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Preface

These notes are based on lectures on molecular orbital theory that we
have presented at the University of Copenhagen and Columbia University.
They were designed primarily for advanced-undergraduate and first-year
graduate students as an introduction to molecular orbital theory.,

It is apparent that the molecular orbital theory is a very useful method
of classifying the ground and excited states of small molecules. The tran-
sition metal complexes occupy a special place here, and the last chapter
is devoted entirely to this subject. We believe that modern inorganic chem-
ists should be acquainted with the methods of the theory, and that they
will find approximate one-electron calculations as helpful as the organic
chemists have found simple Hiickel calculations. For this reason, we have
included a calculation of the permanganate ion in Chapter 8. On the other
hand, we have not considered conjugated pi systems because they are
excellently discussed in a number of books.

Our intuitive approach in the use of symmetry methods is admittedly
nonrigorous and therefore will be unsatisfactory to purists, but we believe
this is the best way to introduce symmetry ideas to the majority of students.
Once the student has learned how to use symmetry methods, it will be
easier for him to appreciate more formal and rigorous treatments.

Several reprints of papers on molecular orbital theory are included in
the back of the book. The papers treat a substantial number of the impor-
tant molecular geometries. The reader should be able to follow the discus-
sions after reading through the lecture notes.

We thank our colleagues in New York and Copenhagen for help with
the manuscript. We gratefully acknowledge the help of Dr. Arlen Viste
and Mr. Harold Basch in preparing Appendix 8-B. Finally, it is a plea-
sure to acknowledge the expert assistance of Mrs. Diane Celeste in pre-
paring the final manuscript.

C. J. BALLHAUSEN, Kgbenhavn
HARRY B. GraY, New York
October 1964
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MOLECULAR ORBITAL THEORY






1/ Atomic Orbitals

One of the most important questions confronting the chemist is
the problem of describing how atoms are held together in molecules.
Such a description can only be obtained by using quantum mechanical
methods, We are in general interested in accounting for the prop-
erties of excited states, as well as the ground state, A simple and
useful method of describing the electronic structures of molecules
starts with wave functions which are localized on individual atoms
in the molecule, and then proceeds to combine these functions in
various trial combinations., The combinations are called molecular
orbitals and are used as approximate solutions to the molecular
Schridinger equation. We test their ‘‘goodness’’ as wave functions
for a molecule by calculating observable quantities with them and
comparing the results with experiment, In these notes we shall
treat the fundamental principles governing the construction and
properties of such molecular orbitals.

We must realize, however, that such a description of a molecule
involves drastic approximations; thus only approximate numerical
results can be obtained. It is possible by performing elaborate
numerical calculations to obtain better and better approximations
for the molecular wave functions. Here we shall be interested only
in semiquantitative approximate schemes which allow us to place
the low-lying electronic states of molecules,



2 MOLECULAR ORBITAL THEORY

1-1 THE SCHRODINGER EQUATION

The Schrodinger equation must be understood in the same way as
Newton’s laws, and, just like these, it cannot be proved by reasoning.
The presence of Planck’s constant, h, shows that the equation

cannot be derived from classical mechanics. We know that all ob-
servable quantities which contain this constant are discontinuous and,
consequently, not classical. The proof of its validity lies, therefore,
in its applicability. Our calculations yield results that can be tested
experimentally. If we do our calculations as accurately as possible,
it turns out that our calculated results agree with experience, It is,
however, obvious that the more we apply approximate solutions to the
Schrodinger equation, the less we can expect to obtain results that
““tit perfectly.”’

When we, therefore, in many cases are happy just to ‘‘under-
stand’’ what happens, it is natural that we must rely on the validity
of the Schrodinger equation. There is nothing in our experience which
indicates that the equation should not be true, provided the particles
under consideration do not have such large velocities that relativistic
effects become important.

Let us first review the different atomic orbitals. These orbitals
. are obtained by solving the Schridinger equation for a particle of
mass m, the electron, in a central field produced by the nucleus:

V2 + ?ﬁ‘;(w — V=0 (1-1)

where W is the total energy (a constant), V is the potential energy
as a function of the position (x,y,z) of m, and h is Planck’s con-
stant h divided by 27. The solutions are the wave functions
¥(x,y,2z) which satisfy Eq. (1-1). Since V2 = (8%/0x?) + (8%/8y%) +
(a%/6z2), (1-1) is a second-order differential equation,

.The wave functions, ¥, must fulfill certain conditions:

1. They must be single-valued, continuous, and differentiable at
every point in space.

2. They must be finite for all values of x,y, and z.

For most purposes it is convenient if the wave functions are
normalized. This means that [[¢|* d7 = 1; that is, the numerical
quadrate of the wave function integrated over all space must equal
one. ,
The physical meaning of the wave functions is as follows: The
probability for finding the particle that the wave function describes
in a small volume element d7 is given by |¢ |2 d7. 1t is clear, then,
that the probability of finding the particle in the complete region of
configuration equals one (the condition of normalization)..
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Furthermore, it can be shown that if we want to find the expecta-
tion value for some observable quantity P(x y,z), we have the ex-
pression

= f¢*ﬁ¢ dr ‘ (1-2)

if ¥ is normalized. P is the operator expression for the quantity; p
operates on Y. ¥* stands for the complex conjugate of the wave func-
tion in the case in which the wave function contains complex varia-
bles.

From the Schrddinger equation we obtain for the energy W of the
system

W = f¢*<— %vz + V)zp dr (1-3)

It is obvious that —(62/2m)V? + V, which is called the Hamil-
tonian operator (3C), is the operator that gives us the energy of the
system:

W = [y*iey dr (1-4)

A very important relationship is that different wave functions of
the same Hamiltonian operator are orthogonal. This can be proved
mathematically. Orthogonality means that the integral

Jore ar = : (1-5)

n,m

is equal to one for n = m, but equals zero for n # m. This is ex-
pressed by the so-called Kronecker delta:

1 forn=m

5 = 1-6
n,m 0O forn=m ( )

The orthogonality of the wave functions plays an extremely im-
portant role in practice.

-1-2 "HYDROGEN-LIKE’’ ORBITALS

If we consider a spherically symmetric field as occurs around an
atomic nucleus, it is convenient to use a polar-coordinate system
(Figure 1-1).

The following conversions are easily obtained for the coordinates.
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+Ze y

S

Figure 1-1 Polar and rectangular coordinates.

X. = r sin 0 cos ¢ (1-7)
y = r sin 0 sin ¢ , (1-8)
Z = r cos 6 (1-9)

A little more difficulty is encountered with the conversion of the
volume element d7 = dx dy dz:

d7 = r*dr sin 6 d6 d¢ (1-10)

If the nucleus (which is placed in the center) has a positive
charge of Ze, where e is the numerical value of the charge of the
electron, we obtain the Hamiltonian operator for an electron in
this central field,

2 2

With V2 written out in polar coordinates, the Schrodinger equation
for this system is

1 8 (., 0 1 8 [, 8
[;5 ar <r 8r>+r2 sin 6 86 <sm980>+ rzsinzeacpzq}

2m | Ze? B
+"ﬁ§—[w+’~r—jl‘1/—‘0 (1'12)
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As expected, the equation is a differential equation of second
order in three variables. Let us try to guess a solution.

¥(r,0,0) = R(r) Y(6,¢) (1-13)

This is substituted into the equation, and the r dependency is
collected on the left side of the equation, the 6 and ¢ dependency on
the right:

1 8 (,8R(x)) 2m Ze?)
R(r) 8r<r ar>+ﬁ2<W+ r>r

. B 1 B (g 8Y(0,9)
" T Y(6,9)sin @ 80 (Sme a6 >

1 82Y(0,0)

_ -14)
Y(0,0)sin? 6 8¢ (1-14)

Because r, 6, and ¢ are independent coordinates which can
vary freely, each side can be equated to a constant, A. Let Y stand
for Y(6,¢) and R for R(r). We obtain then

1 8 . dY 1 2%y _
Sin 6 a—6<51n 6 %—>+ STz o W +AY =0 (1—15)

1 oafaaR) famf ze) 2] ’
rzdr<rdr>+[ﬁz<w+ r> rZ]R—O (1-16)

We have split the Schridinger equation into two independent
second-order differential equations, one which depends only on the
angles 6 and ¢ and one which depends only on r. There are a num-
ber of solutions which satisfy our conditions 1 and 2 {(continuity and
“‘good behavior’’ for r — «), but a condition for such solutions is
that x = g(£ + 1), where { is zero or an integer: £ = 0,1,2,3,....

.For £ = 0, Y = constant is easily seen to be a solution of the
angular equation. Normalizing this solution to one over the solid
angle sin 6 d6 d¢, we get Y = VI/4n. Looking now at the radial
equation for large values of r, (1-16) reduces to the agymptotic
equation

d?R  2m
Gt e WR=0
Calling (2m/h%) W = —«&?, we see that R = ef®T is a solution. We

must discard the plus sign here, since for r — <« the wave function
would be ill-behaved.
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We now try by substitution to see if the asymptotic solution also
_-is a solution to the complete radial differential equation with £ = 0,
and find this to be so provided that a = Zme?/h* = Z/a,, where
o = B/me?, the Bohr radius.
The first normalized solution to the radial equation with £ = 0 is
then found from the condition

foo Nze~2Zr/aﬂ ridr =1

[¢]

and is

R, ofr) = 2<§o>3/2 o7 (1-17)

All orbitals with £ = 0 are called s orbitals, and the subscripts 1,0
associated with R(r) refer to this function as the first radial solution
to the complete set of s orbitals. The next one (similarly with £ = 0)
will be Rz’o(r), and so on. The total wave function is the product of
the radial and the angular function and we have '

WAL (% r
Yis \/;<ao> " (1-18)

The energy W, of an electron in a 1s orbital is found by sub-
stituting the value of @ into the expression containing W:

2w — 72
2 = aoe_zl = %%2 (1-19)
We obtain W, = —Z2%e?%/2a,.

This is the most stable orbital of a hydrogen-like atom—that is,
the orbital with the lowest energy. Since a ls orbital has no angular
dependency, the probability density |¢|? is spherically symmetrical.
Furthermore, this is true for all s orbitals. We depict the boundary
surfacef for an electron in an s orbital as a sphere (Figure 1-2).
The radial function ensures that the probability for finding the
particle goes to zero for r — .

The probability of finding a 1s electron within a spherical shell
with radii r and r + dr is found from R{r) to be equal to

3 R—
4<—Z> e (22/2,)r r2dr . -+ (1-20)
G

By differentiation the above function is found to have a maximum

fBoundary surface pictures outline a large fraction of |¥ |2, and also give
the signs on the lobes given by V.
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X

Figure 1-2 The boundary surface of an
s orbital; an s orbital has
no angular dependency.

at r = a,/Z. At this distance (which for a hydrogen atom equals ag)
the electron density is largest and the chance of finding an electron
is, therefore, greatest.

R(r) = 2(Z/a,)3/2 e—(Z/ao)r is, however, not the only function
which satisfies the Schrodinger equation for £ = 0. A second radial
function which goes with the solution Y = vI/47 can be found by
substitution of a trial function into the radial differential equation
and normalizing, It is

_ 1 [zl 2\ ~(Z/2a3))r -
Rz,o(r) 2\/7<ao> <Z a01> e (1-21)

_and it is orthogonal on R, ,(r).
The total wave function is again obtained by multiplication of
R, ,(r) and the ‘‘angular part’’ VI/4m. This orbital is called a 2s
orbital,

1 Z\3/2 Z —(Z/2a,)r |
Ll - -
Voo \/__< ) <2 0r> e (1-22)

The 2s orbital has the same angular dependency as 1s, but the
probability distribution has two maxima, of which the larger lies
farther out than the one which was found for 1s. The energy of 2s is
also considerably higher than 1s. The energy of a 2s orbital is

W, = —Z2e?/8a,. The general expression for the energy is given
by the Bohr formula
Z2eZ
W, = (1-23)

" 2n%a,
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Figure 1-3 Boundary surfaces of the p orbitals.

We call n the principal quantum number, and n takes integer values

1,2,3,.... -

The energy difference between the 1s and 2s orbitals is found to

be )
VACH _ 32Z%*

AW =W _Wl = (“%*f‘l) —85.T'

2s s = 2a, (1-24)

which for Z = 1 gives AW = 3e?/8a, = 10 electron volts, abbre-
viated 10 eV.

We now turn to the possible solutions of the Schrodinger equation
for £ # 0. For £ = 1 the angular equation gives three solutions
which are orthogonal to each other. These are the so-called p
orbitals:

B _z
p, = cos @ = = | _ (1-25)
Py = sin 8 sing = ¥ (1-26)
y T ‘

= sin 6 =X (1-27)
Py = sin 6 cos ¢ == -

The subscripts x, y, and z indicate the angular dependencies.
As already mentioned, the three p orbitals are orthogonal to each
other, and it is obvious that they are not spherically symmetrical
about the nucleus. A boundary surface for each of the three p or-
bitals is given in Figure 1-3. The radial function is of course the
same for all three p orbitals, and the first radial function is

_ 1 [z2¥2  ~(Z/2a)r -
Rz’l 2\[6_<a0> re | (1-28)
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‘ dy2 dya_ 72

Figure 1-4 Boundary surfaces of the d orbitals.

The energy of the 2p wave function is found to be the same as 2s;
that is, W, = —(Z%?2/8a,).

In an atom with more than one electron, the energy of the 2p hy-
drogen-like orbitals is in fact a little higher than the energy of the
2s orbital, because Z in an atom that contains both 2s and 2p elec-
trons is effectively larger for 2s than for 2p. This is partly due to the
fact that the 2s electrons ‘‘shield’’ some of the positive charge of the
nucleus from the 2p electrons.

For £ = 2 we obtain the following five linearly independent solu-
tions to the angular equation; they are called the d orbitals:

3. . V3 xE - y?
dyz_y2: —z—sm2 6 {cos® ¢ — sin® @) = = -F_Y- | {1-29)
. 1 2 _ 1 3»22 - r2
dZZ. 2(3 cos” 8 1) = "2— —'“‘*;5—‘—— (1—30)
dyy VT sit® 6 cos @sing = \/3——}%Z ' (1-31)



10 ~ MOLECULAR ORBITAL THEORY

L 4p
0 4ds 3d
3p
3s
2p
2
W S
1s

Figure 1-5 The single-electron energies
for a many-electron atom. The
drawing is only very approx-
imate. The single s, p, and d
levels are separated for the sake

of clarity.
. X2

dy,: V3 sin 6 cos 6 cos ¢ = \/3—;; (1-32)

dyy V3 sin 6 cos 6 sin @ = x/ff%; (1-33)
The boundary surfaces for the different d orbitals are given in

Figure 1-4.
The radial function for a 3d orbital is
4 ZV/'2 , —(2/3a)r
R, = -3 (ZY'® 2 (1-34)
»% 8130 <ao>

with energy W, = — Z%?%/18a,.

It is possible in any single case to calculate each of the orbital
energies in an atom with many electrons. The results may be pre-
sented as an energy-level scheme such as is given in Figure 1-5.

1-3 THE PAULI EXCLUSION PRINCIPLE

The Pauli principle states that a maximum of two electrons
can reside in each orbital, and we distinguish them by means of a
spin quantum number. Two electrons in one orbital must then have
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different spin quantum numbers. The spin quantum number can have
one of two values, designated ¢ and 3. or + and — The physical basis
for the introduction of the spin is that the electron turns out to have
an intrinsic magnetic moment.

The total wave function for an electron is therefore
Y(orbit) - ¢(spin). Further, the two spin functions corresponding to
a and B spin are normalized and orthogonal to each other; that is,

flo(@zdr= [le@[2dr = 1

and

[o(a)y@) dr =0

In the preceding section we found the single-electron energies of
the different atomic orbitals. Many-electron atomic configurations
are now constructed by placing the electrons one after the other in
the single orbitals, observing the Pauli principle. In the ground state,
for self-evident energetic reasons, the electrons first occupy the
lowest energy orbitals. There can be two electrons in each orbital,
and the ground states for the first few atoms are given in Table 1-1.

. The ground state of carbon presents a new problem: Which or-
bital does the sixth electron go into? This question can be answered
by doing either an experiment or a calculation. The answers are
summarized in Hund’s first rule:

When electrons go into orbitals that have the same energy (de-
generate orbitals), the state that has the highest number of equal spin
quantum numbers will have the lowest energy. Thus electrons prefer
to occupy different orbitals, if possible, since in many cases it is
energetically favorable to avoid spin paiving.

The lowest energy for two electrons placed 1n a doubly degenerate
set of orbitals, y; and ¥,, is then, e.g., ¥, (1 ) §, (2), while ¢, (1) 9, (2)
and ¢, (1)¥, (2) have higher energy.

The ground state for carbon is, therefore, (ls)z(2s)2(2px)(2py),

Table 1-1 Ground States for Some Atoms

Ground-state electronic

Atom configuration
H (1s)
He (1s)?
Li (1s)%(2s)
Be (18)? (2s)

B (15)2(28)%(2p)
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r (1s)3(2s)*(2p4)(2p,), or (18)2(2s)2(2py)(2pz), all having two un-
paired spins. We see that there are three ordifal configuratians for
the two electrons which have the same energy. In other words, the
ground state of carbon is orbitally threefold degenerate.

For nitrogen the ground state is given by the configuration
(ls)z(Zs)z(ZpX)(2py)(2pz), having three unpaired spins. The ground
state of nitrogen’is not orbitally degenerate. For oxygen the ground-
state configuration is (ls)2(28)2(ZpX)Z(Zpy)(sz), or one of the two
other combinations. As for carbon, the ground state of oxygen is
threefold degenerate. The (2py)® electrons are called a ‘‘lone pair,”’,
as are the (2s)? electrons. The name ‘‘lone pair’’ is commonly used
for all pairs of electrons in an outer shell that are not involved in
bonding to other atoms.

If the difference in energy between orbitals that are to receive
electrons is small, as for example between the 4s and the 3d or-
bitals, it sometimes is more energetically favorable (refer to
Hund’s rule) to distribute the electrons in both orbitals. As an ex-
ample, we find the lowest configurations for V, Cr, and Mn to be
(JAr] stands for a closed 18-electron shell)

V: [Ar] (3d)? (4s)?
Cr: [Ar] (3d)° (4s)
Mn: [Ar](3d)® (4s)?

Configurations such as (3d)° (4s) are, however, the exception rather
than the rule. They occur for the first time in the transition elements.

Hund’s rule can be traced back to the fact that electrons repel
each other. A complete Hamiltonian function for an atom with sev-
eral electrons must contain a term of the form %Ei;ﬁj(ez/rij)’ to

account for the repulsion between any two electrons. Unfortunately,
the presence of such a term prevents the separation of the variables
in the wave equation. As a result, all calculations can only be done
by approximate methods. However, in principle these can be done
with all the accuracy we wish.

.~ In atomic problems involving several electrons it is common to
construct the trial wave functions for the whole system, using the
“‘hydrogen-like’’ wave functions as basis wave functions for the
single electrons. Because the single orbitals are found for only one
electron, terms of the type e?/r,, are not included. ‘After con-
structing the total wave function on the basis of the single orbitals
and observing the Pauli principle, we consider the e®/r,, terms by
means of a ‘‘perturbation’’ calculation. In this method one consid-
ers the total energy of the system to be given by the sum of the en-
ergies of the single ‘‘hydrogen-like’’ orbitals, and then corrects for
the energy contributions that originate from terms of the 1/r, type.
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After choosing an approximate set of atomic orbitals, the first
problem is to combine these in such a way as to obtain a good wave
function for an atom with more than one electron.[We choose a
product function, the reason being that the energy of the system then
is equal to the sum of the energles of the single orbitals, if the
e?/r,, term is dlsregarded This can be verified simply by sub-
stituting the product wave function into the Schrédinger equation for
the system. One product function for the ground state of He is:
(1;)(1) - (18)(2), where 1 and 2 stand for electrons 1 and 2. But we
could just as well have chosen (1s)(1)- (1§)(2). When we exchange
the numbering of the two electrons, the electron density function
must not change. Since this is determined by the quadrate of the
wave function, this means that an exchange of electrons can only
change the sign of the total wave function.

Since we cannot distinguish between the electrons, a wave func-
tion for the system could be one of two possibilities:

b = 7%[(15)(1)(1@)(2) + (18)(1)(1s)(2)] (1-35)

where 1/¥2 is included to normalize the wave function to 1. Math-
ematically, we cannot decide whether the + or — sign (or maybe
both) will give solutions to the Schrddinger equation which corre-
spond to states in nature. Empirically, it turns out that only the
minus sign corresponds to a reasonably accurate description. Con-
sequently,

Ui = —=[(15)(DI8)@) — 18)1(15)@)] (1-36)

@,

By exchange of electrons number (1) and (2), we obtain

YHe = %Z[<1§)(2)(1é)<1> — (18)(2)(18)(1)]

il

- ;12;[(15)(1)(1@(2) — (1M1 @)]

= —¥ge (1-37)

We say that the wave function is antisymmetric. As it turns out,
nature demands many-electron wave functions {o be antisymmetric.
Such an antisymmetric wave function can be written as a determi-
nant:
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(18)(1)  (18)(2) 58
) = - -38
He  v2as)n (18)@

For three electrons, such as are present in the ground state of
Li, the total wave function becomes

(181  (1s)@)  (13)B)
(18)(1)  (18)2)  (18)(3) (1-39)
@8)(1)  (28)(2)  (28)(3)

1
YLi T JF

If we exchange two electrons in this wave function, the wave func-
tion changes sign (a property of a determinant). Thus, determinantal
wave functions are always antisymmetric. But in the same way, if
two orbitals are equal, the determinant has two identical rows, and
such a determinant equals zero. In other words, we note that the
Pauli principle is satisfied for determinantal wave functions.

We usually do not write a determinantal wave function in its en-
tirety, but only give the diagonal term. For example, for the ground
state of lithium :

¥4 = 1(18)(18)(29) | (1-40)

When writing it in this way, we assume the presence of the nor-
malizing factor 1/v6 and also the numbering of the electrons. But
it is important to remember that the latter is present. For example,
we have that

ypi = 11891829 | = —1 18)18)@28) | = [ (18)(28)(28) ], ete.
(1-41)

In principle, a change in sign in ¥ has no significance regarding
the calculation of measurable quantities, but it has significance in
other connections (see, e.g., page 46).

Nature requires—as we have seen—that the complete wave
function (space and spin) be antisymmetric. Consequently, for two
electrons in one orbital ¥,

¥y (D, @[a()8@) - a@BO)] = I(§,)(3,)l (1-42)

If two electrons are in different orbitals ¢, and zpb, the total
wave function must either be antisymmetric in space coordinates
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and symmetric in spin coordinates or opposite, so that the product
is antisymmetric.
The orbital function

is symmetric, but
Y2 (D9, (2) — w, @y, (1)

is antisymmetric.
For the spin wave functions, the products

a(1a(2)
a(1)p(2) + al2)s(1)
3(1)5(2>

are symmetric, but

w(1)p(2) — a(2)p(1)

is antisymmetric.

The complete antisymmetric wave functions, including both space
and spin coordinates, are now obtained by multiplication, and after
application of our shorthand notation for determinantal functlons we
have the four possibilities '

(1-43)

It
—_——
+
)
N——
——
€24
o
N ——
|
——
&
[
——
=3
T
<

(sym. orb.)(antisym. spin)

or
A [(da) ()|

() (o) + 1(32)() | 1-44)
1(32) (%)

Let us find the energies of these states, We notice that since the
Hamiltonian operator is not a function of the spin, integration over
the spin coordinates can immediately be carried out. Owing to the
spin orthogonality, we see that the three wave functions that occur

-as (antisym. orb.)-(sym. spin) all have the same energy. Such a
state, which evidently is threefold-degenerate in the spin, is called
a spin triplet. Since the spin degeneracy is equal to 2S + 1, we get
28 + 1 =3 or S = 1. We note that the state contains two unpaired
electrons. Therefore, an atom in such a state has a paramagnetic
moment.

On the other hand, the product (sym. orb.)" (antisym. spin) is non-
degenerate. A state that is nondegenerate in spin is called a spin
singlet; we have 2S + 1 = 1, and thus S = 0. A singlet state does
not have a paramagnetic moment.

