m
D wr

n
r=1 j=

ApkArjp; =Y wpArpor, k=1,2,....n (10.12)
1 r=1

or, interchanging the summations over observations and parameters,

Z { A;frerTj}pj = ZA;frwror, k=1,2,....n, (10.13)
1

j=1 Lr= r=1

where the superscript T denotes the transpose. Equation (10.13) constitutes a
system of n linear equations in the n parameters p1,...,p, and is solvable pro-
vided the matrix of the coefficients of the ps on the left-hand side of eqn (10.13)
is nonsingular. These equations are known as the normal equations of the least-
squares problem. If we introduce a diagonal weight matrix W, such that Wy, =
wi, k=1,2,...,m, eqn (10.13) can be rewritten in symbolic matrix notation as

ATWAp = A"Wo (10.14)

and the solution vector is then

p=(ATWA)ATWo. (10.15)

In many cases the weights are unknown and are assumed to be the same
for each observation (or observational equation). In such cases unit weights are
usually assumed, W becomes a unit matrix, and eqns (10.14) and (10.15) simplify
to

ATAp = A% (10.16)

and
p = (ATA) 1A, (10.17)

respectively. The solution vector is primed in order to emphasize that this is not
the actual exact solution but only a least-squares estimate of such a solution,
following from the condition in eqn (10.10).

We shall now discuss, without detailed proof, expressions for the estimated
standard deviations of parameters that have been estimated by the least-squares
method. Our best estimate of the parameter o2 is the weighted sum of the
squared differences between the actual observations and those recalculated from
the least-squares estimates of the parameters, divided by the number of degrees
of freedom. That is

2 Do we(op —0l)?

m—n

o : (10.18)

where
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o. = Z Arjpj- (10.19)
j=1

Finally, the variance—covariance matrix of the set of parameters {p;} is given
by the corresponding diagonal elements of the inverse matrix of the matrix of
the normal equations, scaled by o2 as computed from eqn (10.18):

cov(p}, pj) = [(ATA)];50°. (10.20)

The estimated standard deviation of the parameter p., recently renamed the es-
timated standard uncertainty in the crystallographic literature, is just the square
root of the corresponding diagonal element of the variance—covariance matrix.

10.2.1 An example of a linear least-squares problem
There are several straightforward applications of the linear least-squares method
in crystallography. We came across one of them in the discussion of rigid-body
tensors in Chapter 9, and will illustrate another one in this section. The deter-
mination of unit-cell parameters is carried out by a variety of methods, usually
dictated by the structure of the diffraction experiment. In some arrangements,
notably the moving-crystal-moving-film methods, the diffraction pattern can be
indexed in advance of the determination of the unit cell parameters, and such a
determination is then easily carried out with the aid of the linear least-squares
method. The squared diffraction vector corresponding to the ith reflection can
be written as
, 4 sin? 6;
haf? = 25

= h2a*? + k20*% + 12c*?

+2k;1;b* c* cosa™ + 2[;h;c*a” cos B* + 2h;k;a*b* cosy*.

The observed quantity, which has to include some unknown error, is 6;. We can
therefore write for the ith reflection

4in? 6;
0; = T
The reflection indices are exactly known integers, and we can denote the ith row
of the matrix of observational equations as

Ay = h,
Ay = k?,
Az = l?,
Ay = 2k;1;,
Ais = 2lihy,
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The parameters to be solved for are thus

pr=a?=a"-a",
Do = b*2 :b* -b*,
p3=c*? =c* - ¢,
py = b*c*cosa® =b" - c*,
ps = c*a*cos fF =c* - a”,

pe = a*b* cosy* =a” - b*.

We shall assume unit weights for simplicity. The normal equations can therefore
be constructed as in eqn (10.16), the solution vector estimated as in eqn (10.17),
and the variances of the parameters estimated as in eqns (10.18)—(10.20). The
parameters so obtained are, of course, not the unit-cell parameters we wish to
determine. However, these parameters can be seen to be the elements of the
matrix of the metric tensor of the reciprocal space (see eqn (B.8)) The inverse
of this matrix can be readily shown to be the matrix of the metric tensor of the
direct space (see eqn (B.7)), and so the required (direct) unit-cell parameters
can be obtained.

10.3 The non-linear least-squares method

A more frequently occurring situation—and, unfortunately, more difficult to cope
with—is a set of observations which are nonlinear functions of the parameters. If,
however, the values of the parameters are approximately known, it is possible to
“linearize” the problem and apply the method described in the previous section
in an iterative manner until convergence to a satisfactory solution has been
reached. We shall explain this procedure in what follows.

Consider an overdetermined system of equations

fr(P1, . iPn) = Grobs + €, T=1,...,m (m>n), (10.21)

where the functions f,, which model the observations g, ons, depend on the pa-
rameters p; in a nonlinear manner, and each equation contains a small unknown
error €. Even if all the errors were zero, the solution of this system would involve
treatment of a coupled system of nonlinear equations, which is a complicated un-
dertaking. However, the errors are there, and their presence dictates a statistical
approach akin to that presented in the previous section.

Let us assume that the parameters are approximately known. The right-hand
side of eqn (10.21) can thus be written as

Fr®) +0p1, ..., o + Opn)

or, more concisely, as f,.(p" + dp), where p° is the array of approximately known
parameter values and dp is the array of unknown deviations of these approximate
values from the “true” values of the parameters.
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A widely used procedure is to expand the model function f.(p" + dp) in a
Taylor series about the vector of the approximately known parameters and regard
the deviations ép; as the unknowns, the values of which are to be estimated. Such
an expansion becomes

5pj

(pj=p9)

1 -~ 9fr(p)
+§Z = 6piop + -+ (10.22)

(Pj=pYPL=pY)

This expansion becomes useful when the terms from the third on can be
neglected. This can be done only when the approximation is a good one, that
is, if the deviations dp, are small. In that case, dp; dpr can be neglected in
comparison with op; and eqn (10.22) reduces to two terms only: a constant and
a linear term. The starting equation, eqn (10.21), can then be approximated by

nar
Zf(p)

o9, 5pj = grobs — fr(0°) + &, T=1,...,m (m >n), (10.23)
J

=t (p;=p9)

and becomes an overdetermined system of linear equations in the deviations
dpj, with exactly calculable coeflicients. The solution of such a system for the
deviations can be done by the linear least-squares method, described in the
previous section: the substitutions to be done are

n a . n
=1 P j=1

(p;j=p9)

and

9r,obs — fr(po) = br- (1025)

When the deviations are available, they can be added to the initial approximate
values of the parameters to create a better approximation, and the procedure is
repeated in an iterative manner until some convergence is reached. The nonlin-
ear least-quares method really consists in a series of applications of the linear
method. The obvious difference is that while the linear least-squares method
yields the values of the parameters, the nonlinear method furnishes approximate
deviations of the parameters from their “true” values.
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10.4 Conventional refinement

The most relevant application of the method described in the previous section
to structure determination is to the refinement of structural parameters. The
model function to be considered is the magnitude of the conventional structure
factor, |F(h)|, or its square, |F(h)|?. We have, for the rth reflection,