(antisym. orb.)(sym. spin)



2 / Diatomic Molecules

The problems that are connected with the solution of the electronic
structures of molecules are in principle the same as those which
occur in the freatment of atomic structures. The single-electron
orbitals for molecules are called molecular orbitals, and systems
with more than one electron are built up by filling the molecular or-
bitals with electrons, paying proper attention to the Pauli principle.
Thus, we always require that the total wave function be antisym-
metric.

2-1 MOLECULAR ORBITALS FOR
DIATOMIC MOLECULES

The first step is to find a set of molecular orbitals. Let us con-
sider two nuclei, A and B, each with a positive charge and separated
by a distance R (Figure 2-1). In this skeleton of nuclei we allow an
electron to move.

If the electron is in the neighborhood of A, we expect that the
atomic orbital $, gives a good description of the electron. In the
same way, the atomic orbital ¢ should give a good description of

16
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+ZAe

A R B

Figure 2-1 An electron in the skeleton of
nuclei of a diatomic molecule.

the behavior of the electron in the neighborhood of B. This means
that in a molecular-orbital description our molecular wave function
must be approximately ¢, in the neighborhood of A and ¢p in the
neighborhood of B. We then guess that a linear combination of $4
and ¢p will be a good wave function for the molecule AB. Thus, we
have, assuming that ¢, and ¢ are real functions,

Y =cyp+c,ip (2-1)

Such a wave function is called an LCAO wave function (‘‘linear com-
bination of atomic orbitals’’).

The Hamiltonian operator, which determines the energy of the
system, is given by the sum of the kinetic and potential energies of
the electron (see Figure 2-1). To this we must add—as the last
term—the potential energy of the nuclei: ’

B2 ZAe2 ZB62 Z,Zge”
“om Y T r., 1. R (2-2)
A B

For convenience we shall normalize our wave function to 1 before

we make any calculation of the energy. Then

3 =

sz(cllPA+czzpB)(clsz+cz¢B)dT:1 7 (2-3)
or
(Cl)zﬂlﬂAlz dr + (cz)ZflzpBlz dr + chczfszz/)B d7 = .ﬁlg
(2-4)

Assuming thét the atomic orbitals ¢, and ¢p are normalized, we
have immediately

(c,)? + (cy)? + 2¢, czfz/)AzpB dr = -Ié (2-5)
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The definite integral f P AZpB d7 is called the overlap integrval, S,
between the two wave functions ¥ A and zpB. The reason for this name
is clear. For example, if both ¥ A and zpB are s orbitals, we obtain

the picture shown in Figure 2-2. We see that the two wave functions
‘‘overlap’’ each other in the region between the two nuclei.
By substituting S for the overlap integral in Eq. (2-5) we obtain

‘

1

(c,)? + (cp)® + 2¢,¢,8 = N (2-6)
The normalized wave function is then
_ 1 <C Y, + oy ) " (2-17)
¥ = 1¥p T Cavp

Vie)? + (e)2 + 2¢;¢,8
The energy of this wave function is given by the expression
N2f<clsz + czz/)B) $C<clsz + Csz) dar

2 [y, B, T + ¢ [Heyy dT + 2¢,c, [y S0y AT

2 2
c® + ¢c,® + 2¢,c,8

I

w

(2~8)
We now abbreviate the definite integrals as follows:

Hpp = 9000, dr | (2-9)

Figure 2-2 Overlap between
two s functions.
The cross-hatched
area has electron
density which orig-
inates from both

sz and zpB.
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W

Hpp = [ ¢gitiy d7 (2-10)

Hpyp = Hpp = 9, 04pdr (2-11)

Since a definite integral is a number, we obtain W as a function
of the parameters c, and c, (thus indirectly a function of Z,, Zp,
and R):

2 2
(cy) Hyp + (c,) HBB

(e)? + (cp)* + 2¢,¢,S

+ 2¢,c,H
W = AB

(2-12)

We are interested in finding the values of ¢; and ¢, which, for
given atomic wave functions and constant R (that is, for constant H AN

Hpps and Hyp ), will minimize the orbital energy W. This is of in-

terest because it can be shown that the minimized solution W always
is larger than or equal to W,, where W, is the ‘‘correct’’ solution to
the problem. Thus, the smaller W is the better. To determine c,
and c, we differentiate W with respect to these parameters.

Recall that, from Eq. (2-12),

W[(c,)? + (cy)? + 2¢,¢,8] = (cy)? Hy, + (cz)zHBB +2¢,¢Hyp
(2-13)
and by differentiation
Z_c“‘i (€))? + (c,)? + 2¢,¢,8] + W(2¢, + 2c¢,8)
= chHAA + 2«:'2HAB (2-14)
Since the extremum value is found for 8W/oc, = 0, we im-
mediately obtain
Cl(HAA_W) + cz(HAB—WS) =0 {2-15)

The equation obtained from 8W/s¢c, can be written by inspection:
c;(Hpp — WS) + ¢, (Hgg — W) = 0 (2-16)

These two simultaneous, homogeneous equations have the solutions
(not considering the trivial solution, ¢, = ¢, = 0), given by the de-
terminant

HAA—W HAB—WS

HBA~WS HBB—W

=0 (2—;7)
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This determinantal equation gives the extremum energy W of the
“best’ linear combination of ¥y, and Pp for the system. Expanding
the equation gives

(HAA - W)(HBB - W) - (HAB - WS)2 =0 (2—18)

A second-order equation has two roots, and we find the two values
of W by solution of Eq. (2-18).

Let us discuss this equation. First we assume that H AA T Hpp-
In other words, we have a homonuclear diatomic molecule, where
“‘both ends are equal.”” Examples are H,, O,, and Cl,. Then

Hpp - W —‘-:t(HAB—WS) (2-19)
or
H + H :
W = __.é.A_._.A_].B. (2_20)
1+8

Since S is less than 1 (if the A and B nuclei are together, S = 1;
if they are infinitely separated, S = 0), we get one energy which is
smaller than Hyp = Hpp and one which is larger. These are called,
respectively, the bonding and the antibonding solutions. This is de-
picted in Figure 2-3. It is customary to designate the bonding solu-
tion as WP and the antibonding solution as W*. We see that the
terms bonding and antibonding refer to the energy loss or gain
which is obtained when two atomic nuclei are brought together.

antibonding

\
N bonding /

Ya YAB YB

Figure 2-3 Bonding and antibonding orbitals in the AB
molecule,
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The sign of Hpp is negative, as is required for an electron bound
to a positive nucleus. Calculations show that Hpp is also negative

provided S is positive. Calling HAB/HAA = v, we have W =
Hap (1 £ 9)/(1 £ 8)]. W < Hpp (<0) for (1 +y)/(1+8) > 1 or
¢ > £S. In other words if y > S the combination d)A + ¢B is

bonding. This is always the case for diatomic molecules, but is
not necessarily true for polyatomic molecules. Owing to the de-
nominator 1 — S in the antibonding combination, we see that the
antibonding orbital is destabilized more than the bonding orbital is
stabilized. _

The energy of the bonding (and antibonding) orbital is a function
of R. We can minimize WP with respect to this parameter and ob-
tain a theoretical value for the energy and for the equilibrium inter-
nuclear distance in the H} molecule. This procedure yields for the
equilibrium distance r, = 1.3 A and the dissociation energy Dg =
1.76 eV (the experimental values are 1.06 A and 2.79 eV). In Figure
2-4 are shown the lowest orbital energies of the Hj molecule. Better
results are obtained by also minimizing WP with respect to Z oft-

Let us determine the coefficients ¢, and ¢, in our LCAO wave
function, for Hpp = Hpg. This is done by substituting the values
found for W in the original set of equations, (2-15) and (2-16):

W—WH, ev

2.21

1.14 w*

-1.l7

—2.2¢

Figure 2-4 Lowest calculated energy levels for
the H; molecule as a function of R.
The energy minimum in the Wb curve
occurs at R =1.3 A with Dg = 1.76 eV.
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c, = —¢C, <H> (2-21)
AA
c, = —¢C, <%§—_—%> (2-22)
Since
(Hpg — WS)* = (Hpp — W)? | (2-23)
or
(Hop — WS) = £ (Hps — W) (2-24)

we get by substitution,
¢, =-c¢, and ¢, = ¢, (2-25)
The two normalized wave functions are therefore

1

_\/ZTW_;S— (4)A + zpB) (low energy) (2-26)
—E%—E (t/)A - qu) (high energy) (2-27)

The coefficients ¢, and c, are in this case determined by the con-
dition Hp 5o = Hgpg. This is actually a symmetry condition— we
take advantage of the fact that the molecule contains equivalent
nuclei.

Let us now examine the general case given by the following
eguation:

(Hpp — W) (Hgg — W) = (Hyp — WS)? = 0 (2-28)

HaaA and Hpp are the energies of the atomic orbitals Y and Yp,

respectively, in the molecular skeleton. For convenience, let-us as-
assume that S= 0. With Hpp numerically smaller than

| Hpop — Hppl, we have on expansion of (2-28),

(Hpaa — W)(Hpg ~ W) ~ Hjg = 0 (2-29)
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w
W
——
Hpp o \
S \
\ \
\ \
\\ \
) \
\ \
\ \
\ L Haa
\ wh -7
| PR A S
Figure 2-5 Bonding and antibonding energy levels for
Hpp > Haa:
or
2
u Ha
AA T —
Hpp = Hpa
W~ (2-30)
2
o . AB_
BB~ Hpp — Hpp

2-5).

One solution will give an orbital slightly more stable than ¥ A
while the other one will be a little less stable than Jp (Figure

From (2-28), we see that if Hyp and S are zero, no covalent

bonding occurs—that is, the energy of the ground state will not be
lowered. Also, if S and Hpp are small, the covalent bonding is
proportionately small. The overlap is zero if the atomic nuclei are
far from each other. It becomes larger the shorter the distance is
between the two nuclei (for two s orbitals see Figure 2-6). A large

Figure 2-6 The values of S and Hpp depend strongly on R.

23
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y y

Figure 2-7 Overlap between an s
- and a py orbital.

overlap between valence orbitals usually means a strong bond, and
for rough calculations one often assumes that the bond strength is
proportional to the numerical value of the overlap integral.

With S given by the integral [¢,¢p d7 we can see that the
atomic orbitals used for forming molecular orbitals must have the
same symmetry around the line between A and B—otherwise, S
will be zero. Consider, for example, the overlap between an s and
a py orbital. Figure 2-7 shows that each small volume element ‘‘in
the top’’ of the Py orbital is positive, while the corresponding volume
element ‘“‘below’’ is negative. Therefore, a summation (the integra-
tion!) over all volume elements will give zero:

[fea)logy) 07 = e

The overlaps of an s orbital on A with various orbitals on B are
shown in Figure 2-8. We have f(sA)(sz) dr = 0, f(sA)(dZ2 B) d7 =

0, but J (SA)(dxz__yzB) d7 = 0. Thus the general rule emerges that the .
overlap integral is zero if the two orbitals involved have different
symmetries around the connecting axis.
' We shall now show that the symmetry conditions which cause an
overlap integral to disappear also require that Hyp = fz/)ACFC pg A7
be zero. ’
Since

=~ A vz~ - " (2-32)
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X X X X
s and p overlap, s and d,,, overlap,
different from zero different from zero

s and dxa_yz2 overlap, pz and d,; overlap,
equal to zero different from zero

Figure 2-8 Some different overlaps between atomic orbitals on A and B.

we have, recalling that y, and yp are solutions to the atomic
problem,.

2 2 2
Kog - iy Zge . Z,e b ZAZBe ’
“Sm - B
2m rB B rA B R
Z , e? Z.7_e?
_ _ %A A“B ]
= Wg¥p T, ‘gt w® B (2-33)
Thus,\
: Z,7_e* )
Jo sevg ar = (w + ARB s—erZf—‘%EdT (2-34)
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Figure 2-9 =-type overlap.

¥ z/)A and z,DB have different symmetries about A-B, S is zero.
The integral f((j)’ z/)B rA) d7 is also zero, since every volume
element, divided by the distance from A, has a corresponding
volume element of opposite sign, also divided by the same distance
to A. Hpp follows 8; both are zero if the two wave functions,
centered respectively on A and B, do not have the same symmetry
around the line joining the nuclei.

We distinguish among various types of molecular orbitals by
means of the ‘‘symmetry’’ of the overlap. If the overlap is sym-
metric for rotation (as for example, s-s, s- Py s Pz-Pz, Py- dg2, etc. )R
the resulting molecular orbitals are called sigma (o) orbitals. If the
overlap gives a nodal plane along the connection line pys-pyg,
PyA~PyR ) the resulting molecular orbitals are called pi (7) or-
bitals. If the overlap has two nodal planes which intersect along
the connection line (dxy'dxy’ ‘dxz—yZ'dx'z—yz ), the molecular or-
bitals are called delta (5) orbitals.

Note that three p orbitals on each of two atoms give one Py
(which uses the p, orbital on each atomic nucleus and two s
overlaps (which use Popr Py and p A,p B) The resulting 7y

and 7, molecular orbitals have the same energy, since py and
py are equivalent in the molecule. Furthermore, since the Sy

overlap is smallev than the S; overlap, we expect 7 bonding to be
weaker than o bonding. It also follows that the 7 antibonding orbitals
have lower energy than the ¢ antibonding orbitals (Figure 2-11).
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|

Figure 2-10 &-type overlap.

It is now possible to draw a complete energy diagram for a di-
atomic molecule in which the atomic nuclei are alike. Since W(1s)<
W(2s) <W(2p), etc., we obtain a schematic energy diagram, which is
given in Figure 2-12,

In a way quite analogous to the building up of the electronic
structures of atoms, we now build up the electronic configurations
of diatomic molecules. The electronic configurations are obtained
by placing electron after electron into the empty energy levels,
filling up first the lowest energy levels. For example, the ground
states of the very simple diatomic molecules and ions are

HZ: <lsob>1

H,: <1scrb)2

He}: <1sob>2 (130*)‘
)

He,: (1scrb 2(150*)2 (no net bonding)

w

Figure 2-11 Bonding and antibonding molecular orbitals
composed of the p orbitals in a homonuclear
diatomic molecule.
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We know that 1sc™* is placed higher above the atomic 1s level
than 1soP is placed below. Thus, no energy is released—on the
contrary, energy must be expended-—in forming the He, molecule.
Therefore, two isolated He atoms have lower energy than a hypo-
thetical helium molecule; this is in agreement with the fact that
He, does not exist in nature.

Other representative diatomic molecules have the following
ground states: »

~ Liy (1s0P)2(1s0*)2(2s80P)?
N,: (1s0P)2(1s0*)2(280P)2(250*)2(2p7P) (2poP)?
0,: (1s0P)?(1s0*)2(250P)2(250*)2(2pob)2(2pmb)* (2pm*)?

Since (2p7*) can accommodate a total of four electrons, the two elec-
trons of O, that go in (2p7*) will go into different 7 orbitals, with
spins parallel (Hund’s rule)! The ground state of O, has two unpaired
electrons. Thus, the oxygen molecule has a permanent magnetic
moment, and we say that it is paramagnetic.

Let us again consider the He, configuration (1soP)?(1s0*)2. With
#(1soP) = (1/V2 + 28 )(ébA + ZI)B) and w(lsg*) = (1/¥V2 — 28) X
(¢a — ¥p), where Pp = ¥(1s), the charge distribution for
this configuration is obtained by summing the contributions of all
four electrons:

2<§“+L2§> (va + vp)" + 2<2—:l—2—s> (va = 48)°

- T?l_s(‘pfa it 2¢A¢B) 1 =% s<2 * Y _zwAwB>
=7 —zs2 (4 + vh - 250,95) (2-35)

For small S values the charge distribution is approximately
24)2 + 2zp2B. This is just the value for the case in which there is no

‘‘bonding’” between the atoms. In general, the overlap between the
atomic l1s orbitals in molecules containing large atoms is very small
(high nuclear charge draws the 1s electrons close to the nucleus).
Consequently, we can neglect the bonding between 1s orbitals in such
molecules.

2-2 SYMMETRY CONSIDERATIONS

In general, it is advantageous to use the symmetry elements of a
molecule in dealing with the molecular orbitals. For example, con-
sider the symmetry properties of a homonuclear diatomic molecule
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(Figure 2-13). If we rotate the molecule around the x or the y axis
through an angle of 180° then A will go into B and B into A. But
if A and B are the same, the rotated molecule cannot be distin-
guished from the starting molecule. In addition, we can rotate the
‘molecule any arbitrary angle around the z axis without changing it.
A reflection in the plane which contains A-B also makes the molecule
““go into itself.”” An inversion of A and B through the center of the
connection line takes A into B and B into A, and again (since
A = B) there would not in a physical sense be any difference in the
molecule after the symmetry operation.

The symmetry operation of rotation by 180° around the x axis is
called a rotation around a twofold axis and is written Co(= Cugo /180)
A rotation of ¢° around the z axis is written Cgo’ where ¢ is an

arbitrary angle. If we, for example, rotate around the twofold axis
two times, we return to the original position. This is the same
operation as leavmg the molecule alone, ThlS latter symmetry
operation is called E we have, then, E = C C (C) C2 The
symmetry operation that reflects the molecule in a plane which
contains the principeil axis i§ galledA Oy Further an inversion in
the center is called i, with i1 = (i)? = 2= E. In general we see
that symmetry operations change the numbering of atoms in a
molecule. But such a change of coordinates cannot alter the value
of any physical quantity. Therefore, only the molecular integrals
that are invariant under all symmetry operations of the molecule
are different from zero.

Figure 2-13 Diatomic molecule. The
origin of the coordinate
system is halfway between
A and B.
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Let us now examine how the molecular wave functions ¥, =
(1/V2"+ 28)(sp + sg) and ¢, = (1/¥V2 = ZS)(sA — sp) behave under
the symmetry operations of a homonuclear diatomic molecule. Since
the normalization factor is a number (N), we have

By = 4y = 19 Efy = % = 144,
Gydy = Nfsy +sp) = 1y G4, = N(sy —sp) = 1+4,
Cota = = 144, Coty = ¥ = 1+4, (2-36)
By, = Nfsy +s,) = 14, B, = Nisg ~s,) =14,
(521,01:N<sB+sA):1-4;1 62¢2:N<SB"SA>:_1'¢2:

The two wave functions change phase during certainAsymrrietry
operations. We call an arbitrary symmetry operation S. Operating
on a wave function ¥, we have Sy = Ay, and we call A the eigen-
value of the symmetry operator 8. Since the eigenvalue of ¢ is1
(the orbitals are symmetric for rotation) the functions are ¢ Orbitals.
An eigenvalue of +1 for §y is indicated by a +, while —1 is in-
dicated by a —. Further, an eigenvalue of +1 for the operation i is
indicated with a g (gerade) and an eigenvalue of —1 for i with a
u (ungerade). The following notation tells the important symmetry
properties of ;, and ¥,:

4 = oy Y2 = 0 (2-317)

Let us now look at y; = N(p,(A) + p,(B)) and ¢, = N(p,(A) —
p,(B)) (Figure 2-14).

¥s ¥

Figure 2-14 Two P, orbitals, one centered on A and one on B. The minus

sign in ¢ is formally used for ‘‘turning’’ the orbital.
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Eg; = 1iy ﬁzp:} = 1Y,
&V‘pg = 1y, oy¥s = 1Y,
qu‘ps = ly, ) C(plpq = 1y,

,{‘ps = 1y, €¢4 =~ 1y,

(2-38)

We see that ¢, is a o} orbital and ¢, is a oj orbital. We shall now
consider 7 orbitals (Figure 2-15).

Yy = Nipg(A) + py (B))  (2-39)
4 = N(og (A) + py (B)) (2-40)

We see immediately that rotating ¥ by an angle 90° around the
line AB will transform ¢, into ¢,. Thus, if we choose ¢ in C  to be
90° such that x goes to —y, we have, using matrix language and
matrix multiplication,

Z105 0 -1 ¥s
= (2-41)

¢
®=90°
A 1 0 R

In general, we represent the ¢’s as a column vector l+| we

have then, § l.l-l =A h'.l, where A is the so-called transformation

matrix,
The trace (that is, the sum of the diagonal elements) of the trans-
formation matrix <2 *O is zero. However, this is not the result

for an arbitrary value of ¢. For rotation of the coordinate system by
¢, we have

Figure 2-15 Py and py form two w bonding orbitals.
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X cos¢g —sing X
C(p 1= (2-42)
y sin ¢ cos @ y

Beé/ause Py and py behave as x and y, we get
é(ppx (A) = cos ¢ py(A) — sin ¢ Py (A) (2-43)

A N

CyPy (A)

H

sin ¢ py (A) + cos @ p‘y (A) (2-44)

with corresponding relationships for p, (B) and Py (B). Consequently,

A

Cotls = CyNipy (A) + py (B))

il

N(cos ¢ Px (A) — sin ¢ Py (A)

(2-45)
+ cos @ p, (B) ~ sin ¢ Py (B)
= cos ¢i; — sin @y,

In the same way, we obtain for égﬂzps

Cyby = €O ¢y + sin ¢y, (2-46)
Written as a matrix equation,

. U5 cos ¢ —sin ¢\ /i,
Cy = (2-47)

Ug sin ¢ cos ¢/ \ g

The trace of the transformation matrix is equal to 2 cos ¢. For
a rotation ¢ = /2, of course, the trace is equal to 0, as found be-
fore. Since y,; and y; are ‘‘mixed’’ under C_, we continue the
investigation of symmetry properties using matrix notation:

~ <P5 1 0 Zps
E = (2-48)
Ug 0 1 Pg

with trace 2. The operation 8v gives
Py 1 0 Ys
Gv (xz) = (2-49)
4)5 0 -1 ‘ps

with the trace 0.
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We could, instead of reflection in the xz plane, have chosen re-
flection in the yz plane: '

) s -1 0\ /v,
oy (yz) = (2-50)
/B 0 1 Vg ‘

again with a transformation matrix with a trace of 0. We see that
the transformation matrix is different for G, (xz) and 0y (yz), but
the trace is the same. This is true, in general, for equivalent
symmetry operations.

Finally, we have for ?,

N s -1 0 s
i = (2-51)

Ye 0 -1 Ys

with a trace of -2,

We characterize these two degenerate orbitals ¢, and y, by the
symbol 7y. The, letter 7 is used to indicate that the orbitals are two-
fold-degenerate with the trace 2 cos ¢ under C,. As before, the
letter u is used to indicate that y; and ¢, change sign for the sym-
metry operation 1._J{

Thus, an ‘“‘accidentally’’ chosen set of functions is characterized
according to its behavior in the molecular framework. As will be-
come apparent, this is of enormous importance in reducing the work
of molecular computations. Since we want to characterize the dif-
ferent orbitals according to the traces of their transformation
matrices, we use the following chavacter table, which applies to
all linear molecules with an inversion center. Such molecules are
said to belong to the point group D} In a character table the entry
under a symmetry operation gives the trace of the appropriate
transformation matrix (see Table 2-1). All functions of interest can
thus be characterized according to their behavior under the dif-
ferent symmetry operatlons which transform a molecule ‘‘into
itself.”’

Next we shall demonstrate an extraordinarily important concept—
that molecular orbitals which have different symmetries cannot be
combined. Let us try to calculate the energy of an orbital obtained
" by combining a function behaving as a Gé molecular orbital with a
function behaving as g

We construct the following linear comblnatlon where ¢, trans-
forms as crg and ¥, transforms as o}

v = ay, + by, (2-52)
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Table 2-1 Character Table for the Point Group Dwp

E Cy oy i iCgy ioy = C,
o 1 1 1 1 1 1
o 1 1 1 -1 -1 -1
og 1 -1 "1 1 -1
oy 1 1 -1 -1 -1 1
Tg 2 2cos ¢ 0 2 2cos @ 0
Tu 2 2 cos ¢ 0 —2 —2cos @ 0
Ag 2 2 cos 2¢ 0 2 2 cos 2¢ 0
Ay 2 2 cos 2¢ 0 -2 —2cos 2¢ 0

a and b are the variable parameters. A possible minimum energy
is obtained as before by solution of the determinantal equation

H, - W Hy, — WS
- =0 (2-53)
H, — WS Hy =W

in which H,, = f¢, ¥y, dr, H,, = S, 3y, d7, and H,, = H,, =
Sy, 59, dT = Sy, 3y, d7. We shall now show that S=H,, = H), =0,
and therefore W = H;, or W = H,,. Thus, the energies are not
changed; the orbitals ¥, and ¥, cannot be combined.

The proof will be done specifically for H,,, with quite obvious ex-
tension to S.

Hy = [$,509, d7 = [oficof dr (2-54)

Since H,, is a number that is obtained by evaluation of the definite
integral in (2-54), it must not depend on the coordinate system that we
~choose to calculate this integral. 3¢ is the quantum mechanical ex-
pression for-the energy; it is in all cases independent of the coordi-
nate system, since the energy of the system cannot depend on how
we choose to describe the system. We have then, by using the inver-
sion operator 3,
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Hy, = EHM = )i\foé:;(’:oﬁ ar :f(Ioé)(EJC)CO'ﬁ) dr

It

J(og) () (=0) d7 ==fogdeoy dr = —H,  (2-55)
The only number that is equal to its negative is 0; therefore,
H,, =0. Tt follows thdt the off-diagonal term always must be zero,
if ¢’s in a linear combination are of different symmetries, for there
will, in such a case, always be at least one symmetry operation which
gives a different character for the two y¥’s, and a proof similar to
the above one can be carried through. ;
On the other hand, if the ¢ ’s have the same symmetry, the phases
will disappear, and thus S and H,, will be different from zero. This
means that two such energy levels will repel each other, and that they

w
W,
2H,,
W,
0 lHlf’_ szl

Figure 2-16 The noncrossing rule: two energy levels with the same
symmetry properties repel each other and therefore
never cross. With |Hy| = |Hyy| and S = 0, we have
W = Hy; + Hy,; this means that the distance between
Wy and Wy is 2Hy,. In general, from the equation
W2 — W(H, + Hyy) — HY, + H Hyy = 0, we obtain
W, — W, = AW = /(Hy; — Hypy)? + 4H},. The two
energy levels will thus repel each other and the en-
ergy curves for W; and W, defin¢ a hyperbola with
(Hy; — Hyy) as a variable.” AW is smallest for Hy =
Hoy .
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can never cross each other, This important rule can be seen by com-
- puting the energy levels using the relevant determinantal equation—
this gives (H,, — W)(H,, — W) — (H,;,)? = 0 for the simplest case of
S = 0 (see Figure 2-16). The nearest W, and W, can approach each
other is if H,, = H,,; then W = H;, + H,,.

Therefore, it is appropriate to say that, for example, loé (see
Figure 2-17) will be lowered in energy by interaction with all other
o, orbitals. Such an effect is called configuration intevaction.

If we only look at the two lowest ¢g orbitals, the secular equation
for calculation of the ‘‘corrected’’ energies is

w - w(log) x L, 256
X w — w(20;)

with x :fd)(log*)f}(izp(ZGg*) dr. We have further assumed that S =
Sy (log) lp(Zoé) dr is equal to zero,
If W(Zaé) > W(1qé), we have

~ + ) _ X2 _
w, ~ W (1og) o) - w(ing) (2-57)

W, = W * x? -
: <20g> ' w(207) - w(10;) o8l

One of the energy levels is lowered by the interaction; the other
one is raised. These energy changes get smaller the larger the en~
ergy difference is between the two energy levels which ‘‘interact.’’
Of course, if x is very small, we have only small changes in energy
in any case.

2-3 DIATOMIC MOLECULES WITH
DIFFERENT ATOMIC NUCLEI
We now turn to the diatomic molecules in which the atomic nuclei
are different. We still use an LCAO description of the molecular
orbitals,
v = N(og + 2 | (2-59)

The constant A determines the ‘‘polarity’’ of the orbital —the larger
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Table 2-2 Character Table for
the Point Group Cwy

E C(p Oy
o* 1 1 1
g~ 1 1 -1
T 2 2 cos @ 0
o 2

the value of X the greater the chance of finding the electron around
nucleus A. The normalization constant N is given by the condition

NZ(1+2% +228) = 1 (2-60)

To estimate an energy diagram for the molecular orbitals in such a
molecule we first have to examine the symmetry properties of the
orbitals, '

Since the two atoms of the molecule AB are different, there is no
longer a twofold rotation axis, as in an M, molecule. Also, the sym-
metry operation i, inversion through the center, is not present. Both
of these operations would transform A into B (Figure 2-13), and,
since A and B are different, the molecule is differently situated af-
ter such an operation. Therefore our description of the molecule can-
not be independent of the identities of nucleus A and nucleus B.

w
20‘+O
1s -7 \
O \
\ \
\ \
\ \
\ \
\ \
\ \
! \
\ \
\ ! O 1s
! 10’ : //
A " AB B

Figure 2-18 A combination of 1s orbitals with different
) energies.
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The symmetry operations ﬁ, é(p, and GV (reflection in a plane
that contains the axis A-B) are present. All molecules that possess
these symmetry properties have the point-group symmetry C,y. The
orbitals are characterized by symbols similar to those used for a
homonuclear diatomic molecule, such as ¢*, 7, etc. The character
table for C.y is given in Table 2-2.

Since the atomic orbitals of the atomic nucleus with larger Z (B)
have lower energy than the corresponding orbitals of the other atomic:

.
W 6o :
/ 2
I \
oo \\\
' /l[ | \\\\\
s 1
2p /1 W
/ i\
W 5% 1Y 2p
O, 000
-~ B
,\ X 17 CC A \/I
AW 4g* /’( ‘\
/[/&\ O Y
7 !
%~ ¥ \%\\
\ \ AN ZS
X L0
\y .
\ /
\\ Iy
\ 3% 4
2¢* .
e : \
1s ~ e \\
\ A\
\ \
\\ )_Oﬁ_.
\ 1ot : e
A AB B

Figure 2-19 The molecular orbitals for a diatomic mole-
cule with different atomic nuclei. The dia-
gram indicates that 40* repels 50*, making
50% less stable than the 1r orbitals.
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nucleus (A) (the ‘“effective’’ charge of the nucleus is larger for B
than for A), the molecular orbitals that are formed from 1s(A) and
1s(B) are as illustrated in Figure 2-18.

To construct an orbital energy diagram for a diatomic molecule
in which the two nuclei are different, we must remember that orbitals
with the same symmetry repel each other. As shown earlier, this re- .
pulsion is dependent on the energy difference between the molecular
orbitals and on the size of the interaction. For diatomic molecules in
which the two nuclei are not far from each other in the periodic table,
the diagram will be approximately as shown in Figure 2-19.

We now place electrons one after the other into the energy diagram
(Figure 2-19). For example, the electronic structure of CO(6 + 8 = 14 .
electrons) is given as (16*)?(20%)*(30*)? (1m)* (40*)*(5o*)?. The elec~
tronic structure of NO is (10%)? (20*)* (3¢*)% (1m)* (40 %) (50*)% (27)*.
The last electron goes into an antibonding 7 orbital. The molecule is
paramagnetic since it possesses an ‘‘unpaired” electron.

On the other hand, if the two nuclei have very different ‘‘effective’’
nuclear charges, as for example the case of LiH, the orbital energies
are similar to those indicated in Figure 2-20. Here it is a good ap-
proximation to regard the Li(1s) orbital as ‘‘nonbonding’’ and sup-
pose that the chemical bonding between Li and H takes place between
the H(1s) and the Li(2s) atomic orbitals. The Li(ls) orbital is, in such
an approximation, not a ‘‘valence orbital.”’

w

1s 72

Figure 2-20 Lowest molecular orbitals of LiH.



3 / Electronic States of
Molecules

Just as it is possible to characterize the single-electron molecu-
lar orbitals using the relevant symmetry operations of the molecule,
it is possible to characterize the Zofal wave function using the same
operations. The total wave function contains each and every electron
coordinate. It is customary to characterize the single molecular or-
bitals by small letters and the total wave functions by capital letters.
For example, we have the single orbital aé’ , and the total wave func-
tion =5 .

For systems that contain only one electron there is no difference
in the molecular-orbital and the total electronic wave function. For
many -electron systems, however, there is a considevable diffevence.
It should be noted that for many-electron systems it is only the ““sym-
metry’’ of the fofal wave function which has physical (and chemical!)
significance. This quantity is the only ‘‘observable’’ quamtity.Jr

The ground state and the first and the second excited electronic

T In weighing an object on a balance it is only the result of the weights
that is of interest, not how we have chosen to combine the different weights
on the other balance pan.

42
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states for the H;' molecule are then (Figure 2-17) 22* 22y, and ZE“.
The spin multiplicity, 2S + 1, where S is the value of the spin quan-
tum number (here S = 3), is the left-hand superscript.

The ground state of H, is (1og) or, written in determinantal form:

- & (1o+)1. Because BV = 17, c(p\y =1%,6,¥ =1¥,1¥ =
1, ngD\I' = 1¥, and 10V\Il = 1¥, the ground-state transforms as ‘Eé,
- since for this state S = 0,‘and therefore 2S + 1 = 1. We call the state

a ‘“‘singlet-sigma-g-plus’’ state. Low-lying excited electronic states
for the molecule are obtained by promoting one of the (1gf) electrons
‘to the (1gyJ) orbital. The configuration (1og* Y(log) gives, as we shall
see, more than one electronic state of the molecule.

Since the two orbitals are different, the two electrons can have
the same spin. A total spin quantum number of one (S = 1) is ob-
tained if both electrons have the same spin; on the other hand, a spin
quantum number of zero (S = 0) is obtained if the electrons have dif-
ferent spins. With the spin multiplicity equal to 2S + 1, we get both
a triplet (S = 1) and a singlet (S = 0) state.

A wave function for the triplet state is

= [18)w (18:)@ - (18;)@ (183)w)] (3-1)

a a
® = | (165)(153)
Since £® = 19, C & =16, 5, & = 18, and 1® = —18, the total wave
function is seen to transform as *Z;, a ‘“‘triplet-sigma-u-plus”’

state.
The wave function for the singlet state is

£08)w(16;) @) - (18;) @(18z) @)

- (187 )18 )@ + (1B5)@(185)w)] (3-3)

or
(3-2)

We have written a combination that is antisymmetric for exchange
of both space and spin coordinates. This singlet wave function can
also be written

o - 2{108) 68! - 106:) (12y)

By performing the symmetry operations we establish that this wave

] (3-4)
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function also transforms as EJ. Since the spin multiplicity is one,
we have a 'Z} state. We might naively suppose that both !Z§ and
®%4 have the same energy. But a calculation (Hund’s rulel) tells us
that the triplet state (in which the spins are parallel) has lower en-
ergy than the singlet state.

The next excited configuration occurs if both the 105 electrons
are excited into the lol‘; orbital. The wave function is | (lgﬁ)(lgﬁ’) l,
which represents a 125 state.

The lowest energy levels or ferms for the hydrogen molecule are
given in Figure 3-1.

w
(10{1)2 - Iy
g
VB
lztl
(log)t (1ot
g (1o3)
—&
N 2
N
AN 35
u
Vl
+ 32
(1og) -
- g

Figure 3-1 Lowest electronic states for
H, . On the left, the electronic
configurations are indicated;
on the right, the resulting
terms. The difference be-
tween these terms is given
by hvy, where v is the fre-
quency of light absorbed (in
promotion) or emitted (when
electrons ‘‘fall’’ to lower
levels).
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We notice that, in general, filled electron ‘‘shells’’ give a state
that is totally symmetric under the symmetry operations. This is
due to the fact that there are no ‘“degrees of freedom’’ in such a

case.

Li, has 6 electrons, and these 6 electrons fill the three lowest
energy levels. The ground state then is (log+ ) (Tog P (205 )% 5124

N, has 14 electrons and the ground state is (Figure 2-17) (log+ 3 X
(1od)? (Zag" ) (207 )? (17 )* (Bog )?;'Zg . Again, we see that the ground
state is 125, since all the ‘“shells’’ are filled.

O, has 16 electrons, 2 more than in N,. These 2 extra electrons
go into the (17g ) orbitals. If we write this (N, )J(17g)?, in which (N,)
stands for the closed nitrogen configuration, we see that different
arrangements of the electrons in the (1ng) orbitals are possible,
Specifically, the electrons can be in different orbitals with the same
or with opposite spin.

The wave functions for O, can now be written (we distinguish be-
tween the two 7 orbitals by the letters a and b):

(#2)(2)] ' (3-5)

This is a component of a spin-triplet state, the three components being
oo
(") (e (55 + o)
BB
The spin-singlet functions are
o
(7e) F)l = ()] =
QB
a a
()%
A p\(B Y }
(ﬂg g (3-8)

We now have, with ﬂga = (l/ﬁ)(pXA - pXB) and ngb = (1/¥2) x
(by, — Pyg) :
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C n 2 = a _ g b 3-11
C(p’iTg cos @ ﬂ'g sin ¢ ”g ’( )

G b = i a b Q.
C(pwg sin ¢ 7" + cos ¢ Ty (3-12)
Gymg = MR (3-13)
§ymgP = —mgP (3-14)

The molecular wave function | (%”ga)(%gb)L which according to
Hund’s rule should be the ground state, transforms as follows:

(gga)ﬁgb)l - llwga)(’ggb)] (3-15)
(7g2)(7g2)| = |(cos ¢ (7?) = sin ¢ (7g°))

X (sin ® (%ga) + cos @ (?gb»\

SA

E

A

o

- con o s (5050
- cos® ¢ |(Tg¥) (7eP)| — sint @ |(7gP) (7g?)]
~ sin @ cos @ ‘(%gb) (%ng)\ (3-16)

The determinants I(%ga)(#ga) | and | (/ergb)(%gb) | are zero (the col-
umns are identical). Thus,

(ggax%gbﬂ = cos® ¢ )(%gaﬂggb)‘

~ sin? @ f(r?‘gb)(?ga)( (3-17)

A

Co

Reversing the columns in the last determinant will change the
sign, and with sin® ¢ + cos® ¢ =1 we have, finally,

&) B = 1A 51
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Further,

el EAE) = B = 2 [EAEN e
Since both orbitals are symmetric during the inversion f, their

product has to be symmetric. Therefore, referring to Table 2-1, the

ground state of O, is a 3Zg‘ state. Let us examine the singlet state

= lIFR ) = IR (3-20

EV, =17, (3-21)

égo\lfz = V-%“(cos gm[rxga — sin gm?lgbﬂsin ¢7Brga+ cos goggb)l

- ](cos ¢7Br L b>(sin nga + cos ﬁ;@”_
- cos 20 2|58 - 18262
* sin 2“’%”@ a><§ga>’ - K#gb)(ggb)’] (3-22)

We notice that ¥, does not go ““into itself”” during the symmetry

operation ¢ but into a linear combination with another wave func-

tion which is itself made up of a linear combination of determinants.
We therefore suspect that ¥, is one of the components of a dou-~

bly degenevate set of wave functions, of which the other component
is given by the combination

- A - 5]

The symmetry operations on the set ¥, and ¥, give

1 0 ¥,

0 1 v,

cos 2¢ sin 2¢ v,
< > ( > (3-25)
—sin 2¢ cos 2¢ ¥,

(@) =g
RS P
T = & 5
W\_N/ ~—
It I
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v, -1 o\/v,
GV = (3—26)

The traces of the transformation matrices are, respectively, 2,
2 cos 2¢, and 0. By comparing these with the Dy}, character table
(Table 2-1), we find that these two combinations fogether constitute
1
A

P

We have not yet considered the linear combination that is orthog-
onal to ¥,. Calling this function ¥, we have

oo DG - GG o

The symmetry properties of ¥, follow:

Bu, - 1w, » (3-28)
o= [eos o B2 = sin 0 £2)cos 0 Byn — s 0 B
(om0 S+ cos 0 5){sim o bR+ con 0 B2))

1w, (3-29)

S0, = 1T, (3-30)

We see that this function transforms as 1zg“. The lowest states of
O, are outlined in Figure 3-2.

It may seem strange on examining Figure 3-2 that all three
states have different energies, since they all arise from the same
(7, )? configuration. However, the energy differences are due to the
présence of the electron-repulsion term (e?/r, ) in the complete
Hamiltonian function. For example, we have for the energy of the
ground state, '

WD) - SJEE RG] e
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w

: (7g)? / e
@% 2 (Tg o (.98 eV

A\ szé

| — S I

Figure 3-2 Lowest states of the O, molecule. The
two excited states play a part in the
absorption of light in the atmosphere.
The energy unit is the electron volt,

or eV. The energy of 3Eg is arbi-
trarily set at zero.

Since

2 2
3¢ = 20 %¢(molecular orbitals) + e?/r,, (3-32)
1

W(az;') - f’(g a) (#gb)l 3¢ (molecular orbitals) ’(%gaﬂ# b)’ dar

g g g
o |(7g2) (7g0)] €/ria(7y2) (7 1)) ar
= 2W(7Tg) + the electron repulsion term (3-33)

Because the last term is different for each state (the wave func-
tions are different!), the three states have different energies.



4 / Hybridization

The formation of a ‘‘chemical bond’’ will, as we have seen, in-
crease the electronic density between the ‘‘bonded’’ atomic nuclei.
We may say to a good approximation that the larger the overlap the
stronger the bonding. Therefore, to obtain a strong bond between
two atoms, we should take atomic orbitals that point toward each
other and have a large overlap.

For example, we can form a good bonding orbital from a linear
combination of a 2s and 2p orbital:

¥ = ¥(2s8) = Ay(2p) (4-1)

(See Figure 4-1.)

We see that by alternately using a plus and minus in front of
the 2p orbital we obtain an electronic density which is concen-
trated to the right or to the left of the original center of gravity.
Forming such a directional orbital, however, requires energy.
Figure 4-2 shows this schematically.

The more 2p wave function we take together with the 2s function,
the higher the energy of the lowest wave function. For A = 1 we
have two equivalent orbitals, which have the same energy but which
are oriented differently, as shown in Figure 4-1.

50
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®)

Figure 4-1 ‘‘Hybridization’’ of 2s and 2p orbitals, Boundary surfaces of
(a) 25 + 2p, (b) 2s — 2p. In the last case the minus sign is in
front of the 2p orbital, effectively turning it around.

w
2p 1
=~ (A2s — 2Zp)
b e
\
/
Vi
¥
AN S
Vi = (2s + A2p)
/ )__1___ 1+ A2
28 l///

Figure 4-2 The energy changes on hybridizaton of 2s
and 2p orbitals. Note that the ‘‘hybridized”’
orbitals are not solutions of the Schrodinger
equation for the atom on which they are cen-
tered, although their components are solu-
tions. In this way we use the atomic wave
functions as basis functions in order to con-
struct trial wave functions which can be used
as molecular orbitals. A hybrid orbital al-
ways has higher energy than the lowest en-
ergy of its atomic components; for example,
2s and 2p are orthogonal to each other and
thus the mixture must have an energy W(hybrid),
where W(2s) < W(hybrid) < W(2p).
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Figure 4-3 Energy diagram for Liy: (a) with hybridization and (b) without
25 — 2pZ hybridization. The (1s) orbitals are left out.

The overlap between two sp hybrid orbitals that are centered on dif-
ferent atomic nuclei is much larger than the overlap of the single 2s
or 2p functions. We would then expect a strong bond to be formed

between the hybrid orbitals.
In Figure 4-3, (a) and (b) show the situation for Li, with and

without hybridization. For the Li, molecule a calculation indicates
that a substantial increase in the calculated bond energy of the
molecule is obtained by mixing about 10 per cent 2p character into
the wave function. Thus (see Figure 4-3),

. 1 A

‘Iil*v1+)\2 ¢23+\/1+/\2 Y2p (4-2)
A2 10 ‘ _. /9 1

T+~ 100 or \/;6 Yos \Ea Yop  (43)

S
1l
w]v—-
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w

Figure 4-4 Electronic levels of CO with 2s-2p
hybridization. The 1s orbitals are not
included. A similar diagram can be
constructed for the isoelectronic ions,
CN- and NO*.

As we go down the row to Na,, K,, etc., x gets smaller; the hybrid
orbitals are less and less ‘“‘polar.’’ Tt has been pointed out by Mul-
liken that ‘‘A little bit of hybridization goes a long way.’’ We use a
little energy to construct the hybrid orbitals, but since the bonding
is strengthened we obtain a lower energy when the calculation is
made. In addition, the Coulomb repulsion of the electrons is re-
duced, since the orbitals are now directed away from each other.
However, we must of course realize that such an accounting is our
way of keeping track of the total energy of the molecule. Surely the
molecule does not care at all which orbitals we use in order to get
the strongest bonding!
Let us now consider the CO molecule. Ignoring the C(1s)? and

O(1s)? levels, we construct the energy diagram shown in Figure 4-4.

We see that this diagram is consistent with the chemical properties
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of CO; the two electrons that have the highest energy are mainly
localized on the carbon atomic nucleus. It turns out that the energy
of the lone pair level is favorable for bond formation with the va-
lence orbitals of the transition-metal atoms. Our diagram makes
it possible to understand why it is the carbon end which coordinates
to the metal, and why the M-—C— O sequence is linear in metal
carbonyls. The 'maximum o overlap of the lone-pair s-p function
with a metal ¢ function would be obtained along the — C—O line, at
the carbon end.

Because CN~ and NO™ are isoelectronic with CO, we could
make similar remarks concerning their properties as ligands.



5 / Band Intensities

In chemistry it is common to indicate the intensity of a spectral
band by stating the maximum molar extinction coefficient €, ...
Usually the shape of the absorption curve is given as a function of
the wave number 7, and a curve €(V) is obtained as given in Figure
5-1.,

From a theoretical point of view, the intensity of a transition is
given by the area under the absorption band. Assuming the band
shape to be Gaussian, it is a good approximation to set the intensity
equal to (in proper units)

f = 4,60 x 107 e Ty (5-1)

where 7;,, is the so-called half-width of the band in cm™ (the width
of the band where € =3-€ ;5.

Theoretically, the intensity f for a spectral transition is given by
£f=1.085x10" 7 |D|?, where D, the transition moment, is given by
the integral

D = [4#Ry, dr (5-2)

Here ¥ is the wave function for initial state, ¢, is the wave
function for the final state [(W, — W,)/hc = 7 (cm™)], and R is the

55
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i i 1 $ v

7, v v v,
Figure 5-1 Absorption curve e(¥) composed of four absorp-
tion bands. Band half-widths are usually between
1000 and 6000 cm™!,

dipole vector R=1r, + r, + «-- ry for all the n electrons included in
the wave function.

We note that transitions are allowed only between states which
have the same spin quantum number S. If they do not have the same
S value, ¢, and ¢, will be orthogonal to each other, and since R is
not a function of the spin, integration over the spin cocrdinates will
give zero. In such a case, we say that the transition is spin-forbidden.

Further, if the molecule has an inversion center, transitions can
take place only between an even and an odd state. The proof is that
R is an odd function (it changes sign on inversion in the center), and
since the integral (which represents a physical quantity) must not
change sign, one of the wave functions, 3, or i, , must change sign
during the inversion. This means, of course, that one of the wave
functions has to be even (g) and the other one odd (u).

In general, transitions from state 1 to state 2 are allowed only if
the integral SY¥Ry, d7 is totally symmetric for all the symmetry
operations of the molecule under consideration.

For example, considering the lowest states of H, (Figure 3-1),
only the transition *Z; — 'Z{] is allowed. The other ones are for-
bidden, since 'Zg - 3% is spin-forbidden (S =0-+~S=1) and

lZg* - IZé’ is parity-forbidden (g+g).
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Now, to prove that 5% — 121‘; is allowed, we write down the tran-
sition moment integral

- IIE;(iX + Y + kZ)'2C 7 dr (5-3)
where i, j, and K are unit vectors. Since

é(pD = fl}:g" [i(cos ¢X - sin ¢Y) + j(sin ¢X + cos ¢Y) + kZ]

x 2o, dT (5-4)

we see that the X and Y components of the transition moment de-
pend on ¢. Since these components are physical quantities, the inte-
gral consequently cannot depend on our chosen coordinate system;
the X and Y components must be zero. We shift our attention to the
Z component and get

- f‘zg*(szz; dr = D, (5-5)
and

iy = [T (~kz)(-'Z;) a7 = Dy (5-6)

Thus, the integral is totally symmetric under the relevant symmetry
operations and the transition 'Z} — 'Z} is allowed, We have also
established that it will be polarized along the Z axis. In other words,
the transition takes place only when the electric vector of light is
parallel to the molecular axis.