F(h(y) = |F () exp(ip) = |F(hgy))|(cos ¢ + isin )
= A(h(»)) +iB(h()) (10.26)

and hence A(h(y) = [F(h(y)|cose and B(h(y) = [F(h¢y)|sing. It follows
from the above that

|F(h(y)| = A(h(y) cosp + B(hy) sin . (10.27)

The conventional expression for the structure factor of the rth reflection, in
symbolic notation, is given by

F(hy) Z am f2, Z exp(— T)ﬁmsh(r)) exp(2mih(y) - ), (10.28)

where the outer summation ranges over the atoms within the asymmetric unit;
., is the occupancy factor of the mth atom; f0 is the scattering factor of the
mth atom at rest; and (3,,s is the anisotropic displacement tensor of the mth
atom, transformed by the rotation matrix of the sth space-group operation, that
is:

The coordinate vector in eqn (10.28) is given by the space-group transformation:
Tims = Psy + 15 = (P, ts)Tm,. (10.30)

The observed quantity, denoted in eqn (10.23) by g(y),obs, is the observed am-
plitude |F{;) ops| of the rth reflection. We therefore need the derivatives of the
magnitude of the structure factor with respect to all the parameters, the value
of the magnitude of the structure factor at the current approximate parameter
vector, and the observed structure amplitude. These derivatives are most con-
veniently calculated if we use eqn (10.27) with the real and imaginary parts of
eqn (10.28). It is convenient to introduce the abbreviations

h(r Z amf Z C (r)sm

and

h(r) Z amf ZS(T)em

where
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Cirysm = exp(—h(rysph(r)sqBhd) cos[2m (b sph, + h(r)iti)}, (10.31)

and where ‘
hrysp = hryils

sp-*
Here h( (r)i is the ith component of the diffraction vector of the rth reflection,
and P§p is the ipth element of the rotation matrix belonging to the sth space-
group operator; the summation convention is employed in eqn (10.31). Analogous
equations are obtained for S(,)sm, by replacing the cosine with a sine.

The derivatives required for the construction of the least-squares normal

equations are

IF(hw)l (h(r)) OB(h()) .

Dar = Dar Ccos  + 78% sin ¢

[(Z C(T)gk> cosp + (Z S(T)gk> sin go] (10.32)
OF(hi)| _ 0A(h) 0By
a7 a7 ¥ Bl ¥
= fl? (Z _h(r)sph(r)sqc(r)sk:> Cos
+ fko‘ (Z _h(r)sph(r)sqs(r)sk:> sin 2 (1033)
OF (hr)| _ 0A(R()) cos dB(h, )bm
a7 a7 T 0T 4
= f}? [(Z _QWh(r)spS(r)sk> COS @ + (Z 27Th(r)sp0(r)sk> sin 30‘| .

(10.34)

In this approximation each atom is specified, in the general case, by ten
parameters: three coordinates (known as positional parameters), six components
of the symmetric displacement tensor (often referred to as thermal parameters)
and one occupancy parameter. The overwhelming majority of structural studies
of small and medium-sized molecules employ these specifications.

The parameter vector for an n-atom asymmetric unit is thus

T 11 22 33 12 23 31 1 3
p _(ah 1M1 M oM s M1 s M 7x17x17x17
11 22 33 12 23 31 1 2 3

an’ n n n n n 71'77,71'77,"1;7’7,) (10.35)
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the linearization proceeds just as outlined in the previous section for the general
case, and the normal equations are constructed as prescribed by eqn (10.13).
According to eqn (10.12), they can be written as

n Ui 0| Fy, O|F(p
SIS wg |Ery (P)] O|F (7 ()] n;

) Op Jp;

=1
" 8|FT p)|
= wg ) (IF ) 0051 = 1F ) (7)), (10.36)

(r)=1

J

where w(,) is the weight of the rth reflection, often taken as the reciprocal
of the variance of the measured intensity and not uncommonly as unity; and
O|F()(p)|/Opy is the partial derivative of the model structure-factor function
with respect to the kth parameter, evaluated at the currently known approxi-
mate values of the parameters; m is the number of reflections participating in the
refinement, n is the number of parameters and the unknowns dp; are the param-
eter shifts we are after, in order to add them to the current approximation and
improve or refine it. After this has been done (of course, by the computer pro-
gram that takes care of this process) eqns (10.36) are solved again, this time with
an improved “current approximation” and the parameter vector is updated until
the process is thought to have converged. There are several criteria in use, the
most common being the discrepancy factor, or R factor, defined as, for example,

Z(r) ||F(r) (pi)| - |F(r),obs||
Z(r) |F(r),obs|

for the ith iteration of the refinement. When all the parameters listed in eqn
(10.35) have been included for the nonhydrogen atoms, the hydrogen atoms
have been located and included with isotropic displacement parameters, and the
structure is not disordered, we expect the R factor for the last iteration to have
a value not exceeding 0.05.

R' = (10.37)

10.4.1 Rigid-group constraints

The parameters which conventionally participate in the refinement procedure are
(i) three positional parameters for each atom, or the atomic coordinates; (ii) one
isotropic or six anisotropic displacement parameters for each atom; and (iii) an
occupancy factor for each atom, of particular importance in partially disordered
structures. Not infrequently, the asymmetric unit of the crystal consists of one
or more approximately rigid groups, in which case the number of structural
parameters can be considerably reduced, at this level of approximation. In this
subsection we shall consider the incorporation of such rigid-group contraints
into the structure-factor equation and the general formulation of the derivatives
required for the construction of the least-squares normal equations. A general
discussion of constrained refinement procedures can be found in Chapter 8.3 of
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Volume C of the International Tables for Crystallography (Prince, Finger, and
Konnert 1999) and the references quoted therein.

For the purpose of our discussion, let us assume that all the quantities appear-
ing in the structure-factor equation are referred to the same Cartesian system.
This can be done as indicated in Appendices A and B (see Sections A.1 and B.4)
and is frequently done in crystallographic computing.

If anisotropic displacement of the atoms in the Gaussian approximation is
assumed, the structure factor is given by

N
F(HYHFHS) =Y a(j)f] exp(=27* HE U, () Hy,) exp2miHy x5 (7)),
Jj=1

where N is the number of fully or partially occupied atomic sites; a(j) is the
occupancy factor of the jth atomic site; fj0 is the scattering factor of the jth atom

at rest (usually in the spherical approximation); HE, HS, H. g are the components
of the diffraction vector h, referred to a Cartesian system; US (j) is the kmth
element of the matrix of the displacement tensor of the jth atom, referred to the
same Cartesian system, and xg (j) is the pth component of the position vector
of the jth atom, referred to the same Cartesian system. We shall assume, for
generality,the space group P1. Other space groups can of course be included in
the expression for the structure factor, as shown in Chapter 5.

If the structure is fully ordered (that is, a(j) = 1 for all j), the number
of structural parameters in the above formulation of the structure factor, for
a modest value N = 20, is 180, and these have to be conventionally refined as
described above. Let us now assume that the 20 atoms constitute a rigid group of
known internal structure but approximate location and orientation. The number
of structural parameters describing this group now reduces to 26. As shown in
Chapter 9, the number of independent parameters in the translation, libration,
and screw-motion tensors of a rigid group is 20 [rather than 120 displacement
parameters in eqn (10.38)]. Further, as will be shown below, three parameters
define the orientation of the rigid group and three coordinates are required to
specify its location in the unit cell.