Ostensibly, only ‘‘allowed’’ transitions should be observed exper-
imentally. In many cases, however, transitions are observed which
formally are forbidden. ThlS is not as disastrous as it would appear.
Usually it is our model of the molecular structure which is wrong;
we assume a static molecular skeleton and forget that vibrations can
change this ““firm’’ geometry and allow the molecule to have other
structures. These other structures have different ‘‘symmetry’’ ele-
ments from those we worked with and give new and different selec-
tion rules. For example, we could destroy the inversion center and
remove the parity restriction.

Also the selection rule AS = 0 is eliminated (especially if the mol-
ecule contains heavy atomic nuclei) by the so-called spin-orbit cou-
pling.

One may thus wonder if the select10n rules are any use at all. How-
ever, a general rule is that the ‘“forbidden’’ transitions have a con-

’ sz‘dembly smalley intensity than the ‘‘allowed” ones. The completely
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allowed transitions have an €, = 10® — 10°, parity-forbidden
transitions have € =~ 10° — 10, and spin-forbidden transitions have
€ ~107% — 10°, These estimates are necessarily approximate, but
they do give the orders of magnitude involved.

As indicated in Figure 5-1, the observed bands are sometimes
rather broad. This may be surprising, since it seems to indicate
that the electronic energies are poorly defined. However, the ex-
planation is that the wave function of the molecule is a function not
only of the electronic motions but the rotational and vibrational mo-
tions as well. Assuming the Born-Oppenheimer approximation, we
have for the total wave function,

¥ = del Yrot Yvib

Since AEg] = 10°em™, AEyip » 10®cm™, and AEpqt = 1 em™,
we have AEg] ~ Eyip -~ AEypot, and we draw the potential-energy
curve for an electronic state as pictured in Figure 5-2.

Neglecting the rotational states, we now have that the transition
moment connecting one state to another is

Figure 5-2 Potential surface for an electronic state. D¢ is the
dissociation energy, and the horizontal lines rep-
resent the allowed vibrational states. The rota-
tional states have been omitted.
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Lk//

Figure 5-3 Transitions between differ-
ent electronic states. In this
example no change takes place
in the vibrational state of the
molecule, nor in the equilib-
rium configuration.

w

o
i

[ ¥rRY, dr

1l

J @ (el)y¥ (vib)(Rel + Ryip 1 (e1)d, (vib) dTep dTyip

which because ¥, (el) and ¥, (el) are orthogonal to each other re-
duces to

D = [y (vib)y, (vib) Ty, [ ¥ (€)Re 8, (el) d7ey

We notice that the electronic transition moment has been multi-
plied with a ‘‘vibrational-overlap’’ integral. In the solution of the
vibrational problem, the vibrational wave functions will depend only
upon the geometry and the force constants of the molecule. There-
fore, only if all these parameters are identical in the two electronic
states 1 and 2 will the two sets of vibrational wave functions be the
solutions to the same Schridinger equation.

In that case one vibrational function will be orthogonal to all the
others, and transitions can only take place between two electronic
states which have the same vibrational state, as shown in Figure
5-3. However, if these parameters are not completely identical, the
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1]

R

Figure 5-4 Transitions between dif-
ferent electronic states
with no requirements on
the change in vibrational
level.

(a) (b)

Figure 5-5 Vibrational lines composing an electronic absorption band:
(a) Many lines give a broad absorption band; (b) fewer lines
give a less complex band,
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vibrational wave functions are not orthogonal, and we obtain a situa-
tion as pictured in Figure 5-4. The magnitude of a given transition
is thus given by the vibrational-overlap integral.

Remembering that the vibrational levels of the ground electronic
state of an ensemble of molecules (such as found in the sample we
measure) will be populated according to the Boltzmann distribution,
we see that a broad electronic absorption band will be composed of
many absorption lines. As better and better spectral resolution is
obtained, more and more details appear. Cooling the sample down
greatly increases the number of molecules in the lowest vibrational
state, thereby diminishing the number of possible transitions having
‘““measurable’’ vibrational overlap. Thus, the number of lines de-
creases, and the spectrum is easier to interpret. This is illustrated
in Figure 5-5.



6 / Triatomic Molecules

The same principles that we have used for the description of di-
atomic molecules will now be used in a description of the electronic
structures of triatomic molecules. However, let it be clear that in
using molecular-orbital theory with any hope of success, we first
have to know the molecular geometry. Only in very rare cases is it
possible from qualitative molecular-orbital considerations to pre-
dict the geometry of a given molecule. Usually this can only be dis-
cussed affer a thorough calculation has been carried out.

6-1 THE CO, MOLECULE

As the first example of a triatomic molecule we choose CO,.
From electron-diffraction measurements and from infrared-absorp-
tion spectra we know that in the ground state the molecule is llnear
(Figure 6-1).

There are 16 valence electrons —6 electrons (25)% (2p)* from each
oxygen atom and 4 electrons (2s)?(2p)®* from the carbon atom. The
molecule is linear and has a center of symmetry. Thus, we charac-
terize the orbitals according to the symmetry operations which are
found in D}, . We have for the carbon orbitals,

62
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Yy y Y2

X, X X,

Figure 6-1 Coordinate system for the ground state of the COy molecule.

28(C) ¢*
s( )og
2p, (C) o

2p, (C)

Ty

2py ()

For the oxygen orbitals it is practical to form first the possible lin-
ear combinations, and then find the transformation properties of
these combinations:

(2s, + 252)0g”

(6-2)
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We now combine the oxygen orbitals with the appropriate carbon or-
bitals to obtain the molecular orbitals for CO,. Remember that only
orbitals which transform alike can be combined together. We have,
for example, the =, orbitals ¥(m,) =ayClry) + Y[O - - O](my). The
coefficients @ and g have the same sign in the bonding orbital and
different signs in the antibonding orbital. The final og* R OJ, and 7
combinations are obtained in the same way. The energy-level dia-
gram for CO, is given in Figure 6-2.

The 16 valence electrons occupy the lowest orbitals in the ground
state, giving the configuration (1(7g )2 (10u )2 (20'g )? (20u 21 T (1 Ty )4,
The filled ‘‘shell’”’ configuration for the ground state transforms as

1+
Eg.

Figure 6-2 Bonding scheme for CO,.
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Low-energy excited states occur by promoting an electron from

the lng orbital to the 27, orbital. The electronic configuration

(ﬂg )3(1111)1 gives rise to states with 8§ =0 and S = 1. We shall con-

centrate on the singlet (S = 0) terms, since only transitions from the
ground state to singlet states will be ‘““spin-allowed.”’ '

The linear combinations of atomic orbitals which transform as Ty
and ﬂ'g are

1 a
<le " sz>\/§ M X Ty
Ta
1 b
L<py1 ' py2>ﬁ ® Oty Ty
_ 1 a (6-3)
Tg

The wave functions for the excited states are given by the possible

products (ng )2 (wu)‘. Since the distribution of a ‘‘hole’’ is the same
as the distribution of an electron in the ng orbitals (both can be dis-
tributed in either 7Tg
of the 4 electrons in the configuration (ﬂg )3(71u )* is equal to the dis-

tribution in (wg ) (ﬂu )*. Such a distribution gives four wave func-

2 or TTgb), we see that the possible distribution

tions:
R A L A O N R (6-4)

b= (1)) = 50 = %)+ )
A —— (6-5

b= (1) (12) = G0 = va)l ¢ %)

It

XV T XVt XY XY (6-6)

Y = (”gb>(ﬂub) =y, =y )y, +y2) = v,® —¥° (6-7)
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These four wave functions, or linear combinations of them, repre-
sent the lowest excited orbital states for the molecule. They can
be used both as spin-singlet and spin-triplet functions smce the

single orbitals are different.
We now examine how these wave functions transform for the sym-

metry operations (E C¢ R ov, 1C¢, 10V) First, note that they are

odd —that is, they change sign on inversion in the center. This is a
consequence of the fact that the product of an even and an odd func-
tion is odd. .

The trace for E is four. The trace for EV (see Figure 6-1, re-
flection in the yz plane) is

9 1 0 0 o\ s
Us 0o -1 o o\[u

A Vo o -1 ol (6-8)
A 0 0 0 I Ys

The transformation matrix is seen to be diagonal. Thus in forming
linear combinations of ¥, , ¢,, 5, and ¥, which are to have a diagonal
transformation matrix, we must combine ¥, with ¥, or ¥, with ¥, .

It is convenient to make these linear combinations, in order to
examine how the wave functions ¢, to ¢, transform under C_ . We

form the new combinations ¢
Yy £ Py and Yo £ Py (6-9)
b = 2 Pe) = B2 ) — B+ v) (6-10)
Yo = 3@ — %) = 2 y)%) — 307 —¥°) (6-11)
Y =5+ %) = XV~ X Vo (6-12)
Jo = 2(¥ —d5) = X,¥2 — XV, (6-13)

A rotation of the coordinate systems 1 and 2 through an angle ¢
around the connection line O —C —O transforms the coordinates to

X cos @ —sin ¢ X
C = (6-14)
y sin @ cos @ y

On substitution and calculation,
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Us 1 0 0 0 Uy

. g 0 cos2¢ —sin2¢ O U

Col 4, | "\ 0 sin2¢ cos2e 0 f\ ¢ | ©19
g 0 0 0 1 Pg

From the above, it follows that

Us 1 0 0 © U

N Ye 0 1 0 0 s

1 = 0 0 -1 0 4y (6-16)
Ug 0 0 0 -1 Uy

We see that ¢ and ¢, are ‘“mixed’”’ by the symmetry operation c ,
while ¥ and ¢, are not ‘‘mixed’’ by any symmetry operation. Finally,
we write the transformation matrix for the E operation:

s 1 0 0 0 s

| v 0 1 0 0 P

e Vo o 1 o 4 (6-17)
Wy 0 0 0 1 s

Using the character table for a molecule with Dy}, symmetry, we find
that ¢ and ¢, transform as Ay, ¢ as T and ¢ as 2.

The lowest states for the linear CO, molecule are given schemat-
ically in Figure 6-3a.

The removal of the fourfold degeneracy of the (ﬂg )2 (T[u )* config-

uration is as usual caused by the repulsion term (ez/rlz) between the
electrons. As we have seen, we find out beforehand that there will be
three energy levels from such a configuration [six in all, if we con-
sider triplet states (S = 1) also]. However, it is only by more quan-
titative calculations or by experiments that we can find the energies
of the states.

Electronic transitions can take place from the ground state to the
three excited states. But these transitions are not all orbitally al-
lowed. By (as for the H, molecule) looking at the integrals fZg*RX dr,

in which X is an excited state, we find that only the transition = * —

Z{ is allowed. The first intense absorption band for CO, has a maxi-
mum at 1335A (75,000 cm™ ). This band is assigned to the transition

g~ Iy
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w

2y 'A,

//
/o,

(Hg)g,('”u)1 1.7

\

\
\\ le
. 1A‘Z
(ﬂgw 12% ‘A
(a) (b)

Figure 6-3 The lowest electronic singlets (S = 0)
for the CO, molecule with (a) a lin-
ear configuration in both the ground
state and the excited states and
(b) a bent configuration.

In the above assignment we assumed that the molecule is linear
in the excited state. This merits closer investigation. If we look at
Figure 6-2, we see that the Ty orbital is a nonbonding orbital, and

with 7 P filled we have used up all the available 7-bonding charac-
ter in the ground state. If we twist the O’s and make an angle

O/C \O , some of the 7 bonding is destroyed. Thus, the ground

state should prefer a linear structure, but this is not necessarily the
case if an electron is excited into the antibonding 7, orbital.

Table 6-1 Character Table for Cgy

E Cyly) oylxy) oylyz)

Ay 1 1 1 1
Ay 1 1 -1 -1
B, 1 -1 1 -1
B, 1 -1 -1 1
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Table 6-2 Comparison of Orbital Symmetry Properties in Doy and Coy

Symmetry
Orbitals in Deop E Cqy(y) oy (xy) oy (yz) in Cqy
of =(s; + 83) 1 1 1 1 ay
ot =(sy — s9) 1 -1 -1 1 by
gnu = pxC 1 -1 1 -1 by
Tu= py° 1 1 1 1 a,
g‘ﬂ'g:(xl—XQ) 1 1 -1 -1 Qs
==y 1 -1 -1 1 by

The angular molecule has the following symmetry operations
(symmetry C,y ):

E Gy o,y 502

The characters for the representations in C,, are given in Table
6-1.

We place the bent CO, molecule in the coordinate system shown
in Figure 6-4 and examine how the previously constructed molecular
orbitals transform in the new molecular geometry. We obtain the
~ results shown in Table 6-2. Note that in the C,y symmetry there

Figure 6-4 The CO, molecule lies in
the yz plane.
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W
LN _ ~ P2
NS A
3og ~ a,
NS - S
b
27 F_O_l_
—O0—=Z. o i

~—— ( ) 2
bl
lﬂuC( 3) i:«-—(( )}—al
a, b

Figure 6-5 Molecular orbitals for
(a) a linear CO, molecule
and (b) a bent CO, molecule.

are no doubly degenerate sets and that, consequently, the degeneracy
of the 7 orbitals is removed.

In Figure 6-5 the molecular-orbital energy levels for the linear
CO, molecule (Figure 6-2) are displayed on the left-hand side. By
bending the O —C —O angle a little, we have the energy levels shown
on the right-hand side.

In the first approximation, the splitting of the 7 levels will be
symmetrical; one component will be as much above the original level
as the other one will be below. Since 1w, and 17, in the ground state
are filled with electrons, and since all the orbitals more stable than
17, are filled, there is no net gain in stability in the ground state by
bending the molecule,

If we consider the splitting of 27, we see that one of the new a,
levels can interact with a, (30g), since they have the same symmetry
and are close to each other. Thus, a,(2ry) will be strongly stabil-
ized at the expense of a, (30%). The other decomposed component,

b, (2my), has no nearby orbital of the same symmetry with which it
can interact. Thus, the b, orbital is rather unaffected by the bend-
ing (Figure 6-6). All this means that if we excite an electron from
lrg — 27y (components b,, a,), the CO, molecule will bend if the
electron occupies a, (2ry) but will stay linear if it is excited to

b, (2my).
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The ground state is linear with a total wave function which trans-
forms as 'T*. Of the four ‘‘product functions’” (b, )?(a,)*(a, ), (b, )* %
{2, ) ()1, (2, )2 (by)* (2, ), and (a,)? (b, )* (b, )*, which are wave func-
tions for the low-energy excited states, the first and third will be
“‘bent’’ states and the second and fourth will have a linear configura-
tion.

The total symmetries for these four states are

(by)?(ay ) (a,)*: A, (bent)

(b )* (a, )t (b, )': *B, (linear)
. (6-18)
(2,2 (by)' (a,)!: *B, (bent)

(a5 )% 0y )t (by )*: *A, (linear)

Figure 6-3 shows the correlation of the excited states in the bent
molecule to the states in the linear CO,. From the single orbitals
we see that on bending we have 121‘1 - A, etc.

The absorption spectrum of CO, has three bands, as shown in
Figure 6-7. The absorption at 75,000 cm™ is still interpreted as
the ‘‘allowed’’ transition lzé —1Z3('B,). The molecule is almost

w
4y
(30"} b,
(2m)
a

1 a,
(177g)

b,

{ 1 1 o
180° 170° 160° 150°

Figure 6-6 Variation of the molecular-orbital
energy levels in CO, as a function of
«, the angle O—C—O.



2 MOLECULAR ORBITAL THEORY

59,000 67,000 75,000 cm-t

Figure 6-7 The absorption spectrum of the CO, molecule.

linear in the 'Z] excited state, as predicted. The weaker bands at
59,000 cm™tand 67,000 cm™ are assigned, respectively, 1Eg“ — 1A,

(ay) and 1Eg“ -~ B, ('Ay). These two excited states are associated

with a bent molecular configuration.

6-2 THE H,O MOLECULE

As the second example of a triatomic molecule, we shall consider
the bonding in the water molecule. Water in its ground state has an
angular configuration in which the H—O —H angle is about 105°.
This angle is often explained as the angle of 90° between two 2p ox-
ygen orbitals, expanded a little due to the mutual repulsion of the
two protons (Figure 6-8). One ignores in this description the two
‘“‘lone pairs’’ of electrons on oxygen (2s)2(2pZ )2. However, we must

remember that the ‘‘lone pairs’’ of electrons repel each other
strongly, and calculations have shown that in H,O this is a very im-
portant effect. The eight valence electrons in the H,O molecule will
naturally try to stay as far apart from each other as possible. This
is accomplished by hybridizing the 2s and the three 2p orbitals of
the oxygen to four equivalent orbitals, which are directed toward
the corners of a regular tetrahedron (Figure 6-9).

The ion O*7 will have its four lone pairs distributed in the four



TRIATOMIC MOLECULES ’ 73

Figure 6-8 = Naive picture of H,O’s
ground state.

tetrahedral orbitals. Two protons use two of these orbitals,

which destroys a little of the hybridization. The two H*’s draw
electron density away from the oxygen. Thus, the two orbitals which
the protons share have a little more 2p ‘‘character.”” This is the
localized description of the two O—H bonds, with the two lone pairs
in the remaining two orbitals.

\
\
\

[
q

\
\
4

Figure 6-9 ‘‘Tetrahedral model’’ of H,O. For re-
flection in the plane o, 4 = 3. For re-
flection in oy, 1 == 2.
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Ideally one can, therefore, consider the H—O—H angle as de-
rived from the tetrahedral angle of 109° 28’. This angle is smaller
in the H,O molecule (about 105°), owing to the expansion of the elec-
tron cloud by the two protons. This idea is consistent with the fact
that the F—O—F angle in OF, is only 102°, since we expect F* to
draw much more electron density than H*. The result is that the
pure sp® hybridization is disturbed even more. The 2p character in
the F—O bond is larger and the angle is closer to 90°.

Let us now construct four equivalent orbitals directed out to the
corners of a cube, as in Figure 6-9. As our basis functions we have
2s, ZpX , 2py , and 2pZ. An orbital directed toward 1 in the first oc-

tant must be made up of equivalent amounts of ZpX , 2p_, and ZpZ ,
and with 2s distributed equally among the four hybrids we have

o= @) + +(2,) + Heoy) + +(20,) (6-19)
Similarly, for ¥, ¢,, and ¥,,

bo = 529) = 3(ow,) — H(2py) + $(ep,) (6-20)

da = +s) ~ 3(20,) + 1(0y) - 3(o0,) (6-21)

¢ = 1) + 3(2p ) — 3(2p,) - 3(2p,) (6-22)

Notice that the four hybrid orbitals all are orthogonal to each other.
They are also normalized to 1; the coefficients of + are needed for
that purpose. The four hybrid orbitals are called sp® hybrids.

Using two of the sp® hybrids to form bonds with the two hydrogen
atoms, e.g., ¥, and ¢,, we have a set of LCAO—MO’s,

¢, = ay, + By o(H) (6-23)
@, = aiy + By, o(H) (6-24)

The energies of the molecular orbitals will be, in order of increasing
energy,

WP (0,) = WP 0,) < W) = W(ga) < W*(e,)

i

= W*(o,) (6-25)

With six electrons from oxygen and two electrons from the hydro-
gens, the electronic ground state of water in this formulation is

Ay (¢P)7 (ek)7 (s )2 @ )P
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It is clear that all the bonding orbitals and all the nonbonding orbitals
are occupied.

This description is then a localized description, because we con-
sider one O—H bond as completely independent of the other one.

Let us now consider a delocalized description of the bonding in wa-
ter. First we investigate the transformation properties of the various
atomic orbitals, because we want to form as general a set of molecu-
lar orbitals as possible. -

The symmetry operations of the water molecule are collected in
Table 6-3, together with the transformation properties of the sundry
orbitals classified under C,y, the point group of water (see Figure
6-9). ~
The most general molecular orbitals which can be constructed
are thus of the type

P, = A (s) + )\z(pz) + Aoy + 0y) (6-26)
b = Ma(py + By) + Asloy = ) (6-27)
Uy = (o ~ py> (6-28)

The bonding scheme is set out in Figure 6-10.

The ground state is A, (aP)? (bP)? (a, )2 (b,)?. Notice that the 3 X 3
determinantal equation for the a, orbital gives three roots: one
strongly bonding, one nearly nonbonding, and one strongly antibond-

By making the linear combinations ¢, + ¢, and putting A, = A, =
Ay =aand Ay = Ag = %B, we obtain

a0+ (o) (o) = (o, ) < s &9
() (o) ~ (o) + (1) + pn (620

These new combinations are just the localized ‘‘hybrid’’ orbitals for

il

@ = P+ Py

I

Qo = Yy~ Py

Table 8-3 Symmetry Orbitals for H,O

Transformation properties

E Cylz) ay oy of the orbitals
Ay 1 1 1 1 8, Py, log + a3)
A, 1 1 -1 =1
By 1 -1 1 -1 (p, +p ), oy — 03)
B, 1 -1 -1 1 (pX - py)
X M
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Figure 6-10 Molecular-orbital description of the bonding in
water.

the water molecule. The molecular-orbital method gives the most
general description of the bonding in the water molecule, and we see
that in this description the bonding between the H’s and the O is
completely delocalized. To convert to the localized description we
place restrictions on some of the variational parameters. This means
we have a less flexible description. However, we have an added ad-
vantage, since we can use our chemical intuition to pinpoint the lo-
cation of the ‘“*bonds’’ in a molecule.

6-3 NO,

Nitrogen dioxide has 17 valence electrons. Since this is an odd
number, there must be at least 1 unpaired electron. In the ground
state the O—N-—O angle is approximately 132°. The orbitals of the
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Table 6-4 Character Table for Cyy Symmetry

E Cy(z) oy (xz) oy (yz)

Ay 1 1 1 1
A, 1 1 -1 -1
B, 1 -1 1 -1
B, 1 -1 -1 1

Table 6~5 Transformation Properties of NO, Orbitals

Irreducible repre-

E Cy(z) oy (xz) oy (yz) sentation in Cyy
N(s) 1 1 1 1 ay
Nipx) 1 —1 1 -1 by
N(py) 1 -1 -1 1 b,
N(p,) 1 1 1 1 a,
O(sy + s9) 1 1 1 1 aq
O(s; — s5) 1 -1 1 ~1 by
Olpy, + by) 1 -1 1 -1 by
Opy —py) 1 1 1 1 ay
O(py,, + pPy.) 1 -1 -1 1 by
O(py1 pyz) 1 1 -1 -1 a
¥i Y2 2
Olpy +pz,) 1 1 1 1 a,
Olp,, = Pgy) 1 -1 1 -1 by
z
y
N X
% \Xy "
/O\ %l - O\
Xy

Figure 6-11 The NO, molecule is situ-
ated in the xz plane. The
symmetry operations are
E, Cy(2), oy (xz), and oy (yz).
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Figure 6-12 Energy-level scheme for NO,. Some of the dashed lines
are omitted in order to simplify the diagram.

molecule must be characterized according to the symmetry opera-
tions in the C,y, point group. For practical reasons we orient the
NO, molecule a little differently in the coordinate system than the
angular CO, molecule. The symmetry operations change accordingly,
but are, of course, equivalent in both cases (see Figure 6-11 and
Table 6-4).

We now examine the transformation properties of the orbitals on
N and on the two O atomic nuclei (see Table 6-5). The energy-level
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scheme for NO, is shown in Figure 6-12. The ground-state configu-
ration is (1a;)?(1b;)?(2a, )% (2b, )? (1b, )2 (3a, )* (1a,)? (3b, )2 (4a, )*,
which gives ?A;. The first excited state is - -+ (1a,)*(3b, )* (4a, )?,
with the total symmetry ®B,. The absorption band in NO,, which has
a maximum at approximately 4400 A (23,000 cm™ ), may be tenta-
tively assigned to the 2A; — 2B, transition.