A general displacement of a point can be described as

ry = Cx(a)r; + p, (10.38)

where r; is the initial position vector of the point, r is the position vector of the
point after the displacement, Cy(«) is an operator rotating the point about an
axis parallel to a unit vector k through an angle «, and p is a linear displacement
vector. A matrix representation of the rotation operator, referred to a Cartesian
system, is derived in Appendix A (see eqn (A.23)). It depends on three inde-
pendent parameters: the angle o and two components of the unit vector k. The
third component depends on the other two, since |k| = 1. A computationally
more transparent equation for a change of orientation and location is
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Igf 10 O co 059 c3 —s3 0 x% p%
2 0c1 —s1 010 s3 ez O 25 |+ 105 ], (10.39)
[ 0s1 ¢ —59 0 co 0 01 x% pgci

where ¢; = cos ¢;, s; = sin¢;, ¢ = 1,2.3, or symbolically, in matrix notation,

7§ = M(¢1)M($2) M (83)77 + p©, (10.40)

where ¢1, ¢2, @3 are angles of rotation about the Cartesian axes 1,2,3 respectively.
The structure-factor equation that incorporates the displacement and posi-
tional aspects of this rigid-body model can therefore be written as

N
= Z fJQ exp[—27r2(hc)TUSb'(j)hc] exp[QWihCr?(j)], (10.41)
j=1

where
US, (j) = R(j))LR" (j) + R(j)S + [R(j)S|" + T

is the contribution of the general displacement of the jth atom in the rigid body
to the displacement tensor of this atom (see Chapter 9), and r}j(j) is given
by eqn (10.40). The derivatives now required for the construction of the nor-
mal equations are the derivatives of |F'| with respect to the angular parameters
o1, ¢2, 3, the components of the location vector p and the 20 independent com-
ponents of the rigid-body tensors T', L, and S. Their computation is conveniently
done with the aid of the chain rule. For example, the contributions of an atom
(with its subscript omitted) to these derivatives are

3
OIF| _ N~ OIF| 92y

= =123, 10.42
Obm £ 8xc Do ( )
F Jallelng
?J | — 8| C| 5 if . 1,2,3, (10.43)
P53 Ox5y Opn
3 3
F F| 0US, ,
o —ZZ 8' | #, q=1,2,3, p>gq, (10.44)
8qu i=1 j=i rb K¥ Pq

and similarly for the derivatives with respect to the components of S and T'.
Note, however, that the displacement tensor in the rigid-body approximation also
depends on the atomic positions via the antisymmetric matrix R and therefore
the derivatives 0| F|/Ox must take this into account.

The introduction of space-group symmetry follows in the usual manner, as
in the case of conventional refinement. We can, of course, have one or more rigid
group in the asymmetric unit, each having its 26 rigid-body parameters. There
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are also structures in which the molecule consists of several rigid fragments, and
a number of atoms not belonging to a rigid group. The structure factor can be
set up to take this situation into account.

Finally, it should be remembered that the rigid-body model is an approxi-
mation and that by assuming it we completely neglect internal motion such as
bond stretching and bending. Internal vibrations are almost independent of the
temperature whereas the external ones depend on it strongly. Therefore, for low-
temperature structures the rigid-body model is worse than for structures solved
from diffraction data collected at room temperature.

10.4.2 Introduction of restraints
Let us now return to conventional refinement. The solution of the normal equa-
tions, eqns (10.36), for the shifts of the parameters involves the inversion of the
normal matrix, which is usually very fast with modern personal computers or
workstations for moderately small asymmetric units. However, the quality of
the results and their standard uncertainties depend on the ratio of the number
of measured intensities to the number of refined parameters. A low ratio may
be caused by a very large asymmetric unit (for example in the case of protein
crystals) or by a weakly diffracting crystal. In such cases, introduction of known
stereochemistry of the crystal into the process of refinement may prove to be
very helpful or even necessary. An introductory discussion of this subject was
given by Waser (1963); it was extended by Konnert (1976) and other authors,
reviewed by Prince et al. (1999) and implemented in several crystallographic pro-
gram packages (for example SHELX97, Sheldrick (1997)). The introduction of a
known structural feature, such as an interatomic distance or an interbond angle
is known as a restraint and will be briefly discussed below. We shall follow the
papers of Waser (1963) and Konnert (1976) in an occasionally different notation.
The weighted sum of squared residuals, which after minimization and the
linearization described above leads to the normal equations (eqns (10.36)), is
given by
Z w(r |F(T 0b5| |F(r),calc|)2, (1045)

where the sum extends over all the observed reflections, w(F') is the weight
assigned to the rth reflection, and F(;) calc is the calculated structure factor
based on a parameter vector p (see eqn (10.35)). Suppose we wish to adjust the
positional parameters of certain atoms so that they give the best fit to a set of
given interatomic distances. The sum of weighted squares of the corresponding
residuals is in this case

ZZ“’IK{ git(x] — 2 ) (2 — 2f )V —dirax}®, T> K,  (10.46)
where each term in the double summation corresponds to the pair of atoms I

and K, gj; is the jith element of the metric tensor of the direct lattice, 27 is the
jth fractional coordinate of atom I, drk gx is the prescribed distance between
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atoms I and K, and the repeated-index summation convention is employed in
the calculation of the distance between the two atoms.
The least-squares equations are now constructed by requiring that

"L [0S, 0S,
—_— —_— = 1 .4
;<api+api) 0, (10.47)

where p; is a structural parameter and the summation ranges over all m such
parameters. Of course, many of the derivatives of Sy will be zero if only the
restraint given by eqn (10.46) is considered. However, there are many possible
restraints that can be imposed, related to atomic positions and displacements.
A most useful positional restraint is the requirement that a group of atoms be
planar and have a fixed geometry—this is almost invariably applied to the pep-
tide linkage which is the basic building block of the backbone of a polypeptide
chain in a protein molecule. An interesting restraint involving atomic anisotropic
displacement tensors is the rigid-bond restraint. This requires that the average
displacement of atom I toward atom J along an I.J bond be the same as the av-
erage displacement of atom J toward atom [ along this bond, or, quantitatively,

krII‘JU]kf[J = k;IUJkJ] (10.48)

where k;; is the column of components of a unit vector directed from atom I to
atom J, and U7y is the matrix of the displacement tensor of atom I, etc. in the
reverse direction.