6-4 O; AND SO,

The O; and the SO, molecules have 18 valence electrons. They
both have angular molecular configurations, with O—0O—O and
O—S —O angles of about 120°. The energy-level diagram for NO,
can be used to describe the electronic structures of O, and SO, .
There is one more electron to place in the diagram in Figure 6-12.
The ground state is then --- (1a,)*(3b, )2 (43, )?; 'A,.

For SO, the lowest transitions are

<o+ (1a,)%(3b, )* (42, )?; *A, — (1a,)%(3b, )% (42, )* (2b, )*; !B,

-+ (12,)?(3b; )? (42, )*; 'A; — (1ay)* (3b,)?(4a, )* (2b, )*; B,
and '
++ (12,)%(3b, ) (43, )%; *A; — (1a,)%(3b, )* (4a; )? (2b, )*; 'A,
' (6-31)

Since the components (X,Y,Z) of the dipole vector transform as
(B,,B,,A,), the transition A, — !B, is orbitally allowed and polar-
ized at right angles to the plane of the molecule. The A, — B,
transition is polarized parallel to the plane of the molecule (A, x
B, x B, = A,), while the transition 'A, — A, is nof allowed as an
electrical-dipole transition (A; X A, = A, = B, B,, or A,).T The
spectrum of SO, is shown schematically in Figure 6-13.
Experiments show that the band at about 27,000 cm ™! is perpen-
dicularly polarized and this transition is assigned 'A; — 'B,. The

TRecall that transitions M — N are allowed only if the integral SMRN dr,
in which R is the dipole vector, is different from zero. The integral is non-
zero provided that the product of the functions M, N, and R is invariant to
all symmetry operations in the molecule under consideration. With M = Ay,
the trace of M is +1 for all the symmetry operations. By examining the char-
acter table for Cyy symmetry, we see that the transition is orbitally allowed
only if the electronic excited state transforms in the same way as one of the
components of the dipole vector.
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27,000 34,000

cm-!

400

37‘40 29400 » decreasing A

Figure 6-13 The absorption spectrum of the SO, molecule.

transition *A; — !B, is found at 34,000 cm™*. The molecular geom-
etry of the excited state is very probably quite different from the ge-
ometry in the ground state.

The absorption spectrum of Oz should be similar to the spectrum
of SO,. The weak band in O, at 6000 A (= 16,600 cm ™) with €, =
1, can be assigned as the orbitally forbidden 'A; — A, transition.



7 / Selected Molecules with
Four or More Atoms

7-1 H,0,

The first tetratomic molecule we shall treat is H,O,. The struc-
ture of H,0,, from electron-diffraction measurements, is ‘‘helical,”’
as shown in Figure 7-1.

For the O—O bonding, we form (2p, + 2s) and (2p, — 2s) hy-
brids on the two oxygen atomic nuclei (Figure 7-2).

The bonding in the ground state of O is indicated by the diagram

H

- %j/
z o

Figure 7-1 Molecular structure of HyOs. The angles
o« and B are actually somewhat larger than
90°.

81
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Figure 7-2 Orbitals in 0}~ .
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Figure 7-3 A bonding scheme for O} .
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w
2py—1s
/ C \
/ \
; \
2 O (P22 O
\ U Yy ANy
\
\ 2p, +1s  /
\ : 7
O OH H

Figure 7-4 Bonding between O(2py) and 1s(H) in H,O,.

given in Figure 7-3. Note that we have 14 valence electrons in the
energy levels. With 14 electrons the bonding and the antibonding w
orbitals are filled, and thus the O} ion is not as stable as O,. The
4 electrons in (2pZ — 2s) orbitals are the ‘“lone pairs.”’

If we bond a proton to one of the O’s using a 2py orbital, there
is a resulting gain in stability. This is shown by the energy-level
diagram in Figure 7-4. The second proton can be bonded to the
other oxygen by using either the 2p, or the 2py orbital. If the 2py

orbital is used, the two 2py orbitals on the O’s are able to combine

to give bonding and antibonding 7 orbitals (Figure 7-5). This is not
favorable because both the bonding and the antibonding ﬂ(py) orbitals
are fully occupied.

However, by using the 2py orbital on one of the oxygens and the

W
Py — Py

Figure 7-5 Hypothetical 7 bonding between O(py) - O(py).
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2py orbital on the other oxygen for the O—H bonds, the 2py and
1
ZpX orbitals that remain are not able to interact. These occupied
2

orbitals represent two new ‘‘lone pairs’’ of electrons.

This type of argument allows us to rationalize the ‘‘staggered’’
molecular structure exhibited by H,0, (shown in Figure 7-1). The
above argument is a fancy way of saying that the lone pairs repel
each other strongly, and thus prefer to occupy orbitals that are
perpendicular to each other. This simple view is consistent with
the observed structure. We could also say that a ‘‘slight’’ sp® hy-
bridization (as in H,0) exists, with the H—O—O angle smaller
than the tetrahedral angle, owing to the difference in the bonding
and nonbonding electron pairs. This is, of course, in agreement
with the experimental structure determinations.

7-2 FORMALDEHYDE, H,CO

The formaldehyde molecule is planar in its ground state (Figure
7-6). We first construct three strong o bonds involving the carbon,
the two hydrogen, and the oxygen atoms. Since the angles in the
plane all are approximately 120°, we construct three equivalent or-
bitals in the xy plane which are directed from carbon toward H,, H,,
and O. For this purpose we hybridize the three carbon atomic or-
bitals 2s, 2py, and 2p,. From three orbitals we can construct three
linearly independent hybrid orbitals.

Along the x axis we have an orbital ¥, = a(pg) + B(s), in which
a and 8 are the ‘*mixing coefficients’’ in the hybridization. Since
we want to construct three equivalent orbitals, each one must have
+ of the C(2s) orbital.

H(2)

Figure 7-6 The geometry of formaldehyde
in the ground state.
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Recall that 2p_, 2p., 2p_, and 2s all are orthogonal to each
X y Z

other. Thus, the condition for the normalization of g, is
a®+ gt =1 (7-1)

with 82 = & we have a? = Z, Finally,

o - \/;;pX) +\/§<s> | (7-2)

To construct an orbital equivalent to y,, we rotate y, by 120°
Since

L[ cos 120° —sin 120°> X
= 7-3
< y sin 120° cos 120% \y (7-3)
and py transforms as x, we have for the orbitals directed toward Hy,
_ G o= ]2 1 V3 1
ZPH(D‘ Csthy = 3 (“ 2(pX) 5 (py)> + \/;(S) (7-4)

A further rotation of z/)H by 120° gives
)

i, ® \/§<—§(px>+ g <py)> - \/g'(s) (1-5)

which goes back to ¥, on a final rotation of 120°. These three or-
bitals are called the sp?, or ‘‘trigonal,’’ hybrids of carbon. We
notice that C(2p,) has not been used, and that the boundary sur-
faces of the three hybrids actually form 120° angles with each
other.

On the oxygen we hybridize 2py and 2s as usual (see Figure 7-6)
and form 2p, — 2s and 2p, + 2s. The o electronic structure for
formaldehyde is shown in Figure 7-7, with a ‘‘lone pair’’ on O
directed away from the carbon.

All together we have, ignoring C(1s)? and O(ls)? electrons,

2 x 1{H) + 4(C) + 6(0) = 12 valence electrons, of which we have
accounted for 8. Still available are C(p;) and O(2py) (2pz). The
n-type orbitals situated on C and O are shown in Figure 7-8. We
see that C(p,) and O(p,) form 7 molecular orbitals. The 2py or-
bital on oxygen is nonbonding. Assuming that the o bonding orbitals
are very stable and therefore that the ¢ antibonding orbitals have
very high energy, we obtain a schematic energy diagram as given in
Figure 7-9.
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y y

Figure 7-7 The o electronic structure of formaldehyde.

Formaldehyde has symmetry operations which place it in the
point group C,,. The character table for C,, was given in Table
6-1. Since O(py) transforms as b, and O(p,) as b,, the ground

state is ... (bki 2 (b,)%; A,

The lowest electronic excited state occurs on exciting one of the
electrons in the b, nonbonding orbital to the antibonding 7 orbital
(b¥). The electronic configuration is then ... (b? )2 (b,)! (b ¥)!. Since
the two different orbitals (b,) and (b%) each contain an electron, the
excited electronic configuration gives states with S = 0 and S = 1.
Because the product of two functions transforming as b, and b,
transforms as a, (see Table 6-1), we obtain 3A, and A, excited
states (Figure 7-10). Hund’s rule tells us that the triplet state 3A,
has lower energy than the 'A, state.

Figure 7-8 = orbitals in formaldehyde.



MOLECULES

WITH FOUR OR MORE ATOMS

o antibonding

\
\
\
/ \
C(pz) // \\
\
\\ bz(py) \\ O(py » pz)
\ —O——00—
\ bb
O(2px 2s)
Y _ )
&) O
o bonding

Figure 7-9 Molecular orbitals in H,CO.
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Figure 7-10 The lowest terms for

formaldehyde.
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Figure 7-11 The molecular structure of formaldehyde
in the excited state !A,. The barrier for
the ‘‘umbrella inversion’’ of O is ~ 650 cm™1,

Because the components (X,Y,Z) of the dipole vector in C,y
transform as (4,, B,, B,) the transition A, — !A, is orbitally
forbidden. The transition 'A, — 2A, is both orbitally forbidden and
spin-forbidden. Although the transitions are theoretically forbidden,
they are both observed but with small intensities. The A, - 34,
transition is found between 4000 and 3000 A, and A, — 'A, is found
between 3700 and 2300 A. We shall not discuss the mechanisms that
make these transitions slightly allowed. The A, — *A, transition,
with a maximum around 3000 A, is a trademark of the carbonyl group.

Both of these transitions transfer a nonbonding oxygen electron
into the 7 antibonding C=O orbital. Both transitions should, there-
fore, be accompanied by an increase in the C—O bond length. This
is verified experimentally. In the excited state the C— O distance
is ~1.31 A, but it is only 1.22 A in the ground state. In addition, in
the excited states the oxygen atomic nucleus is no longer in the
plane formed by H\C/H' The out-of-plane bending is about 20°
(see Fig. 7-11). ‘

7-3 THE BORON HYDRIDE B;H,

The last molecule we shall consider in this chapter is diborane,
B,H,. Electron diffraction indicates the molecular structure of B,Hy
as shown in Figure 7-12. H,, Hﬁ, Hy, and Hy lie in the yz plane,
while B,H, lies in the xz plane.

If we ignore the B(1s)? electrons we have 2 x 3(B) + 6(H) = 12
valence electrons. We assume that the B 2s and 2p orbitals are sp®-
hybridized. Thus 8 electrons can be placed in four o bonds from the
two borons to H,, HB’ Hy , and Hg . This means that we have 4

electrons left to dispose of in the six orbitals (x;:--x,). Clearly,
diborane is an ‘‘electron-deficient’’ molecule. There are more
valence orbitals than there are electrons.

We construct the following orbitals in an attempt to explain the
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Figure 7-12 The structure of diborane.

bonding in the B,H, part of diborane, in which the two hydrogens
bridge the two borons: ‘

1

E(Xl T Xe T Xs T Xq) = (7-6)
1

700 7 X 7 Xs t Xa) = P (7-7)
1

'Z_(Xl t Xe T Xs T X4) = Yy (7-8)
1

70— Xe + Xs ~ Xa) = U (7-9)
ﬁ(xs + Xg) = Us (7-10)
1

E(XS Xs) = s (7-11)

The symmetry operations of the molecule place it in the point group
D,,. The D,, character table is given in Table 7-1.

By examining how ¢, -« y; transform, we find §,(ag), ¥,(Bag), Ps(byy),
¥, (bgu), ¥5(ag), and Yg(bgy). Notice that p, and ¢;, and also ¢, and ¥,
can be combined. Thus we obtain the bonding scheme shown in
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¢ antibonding

H\B-“B/H H\

Figure 7-13 Bonding scheme for ByHg.

H

H

Figure 7-13. The four electrons completely fill the ag and by,

bonding orbitals. Thus the ground state is 1Ag.

The exercises we have gone through for a few simple molecules
can be carried out no matter how complicated the molecular geom-
etry is. The only condition is that we know this geometry. The
placing of single-electron energy levels is best accomplished by
doing a thorough calculation, but the qualitative level schemes
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Table 7-1 Character Table for Dy

E  Cylz) Cyly) Cyx) i oylxy) oyxz) oylyz)

Ag 1 1 1 1 1 1 1 1
B 1 1 -1 -1 1 1 -1 -1
By 1 -1 1 -1 1 -1 1 -1
Byg 1 -1 -1 1 1 -1 -1 1

" 1 1 1 1 -1 -1 -1 -1
By 1 1 -1 -1 -1 -1 1 1
By, 1 -1 1 -1 -1 1 -1 1
Byu 1 -1 -1 1 -1 1 1 -1

arrived at by the use of symmetry properties are often very useful.
The energies of excifed states for molecules are very difficult to
calculate by any theoretical method—therefore, we almost always
rely on experiments for this information.

In the next chapter we shall discuss molecular orbital theory as
applied to transition metal complexes. Since we shall be dealing with
d orbitals, the power of the symmetry methods developed up to this
point will be clearly shown.



8 / Molecular Orbitals Involving
d Valence Orbitals

8-1 GENERAL CONSIDERATIONS

The transition metal ions possess a very stable set of d orbitals,
and it is likely that d orbitals are involved in bonding in all transi-
tion metal complexes, regardless of structure. The common struc-
tures that use d valence orbitals for forming ¢ bonding molecular
orbitals are square-planar, tetrahedral, and octahedral. Examples
of these structures are given in Figure 8-1.

In addition to a set of nd valence orbitals, the transition metal
ions have available (n + 1)s and (n + 1)p valence orbitals. Since
the transition metal ion is centrally located in most complexes, the
molecular orbitals are conveniently written in the form

v = Ny + 2y (8-1)
where sz is the metal orbital, q)lig is a normalized combination of
ligand orbitals (ligands are the groups attached to the metal in a
complex), X is the mixing coefficient, and N is a normalizing
constant: .

N2(1 + 22 + 2)G) = 1 (8-2)
92



d VALENCE ORBITALS 93

N 2-
< CN F F
Ne Cn F \F
squave-planar v
0 _ %
(0] QO
Mn \ E
Ni
|
O OO
o}
tetrahedral OO
F F
33—
F
F F P
F
F ) F F
F F
octahedral
Figure 8-1 Structures that use d orbitals in bonding.
In Eq. (8-2) G is the total overlap of the metal orbital with the
linear combination of ligand orbitals, ' .
G = f‘/’M"I‘ug dr (8-3)

A quantity of some usefulness in the discussion of the electronic
structures of complexes is the ‘‘fraction of electronic charge’’ found
on the central ion. Consider, for instance, a complex ML?J“, con-

taining ligands which are neutral molecules. In an ionic model the

charge distribution would be MZ* (LS)O. It is, however, much more

likely that the positive charge is ‘‘smeared out’’ over the complex,
with the charge on the metal close to zero, and each ligand having a
positive charge of approximately Z/6.

Examining the molecular orbital = N ( + M’lig)’ it is ap-

d)M
.parent that the fraction of electronic charge ‘‘belonging’’ to the
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~ metal atom is N2 However, to keep the formal charges straight we
must also give to the metal atom half of 2N3AG, which is the ‘‘over-
lap population.”’ Thus, this fraction for each singly-occupied or-
bital is given as

1+ G
A e (6-4)

We notice that for A = 1, the fraction is }, as it should be for
symmetry reasons; each center shares the electron equally. The
fractional positive charge on the metal atom in a complex ML;;Z is
thus

1+ 2iGy -
7, _Z 1M1 8—5)
7 1+ 2)‘iGi + N?i (

where the summation is taken over all the valence electrons.

The importance of the concept of fractional charge is the fact
that it enables us to make rough estimates of the values of certain
molecular integrals. Consider an LCAO, ¢ = N <zpi + )@j). Ina

variational treatment we have Hii = f z/)iffC zpi d7, where ¥ is the

Hamiltonian of the molecule. It is now possible to estimate H;j as

Figure 8-2 Coordinate system for an
octahedral complex.
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Table 8-1 Character Table for Op

o, E 8 3C, 6C, 6C4y i 8, 30 65, 60y
A 1 1 1 1 1 1 1 1 1 1
Ayg 1 1 1 -1 -1 1 1 1 -1 -1
Eg 2 -1 2 0 0 2 -1 2 0 0
Tyg 3 0o -1 1 -1 3 0 -1 1 -1
Ty 3 0 -1 -1 1 3 0o -1 -1 1
Ag 1 1 1 1 1 -1 -1 -1 -1 -1
Ay 1 1 1 -1 -1 -1 -1 -1 1

E, 2 -1 2 0 0 -2 1 -2 0

T 3 0 -1 1 -1 -3 0 1 -1 1
Tow 3 0 -1 -1 1 -3 0 1 1 -1

the ionization potential of an electron from an atom with a charge
equal to the fractional charge on the center i.

Let us now consider in some detail the molecular orbitals for an
octahedral complex containing a first-row transition metal ion. The
orbitals that will be used in the bonding scheme are the 3d, 4s, and
4p orbitals of the central atom and the ns and np orbitals of the
ligands. The coordinate system that is convenient for the construc-
tion of ¢ and m MO’s is shown in Figure 8-2. The character table
for the Op symmetry is given in Table 8-1.

8-2 MOLECULAR ORBITALS FOR
AN OCTAHEDRAL MOLECULE

We shall now find the transformation properties of the 3d, 4s,
and 4p orbitals of the central atom in octahedral symmetry. The
symmetry operations are given in Figure 8-3.

We have, by looking at one of the C, symmetry operations, that

~ /% y
C, < y) = <z> Using this operation,

zZ X
G, (s) = (s) (8-86)
/by 0 1 0\ /pg
Ci(py)={0 0 1)(p (8-7)
jo 1 0 0/ \p,
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Figure 8-3 Symmetry operations in Oy .

and
dy, 0o 0 1 0 0 Ay
dy, 1 0 0 0 .0 dyy
Gl ay || o1 0o oo dyy (8-8)
dye 0 0 0 —%— —‘E’: d,z
dXZ__yz 0 0 0 '£23: —% dxz yz

It is evident that the sets (s), (py, Py, Pz ), (dge, dXZ_y2), and

Table 8-2 Traces of Transformation Matrices

(s) 1 1 1 1 1 1
Py, Py, p,) 3 0 -1 1 —1 -3
(dxz_yz »dz2) 2 =1 2 0 0 2
(dyy , dyz, dyz) 3 0 -1 -1 1 3
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(dyy s dyz , dxy) are mixed together under this symmetry operation.
By performing the other symmetry operations, we find that the
traces of the transformation matrices are as given in Table 8-2. By -
comparison with the character table of O} we see that (s) trans-
forms as ag, (pX,py,pZ) as ty,; (dXZ__yz,dZZ) as eg, and

(dXy y Ay > dyy ) as tog-

8-3 LIGAND-ORBITAL REPRESENTATIONS

In the next step we find the linear combinations of the ligand ns
and np orbitals which can be used for bonding. The o orbitals are
(Figure 8:2) ns and np, and the 7 orbitals are npy and npy. Since
ns and np, will transform in exactly the same way, we shall adopt
a linear combination of the two for the ¢ valence orbital furnished
by 'the ligands, i.e.,

T(13g) = ¥(s) + VI~ a2d(py) (8-9)

First we construct six linearly independent molecular orbitals
from the six ligand o functions. The trace of the six ¢ functions
under the symmetry operations of Oy is

E!C3ICZIC4,Cé i Sg O"h Sy
4

%

6\0‘2’2]0’0’0’ Io[z

From the character table 8-1 we see that the six orbitals behave as
the combination ag, t;,, and eg-
The totally symmetric c(alg) orbital can be written by inspection:

G(alg) = (0 + 0, + 05 + 04 + 05 + 0) . (8-10)

1
V&
This ligand combination is normalized, neglecting overlap between

the six ¢ orbitals. Thus, we have for the complete ag molecular
wave function,

¥(ayg) = c,(4s) (0, + Gy + Gy + G, + 05 + Tp) (8-11)

1
e
with

c,® + ¢t + 2¢c,¢,G = 1 (8-12)

- Remembering that p orbitals change sign on inversion in the
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center, the ‘‘extension’ of the metal p orbitals to the ligands leads
to the functions (Figure 8-2)

¢<px> = C3<4px> + C4 iz (01 - (73)
tus zp(py> = (,;3 <4py> + C, \/—12_— (o, — 0y) (8-13)

‘P(pz) = G (4pz> Gy \/_1'7 (05 — 05)

Again, we see that the p orbitals and the linear combinations of ¢ or-
bitals ‘“follow’’ each other under the various symmetry operations.
With d,2_ 2 and d,z we construct the o orbitals as follows: The

X=-y
“‘extension’’ of the dy2_,2 orbital to the ligand orbitals yields

y
¢ (dXz_ya> = Cs(3dX2_y2> + {0, — 0y + 05 — Oy) (8-14)
Let us now rotate this orbital, using the threefold axis (see Figure
8-2):
C,¢ (dxz_yz> = ¢, <—%dx2_y2 - g dz2> + Cs-;—((r2 — 05+ 0y — O)

= -1 (g — -
= 2<c,5dxz_y2 + cgxloy — 0y + 0y 04))

V3 1
——2v<csdzz + Cq PG (205 + 204 ~ 0, —02-—03—04)>
(8-15)

Hence these two linear combinations are the o molecular orbitals
transforming as e, . Note that we have now used up all the ¢ valence
orbitals; e.g., let us add up all the o, parts:

oy %(s)+-%(px) + %(dxz_y% + 5 (dy2) = 1 (8-16)

We now turn our attention to the 7 ligand orbitals. We see that
the proper wave function with (dyz) is (see Figure 8-2)

<”<dxz) =G (dxz> SIS IV A R (8-117)

and ¥(dy;) and ¥(dgy) can be obtained by use of the C, operator.

All in all, by matching the metal-orbital lobes in sign and magnitude
we get the results shown in Table 8-3.
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Table 8-3 Proper Ligand Orbital Combinations for an Octahedral Complex

Ligand combina- Ligand
Representation tion must match combination
aig S 01+02+U3+U4+05+06
€, 227 — x* — y? 205+ 20— 0, — 09— 03 — 0y
X'Z__y2 U1_0'2+0'3’0'4
th Xz A2 + Xz + X3 + Ye
yz X+ Y5 T Y4+ Xg-
Xy Xg+tyatys v xy
tia p.4 oy — O3 ’
Yo EX5TT Xy — ¥
y gy — 0y
Xy TYs T Y3 T Xg
Z g5 — Og

Vit Xy~ X3~ yy

The possible combinations of ligand 7 orbitals are fdund by look-
ing at the trace of all the 7 ligand orbitals under the various sym-
metry operations of the octahedron:

The traces of the transformation matrices are made up of t;,, to,,
“tyy, and to, sets of functions. We can, as shown above, easily find
the combinations which transform like ty, and t;,.