The actual normal equations, in matrix notation, are then given by

Niép=1> (10.49)
where the kjth element of N is
m a|F(r) calc' 8|F(r),ca1c|

Nij = D wy) ’
S Opk Ip;

adlK calc 8d%K calc
+ wrr (drx) :

+ terms from other restraints, (10.50)

0p; is the shift in the jth parameter, and kth component of b is

6|FT calc|
b, = Z w(T) ( ) (|F(r),obs| - |F(r),ca1c|)
(r)=1
8dIK calc
+ Z Z w(r) dIK 8 (dIK fix d%K,calc)
+ terms from other restraints; (10.51)

drK,cale, the calculated interatomic distance, was given explicitly in eqn (10.46).
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It should, of course, be remembered that restraints are valuable for refinement
of structures which are too large for the data that are available and also for
weakly diffracting crystals, with either large or small unit cells. Application of
restraints is not a “must” if a full, accurately measured data set is available and
the ratio of the number of that of observations to conventional parameters is
fairly large.
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Appendix A Some geometrical
considerations

A.1 Transformation to a Cartesian system
A Cartesian basis ejeses can be readily related to the bases of the direct and
reciprocal lattices by taking, for example, e; along a, e3 along c*, and e along
the vector product es x e;. The resulting unit vectors

— Al
€ |a‘ ) ( )
€y = e3 X ey, (A2)

C*
€3 = |C*‘ (A3)

comprise an appropriate, and commonly employed, orthonormal set of basis vec-
tors. In fact, it is readily seen that e; - e; = 0;5,%,5 = 1,2,3, as required for a
Cartesian basis. Let us now refer the vector r to each of the basis sets abc and
ejeses and write

r=¢&ren +&5e +E5es = vatyb + zc. (A.4)

If we take the scalar products of the left-hand and right-hand sides of (A.4) with
e, e, and eg, we obtain three linear equations, or a matrix equation of the form

f e;-ae;-be;-c T
$]1=|e-ae -bes-c y . (A.5)
g es-aesz-bes-c z

This is a transformation of the components of r, referred to the basis of the
direct lattice, to its Cartesian components. The transformation matrix can be
evaluated once the Cartesian basis vectors have been defined (for example as
in eqns (A.1)-(A.3)) by making use of the fundamental relationships between
the direct and reciprocal basis vectors. We leave it to the reader to show that
the explicit form of the transformation matrix appearing in eqn (A.5), for the
specific Cartesian basis defined in eqns (A.1)—(A.3), is:

a bcos~y ccos 3
0 bsiny —csinfBcosa™ | . (A.6)
0 0 1/c*

Of course, a Cartesian basis associated with the direct and/or reciprocal bases
can be chosen in an unlimited number of ways. A more general discussion of the
construction of Cartesian bases is given elsewhere (Shmueli, 2001b).
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When a crystallographic calculation involving diffraction vectors is referred to
a Cartesian basis, we have to transform the diffraction indices to the same basis as
that to which the fractional coordinates have been transformed as shown above.
The required transformation matrix can be obtained in a manner analogous to
that outlined above; however, this is not needed, since the row of diffraction
indices referred to the Cartesian system can be obtained by postmultiplying a
row of indices hkl with a matrix which is the inverse of the matrix given by
eqn (A.6). Note that the latter matrix premultiplies the fractional coordinates
and transforms them to the Cartesian system. A general proof of this relationship
is given in Appendix B (see Section B.4).

A.2 Change of basis and trace invariance

A simple but important example of the effect of a change of basis on the compo-
nents of a vector was discussed in the previous section of this appendix. We now
proceed to determine the effect of a change of basis on the elements of a square
matrix, and conclude with a proof of the invariance of the trace of the matrix
under such a change. The discussion will be general.

Let P be an n by n matrix representation of an operator, which acts on a
coordinate column 7; and let 7y be the coordinate column resulting from this
operation. We can write this symbolically as

ry = Pr;. (A7)

This is exemplified by eqn (1.37), which shows an application of a rotational
symmetry operator to a lattice vector, resulting in a symmetrically related lattice
vector.

Now let T be an n by n nonsingular transformation matrix, which when
applied to a column vector, say 7, yields the same column vector referred to a
different basis. We shall write this as

. = Tr;. (A.8)

This is exemplified by eqn (A.5) in the previous section. Since the matrix T is

nonsingular, we have
T = T_l'T’;, (Ag)

and upon substituting eqn (A.9) into eqn (A.7) we obtain
rp=PT '7. (A.10)

If we now apply the transformation T to both sides of eqn (A.10), the operation
expressed by eqn (A.7) is now referred to the primed basis:

v, = TPT ' (A.11)

The matrix representation of the operator has changed from P to TPT~!. This
rather well-known result is applied in crystallographic computing to situations
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in which calculations are being referred to a basis different from that initially
assumed.

An interesting consequence of the above result is the fact that the trace of
the matrix representation of an operator is invariant under a change of basis. Let
us recall that the trace of a square matrix, say A, can be conveniently computed

as
i J i

We now use this result to compute the trace of the matrix representation of our
operator after a change of basis has taken place:

Te(TPT ') = ZZ% (TPT ),
= Z Z(sij > TuwPuT,
- Z Ejlz;iklelel
.
S BNt

= Tr(P). (A.13)

The trace of the square-matrix representation of an operator is indeed invariant
under a change of basis. This general result was used in the derivation of the
permissible rotational symmetries in a three-dimensional lattice.

A.3 The finite rotation operator

We shall now consider an operator on a three-dimensional space which has several
important applications in crystallography, and to which the considerations of
the previous sections of this appendix can be profitably applied. This operator
rotates (rigidly) a point about an axis coinciding with a unit vector k, through
an angle «, in the clockwise sense when the observer looks in the direction
of +k; this is usually referred to as the positive sense. We shall first derive a
representation of this operator in vector form, without specifying the basis to
which the vectors are referred, and proceed to represent the components of the
vectors in a Cartesian system, which is the most convenient type of system for
general rotations and general considerations regarding rotational symmetry. The
derivation is indicated in Fig. A.1 and is detailed below.

We assume that all the vectors are referred to an origin, located on the axis of
rotation. Let k be a unit vector along the axis of rotation, r be the vector to be
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kxr

Fig. A.1 Derivation of the rotation operator.

rotated about k, r’ be the vector after its rotation about k, and « be the angle of
rotation. We first decompose the unprimed and primed vectors into components
parallel and perpendicular to the axis of rotation. That is

r=r)+ry, (A14)

Since we have assumed a rigid rotation, that is, that the length of the vector
does not change, the components of the unprimed and primed vectors parallel
to the axis of rotation are also identical, and it is easily seen that they are given
by
rp =1 =k(k-r). (A.15)
We now proceed to express r’, in terms of r, k and «. For this purpose,
we construct an orthogonal system in the plane passing through the origin and
perpendicular to the axis of rotation. This plane contains the perpendicular
components r; and r’,, and also the vector k x r . Note, however, that

kxr, =kxr. (A.16)
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We now decompose r’, into components parallel to the mutually perpendicular
vectors r| and k x r:

, , Iyl \ rp , kxr)\ kxr
o= (i) ey (o) o (A1)
The projections of r and r’ on the perpendicular plane also have the same length.
That is, |r | = |r/,|. The first term on the right-hand side of eqn (A.17) thus
reduces to r| cos . The angle formed by r/, and k x r is @ —90°|, and we have
from eqn (A.16)
kxr|=lkxry|=]|rL] (A.18)

It follows from eqn (A.15), eqn (A.17), and the above argument that
r =k(k-r)+r;cosa+ (k xr)sina
=k(k-r)(1—cosa)+rcosa+ (k xr)sina. (A.19)

The second line of eqn (A.19) is the general expression from which the compo-
nents of r’ can be computed in any system of coordinates, given those of r and k
referred to the same system, and the angle «. Let us rewrite this result in matrix
notation; that is find the matrix which, when applied to an unprimed coordinate
column. yields the corresponding primed coordinate column. For simplicity (and
for the time being), we choose a Cartesian system of coordinates, and define the
various vectors as

3
i=1

3
r = inei, (A21)
i=1
and
3
r = 237;91% (A.22)
i=1

If we rewrite eqn (A.19) in components, as indicated above, we obtain

x) EID(a) +cosa  kikeD(a) — kzsin o k1ksD(a) + ko sin 1
xy | = | kak1D(a) + kssina k%D(a) +cosa  koksD(a) — kisina z2 |,

xh kskiD(a) — kasina ksk2D() + kisina k3 D(a) + cos o T3
(A.23)
where D(a) = (1 — cos ), or, symbolically,
x' = Ck(a)x (A.24)
The trace of this matrix representation
Tr[Cx ()] = (ki + k3 + k3)(1 — cosa) +3cosa = 1+ 2cos (A.25)

depends on the angle of rotation alone. This result is the basis of the classifi-
cation of permissible symmetric rotations presented in the text. The matrix in
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eqn (A.23) is the general Cartesian representation of a finite rotation operator
on a three-dimensional space. It finds use in several crystallographic applica-
tions, such as the Patterson rotation function, (see, for example, Rossmann and
Arnold, 1993) and rigid-body motion analysis (Schomaker and Trueblood 1968).