We have yet to find the t;g and t,, ligand combinations. There
are no metal orbitals with these symmetries. Therefore, we know
tlg and t,, will be nonbonding in the metal complex. The tlg and
to, combinations are found by recalling from the Oy character

table that the character under C, is —1 for T, and 1 for T,. This
means that the t2g combinations are converted to tlg by changing
every other sign,

Yi T X X3~ Vs

t Xy — Vs + V4 — X (8-18)

1g
Xy = Vot Vs = %y
Similary, t,, is obtained from t;, by alternate sign changes,



Table 8-4 Metal and Ligand Orbitals for the Molecular Orbitals of an Octahedral Complex

00T

Ligand orbitals

Representation Metal orbital o T
a 4s L((r + 0yt 03t o,to +0)‘
1g 760t 2t O3 4% 05 6
d 1
e, 3 x2_y? —2-(01— Oy + 03 — 04)
1
3d,2 2—\/?(205+206—01— Oy = O3 ™ Oy4)
1 1
ty, 4p, '\/?(01 - 03) T2+ x5 — x4~ yg)
1 1
4py 7o lo2 T 04) X Y5 T Y3 Xe)
1 1
4p, 75 (05— 0g) T+ %~ x5~ yy)
tog 3dy, 3ly; + x5 + x5 + yg)
3dyy 2(xp +y5 + g+ Xg)
3dxy 3(xy+yy + vyt oxy)
ti, 3ly; — X5+ x5 — yg)

3(xy — y5 + ¥4 — Xg)

3(xy = yo+yy — %)

the 3 (ys = X5 = x4+ y¢)
’ 30xy = y5 — vy + Xg)
3(y; — Xp = X3+ y4)

AdOHHL TVLIdY0 UVINDOIHTON
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Y2 = X — X T Y
Loy (X0 — V5 — Vs + % (8-19)
Vi— X~ X3+ ¥y
The metal and normalized ligand combinations for an octahedral

complex are grouped in ¢ and 7 classifications and summarized in
Table 8-4.

8-4 GROUP OVERLAP OF METAL AND
LIGAND ORBITALS

The total overlap of a metal orbital and a linear combination of
ligand orbitals is called the group overlap G. That is,

G = [y & d7 (8-20)

where d)M is a normalized metal orbital and rIJL is a normalized

combination of ligand orbitals.
The G’s are usually expressed in terms of the two-atom overlap
integrals,

S(ab) = [e, ¢ dr (8-21)

The standard two-atom overlaps are shown in Figure 8-4. For an
octahedral complex, we have the following group overlaps:

Gla, (o f4s 01+02+03+04+05+06)d7
6
= — S{o,4s) = V6 S(0,4s) (8-22)
,/6 .

~

: 1
G[eg (o)] = deZZ IV (205 + 204 — 0, — 0, — 0, — 0,) AT

Zj* (2 + 2 + 2)S(0,3dg) = V3S(o,3d,)
f3d 2 yzé 0y, — 0, + 03 — 0,) dT (8-23)
Glt; ()] = félpx\/i7 (0, = 03) d7 = V2 S(0,4py)
= f4py% (o — 0,) d7 = f4p27;_(05~06)d7 (8-24)
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S(s,s) ‘ S(pg» Pg)

S(o,py) 8(0,d,)

Figure 8-4 Standard two-atom overlaps.

G[tzg('n)J = f3dXZ (v + X5 + X3 + ¥g) AT = 28(p,, 3d,)
(X + V5 + ¥4 + Xg) dT

(%, + v, + ¥ + X4) ar (8-25)

|
—
W
. .o,
~
N
ST Ll TEC N T

(o + 35 — X, — ¥g) AT = 28(py , 4py)
(X1+ Y5‘Y3—Xe)d7
(Vi + X, — %, — y,)dr (8-26)

|
—
'
o]
<
Wik N~

In Appendix 8A is given an example calculation of G[eg (0)].

8-5 ENERGY CALCULATIONS

Approximate energies of the molecular orbitals are obtained by

solving the secular equation | Hjj — WGijl = 0. There is one sec-

ular equation to solve for each type of orbital. Thus, we have g5
eg, tog, and ty, secular equations in Op symmetry.
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Figure 8-5 Molecular-orbital energy-level scheme for an octa-
hedral complex.

The problem is in estimating the Coulomb (H;;) and exchange (H

integrals. A simple method estimates the Coulomb integrals as

103

i

atomic ionization potentials. Since single-electron ionization poten-

tials are functions of charge and electronic configuration, it is im-
portant to iterate until the Coulomb integrals taken are appropriate

Y
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for the final charge distribution and electronic configuration calcu-
lated for the complex.
The exchange integrals are assumed to be proportional to the

overlap integrals since §p®y ~ 3Gyp, (¥ + @, %p )
' ii
Hij = k(““z—ﬂ> (o) (8-28)

or

H;: = -k vHj;H;; G

3 i (8-217)

ij

A value of k of about 2 has been used in most cases.
The energies of the molecular orbitals for an octahedral complex

ML, are shown in Figure 8-15. There are 36 + n electrons to place

in the molecular orbitals (6 from each ligand and n from the central

atom). As a simple example, we find that the ground state of TiFs

is

[216 @) #[e 0] *[t1a (0P)]  [t2 (7 |2 [£10 )] e 0, ]
. [tlg (”)]G[tZg (”ﬂl = Ty

since Ti* contributes 1 electron. The details of a calculation of
CrF:~ are given in Appendix 8B.

8-6 ELECTRONIC SPECTRA OF
METAL COMPLEXES

A low-lying excited state in TiF¥ occurs upon excitation of an
electron from t2g(1r*) — e (c*). It is now established that the
colors of many transition metal complexes are due to such ‘‘d-d’’
transitions. The energy separation between eg (o*) and tzg(w*) is

known as A, or 10 Dq, and we see that the molecular-orbital theory
predicts a positive A because of the difference in the covalent inter-
action of the d; and d; valence orbitals. The value of 10 Dq in
TiF?" is obtained from the weak-absorption-band system in the

5000 to 7000 A region of the spectrum, which is due to the parity-

forbidden transition szg - 2Eg. Then hv = 10 Dg = 17,000 cm™?

for the complex TiFs . The value of 10 Dq in all cases of interest
is obtained from experiment. It is found that for trivalent ions of

the first transition series Dg = 2000 cm™ and for divalent ions of
the first transition series Dg ~ 1000 cm™.
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Higher electronic excited states arise on excitation of an electron
from a bonding or nonbonding MO into tog (7*) or eg (o*). Since the
bonding and nonbonding MO’s are mainly localized around the lig-
ands, and t, (7*) and eg (0*) are mainly located on the metal, this
type of transition is known as ligand-to-metal charge fransfer
(abbreviated L -- M). The first such band occurs higher than
50,000 cm™ in TiFY.

In certain complexes, low-lying excited states arise by the trans-
fer of an electron from an orbital based on the metal to an orbital
based on the ligands. This is called metal-to-ligand (M - L)
charge transfer, and it is exhibited by complexes containing ligands
such as NO, CO, and CN~, which have relatively stable 7* orbitals.

APPENDIX 8A/Evaluation of G[eg(o)]

Recall from Eq. (8-23) that

G[eg (0)] = f(Sde) 1 (205 + 205 — 0, — 0, — 05 — 0,) AT

23
(8-29)
Expanding, we have
1
f(Sdzz)E\/-é: (20, + 205~ 0, — 0, — 03 — ) dT
1
-5k [/ Bdze) 20;) dr + [ (3dy,) (20g) dr

~ [Bdya)(oy + 0y + 0y + 0,) d7] (8-30)

The integrals involving o, and o, are just the two-atom overlaps
S(o,dy) shown in Figure 8-1. Thus we have

J (8d,2) (204) d7 = [(3dgz2) (20,) dT = 2S(0,3d;) (8-31)

The integral involving o, 0,, 05, and o, is transformed into the
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Table 8-5 Coordinate Transformations

Mto@ Mto@ Mto@ Mto@

z~y z > X z~ —X z—~ -y
X—=2 = X—y X~z X = —x
y = x y— -z y ==y Yy~ z

standard two-atom overlap integral S(c,3d;) by rotating the metal
coordinate system to coincide with the coordinate systems of ligands
@D, @, @, and @. Referring back to Figure 7-12 we see that the
rotation of metal coordinates leads to the transformations of Table
8-5. Since the angular part of 3d,. = c(3z® — r?), we find

—(3dy2) (0,) = —c@By? — r¥)(o) (8-32)

~(3d,2) (0,) = —c(Bx® — r2)(0) (8-33)
—(3d,2) (05) = —c(8%* - r?)(o) (8-34)
=(3dy2) (o) = —c@y® — r*)o) (8-35)

Adding equations (8-32), (8-33), (8-34), and (8-35), we have
—JBdyz) (0, + 0y + 0y + 0,) dT = —c [(6x% + 6y® — 4r¥)o dT
= —cf(sz + 2y2 — 4z%)o dT = 2fc(3z2 - r3)o dT
= 2 [(3dy2) (0) d7 = 28(0,3dy) (8-36)

Thus, from Eq. (8-30),

Gleg (0)] 2—1&[2%,3%) + 28(0,3d,) + 25(0,3dg)]

1

VTS(0,3d,) (8-37)
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APPENDIX 8B/ Example Calculations

8-7 BASIS FUNCTIONS

The valence orbitals taken for a molecular-orbital calculation of
a transition metal complex are the nd, (n + 1)s, and (n + 1)p metal
orbitals and appropriate ¢ and 7 functions of the ligands. Many of
these valence orbitals are not individually basis functions for an ir-
reducible representation in the symmetry under consideration. Sym-
metry basis functions transforming properly must be constructed, by
methods analogous to those used throughout this volume. The results
for a number of important symmetries are tabulated in this volume
in various places, as follows:

Dy, : Egs. (6-1) and (6-2) Oy,: Table 8-4
C,y: Table 6-5 Ty: Table 8-6
C,y: Table I, Ballhausen-Gray reprint

D,,: Table II, Gray-Ballhausen reprint

8-8 NORMALIZATION INCLUDING
LIGAND-LIGAND OVERLAP

The basis functions referred to in Section 8-7 are normalized
assuming zero ligand-ligand overlap. In reality, of course, the
ligand valence orbitals overlap, and this should be taken into con-
sideration when normalizing the basis functions. As an example,
consider one of the T, (os) functions for a tetrahedral molecule
(see Table 8-6). For og of T, row I:

%f(-sl—s2 + s3—s4)2d7

= if(slz + 8,2 + 8,2+ 5,2 — 28,8, + 28,8, — 28,8,

(8-38)
— 28,8, + 28,8, — 28,8,) d7T
= 3[4 — 48(s,s)| = [1 - S(s,8)]
Thus,
1
og t,®) = ST = 5(.5)] (8, — 8, + 85 — 8,) (8-39)



Table 8-6 Basis Functions for T4 Molecules®

Irreducible
representation Row Metal orbitals Ligand orbitals
Ay 1 8 T(syt syt s+ S431 é-(pm TPz, TPy T pZ4>
E 1 dye %(pr Px, ™ Py, * px4>
2 der_yo pri T Py, T Py T pY4>
T2 ! Py Ay %<p21_ Poy * Prg pZ4>’ s~ spbs = s,
%[pxi i sz - an - pX4 * ‘/§<_pY1 B pYz " st N pY4>]
2 Py, dy, %(pzi ¥ Py, T Py T pz4), Fls1+ sy — 85— 8¢),
%[pxl— Px, * Py, Py, * V’d“(pyi- Py, * Py, ~ py4)]
3 Pz, dxy “%‘(pzi— Pz, ~ pz3+pz4>, $(sy = 52— 83+ 84),
- %(pxi Py, t Py T px4>
T, 1 ;1‘-[{3_<pxi+pX2— Pe, ~ px4>+py1+py2—py3~ py4]
2 i—[ﬁ(pxl—pX2+pX3f px4>'ps,1+py2 —-py'3+py4]
3 (

*Referred to the coordinate system shown in Figure 8-6.

XYOdHL TVLIEH0 HVINODATONW

801
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X2
. ~ —MF__—Z\Q

Ys £ Zy

Zy

Figure 8-6 Coordinate system for a tetrahedral
complex.

Table 8-7 Correction for Ligand-Ligand Overlap— Tetrahedral Geometry?

Irreducible basis func-
representation tion ¥y Correction factor Nj

(srosn)”

-1/2
<pcrL’ Po1, ) * S<p7rL' p?TL)]
b

A’1 O'S 1+

o
+

[\-] (I
|2 B 5]

p

~1/2
1 1
E i L+ 2S<paL’p0L> 2S<p7rL’ WL>]
1= 25(n,p0op )= 5 (e, e, )]
3 oL’ oL 3 7L’ T rL
- ~1/2
Os 1 S<SL’SL>] i
bt ) #5000 )
m L Gs<paL’poL Gs(an’pr

Tl m

[
l
[
T, op [
[
[
[

1 3 ]-—1/2
L= ?S<paL’paL>- 78 <p1rL’p7rL)

2 The subscripts o and 7 denote the type of overlap involved; L means
ligand orbital.

¢
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Table 8-8 Correction for Ligand—rLigand Overlap— Octahedral Geometry*

Irreducible Ligand
representation function Correction factor Nj
Agg Tyt 2y vzt Byt 25 T Zg {1+S<L o )
+ 28(0 >
S 25( L R)]
E, Zy ™ Zogt Z3 < 2y [1+S(UL,UL;2R)
— 5 V9 *
s(cL,uL, 2R y
—_ . fo = -
S(TrL,'ITL,VZR)]
Tlg X9~ V5 + Vg4~ Xg [1—S<0L,0'L,2R>
—S(UL,GL;\/—Z_R) .
—S(WL,WL;@RH
¥
Tag Vit Xs+ X+ ¥ [1—S<7rL,1rL;2R)
73
+S(GL,0L, 2R ;
-
+S(1rL,1rL,v2R)]
-1/2
Tlu Zy ™ Zg [1“S(UL,GL;2R)]
Va* X5 T X~ Y [1+S<L L’ZR) o
+2s( L L,fR))
Ty, Yo — x5‘-— X4+ Yg [1 + S(TFL,TFL; ZR) "
“2S(7TL,7TL;\/’2_R)‘
aS< 10 > means the overlap between two ligand ¢ functions at dis-

tance 2R, where R is the metal-ligand internuclear separation.

By similar procedures, it is found that the basis functions previously
tabulated must be multiplied by correction factors in order to be
correctly normalized including ligand-ligand overlap. For tetra-
hedral and octahedral geometries, correction factors are given in
Tables 8-7 and 8-8.
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8-9 EVALUATION OF A GROUP
OVERLAP INTEGRAL: Gy (d,os)
2

Z - @ .

d2,4

8,
So
S(dyZa 8 = S(dy27 Sy) = “S(dyz» 8y) = _S(dyz, S5) (8-40)
- (Sl'sz+sa_s<L)
GTZ (d,gs) = fdyz 2[1 - S(S,S)]llz* dr
1

= 2[1 —_ S(S,S)] 1/2 [S(dyz’ Sl) - S(dyZ, Sz)

+ S(dyyz , S5) — Sdygz, S4)] (8-41)

1
" 3[1 = S(s,8)] 77 [4S(dyz, s))]

28 (dyz , 8,)

Gp, os) = T—g(s,s)]7

(8-42)

To evaluate S(dyz, s,) we may resolve dyz into d orbitals based
on a new coordinate system x’, y’, z’, with the z’ axis coincident
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with the z, axis of atom 1, the x’ axis parallel to the x, axis, and
the y’ axis parallel to the y, axis. This is shown in Figure 8-7.

The new coordinate system x’, y’, z’ is related to the old coordinate
system x, y, z by the following Euler angles!”;

=7 = (T _ -

¢--3 6 <2 > (8-43)
where tan b = 7:, sinb = —1——\/3_,, and cos b = [—g

A

v =3

x cosy siny O 0 cos® sine O X
y'} = —sm 1] cos Yy 0 cos 0 sin 6 ~sin® cosd¢ O y
z’ 1 —-sin § cos @ 0 0 1 z

new old

1 1
’ — e e 0
X 0 1 0 1 0 0 5 N3
1 V6 1 1
T 0o —~ Y6 BN 0
y 100 7 3 =z 7z
V6 1
z' 0 0 1 0 —= — 0 0 1
3 3

><y (8-44)
> <y,

old new

<IEISIE
Sl G- G-

(]

al- al- al-
Sl Si- Gl
e o

“|& S~ F-

Some useful relationships involving the normalized angular parts of
the d orbitals are as follows:
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15\/2 xz
an = - dyy

\{
~
[
"
it
QL
>
~

5 \/2/322 — p2 (8-45)
T6r) " @ )7 %

It

5 Y22 xt) 1, 3,
167 r? 3% T g %-y?

We can now carry out the resolution of the old dyz orbital in the new
(primed) coordinate system.

3

Figure 8-7 Transformed coordinate system
for evaluation of an overlap in-
tegral, S(dyz ,8¢).
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__1_ ’_l '+._1_Zl>(-—-6— r+__1_/
_ (15)/2 < 5t BV '® 3 * ¢3‘z>
47 r?
B 2\/3‘ 5 1/2 2’2 — g2
) <1671> r? (8-46)
. }_ i/2 ixfzz N E X'y' 3 \/G—y’z'
47 6 r? 3 rt 6 r?
V3 T V& B 3
= T dzlg + ? dX’Z’ — “G-dylzr - §dx12_yl2 - delyl
A check of the normalization gives 7 + & + &+ + & + + = 1. Next

we can evaluate the overlap integral S(dyz, s,). Since the z’ axis
coincides with the internuclear axis, d,, has been resolved into
components which are o, 7, or 0 with'respect to the internuclear
axis, whereas s, is, of course, ¢ with respect to this axis.

S(dyz, s1) = fdyz s, d7

%3 vz 3
= -3—deIZSl dar +‘_6‘fdxlzlsl dr '—"6— fdylzlsl d7

(8-47)
1 V3
-3 fdx,z_y,zsl dr - = fdx,y,s,1 ar
=32 Sy, 5) + 0+ 0+ 0+ 0 =2 sy, 9)

ZS(dyz , 8y)

[1 - S(SL, sL>J1/z

Gr, (d,og) =

Si{d . ars '
Gy (@ 0g) = 22 (o o1 (8-48)

2 3 [1 - S(sL,sL>]1/2

where M and L denote metal and ligand, respectively.
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Table 8-10 Group Overlap Integrals— Octahedral Geometry®

Aig GA1g<S’UL> - 6NA1g(aL)[S<SM’°L‘R)]
Jsl

E G (dg,o )= 6NZ [S(d N ;R)]

8 Eg L Eg(0L> oL

Tag GT2g<d7r’7rL) - 4NT2g<7TL>[S<d7T’7TL;R)]

T1a Cr. (pG’UL): 2NT1u<0'L>[S(p0’UL;R>]

) = , ;R>]

(}Tm<p1T 7rL> g <nL>[S(pW .

N A <0 ), for example, is the normalization constant
ig

for the ay, o

a

L

L combination, including ligand-ligand overlap.

Similar procedures can be used to evaluate other group overlap
integrals. The results for tetrahedral and octahedral geometries
are given in Tables 8-9 and 8-10.

8-10 RADIAL FUNCTIONS

The radial functions for atoms through argon tabulated by
Clementi® are particularly useful for simple MO calculations.
Other sources are Watson®’ and Richardson et al.‘3’for transi-
tion metal atoms, and Slater “’ for simple single-exponential-term
functions.

8-11 BOND DISTANCES

~ Bond distances are needed for overlap integral calculations.
Standard sources are Sutton,®’ Pauling, ‘¢’ and Wells. @

8-12 OVERLAP INTEGRALS

Evaluation of two-atom overlap integrals has been discussed by
Mulliken et al.‘®’ Tables of overlap integrals are given in Mulliken
et al.,‘®’ Jaffe et al.,'®’ Leifer et al.,*’®) and Craig et al."'!’ Lofthus
gives some additional master formulas.‘!2’
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8-13 COULOMB INTEGRALS (H..)

The Coulomb integrals H;; which appear in the secular equation
are approximated as valence-state ionization energies (VSIE’s)
corrected for ligand-ligand overlap, if any. In general, each VSIE
is a function of the. charge and the orbital configuration of the atom
in the molecule in question. Arlen Viste and Harold Basch at Co-
lumbia have calculated the average energies of all the terms in the
important orbital configurations for the atoms hydrogen through
krypton. These average term energies were calculated for neutral,
singly ionized, and doubly ionized atoms, and in some instances for
higher ionized species; the one-electron ionization energies of var-
ious orbital configurations are given in Table 8-11 for the first-row
transition metal atoms. One-electron ionization energies for some
important ligand atoms are given in Table 8-12, '

In Sections 8-16 and 8-17 the example calculations of MnO; and
CrF§- outline in some detail the use of the VSIE’s given in Tables
8-11 and 8-12.

8-14 EXCHANGE INTEGRALS (H;)

The exchange integral between two orbitals on different atoms is
assumed to be a function of the overlap of the two orbitals as well
as their stabilities. Wolfsberg and Helmholz suggested the approx-
- imation ¢13)

Hij = FGJ ———~2———— (8-49)

with F approximately two. We have used the very similar approx-
imation (14}

= — [N = AR V&1 _
Hij 2Gij <Hi'1 Hjj) (8-50)

which is, of course, approximately equal to the Wolfsberg-Helmholz
formula when F = 2 and H’ii ~ Hi]

8-15 OVERLAP CORRECfION FOR H;;
OF LIGANDS

For the ligand functions we have

Z; 30 % ' (8-51)
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1

Ny~

2 - = 2 . :
fwi dr = = % aj, + %}z% 34 aiBS(la,IB) (8-52)
The basic assumption is that for two different atomic orbitals
(two orbitals on different atoms, or different orbitals on the same

atom), ¢) and ¢,

Hy, = — 2.00 (Hyg - HypJ/2S (kn) (8-53)

n

Using this assumption,

i

Hy = [Ny ) H®Ngp) d7
2y 2 2 . (8-54)
= NjHj4 [E aj, +2 %};l_; 24 aiBS(la,lﬁ)]

o 4
iuia Hii ’

overlap. If y; has already been normalized neglecting ligand-ligand

H the diagonal element uncorrected for ligand-ligand

overlap, then Nj is the correction factor for the normalization,
which was tabulated previously. In this case, 7, aia = 1.
o

Let

Xj = %}z% ajq 2588 (ia,i8)

By = B \v 77 X;

For the central metal-atom orbitals, of course, Hﬁ = H{l That the

(8-55)

off-diagonal elements Hij are to be computed from the uncorrected

Hii rather than the corrected Hii can be shown as follows:

Gij

f(Ni¢1)(Nj ¢j) dr = Nj Nj %Z‘ aiq aj“S(ia,ju)
: (8-56)
o= . coa. |- H. . H. . }/28(ia, j
Hij = N;N; %%} a0 8, [ Z.OO(t*IlalaHmJ“) S(la,]u)]
(The assumption &;, # <I>ju is a reasonable one, since ¢; and 2,0]-

are symmetry basis functions belonging to the same row of the
same irreducible representation.)

H:; = —AZ.OO(H{.- Hf.)‘/zGij (8-57)

ij i)
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Table 8-11 VSIE Results—First-Row Transition Metals

Valence state ionization energies (VSIE’s) are tabulated here. The VSIE’s
are obtained by appropriately combining the values of W,, for the two con-
figurations under consideration, together with the appropriate ionization poten-
tial. Wav is the weighted mean of the energies of the terms arising from a
configuration, relative to the ground state of the atom or ion in question. The
weighting factor is-equal to the total degeneracy (spin x orbital) of the term.
If necessary, the average can be taken over the J components weighted by
their degeneracies. For example, Wy (p?) =1—15 [9W(3P) + 5W(1D) + W( 1S}
provided the J components are not too widely separated.

The VSIE’s (given in 1000 cm™!) have been smoothed by subjecting the
available data across the transition series to a least-squares fit, for given
charge, s, and p character. The fit is quadratic if not more than two VSIE’s
are missing or omitted, linear otherwise. The fitting parameters A, B, and
C in the relationship VSIE = A(n — 3) + B(n — 3) + C are given, as is the
standard deviation of the individual points from the line. Parentheses around
a value indicate that it was obtained only by interpolation, with no correspond-
ing data being fed into the least-squares analysis (either because no data were
available, or because the originally calculated value was off the line by
roughly two standard deviations or more).