Conversely, if we are given a general rotation matrix, with elements Cj;, the
angle of rotation may be determined from its trace as

a=cos ! [frac(Ci1 + Caz + C33 — 1)2], (A.26)

independently of the system of coordinates. When the angle « is different from
180°, the Cartesian components of the unit vector along the axis of rotation can
be found from

U3z — Coas
= - A.2
Fa 2sin« ( 7
O3 — 031
k2 = 2sina (A.28)
Co1 — Ch2
= = A2
ks 2sin o (A-29)

as can be seen by inspecting the matrix in eqn (A.23).



Appendix B Fundamentals of
tensor notation

B.1 Introduction

Tensor notation is of considerable advantage in many areas of crystallographic
computing. This appendix is not a substitute for a text on tensor algebra, but is
intended to summarize the most important principles and present some relevant
examples. It may be noted that among the advantages of tensor notation are
conciseness, and ease of transcription of formulas into computer code. We shall
adhere to the following conventions:

1. The basis vectors of the direct and reciprocal lattices, discussed in Chapter
1, form mutually reciprocal triplets, and will be denoted as follows:

a=aj;, b=ay, c=aj
a* =al!, b* =a? c¢* =a’
Tensor algebra associates subscripted quantities with covariant, and super-
scripted quantities with contravariant transformation properties. Thus the
basis vectors of the direct lattice are represented as covariant quantities and
those of the reciprocal lattice as contravariant ones.
2. The summation convention. If an index appears twice in an expression,
once as a subscript and once as a superscript, a summation over this index
is thereby implied and the summation sign is omitted. For example,

x'2? R;j is understood as E E x'x? Ryj
J

i

by the above definition. Such repeated indices are often called dummy in-
dices and, indeed, the replacement of two is by two ks has no effect on
the result. The implied summation over repeated indices is often used in
practice when the indices are at the same level. This is correct when the co-
ordinate systems are Cartesian, as there is no distinction between covariant
and contravariant quantities in Cartesian frames of reference.

3. Components of vectors referred to a covariant basis are written as contravari-
ant quantities and vice versa. For example

r = za+ yb + zc = zta; + z%ay + 23a3 = 2'a;

h = ha* + kb* + Ic* = hya' + hoa? + hza® = h;a'.
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B.2 Transformations

A concept of fundamental importance in tensor algebra is that of the transfor-
mation of coordinates. For example, suppose that a position vector r is referred
to two different sets of basis vectors as follows:

r — xiai (Bl)

and
r = 2'Fa). (B.2)

Let us now multiply both sides of eqns (B.1) and (B.2) by the vectors aP,p =
1,2,3, that is, the basis vectors that are reciprocal to the set {a;}. We obtain
from eqn (B.1)

r-a? =2'a; - af =2'6! = P,

where 07 is the Kronecker delta, which equals 1 when i = p and equals 0 when
i # p. Further, eqn (B.2) yields

r-af = 2'fa) - aP = 2 TY,

where TV = a)_ - aP. Hence,
a? = 2" TP (B.3)

which can also be written as
aP = TP’ (B.4)

A tensor is a quantity which transforms as a product of coordinates, and the
rank or order of the tensor is the number of transformations involved. For exam-
ple, a product of two coordinates transforms from the primed to the unprimed
basis as

2Px? = TP Tz z"™. (B.5)

The same transformation law is valid for a contravariant tensor of order two, the
components of which are referred to the primed basis and are to be transformed
to the unprimed basis:

QP1 = TPTIQ™. (B.6)

B.3 The scalar product and metric tensors

The scalar product u - v is obviously an invariant. However, if it is expressed in
terms of the components of the vectors and the bases to which the vectors are
referred, several equivalent expressions for the scalar product result. If we assume
that the possible bases are the covariant and the corresponding contravariant
basis, the following four expressions are obtained:
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(1) u=u'a;, v=1a;
u-v=uvl(a - a;)=uvig;, (B.7)

where gij = ai - a; is the metric tensor of the direct space.
(2) u=wa’, v=uv;al

u-v=uvj(a-al) =wuuvg, (B.8)

where g7 = a’ - a’ is the metric tensor of the reciprocal space.
(3) u=wa', v=1la;

u-v=upl(al-a;) = u’s =l (B.9)
(4) u=v'a;, v=uv;al
u-v=u'v;(a;-al) _uvjél = u'v;. (B.10)
If we compare eqn (B.7) with eqn (B.10), we obtain
v; = ngij = gijvj. (B.11)

That is, the metric tensor of the direct space transforms the contravariant compo-
nents of a vector into its covariant components. More pictorially, a multiplication
by the metric tensor of the direct space “lowers” one of the indices of the mul-
tiplied contravariant (column) vector. Similarly, a comparison of eqn (B.8) with
eqn (B.9) leads to
v = 09" = g, (B.12)

and to transformation properties inverse to those indicated by eqn (B.11). A
comparison of eqn (B.11) with eqn (B.12) clearly shows that the matrices of the
direct and reciprocal metric tensors are mutually reciprocal, and so are their
determinants. This is consistent with the reciprocity of the volumes of the direct
and reciprocal unit cells, already demonstrated in the text.

It can be readily shown that analogous relations exist between the covariant
and contravariant basis vectors.

B.4 Examples

The background provided in this Appendix suffices for a variety of highly useful
crystallographic applications. Only a few will be mentioned here, by way of an
illustration.

1. Interatomic distance. Let r1 = xﬁai and ro = x%ai be the position vectors of
atoms 1 and 2, referred to the origin of the unit cell. The interatomic vector is
given by r1 — ro = (2% — x%)a;. If we denote the components of the interatomic
vector by ut, = 2% — x4, the squared magnitude of this vector is given by

(r1 —12) - (11 — 12) = Uiyulygi;.

This result can be readily extended to the formulation of an intervector angle
and dihedral angle.
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2. Magnitude of a diffraction vector. Let h = h;a’, and recall that |h| = 2sin /).
We thus have )

. 4sin“ 0

2

This equation is the starting point for the determination of unit-cell parameters
from measured Bragg angles, for a given wavelength.

A scalar product, that occurs very frequently in crystallographic expressions
is h - r, where h is a diffraction vector and r is the position vector of a point
in the direct space. The “natural” frames of reference also lead to the simplest
result: A ‘ o o ‘

h-r=(h;a') - (2’a;) = iz’ (a' - a;) = hia’d; = ha".
The number of operations is the same as if the two vectors were referred to a
Cartesian system.

3. The wvector product in an oblique system. Suppose the vectors u and v are
referred to covariant basis vectors, and let their vector product u x v, also be
referred to a covariant basis by an appropriate transformation. We have

uxv=(u'a;) x (vVa;) = u'v/(a; x a;). (B.13)

Further, the vector product of the basis vectors is proportional to a basis vector
of the opposite variance. In our case,

a; x a; = Vegja®, (B.14)

where e;;1, is an antisymmetric tensor which equals +1 if ijk equals 123, 231, or
312, equals —1 if ijk equals 132, 213, or 321, and equals 0 if any two indices are
the same. We now have

ux v ="Vejpuria®. (B.15)

The transformation of the right-hand side of eqn (B.15) to a covariant basis
follows simply, since, in analogy to eqn (B.12), a¥ = g¥"a,,. Finally,

uxv= ng"eijkuivjan. (B.16)
4. Suppose we have a Cartesian system, that is, the basis vectors are the mutually

orthonormal unit vectors ey, €2, e3. The metric tensor here is g;; = e; - e; = ;5.
A vector product u x v in this system becomes

uxv= (u7e1) X (vjej)
= uv;(e; X €j)
= €ijkUV; €.

Note that there is no difference between covariant and contravariant quantities
when these are referred to a Cartesian system. Let us now recall the expression
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for the finite rotation operator, and assume that all the quantities are referred
to the same Cartesian system. The original expression reads

r =k(k-r)(1 —cosf)+rcosf+ (k x r)sinb,

where k is a unit vector along the axis of rotation, and # is the angle through
which r is rotated to r’ about that axis. If we take k = k;e;, r = X,e; and
r' = X/e;, we can write
¢
X/ =RYX;, (B.17)
where
RZ(;J) = kik;j(1 —cosf) + d;j cos + ejp;kpsinb. (B.18)

The trace of the matrix of this rotation operator is

Ti(r) = 6;; R}
= 0;;kik; (1 — cos @) + 9;;0i; cos O + d;jeip;kp sin b
= kik;(1 — cos) + 3cosd
=14 2cosd

since 0;50;5 = 3, dij€ip; = €ipi = 0, and k;k; = k% + /4:% + k% = 1, in agreement
with eqn (A.25).

5. Transformations to a specific Cartesian system were dealt with in Appendix
A. We wish to treat the problem somewhat more generally. So, let A be a ma-
trix which transforms by premultiplication the column of fractional coordinates
xtx?23, referred to the basis of the direct lattice, to a column of coordinates

referred to a Cartesian system, say #$zSzS, or in index notation

xJC = Ajkxk, ji=1,23.

In addition, let B be a matrix which, when postmultiplying a row of diffrac-
tion indices hihohs, referred to the basis of the reciprocal lattice, transforms it to
a row of diffraction indices referred to the same Cartesian system, say HCHS HS
or in index notation

HS = hyBn,n=1,2,3.

The scalar product h-r is of course invariant under the change of the frame
of reference and can be written as

h-r=ht = H]CJ:§J = hmijAjkxk'

It follows that B,,;Aj, must be equal to dp,k, or in other words that the
matrix B is inverse to the matrix A. This result is of course quite general (see
Section A.1).
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Appendix C Basic notions from
theory of probability

C.1 Introduction

The chapters on structure-factor statistics and direct methods, which are of
major importance in the process of structure determination, rely on concepts
and ideas from the theory of probability. Although this subject is dealt with
extensively in the literature, and there are crystallographic texts in which it
is treated (for example, Srinivasan and Parthasarathy 1976; Giacovazzo 1980;
Shmueli and Weiss 1995), it was thought that a short appendix devoted to its
recapitulation may prove helpful.

We shall first recall and illustrate the concept of a random variable, proceed
to the probability density function and its moments, and then recall the notions
of joint and conditional probabilities. Some other important concepts such as
characteristic functions and cumulants will be briefly explained.

C.2 Random variables

The object underlying probability theory is the random wvariable. There exist
a variety of definitions of this object, which vary from colloquial ones, such as
a variable the value of which cannot be predicted in advance of an experiment,
through more precise ones, such as a wvariable which can appear with varying
degrees of probability, to rather subtle and intricate definitions. Either one of the
definitions stated above will be suitable for our purpose, but the second distin-
guishes a random variable more clearly from the “ordinary” variable encountered
in mathematics. In the latter sense, “a variable” refers to a number which may
be any number within a given range; none of the possible values is thought to
appear more frequently than the others (that is, with a higher probability). A
random variable, on the other hand, is closely associated with the probability of
its occurrence. Consider, for example the magnitude of a structure factor, for a
centrosymmetric structure. It is seen in most experiments with such structures
that small magnitudes appear much more frequently than large ones, with the
frequency increasing with decreasing magnitude of |F|. As shown in the text,
this magnitude is in fact a random variable with a Gaussian frequency function
(or probability density function—see below) which is peaked at |F| = 0.
Another example of a random variable is the fractional part of the scalar
product h - r, for fixed, known h and unknown r. The frequency function asso-
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clated with this variable is uniform over the range (0,1) (see Section 7.1), that
is, each of its values appears throughout this range with the same probability.

With the above background in mind, we can proceed to some more formal
definitions.

C.3 The probability density function and related quantities

Let X be a real, scalar random variable which can take on a continuum of
values. The probability density function (pdf) p(z), is defined so that p(x) dx is
the probability to find X in the interval (z,z + dz). It is essential to distinguish
(at least at this stage) between the random variable X and the usual-in the
mathematical sense—variable z. The definition of p(z) as a density implies that
it must be nonnegative.

The probability that X lies in the finite interval (a,b) is therefore given by

Prob{a < X <b} = /bp(x) dz. (C.1)

If we assume further that a probability equal to unity means certainty, and that
the pdf p(x) exists throughout the range (—oo, 00), then the fact that the random
variable X must lie somewhere in this range can be expressed as

/Oo p(z)dx = 1. (C.2)

— 00

A pdf satisfying eqn (C.2) is said to be normalized to unity. The cumulative
distribution P(x) is defined as the probability that the random variable X does
not exceed a given value, say x. According to eqn (C.1), this can be written as

x

P(z) = Prob{X|X < 2} — / p(y) dy, (©.3)

—00

where the symbol Prob{ 4| B} means “probability for A, subject to the knowledge
of B”. We shall encounter this symbolism below while discussing conditional pdfs.