I. 3d VSIE’s

q =
0—+1 +1 — 42 +2 = +3

n-3

B-1 o245 3q™%4p 3d™? 30 %4

Atom n 3d® 3d"'4s 3dn“4p 3d

Ca 2 (18.7) (30.2) (44.3) (84.2) (117.2) {(125.7)
Sc 3 23.2 37.5 49.7 95.0 129.2 138.3  204.7
Ti 4 27.4 44.6 55.4 105.4 140.9 150.6 217.7 274.1
A\ 5 31.4 51.4 61.4 (115.2) (152.4) (162.7) 230.6 281.4
Cr 6 35.1 57.9 67.7 124.6 163.6 174.4 243.6 288.8
Mn 7 38.6 64.1 74.3 133.5 174.6 (185.8) 256.6 296.1
Fe 8 41.9 70.0 81.2 141.9 185.3 196.9 (269.5)
Co 9 448 75.6 88.4 149.8 195.7 207.8 (282.5)
Ni 10 47.6  80.9 95.9 157.3 205.8 218.3 (295.4)
Cu 11 86.0 103.7 164.3  215.7 228.5 (308.4)
Zn 12 225.4 238.5 321.4
Standard
deviation 1.4 0.8 1.8 0.7 1.1 1.4 3.3 6.8
A —0.13 -0.15 0.15 —0.24 —0.13 —0.15
B 4.4 7.2 5.5 10.6 11.9 12.5 13.0 7.4
C 23.2  37.5 49.7 95.0 129.2 138.3
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II. 4s VSIE’s
g =
0 -—+1 +1 — +2 +2 -~ +3
Atom n d%'s aPfs? gM? sp d%%g d™dg2 qn-t sp d®%s
Ca 2 (43.4) (50.1) (55.1) (96.8) (109.1)
Sc 3 46.1 53.8 60.8 102.6 117.4 123.8 179.6
Ti 4 48.6 57.2 66.0 108.3 125.0 130.3 186.6
v 5 51.0 60.4 (70.6) 113.7 (131.9) (136.7) 193.5
Cr 6 53.2 63.3 74.7 118.8 138.2 (143.2) 200.5
Mn 7 55.3 65.9 78.3 123.8 143.8 (149.7) 207.5
Fe 8 57.3 68.3 81.4 128.5 148.7 156.1  (214.4)
Co 9 59.1 70.5 84.0 133.0 153.0 (162.6) (221.4)
Ni 10  60.8 72.3 86.0 137.2  (156.7) 169.0 (228.3)
Cu 11 62.3 74.0 87.6 141.2 159.7 175.5 (235.3)
Zn 12 75.3 88.6 145.0 162.0 182.0 242.3
Standard
deviation 0.8 0.8 1.4 1.7 4.7 2.8 5.7
A —0.07 -—0.183 -0.26 —0.12 —-0.33
B 2.6 3.556 5.4 5.75 7.9 6.5 7.0
C 46.1 53.8 60.8 102.6 117.4
III. 4p VSIE’s
q =
0 — +1 +1 — +2 +2 = +3
Atom n d%lp a2 d"Psp a¥ iy d"%p d™Psp a3y
Ca 2 (25.3) (29.1) (71.8)
Se 3 26.1 34.9 31.9 74.9 (89.3) 87.5 140.2
Ti 4 26.9 35.9 34.4 77.8 91.1 144.3
A 5  27.7 (36.8) 36.4 80.6 94.7 (148.4)
Cr 6 28.4 (37.8) 38.1 83.2 (98.2) 152.5
Man 7 29.2 38.8 39.4 85.7 101.8 (156.6)
Fe 8 29.9 (39.7) 40.3 88.0 105.4 (160.7)
Co 9 30.7 (40.7) 40.8 90.2 (109.0) (164.8)
Ni 10 31.4 (41.6) 40.9 92.2 (112.6) (168.9)
Cu 11 32.1 (42.6) 40.6 94.1 116.2  (173.0)
Zn 12 43.5 39.9 95.9 119.8 177.1
Standard
deviation 1.1 1.9 2.1 1.7 3.4 3.0
A —0.01 -—0.19 —0.07
B 0.8 1.0 2.6 3.0 3.6 4.1
C 26.1 31.9 74.9
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Table 8-12 Orbital Ionization Energies?:?

Atom 1s 2s 2p 3s 3p 4s 4p
H 110
He 198
Li 44
Be 75
B 113 67
C 157 86
N 206 106
0} 261 128
F - 374 151
Ne 391 174
Na 42
Mg 62
Al 91 48
Si 121 63
P 151 82
S 167 94
Cl 204 111
Ar 236 128 .
K 35
Ca 49
Zn 76
Ga 102 48
Ge . 126 61
As 142 73
Se 168 87
Br 194 101
Kr : 222 115
3d" 4 — 3d™Pas 3d™'4s — 3d™ 3d™Map — 3™
Atom 3d 4s ’ 4p
Sc . 38 46 26
Ti 45 49 27
A% 51 51 28
Cr 58 53 28
Mn 64 ' 55 29
Fe 70 57 30
Co 76 59 31
Ni 81 61 31
Cu 86 62 32

#The one-electron ionization energies of the valence orbitals given, cal-
culated by finding the average energies of both the ground-state and ionized-
state configurations (that is, the average energy of all the terms within a
particular configuration).

bAtom configurations s or s®p?; energies in 1000 cm™}.
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a

Table 8-13 Group Overlap Integrals for MnOj

E Ggldm = 0.2601
A Gp, (s.05) = 0.6654
GrA1 (s,ap> = —0.2191
Gy, <crs,cp> = —0.0807
T, G, (p,ap) = 0.1011
Gp,(p,d) = 0.0000
Gr, (pog) = 0.3443
GTZ(p,vr) = —(0.2407
Gr, (0p-d) =—0.1724
GT2 <O‘p, Os) = 0.0303
Gr, (ap,w> = 0.0464
Gp,(dog) = 0.2434
Gep, (d,m) = 0.1495
Gy, (05.7) = —0.0412

R(Mn—O) = 1.59 A.

8-16 CALCULATION OF MnO,

The valence orbitals taken for the calculation are 3d, 4s, and 4p
for manganese and 2s and 2p for oxygen. Radial functions for Mn
are taken from Ref. 3, for O from Ref. 1.

The proper basis functions are given in Table 8-6. There are
four secular equations to solve, to find the MO’s transforming as
a, (3), e(2), t,(5), and t,(1). The first step is to calculate the
group overlap integrals, using the expressions in Table 8-9. Two-
atom overlaps are either estimated from the available tableg (8’- 11
or calculated accurately. The calculated group overlap integrals for
MnQ; are given in Table 8-13.

We obtain the Mn Coulomb integrals from the VSIE data given in
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Table 8-11. The d, s, and p VSIE’s are strong functions of the
charge and orbital configuration of Mn. It is assumed that a VSIE
for a particular configuration (e.g., d) can be represented quad-
ratically as VSIE = Aq® + Bq + C, where g is the charge on Mn.
The VSIE curves for Mn, calculated from the data in Table 8-11,
are given in Table 8-14,

The ligand Coulomb integrals, in this case oxygen 2s and 2p,
are given fixed values. Either the neutral atom values from Table
8-12 or the values for an appropriate hydride (e.g., H,0) are taken.
We shall take the 2p Coulomb integral as the L.P. of H,0O, and the
2s value from Table 8-12.

The four secular equations | H — WG; [

= 0 are solved as fol-
lows: For a given cycle, an input electron configuration and charge
are assumed for the metal, and the Hjj terms are computed. Hjj
terms for ligand basis functions remain constant throughout the cal-
culation. For each of the MO’s calculated in the cycle, a Mulliken
population analysis is performed, in which each overlap population

is divided equally between the two basis functions involved. ‘18’

Yy = 2 Coidy (8-58)
POP ; = ZJ) CpiCniGij = Cni® Z) Cpi Cnj Gij (8-59)
}J=1

If the nth MO is occupied by one electron, POP,; represents the

Table 8-14 VSIE Functions for Manganese®

Starting
VSIE configuration A B C
d gn 14.1 80.8 38.6
d dts 5.5  105.0  64.1
d dt-1p 5.5 106.0 74.3
dan-1g 7.6 60.9 55.3
dn-2g2 7.6 70.3 65.9
d™2%sp 7.6 63.8 78.3
p d1p 7.2 49.3 29.2
p do-2 2 7.2 55.2  38.8
p dh-2gp 7.2 55.2  .39.4

2VSIE = Aq? + Bq + C; energies in 1000 cm™?.
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fraction of the time which the electron spends in basis function i, or
the fraction of the electronic charge which resides in basis function
i. By adding up the appropriate POP,; terms; the output configura-
tion can be computed for the metal.

In subsequent cycles the input configuration(s) is altered until a
self-consistent result is obtained. The result is considered self-
consistent if the input and output configurations for the cycle are
the same,

To calculate the uncorrected Mn H!.’s from the VSIE curves, we

. . ii ’
make use of the following equations:

Assumed chargeon Mn: q =7 —-d —s — p

Assumed configuration on Mn: d(’7—s—p—q) s pP

it

—H’, = (d VSIE) = (1 - s — p)(d VSIE: d%) + s(d VSIE: d"" 1)

dd
+ p(d VSIE: d™ 1p) (8-60)
~H/_ = (s VSIE) = (2 —s - p)(s VSIE: a1y

+ (s — 1)(s VSIE: d®"2¢2) (8-61)
+ p(s VSIE: d"~2sp)

_Hé)p = (pVSIE) = (2 — s - p)(p VSIE: d“—lp)

+ (p - 1)(p VSIE: d"2p2) (8-62)
+ s(p VSIE: d* 2 sp)

The self-consistent charge and configuration values in this par-

ticular calculation turn out to be as follows: q = 0.6568, s = 0.1817,
p = 0.3436. For these values the final Hii’s in 10° cm™ are

Mn[d -121.28
s — 93.41

| p  ~ 58.40
Oofs ~-260.8
p  —101.7

Following the treatment in Section 8-15 the Hii’s are corrected
for overlap as follows:
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Table 8-15 Molecular Orbitals for MnOj

Eigenvalues Eigenvectors
s o
oy o
aq 128.75 1.37 —0.98 0.25
-112.11 ~0.03 0.13 1.00
—276.54 0.12 0.92 —0.01
d T
e - 72.98 —0.72 0.90
—136.56 0.74 0.51
p % d oy i
ty — 18.83 1.08 -0.06 0.24 ~0.42 0.27
— 49.29 —0.14 0.67 0.80 —0.30 -0.58
-105.65 0.02 —0.69 0.13 —0.07 —0.67
—126.26 —0.17 —0.35 0.63 —0.17 0.49
—260.45 0.03 —0.02 -0.16 ~-0.96 0.03
T
t — 96.40 1.00
Input charge: 0.6568
Input configuration; d5-8178 g0.1817 (,0.3436
Output charge: 0.6568

Output configuration: d°-8178 g0.1817 ,0.3436

Table 8-16 Calculated and Observed Transition Energies in MnOj ¢

Calculated one-electron
1

Band maxima,

cm™! f Aséignments energies, cm”™
(14,500) Weak A, — T (t; —~ 2e) 23,400
18,300 0.032  1A; — !Ty(t; — 2e) 23,400
(28,000)° b 1A, — IT,(3ty — 2e) 32,700
32,200 0.070 1A, — 1T, (3t, — 2e) 32,700
(44,000)° c Ay — 1Ty (8, — 4ty) 47,100

2See Ref. 15.

bWeak shoulder.

“Shoulder indicating a band with € = 1500.

i
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Figure 8-8 Molecular-orbital energy-level diagram for MnOyj .

= L.
Hii aHn

Jor the metal and ligand symmetry orbitals, the a’s are calculated
to be
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a a

E d  1.0000 T, p  1.0000
T 1.0239 % 0.95271

d  1.0000

A, s.  1.0000 Og  0.98269
o 1.0485 T 1.0322

S ° -

o, 1.1193 T, 7  0.94785

The exchange integrals are estimated from the expression given
in Eq. (8-50). The four secular equations are solved to give the final
MO’s. For example, the final 2 x 2 E secular equation is as fol-
lows: .

d 1r
d|—-121.28 — W - B7.77 - .2601W

{(8-63)
7| — 57.77 — .2601W —104.13 — W

The final MO eigenvectors and eigenvalues are assembled in Table
8-15.

A diagram showing the relative MO energies in MnQO, is given in
Figure 8-8. The ground state is ... (3t,)¢ (t,)® = *A,. The spectrum
of MnO, in agueous solution shows fairly intense bands at 18,300,
32,200, and 44,000 cm™!. These bands may be assigned ‘*3? ag the
one-electron transitions t;, — 2e, 3t, — 2e, and t, — 4t,, re-
spectively. A comparison of theoretical and experimental values
is given in Table 8-16. "

8-17 CALCULATION OF CrF.

We present the results of a calculation of the MO’s of CrF¥,
for the benefit of persons wishing to work through the proble_m. The
procedure followed is the same as in the calculation of MnO,.

1. Valence orbitals: Cr 3d, 4s, 4p
F  2p (we shall not use the F 2s; see the
discussion at the end of this section)

2. R(Cr—F) = 1.93 A
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3. Group overlap integrals:

Ay GAlg(s,orp> = 0.2673
Eg GEg (@,0p) = 0.2321
Ty GTlu(p,0p> = 0.1427

Gy, (_p,np) = 0.2788

G, (Up iy 0p”p> = 0.0312
Tyt G, (a,mp) 0.1728
4, Coulomb integrals:
For Cr, from VSIE data in Table 8-11, we obtain VSIE curves

given in Table 8-17. For F 2p we obtain VSIE curves from neutral-
atom VSIE in Table 8-12.

It

Table 8-17 VSIE Functions for Cr®

Starting
VSIE configuration A B C
d ar 14.75 74.75 35.1
d dt-1g 9.75 95.95 57.9
d di-1p 9.75 . 96.95 67.7
di-lg 8.05 57.55 53.2
dn-2g2 8.05 66.85 63.3
di-2sp 8.05 60.45 74.7
p di-ip 7.25 47.55 28.4
p dn-2p? 7.25 52.85 37.8
p di-2gp 7.25 52.85 38.1

*Energies in 1000 cm~!.

5. Final H’s (in 1000 cm™); q = 0.7733; s = 0.2128; p = 0.2833

Cr{3d —122.7
4s — 95.6
| 4p -~ 62.5
F[2p, -—160.4
| 2p, —150.4
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In the MnO, calculation we took 2p; = 2p; = 2p as a first approx-
imation. However, it is probably better to take ng 2p < H2p 2p,
oo T P

since the ¢ orbitals are directed toward the metal nucleus. From
studies of charge-transfer spectra, it appears that H,, is approx-
imately 10,000 cm™ more stable than H;,. Thus we take 2p, =

= 2p, + 10,000 cm™ for F.

6. Hj; correction factors (a’s):

a a

Ay, 4s 1.000 Ty, 2p_ 0.9682
2p, 1.059

E, 3d 1.000 Tye  2p 0.9917
2py 0.9705

Ty;, 4p  1.000 T,, 3d 1.000
2ps 0.9981 2p_ 1.030
2p, 1.009

7. Final form of Eg secular equation:

al(-122.68 — W) (—65.12 — 0.2321W)
o |(—65.12 — 0.2321W) (—155.67 ~ W) -

Table 8-18. Final results:

Orbital energy Designation Degeneracy Ground-state occupancy

—174.68 lag, 1 2
—169.73 leg 2 4
—163.48 1ty 3 6
—162.86 1ty 3 6
—150.06 2t 3 6
~149.15 toy 3 6
—145.62 tig 3 6
—105.93 2ty 3 3
— 92,52 2eq 2 0
— 173.12 2a, 1 0
— 43.05 3ty, 3 0
Eigenvalues Eigenvectors
4s 2Pg

Ay, —174.68 0.2260 0.9156
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Eigenvalues Eigenvectors
3d 2pg
eg —169.73 0.4387 . 0.8026
2p,
tig —145.62 ‘ 1.0000
4p 2pg 2pg
tyy —162.86 0.0826 0.8664 0.4240
—150.06 —0.0809 0.4905 —0.8670
3d 2py )
th —163.48 0.3917 0.8549
2Py
tou —149.15 1.000

Cr charge = 0.7733
Cr configuration = d4-1306 g0.2128 0.2833

The calculated value of A for CrFY is ca. 13,400 cm™', The ex-
perimental value is 15,200 cm™. The calculated separation of t,,
and 2tzg is ca. 43,200 cm™; the first L. — M charge-transfer band
in CrFZ is probably at even higher energy than the calculated value.

A casual glance at the excellent agreement between theory and -
experiment in our two examples, MnQO, and CrF3", may give one the
impression that this type of theory is, in fact, quite good. On close
examination, however, it is clear that the ground rules are slightly
different in the tetrahedral and octahedral calculations. Specifically,
a double ¢ (ligand) basis set (2s,2p) was used in MnOj, and only a
single 2p function in CrF% . Indeed, a calculation with a double ¢
basis set in CrFY gives a A value which is much too large, while a
calculation of MnO, with a single o valence function gives a A with
the wrong sign. This simply means that the theory is incapable in
its present form of quantitatively calculating A as a function of
geometry. From the calculations published, it is a striking fact that
all the successful octahedral or distorted octahedral calculations
have employed a single o function, while the successful tetrahedral
calculations have required a double ¢ set.

Thus, although we feel it is useful to do simple MO calculations to
kelp in interpreting and classifying electronic spectra, it is certainly
clear that the calculated MO’s must be consistent with a goodly amount
of experimental information before they can be taken seriously.
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Problems

1. Prove that the 1s orbital of hydrogen is orthogonal to the 2s
orbital. Is this also true if Z, the ‘‘effective nuclear charge,’”’ is
different in 1s and 2s?

2. Sketch the periodic system in a-world such as ours, but with
only two dimensions:

18( 8)
2 - = _Z. —_— ) 4 — —
v r ar\ ar 2 3¢?

in the plane (r,@). Set the constant in the separation of the R(r) and
&{@) equations equal to k2.

3. Calculate the energy needed to ionize an electron from the 2s
orbital of Be®*, from a 2p orbital of Be®*, and from the 1s orbital
of He*.

4, Write the determinantal wave functions for the ground state of
the oxygen atom, assuming the unpaired electrons have « spin. What
is the orbital degeneracy of the ground state? What is the spin de-
generacy ?

5. The elliptical coordinates X and u are defined as follows (see
the figure):

133
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X X
@
¢ T, ry
8, N
A b4 Z /B
y y
L. a’"B
R
a7 T
K= "R

Rs
dr = g()\z — uB)dx du de

1l sAx=sw -1 =p=1 0 27

IA
<
IA

R is the distance AB. Further,

rp cos gy =
rg cos 6, =
ry sin 6, = rgsin 6, = 25[0\2 = 1)(1 — u?)]/

Calculate the overlap integral, S(1s,1s), between two 1s orbitals,
centered at a distance R from each other. What is the value of
S(1s,1s8) for R — 0 and «?

6. With the normalized 2p, and 2pX orbitals given by 2p, = R(r)x
cos 6 and 2p, = R(r) sin 6 cos ¢, with

5/2

1 /7 —(z./2
R(r)“4m<ao) re ™~ (4/2)r

calculate the following using elliptical coordinates (see Problem 5):

S(py) = S(2p, A,2p, B)

S(p,) = S(2p, A,2p, B) = S(ZpyA,Zpy B)
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The answers should be expressed using the so-called A integrals,
defined as

An(a) _ flwxne-ax dx = nle

Calculate numerical values for S; and 8, with Z =4 and R = 2a,.
7. In H} we take

a7 e N G

and
2 2 2 2 o2
e = _g_vz~Z§__ZP;+_Z_Ri
m T rp

Show that HAA = HBB , aswellas H using elliptical co-

AB~ Hpa-
ordinates as in Problem 5. With the overlap integral from Problem
5, obtain the expression for the lowest orbital in Hy' as a function of
R and Z. Putting Z = 1, sketch the curve W = {(R).

8. Construct a molecular-orbital energy-level diagram for HF.
Compare and contrast the bonding and the energy levels in HF and
LiH. ‘

8. The ground state of C, is not known for certain. The 3Hu and
IEg‘“ states are believed to have approximately the same energy.
Which orbital configurations are responsible for these states, and
under what conditions would they have nearly the same energy ?

10. What are the term designations for the ground states of the
following molecules: S,, B,, Cl,, Cl,, O, , BF, BN, BO, CH, and
NH?

11. A 0.01-M solution of a substance absorbs light between 5500
and 8500 A. In a cell of 1-cm path length, the maximum absorption
at 6800 A is 0.6 units, and the absorption at 7500 and 6300 A is 0.3
units.  Calculate the € and the f values of the band. Is the transition
fully allowed?

12. Calculate the dipole transition integral D for the =) — 2
transition in H, as a function of S and R. For the ground state,
S(lsA ,18n) = 0.75 and R = 0.74 A. The transition is observed at
some 10°cm™!., What is the theoretical { value?

13. Theoretical calculations of the rotatory dispersion curves for
molecules require knowledge of the magnetic-dipole transition inte-
gral M between two states, ¢, and ¢, . This integral is M = —if X
JU¥ My, d7, where 8 is the Bohr magneton (= ehi/2mce) and i = v=1.
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. 9 3 0 9 9
M—1<yaz Za§>+j<zax Xaz>+k< ay Y@ >
N
Calculate the value and direction of M for the *A; — A, transition in
formaldehyde.

14. The F, miolecule shows a continuous absorption band with a
maximum at 34,500 cm™!. Discuss the possible assignment and po-
larization of the transition.

15. When a carbon arc light burns in air, the radical CN is
formed. The spectrum of the arc shows two strong absorption bands
at about 9000 cm ™ and 26,000 cm ™!,

a. What is the term des1gnat10n of the ground state?

b. Make tentative assignments for the two transitions.

c. How would the bands be polarized for your assignments ?

16. What is the term designation of the ground state of N,, as-
suming the molecule is linear? What is the term designation for a
bent N, molecule?

17. The N; and NNO molecules are linear. What are the ground-
state terms ? What are the designations of the excited states which
arise on the lowest energy electronic transition? Discuss the inten-
sities and polarizations that might be anticipated for the bands.

18. The molecule HNO is diamagnetic in its ground state. We
note that H + N equals 0. What shape does the molecule have? What
would be the first electronic transition? If you apply similar ideas
to HCN, what do you obtain?

19. Formulate the bonding in NH; in terms of delocahzed molecu-
lar orbitals. The molecule is trigonal-pyramidal (Czy point group).
Compare the general molecular-orbital description with a localized
‘‘tetrahedral’’ model for NH,. Discuss the values of the following
bond angles: H—N—H, 107°; H—P—H (in PH, ), 94°; and F—N—F
(in NFy), 103°,

20. Boron trifluoride has a trigonal-planar structure. Formulate
the bonding in terms of molecular orbitals for the D, symmetry. In
addition, construct wave functions for three equivalent sp? hybrid
orbitals, using the 2py, 2p_, and 2s boron valence orbitals, which
may be used to form three localized bonds with the three fluorines.
Compare and contrast the molecular-orbital and the hybrid-orbital
descriptions.

21. The VCl, molecule has a tetrahedral structure. Construct
the various LCAQO’s that give o and 7 bonds between vanadium and
the four chlorines. What is the ground state of the molecule? " The
first electronic transmon is found at about 10,000 cm™!. Assign
this band.
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22. The SF, molecule has an octahedral structure. Construct the
various ¢ and 7 bonding orbitals. What is the ground state of the mol-
ecule?

23. Construct wave functions for six equivalent octahedral (d?sp®)

, hirbrid orbitals, using dXZ—yZ , dZz » S5 Py » py, and p, valence orbit-
als.

24. Assume that the Coulomb energies Hjq and Hrp 1, are the
same for an octahedral ML, and for a tetrahedral ML, complex, and
further that no 7 bonding occurs. Use (2-30) in connection with (8-49)
or (8-50) to prove that the tetrahedral splitting W(t§) — W(e) is & of
the octahedral splitting W(eX) — W(tzg).

25. An octahedral compléx ion in (MA,)*" has excited electronic
states corresponding to the excitation of an electron from an orbital
on the M*" ion into an empty orbital on one of the ligands A, say the
jth one (charge transfer excitation). Let us designate the zero-order
wave function representing an electron from M excited to an orbital
on ligand j as ¢j. Because the electron may ‘‘tunnel’”’ from one li-
gand to another, there is an effective interaction between any two ex-
cited states ¢y, ¢>J.. The matrix elements are as follows:

(o5 | Bl ¢;) = V,if i, ] are adjacent vertices
(p: | H'l@.) = V,if i, j are opposite vertices
(PJ ¢1

In zero-order all the states <;>]- have excitation energy W, above the
ground state. . V

a. Calculate the first-order perturbation energies and the correct
zero-order wave functions associated with them.

b. What is the energy of the electric dipole-allowed transition?
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Notes on the Molecular Orbital Treatment of the Hydrogen Molecule.