An often useful set of statistics associated with a pdf is that of moments. The
nth moment of the random variable X is defined as

(XM = /700 2" p(x) dz (C4)

and is said to exist when the integral in eqn (C.4) converges. The first moment,
(X), is known as the mean or the average value of X. The second moment is
also used, but a more popular statistic is the variance, which is defined by the
relation

o = (X —(X))?)
= (X?) - 2(X(X)) + (X)?
= (X% — (X)2 (C.5)

The variance of X is of course a nonnegative quantity.
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The probability density function is also often interpreted as a frequency func-
tion. Suppose that N occurrences of a random variable, from the set {X;}, i =
1,...,n, are subdivided into n groups, so that the variable X; occurs N; times
in group 1, X5 occurs Ny times in group 2, and so on. The chance of occurrence
of the variable X; is therefore p, = N;/N, the ith fraction of the total number
of occurrences. A higher frequency of occurrence is therefore associated with a
higher chance. The concept of a frequency function was utilized in the text in
relation to the simulation of distributions and their comparison with the proba-
bility density function of |E|. Notice that the frequency function is of necessity
normalized to unity (3, p; = > ,(IN;/N) = 1), while such a normalization was
only assumed in the probabilistic definition of the pdf.

Just as the moments are average values of powers of a random variable, the
average of any function of a random variable, say f(X), is given by

ey = [ " f@p() de (C.6)

C.4 Joint and conditional pdfs

Crystallographic applications usually require statistics which depend jointly on
several random variables. For example, the pdf of the structure factor

N
F=>" fjexp(if)

Jj=1

involves N random atomic contributions (each of the ;s is a random variable).
If X1,X5,...,X,, are n random variables, then their joint pdf is denoted by
p(x1,z2,...,z,). In analogy with the meaning of the one-dimensional pdf p(z),
the function p(x1, 9, ...,x,)dz dzs...dx, is the probability that, simultane-
ously or jointly, 1 < X7 < 21 + dzy, 22 < Xo < x9 + dxo, ..., 2, < X, <
Zn + da,. The normalization condition for the joint pdf analogous to eqn (C.2)
is

/ .../ p(xl...xn)dxl...dxnzl (07)

and a most important simplification arises when the random variables are in-
dependent. In that case, the n-dimensional integral in eqn (C.7) reduces to a
product of one-dimensional integrals and, therefore, the independence of the
random variables implies that

p(x1, 2o, ... xy) = p(x1)p(a2) - p(ay). (C.8)

The above property is the basis of most crystallographic structure-factor statis-
tics. A useful extension of the concept of the joint pdf arises when some of the
random variables have already been determined and can be regarded as known
quantities. This leads to the concepts of the conditional pdf and joint conditional
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pdf. We suppose that the set {X;}, i = 1,...,n, consists of random variables,
but assume that Xy, Xpi1,...,X, have somehow been determined. Any such
information changes the pdf of the remaining variables. We thus denote the pdf
of the random variables X;, Xo,..., X;_1, given the knowledge of the subset
Xk,Xk+1, ‘e ,Xn, by

p(x1, T2, .« Tho1|Thy Thog1y - -, Tn) (C.9)

A basic application of the joint conditional pdf is found in the treatment of the
fundamentals of direct methods in Chapter 8.

C.5 Characteristic function and cumulants

It is often convenient to introduce the Fourier transform of a pdf, the character-
istic function. This function is defined as

Cw) = /700 p(x) exp(iwzx) dz, (C.10)

and according to eqn (C.6) it equals (exp(iwz)), the average of the exponential
in the integrand of eqn (C.10). An important consequence of the above is that
the pdf p(z) can be found as an inverse Fourier transform of the characteristic
function, that is,

p(r) = % /700 C(w) exp(—iwz) dz. (C.11)

Indeed, it is sometimes possible to obtain the characteristic function from its
definition as an average—without the previous knowledge of the pdf-and thus
pave the way to a calculation of the pdf. It follows readily from eqns (C.2) and

(C.10) that
C(0) = (C.12)
It is also possible to show that |C(w)| < 1, for all w. Indeed, we have

w)| = ‘/ x) exp(iwz) dz| < /°° p(z)|exp(iwz)|dz

—/_ p(z)dz
=1 (C.13)

Finally, we can expand the exponential appearing in eqn (C.10) in a Taylor series,

Clw) = /Oo p(x) Z %dx

I
g
3
&€
3
—
2
I
3
=
B
o,
5]

=31 X, (C.14)
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and the expansion is valid provided all moments exist. The moments of the
various orders can be represented as derivatives of the characteristic function at
w=0:

n 4"C(w)

(X" = (-1 S

, (C.15)

w=0
and the characteristic function is therefore known as a moment-generating func-
tion.

Another set of useful quantities, called the cumulants, is obtained when the
function

L inwn

K(w) = n; i (C.16)
is equated to the logarithm of the characteristic function. The coefficient of
(iw)™/n! in eqn (C.16), k,, is called the cumulant of order n, and the function
K (w) is known as the cumulant-generating function. Since the nth moment of
X is the coefficient of (iw)™/n! in the series expansion (eqn (C.14)) of the char-
acteristic function, it is in principle possible to establish relationships between
cumulants and moments, and vice versa. General formulas for carrying out these
calculations have been given by Stuart and Ord (1994), and the first few rela-
tionships are listed below. For cumulants in terms of moments,

K1 = (X)),

ro = (X?) — (X)?,

r3 = (X7) = 3(X*)(X) +2(X)?,

ke = (X1 —4(X3)(X) = 3(X%)2 +12(XH)(X)? - 6(X)*,,  (C.17)

<X > = K1,

(X?) = ko + K1,

(X3) = k3 + K1k + /1:1)’,

(X*) = kg + 4kzk1 + 3K3 + 6kak] + KT (C.18)
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Appendix D The discrete Fourier
transform

D.1 Some properties of the discrete Fourier transform

We present here the concept of the discrete Fourier transform and prove those
properties which are necessary for a presentation of the basics of the Fast Fourier
Transform method. This section is based on Chapter 8 of Weaver (1989).

Given any bounded Nth-order sequence {f(k)} = (f(1), f(2),..., f(INV)), the
discrete Fourier transform pair is defined as

1
-+ > e, e 0N -1) (D.1)
N-1
F(j)e? /N ke [0, N —1]. (D.2)
=0

Equation (D.1) is called the direct discrete Fourier transform, and eqn (D.2) is
called the inverse discrete Fourier transform. Each of these transforms maps one
Nth-order sequence onto another. In general, both sequences { f(k)} and {F(j)}
will be complex, that is,

f(k) = fr(k) +ifi(k)

and
F(j) = Fr(j) +iF1(j).

Equation (D.1) now becomes

F() = INZW>+z'f1<k>][cos(%“)—isin(%’”)] jelN 1]

Fui) = 3 |frbycos (50) + awysin ()] de v -l

(D.3)
N—1 N -
B =5 3 [Ateos () - jwsin ()] o -1
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Similarly, the components of eqn (D.2) can be written as

futh) =y 3= [t eos (5 ) = msn ()] demv -,
Ailk) = %Z_O Fiteos () + Ftpsin ()] depv -

(D.4)

Equations (D.3) and (D.4) are used in actual computations. However, for the
purpose of mathematical manipulations it is convenient to abbreviate the expo-
nential term by using

Wy = 27i/N

and simplify eqns (D.1) and (D.2) to

FG)= 5 32 FRWEY,  j el N 1] (D.5)
k=0
N-1
f) =) FGWY, kel0,N-1]. (D.6)
j=0

These concise definitions of the discrete Fourier transform pair will be used in
what follows. We shall first examine some important properties of Fourier trans-
forms and then proceed to the basics of the Fast Fourier Transform algorithm.
of Cooley and Tukey (1965)

Lemma. If m is any integer not equal to 0 or IV, then

N-1

> Wy =o.

§=0
Proof. We construct the sequence {V(j)} whose terms are given by
W
V() ==—2—.
() W —1
It follows from the above that
W]’\?(J'-H) _ W]?:]"Lj
Wi -1
_ W R - 1)
W —1
=Wy".

Vi+1)-V() =




Some properties of the discrete Fourier transform 255

We thus have

N—-1
SWR =3 [VGE+1)-V() (D.7)
, ot
V) -VO)+V(©2) -V(Q)+---+V(N)=V(N-1) (D.8)
= V(N)-V(0) (D.9)
WmN _ WmO
_ J¥/V1(," — 1N (D.10)
_ 627rzm _ 60 _ 1—-1 0 (D]_]_)

We—1  Wp—1

which was to be shown. We can now prove some theorems which are essential to
the understanding of the Fast Fourier Transform.

Theorem 1. The discrete Fourier transform is unique.

Proof. Let us assume that the direct discrete Fourier transform of the sequence
{(f(k)} is the sequence { F'(j)}, but that the inverse discrete transform of { F'(5)}
is the sequence {h(k)}. Can we show that h(k) = f(k) for all k? We have

N—1
h(k) =Y F{HWY, kel0,N—1]

7=0

N—-1 1 N—-1 ,
= ~ f(l)WJG”] Wx, kelo,N—1]
j=0 1=0

1 R
=52 SO wy L keo.N -1

1=0 j=0

We have shown above, in the lemma, that the inner summation in brackets in
the last line of the above equation vanishes unless k = [. In the latter case, we
have a sum of N terms, where each equals WY = 1. We therefore have

N—

,_.

FOONw = f(k),
=0

ZIH

for any integer k, which was to be shown.

Theorem 2. The direct and inverse discrete Fourier transforms are both periodic
with periodicity N; that is (a) F(j + N) = F(j) and (b) f(k+ N) = f(k).

Proof.

(a) From eqn (D.1), we have
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1Nl -
FG+N)= 1 3 flkje 2mie M
k=0
| N-1
_ F(k)e2miki/N o=2mik
Ni=
| V-1 N
_ N f(k)ef%rzkg/N
k=0
=F(@)
(b) From eqn (D.2), we have
| N-1 ‘ ‘
Flk+N) =5 Y F(je>mtemim

Z 5
Lo

JH
™

<
I
o

F(j)e—Q-rrikj/Ne—Q-rrij

i

F(k)e—QTrikj/N

Il
=2l
.
I
o

I
~
—

x5
S—

Theorem 3. If the sequences { f(k)} and {F(j)} are discrete Fourier transform
pairs, then: (a) F(—j) = F(N — j) and (b) f(—k) = f(N — k).

The proof follows similarly to the proof of Theorem 2.
(a) From eqn (D.1), we have

1 N-1 ‘ ‘
F“V_j):iﬁ f(k)e2mR(N=)/N
k=0
1 N—-1
I k 2mikj/N —2mik
Nhka e
1 N-1
= — f(k)e—Qﬂk(—j)/N
N k=0
= F(=j)

(b) From eqn (D.2), we have
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i

FIN—k) = F(j)emN =R/

zl=
Z <
Le

ol
™

<
I
o

F(j)e27rikj/Nef27rij

2
L

ol
™

<
I
o

F(k,)ef%ri(fk)j/N

—k

~
—
~—

D.2 The Fast Fourier Transform

We require N? (generally) complex multiplications in order to evaluate a direct
discrete Fourier transform of an Nth-order sequence. It was pointed out by Coo-
ley and Tukey (1965) that the computing time (and the number of operations)
can be reduced rather drastically if we take N to be a power of 2, and this result
is very widely applied. Rather than going through the general derivation, let us
make the modest assumption that N is divisible by 2 only. This allows us to split
the Nth-order sequence into two equal partial sequences, each of length N/2:

{F(k)} = {fr(m)} U{f2(m)},
where k € [0, N — 1] and m € [0, (1/2)N — 1]. For example, let

(L)Y = {F2R)}, k= O,...,%N— 1
1

{R()} = {f@k+1)}, k=0, 5N-1

and M = (1/2)N — 1. The Fourier transforms of the two partial sequences can
be written as

M—-1
R() =72 3 AW, jelN 1] (D.12)
v |
Fy(j) = 57 S he)Wy, jefo,N—1]. (D.13)
k=0

By Theorems 2 and 3, both {F1(j)} and {F>(j)} may be considered periodic
with periodicity M. We now write the discrete Fourier transform of the Nth-
order sequence

N —

S FRWM, jefo,N -1, (D.14)
k=0

=

1

F(j):N
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and split this equation according to the previous definitions:

M—-1

Z F(2k)W 2’W+ Z F(2k + )Wy @7,

k=0
However, we see that
WJ;%J‘ — o 2mi(2k)j/N _ —2mikj/(N/2) _ W&kj
W};(%H)j — e 2mi(2k+1)j/N _ —2mi(2k)j/N ,—2mij/N
=W, Wy

Using eqns (D.12) and eqn (D.13), we also have

| M=l J M—-1
F(j) =+ > hk)Wy" + By Z fa(k
s
= o7 2 hlWy Z Fa(k)Wy
k=0
= 3IFR0) + BOWY), jel0.N -1 (D.15)

1 s
PG+ M)= i Z fl(k)WMk(JJrM)

= Fi(j)
since Wy, = e=2mkM/M — 1 Similarly, Fy(j + M) = Fy(j). However,
WN(j+M) W jwf _ WJ;je—QTriM/(QJW) — _W];j

We finally have

N . — .
F() = 5B0) + B()Wy'l, jel0,M —1]. (D.16)

. 1 . — .
F(j+M)=3[R0) - BOWy],  jel0.M-1]. (D.17)
In order to compute the direct transform {F(j)}, with j € [0, N — 1], we need

the transforms {F1(j)} and {Fz(j)}, with j € [0, M — 1], and N products of
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the second transform with W&j, that is, altogether, N + 2(N/2)? = N + N?2/2
operations. The reduction factor is

N+N%/2 1

1

—+ = D.18

N2 N 2 ( )
which tends to 1/2 for large values of N. If the original sequence {f(k)} can
be split into four equal partial sequences, the reduction factor can be similarly

shown to be (V/4y?
2N +4(N/4 2 1
_—_—-s 8 M —_ D.19
N2 N + 4 ( )
which, for large N, tends to 1/4. If we proceed in this manner and the length N
of the original sequence is divisible by 2P, where p is a positive integer, it can be

shown that the total number of operations is

N\ N2
P _
pIN +2 (2p> =pN + T (D.20)
and the reduction factor is .
p
N + % (D.21)

If, finally, N is taken as a power of 2, that is, N = 2P the total number of
operations required is now

pN + N =N(p+1)=N(logy(N)+ 1) ~ Nlog,(N), (D.22)

for fairly large N. Of course, N can always be taken as a power of 2 by simply
adding the required number of zero terms to the original sequence. Now, this
is a tremedous gain (for N = 2048, the inverse reduction factor is 186). This is
being exploited in many areas of science and engineering.

The above is only the Cooley—Tukey approach, and there are many others
(see, for example, Bricogne 2001 and the references quoted there) which promise—
with modern computers—further reductions of computing effort.
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