By Prof. C. A. CouLsoN and Miss 1. Fiscuer,
Wheatstone Physics Department, King’s College, London.

§ 1. INTRODUCTION,

THE molecular orbital (m.o.) method has been used regularly for many
years (Coulson 1947), but relatively little is known about its validity
except on semi-empirical grounds. The purpose of these notes is to investi-
gate the fundamentals of the m.o. method in its LCAO form (linear
combination of atomic orbitals) somewhat more fully than before. For
this study we have chosen the hydrogen molecule. By virtue of its
simplicity this molecule allows us to make calculations which would be
prohibitively difficult for larger systems. Now both the ground state
and several excited states of H, have been successfully treated by other
authors. Our object is not to achieve a better agreement with experiment
than that already obtained, but to examine the possibilities and limitations
of the m.o. method in its simplest form, and including certain refinements.
Some of our considerations have been published earlier, though in a less
completed form (see a paper by Coulson (1937) and a review by Van
Vleck and Sherman (1935)), but we believe that the rest, particularly
the detailed numerical values, are here made available for the first time.

If we confine ourselves to molecular orbitals composed out of atomic
1s functions i, and i, of the atoms A and B, the allowed m.o. are ¢ and
x, Where

p=(+) 20+, . .o (1)
x=@—)20-9F, . . ... (@)
S=overlap integral= [, (), (1) d=. . . . . . (3)

If i, and i, are exactly the same as the atomic orbitals for an isolated
hydrogen atom (perturbation method of Coulson (1937)), then, in atomic

units,
lpa(l):,\/%e"al. A )

But if we include the possibility of a partial secreening (variation method
of Coulson (1937)), we write '

T

and

ko
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where ¢ is a constant which varies with the internuclear distance R and
which may be calculated in the standard manner. We shall be concerned
with the inter-relations of the various molecular states that arise from
different possible occupations of the orbitals ¢ and x. No details of the
manipulative part of our calculations need be given, for they follow
completely conventional lines, once the appropriate wave functions for
the molecule have been set up.

§2. FATLURE AT LARGE INTERNUCLEAR DISTANCES
IN THE GROUND STATE.

It is well recognized that at large internuclear distances R the m.o.
method fails badly because it takes insufficient account of the electron
repulsion. This repulsion ensures that when the molecule dissociates
one electron is found on each nucleus. But the conventional m.o. de-
seription of the ground state, viz.

Y=¢(1)$(2) X spin term, B ()

divides each electron equally between A and B. It is important to know
at what value of R the wave function (6) falls seriously in error. This
may be done as follows.

We may imagine that as R increases, one of the two m.o. tends to
concentrate more round atom A, and the other around atom B. This
could be achieved by replacing the m.o. #(1) and ¢{2) in (6) by two
different orbitals

A ()

where A is a parameter not necessarily equal to 1. Assigning one electron
to each of these orbitals we describe the molecular system by the wave
function

{a(1) - My (1) Hib (2) -+ Mby(2)]- C e (8)

Now, the parameter A has to be determined by a variation method.
For those values of R for which A turns out to be 1, we can say that the
ordinary m.o. is a valid type of approximation; but for those values
for which A differs considerably from 1, we interpret the significance of
the wave function (8) to be that the repulsion between the electrons,
tending to separate them on to different nuclei, is stronger than the
additional attraction which arises when both electrons are under the
influence of two nuclei.

We have chosen the appropriate value of A for each R by minimizing
the “ energy ” function [¥*HY d+/[¥*¥ d+, where H is the Hamiltonian
of the hydrogen molecule. For this purpose we used the values of the
exponent ¢ in (5) which had previously been calculated for the true m.o.
wave function (6) by Coulson (1937). Fig. 1 (curve 1) shows the value
of A plotted against R. Up to R=2-27au. (i.e. R=1-6 R,, where
R, is the equilibrium distance in H,) A is exactly equal to 1. But when
R >1-6 Ry, A rapidly falls almest to zero, indicating a complete breakdown
in the simple m.o. theory.



MOLECULAR ORBITAL TREATMENT 141

It is very probable that these conclusions hold for other molecules.
In that case our calculation shows very clearly the dangers inherent in
too naive an application of m.o. theory to interactions across large

Fig. 1.
A

Tt
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S

—

0 I R, 2 3 4
—> Rlouw)
Values of the parameter X in unsymmetrical m.o.’s (7) giving energy minimum

with : curve 1: an asymmetrical wave function (8); curve 2: a wave
function including exchange (9).

distances, as, for example, in trying to follow the complete course of a
chemical reaction (Coulson and Dewar 1947).

§3. Over-EmpHASIS oF lonNic TERMS.

A second criticism of m.o. wave functions such as (6) is that even at
the equilibrium distance they overemphasize ionic terms. We may
discuss this also with the aid of the unsymmetrical molecular orbitals (7).
If we suppose that those are the occupied m.o., then the true wave function,
in which antisymmetrization is employed, is, apart from a normalization
factor and a spin term :

P = (o (1) My (1) H{(2) + Mo (20} -+ (b (1) -+ M (1} (2) +-2(2)). - (9)

If we write this in the equivalent form

P = (1422 (b, )iy (2) -+ (1ehy (2) 4200, (b (2) b, (1ify(2)}, - (10)

we Tecognize it as the wave function used by Weinbaum (1933), who
actually used

lIﬂ_‘—{‘/}a(l)lrllb(z) %—¢b(1)¢a(2)}+y’{‘pa(1)¢a(2)+¢b(1)¢b(2)} A (11)

The expressions in brackets are the simple Heitler-London covalent
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wave function and the pure ionic wave function; p shows the degree
of mixing between them. It is interesting—and, to us, new—that the
conventional covalent—ionic resonance can be descrited equally well
by the introduction of asymmetrical molecular orbitals, as in (9). The
significance of this equivalence is that if we wish to refine the m.o. theory,
while still retaining the idea of a molecular orbital, one possibility is to
abandon the m.o. ¢ in equation (1) in favour of the pair of functions (7).
If it turns out that with the wave function (9), the value of A is not equal
to 1, then the best description of the molecule in terms of a pair of m.o.
composed linearly of ¢, and 4, requires the two orbitals to be different.

Values of . which minimize the energy function for (11) are shown in
fig. 2 in terms of the internuclear distance R. The three curves shown
relate to different choices of the screening constant ¢. In curve 1 we used

Fig. 2.

@
.

]

Il L 4.

8 i 2 3

—> Rlaw)

Jontribution p of ionic terms caleulated with best screening constant of :—
curve 1: a molecular orbital wave function ; curve 2: a Heitler~London
wave function ; curve 3 : atomic orbitals.

The dotted lines show the values of the equilibrium distance R, calculated
with these wave functions.

the values calculated for a pure m.o. wave function by Coulson (1937) ;
in curve 2 we used the values appropriate to a pure Heitler-London
wave function ; and in curve 3 we used the atomic wave functions
(perturbation method) for which ¢=1. Fig. 2 shows that provided some
allowance is made for screening, the value of u is not particularly sensitive
to ¢; but if no allowance whatever is made, values of n in error by as
much as 70 per cent, may occur. As we should expect, the ionic contri-
bution to the ionic-covalent hybrid decreases with increasing R.

A comparison of (10) and (11) allows us to convert our u-values into
X-values. The conversion appropriate to the second curve in fig. 2
is shown as curve 2 in fig. 1, where it may be contrasted with the curve
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already drawn on the basis of wave function (8). This shows very clearly
how grossly the naive m.o. theory with A=1, exaggerates the importance
of ionic terms, and how, though in a smaller degree, the asymmetrical
function (8) also does so. As we might have anticipated, antisymmetriza-
tion, or exchange, has the effect of reducing the two-centre character of
the molecular orbitals, <. e., of making them more asymmetrical.

§4. ExcireEp STATES ; CONFIGURATIONAL INTERACTION,

There is a third point of view from which we may question the validity
of the naive m.o. treatment. The idea is thoroughly discussed in a quali-
tative way by Hund (1932), but the only published numerical results
that we have found, are incomplete and take no account of any screening
(Slater 1930, Mulliken 1932). If we start with the two m.o. ¢ and y
of (1) and (2), we can form four molecular states ¥; . ... ¥, Neglecting
spin terms, these are

W, =(1)$(2), 2
¥o=¢(1)x(2)—x(1)¢(2), 32ul. N ¢ §:)
Fr=¢()x(2)+x(1)$(2), 'Z,
¥, =x(1)x(2) 1%J

¢

These may be said to be the wave functions associated with the ** pure
configurations 7 ¢2, ¢y and y®. If our molecular orbital description of
the molecule is sound, these configurations should be practically non-
interacting with each other : and also the energy of the singlet function
¥,, which is an ionic function and represents the main part of the experi-
mentally found B state, and which corresponds to excitation of one electron
in a process ¢>—>¢y, should lie between that of ¢, in which there is no
excitation, and that of y* in which two electrons are excited. Now
Craig (1949) has given reasons for believing that among the 7-electrons of
ethylene, where states analogous to those of (12) occur, the energy of the
configuration y? is either just below, or closely similar to, the energy of
¢x- This makes it desirable to make similar calculations for H,, where
the approximations in calculating the energy are less severe than for
ethylene. We have therefore calculated—and show in fig. 3—the energies
appropriate to the four pure configurations ¥, .... ¥, In these cal-
culations we used the atomic orbitals (4) rather than (5) because that
seemed the best compromise between values ¢>1 for the ¢ orbitals and
¢<<1 for the x orbitals (Coulson 1937). Fortunately the main character
of these curves is still maintained if, instead, we use the values of ¢ found
most suitable for the ¢ orbitals. It will be noticed that at fairly large
internuclear distances (R >3-2 a.u.) the energies of the singlets ¢y and
x2 are in an inverted order. The interpretation of this is that our pure
configurations interact with each other. So far as the configurations
listed in (12) are concerned, this only involves ¥, and ¥,, for these are
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the only ones with equivalent symmetry. We ought, therefore, to replace
¥, and ¥, by two “ mixed configurational ” wave functions

qlsz q’l"}'v’gﬁ: , I (13)
Y=¥,+"¥,

where v and v are two constants such that w'=—1. Explicit expansion

of ¥; shows that it is of exactly the same form as (10), so that we may use

Fig. 3.
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ixed g and (%)
Py single

@ triplet ()

Energy curves for the hydrogen molecule. Curves 1....4 correspond to
the “pure configurations” ¥, . ... ¥ of (12), curves 5 and 6 to ¥
and ¥, (13) which account for configurational interaction between ¥,
and ¥,.

our calculations with this wave function to infer the value of » correspond-
ing to any chosen R, without further labour. The value v=~1/8 at R=R,
bas already been given by Slater (1930) and used by Mulliken (1932).
Our fig. 4shows that for large distances v increases, indicating an increasing
configurational interaction, until, at R—>c, we find v—1. The figure
also shows that the degree of interaction is almost independent of the
choice of screening constant.
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This configurational interaction lowers the energy of the state ¥,
and raises that of ¥, so that, as fig. 3 shows, the unsatisfactory crossing-
over of the energies ¢y and 2 no longer takes place, even at large distances.
For reasonably small R the configurational representation in terms of
¢ and y is valid—though there is always some degree of interaction between
configurations—but for R larger than about 1-5 R, this interaction is
so large that the ¢, x representation becomes quite invalid.

Fig. 4.
075
v
050 )
with screening nu%creenmg constant
constant

0-25

| 2

~ —> R (a.u)

Configurational interaction constant p calculated with :—curve 1: best
screening constant of molecular orbital wave function ; curve 2: atomic
orbitals.

As already pointed out, ¥ and ¥, are of the same form as (10) and
are thus equivalent to the use of asymmetrical molecular orbitals. We
may make the parallel between conventional descriptions of the wave
functions for H, and our new description a little clearer if we label the
two asymmetrical m.o.’s (7) A, and B_, and we introduce two related
orbitals A_, B_, where

A A ‘l’a'—t /\‘/'lv

B, gty [T (14)
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111

It is easily verified that the  mixed configurations ** which result from
interaction among the group (12) are represented by the four wave functions

Yi=A,(1)B, (2)+B. (HA (2), ‘ 1z,
W, {A,()B_(2)—B_(1)A, (2))— {A_()B.()— B, (DA (2)), 32l a5)
W,—{A,(B_(2)+ B.(DA, (2)}—(A_()B, @)+ B,()A_(2)}, 12, ]

Y=A_(1)B_(2)4+B_(1)A_(2). 12,

The energies appropriate to these four wave functions are given by curves
5, 2, 3 and 6 respectively of fig. 3.

Now the 2, states in (15) are identical with those of (12). But the X,
states could, if we wished, be regarded as arising from pure configurations
A.B,and A B_. Indeed, to this degree of approximation, we can avoid
the annoying configurational interaction between ¥; and ¥, if we replace
the symmetrical molecular orbitals (1) and (2) by the asymmetrical ones
(14), giving the non-interacting configurations ¥; and ¥,. If we are to
use a configurational representation at all, it must be in terms of these
latter functions. In this way we get further light on the discussion
in § 3.

In any complete treatment of this molecule, we ought also to include
further interaction with other configurations such as those built on the
25 or 2p atomic orbitals. This would depress all the levels slightly,
but it is unlikely that their sequence would be changed.

In conclusion we wish to point out that the configurational interaction
to which we have drawn attention is likely to be particularly significant
when the energies of the levels are closer together than in H,. We
may therefore anticipate that some of the difficulties already found in
interpreting the w.v. spectra of large condensed molecules arise from its
neglect. Work in progress in this department suggests that this is indeed
the -case (Miss J. Jacobs, unpublished calculations).

One of us (L. F.) would like to acknowledge a grant from the Swedish
State Council for Scientific Research-—(Statens Naturvetenskapliga
Forskningsrad)—which has made possible this work,
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Directed Valence*
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The problem of directed valence is treated from a group theory point of view. A method
is developed by which the possibility of formation of covalent bonds in any spatial arrange-
ment from a given electron configuration can be tested. The same method also determines
the possibilities of double and triple bond formation. Previous results in the field of directed
valence are extended to cover all possible configurations from two to eight s, p, or 4 electrons,
and the possibilities of double bond formation in each case. A number of examples are discussed.

INTRODUCTION

ROBLEMS of directed valence, like most

problems of molecular structure, can be
attacked by either of two methods: the method
of localized electron pairs (Heitler-London) or
the method of molecular orbitals (Hund-Mul-
liken). While it is now realized! that these
methods are but different starting approxima-
tions to the same final solution, each has its
advantages in obtaining qualitative results.
Theories of directed valence based on the
methods of localized pairs have been developed
by Slater? and Pauling® and extended by Hult-
gren.* The method of molecular orbitals has been
developed principally by Hund® and Mulliken.®
These methods have been compared extensively
by Van Vleck and Sherman.!

In the previous papers no attempt has been
made to discover all the possible stable electron
groups which lead to directed valence bonds, nor
have the possibilities of double bond formation
been completely explored. In the present paper
both of these deficiencies in the theory have been
removed.

METHOD

Pauling’s method consists of finding linear
combinations of s, p, and d orbitals which differ
from each other only in direction. Thus he has

* Presented at the Boston meeting of the American
Chemical Society, September 15, 1939. Publication assisted
by the Ernest Kempton Adams Fund for Physical Re-
search of Columbia University.

1 Van Vleck and Sherman, Rev. Mod. Phys. 7, 167 (1935).

2 Slater, Phys. Rev. 37, 841 (1931).

3 Pauling, J. Am. Chem. Soc. 53, 1367, 3225 (1931).

4 Hultgren, Phys. Rev. 40, 801 (1932).

8 Hund, Zeits. f. Physik 73, 1 (1931); 73, 565 (1931);
74, 429 (1932).

¢ Mulliken, Phys. Rev. 40, 55 (1932); 41, 49 (1932);
41, 751 (1932); 43, 279 (1933).

found combinations which are directed toward
the corners of a tetrahedron, others directed
toward the corners of a square, and others di-
rected toward the corners of an -octohedron.
Electrons occupying these new orbitals can then
resonate with unpaired electrons occupying or-
bitals of other atoms lying in the directions of
these new orbitals and so form covalent bonds
with these atoms. The further these orbitals
project in the direction of the surrounding atoms,
the stronger should be the resulting bonds.

In order to construct such sets of orbitals, it
is most convenient to make use of group theory.
Each set of equivalent directed valence orbitals
has a characteristic symmetry group. If the
operations of this group are performed on the
orbitals, a representation, which is usually re-
ducible, is generated. By means of the character
table of the group” this representation, which we
shall call the o representation, can be reduced to
its component irreducible representations. The
s, p, and 4 orbitals of the atom also form repre-
sentations of the group, and can also be divided
into sets which form irreducible representations.?

Let us refer to the set of equivalent valence
orbitals as the set &. If the transformation which
reduces this set is T, then the set 7© can be
broken up into subsets, each of which forms a
basis for one of the irreducible representations of
the symmetry group of &.

T&=3 a0 (1)

"For the group theoretical methods used here see Wig-
ner, Gruppeniheorie (Vieweg, Braunschweig, 1931); Weyl,
Theory of Groups and Quantum Mechanics (tr. Robertson)
(Methuen, London, 1931); Van der Waerden, Gruppen-
theoretische Methoden in der Quani hanik (Springer,
Berlin, 1932).

8 Bethe, Ann. d. Physik (5) 3, 133 (1929).
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where ©; belongs to the ith irreducible repre-
sentation. If we let R be the set of available
orbitals of the atom, these may always be
chosen so that they fall into subsets each of
which is a basis for one of the irreducible
representations:

R=3bN: @

If each of the coefficients b; in (2) is equal to or
greater than the corresponding a; in (1), we may
form the new subset ', given by

R = ZaéR;, (3)

in which each orbital transforms in exactly the
same way as the corresponding orbital in (1).
If we now apply the inverse transformation 7!
to this set we obtain a set of orbitals 7R’ which
must have exactly the symmetry properties of
the desired set &.
To illustrate this process, consider the -set
&=g;,+402+}0s consisting of three valence or-
bitals lying in a plane and making equal angles
of 120° with each other. If the atom in question
has available s, p, and d orbitals, the set R
consists of the nine orbitals s, s, py, po doy das,
dys, Ay, oy The symmetry group of & is Dy,
and the set © may be reduced by the trans-
formation
o =1/4/3(e1+02405)
U2,=1/\/6(201—02-—0'3) (3)
0'3'=1/\/Z(0‘2—0'3).

Of these orbitals, o1/ belongs to the representa-

tion® 4, while ¢y’ and ¢35’ belong to E’. Hence
we find for (1)

S=A/+E. ()

TasLE 1. Character table for trigonal orbitals.

Dan E oh 2Cs 28; 3C2 3av

4y 1 1 1 1 1 1
4y 1 1 1 1 -1 -1
A4y 1 ~1 1 —1 1 -1
4" 1 —-1 1 ~1 -1 1
E 2 2 —~1 —1 0 0
B 2 -2 —~1 1 0 0
s 1 1 1 1 1 1
» 3 1 0 ~2 —1 {
d 5 1 -1 1 1 1
¢ 3 3 0 0 1 1
™ 6 0 0 0 -2 0

¢ The notation used here is that of Mulliken, Phys. Rev.
43, 279 (1933).

The set R is already reduced, for s and d.
belong to 4y, p. to 45", the pairs p., p, and
oy, —doyy to E', and the pair d., d,, to E”.
Hence (2) becomes

R=24,+A,"+E+E". 3

Since the coefficients in (5) are each not less than
the corresponding coefficient in (4), the desired
directed orbitals are possible. In fact, since we
have a choice between s and d, for the orbital

TasLe 11. Reduction table for trigonal orbitals. )

Dap AY A A Al B E"
s 1 0 0 0 0 0
4 0 0 0 1 1 0
[ 1 4] 0 (14 1 1
° 1 0 0 0 1 0
£ 0 0 1 1 1 1

belonging to 4+, we may construct two different
sets of directed orbitals. If we choose for R’
the set

R =s+pst+py (6)
and apply the inverse transformation
1
o1=-—0+——07,
3 /6
P DA
6yg=——0y — gy 0y,
2 \/3 1 ,\/6 2 ,\/2 3
1 1 1
0‘3='_Ull“*—ﬂzl——0'3'y
V3 V6 V2
we obtain Pauling’s trigonal orbitals
1 2
(31 ””"s'{"“—sz
V3 6
! ! + : ®
Oy =-—§ ———p,F——py,
V3 A6 A2
1 1 1
O3 == ey .
V3 A6 A2

On the other hand, this theory shows that we can
everywhere replace s by d,, or in fact by any
linear combination as-pd, provided af-p3%=1.
Similarly p. and p, can be replaced by dqy
and dyyy. ’
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It is not necessary, however, to carry out the
actual determination of I" and the reduction of
& and R to decide whether or not a given set of
directed orbitals is obtainable from given atomic
orbitals, for the coefficients a; and b; can be
obtained very simply from the character tables
of @ and R. The transformation matrices of the
o representation can be written down and the
trace of each gives the character for the corre-
sponding element of the group. The characters
for & are easily found by the method of Bethe.’
We can thus construct a character table for the
representations based on & and R. We also can
enter in the same table the characters for the
irreducible representations, as given for example
by Mulliken.® Such a character table for the
plane trigonal case we have been considering is
shown in Table I. By means of the ortho-
gonality theorems for group characters, the
coefficients @; and b; can easily be found. These
are entered in a second table, to which I shall
refer as the reduction table. The reduction table
for our trigonal case is shown in Table II.
Comparing the coefficients a; (given in the row
marked o) with the coefficients b; (given in the
rows marked s, p, and d) we see immediately
that the trigonal orbitals require one orbital
which may be either s or d, and two p orbitals
(remembering that the representation £’ is of
degree two) or two @ orbitals. Hence the possible
valence configurations are sp?, dp?, sd?, and d°.

It is interesting to note that the method of
molecular orbitals leads to identical results, but
by a rather different route. In this method we
consider first the set of orbitals on the atoms
surrounding the central atom. If this set con-
sists of orbitals symmetrical about the line
joining each external atom to the central atom,
then these external orbitals form a basis for a
representation of the symmetry group which is
identical with the o representation. The reduction
of this representation then corresponds to the
resonance of these external orbitals among them-
selves. The formation of molecular orbitals then
takes place by the interaction between these
reduced external orbitals and the orbitals of the
central atom. This interaction can only take
place, however, between orbitals belonging to
the same representation. Hence, to obtain a set
of molecular orbitals equal in number to the

number of external atoms, it is necessary that
each of the reduced external orbitals be matched
with an orbital from the set i which belongs to
the same representation. The condition for this
is again that ;2 a;, so that the same result is
reached as before.

The possibilities of double or triple bond
formation are most easily discussed in terms of
molecular orbitals. The principal type of multiple
bond consists of two parts: first, a pair of
electrons in an orbital symmetrical about the
axis of the bond; and second, one or more pairs
of electrons in orbitals which are not sym-
metrical about the axis. The first pair of electrons
form a bond which differs in no way from the
ordinary single, or o, bond. The other pairs are
ordinarily in orbitals which are antisymmetric
with respect to a plane passed through the axis.
They may be regarded as formed by the inter-
action of two  orbitals, one on each atom, with
axes parallel to each other and perpendicular to
the axis of the bond. We shall refer to orbitals
of this type as 7 orbitals.

in' a polyatomic molecule, consisting of a
central atom and a number of external atoms
bound to it, bonds of this type may also be
formed. As far as the external atoms are con-
cerned, the condition for the formation of = bonds
is the presence of p orbitals at right angles to
the bond axes. These p orbitals, however, will
resonate among themselves to form new orbitals
which are bases of irreducible representations of
the symmetry group of the molecule. This
reduction can be carried out in the same way as
the reduction of the ¢ representation. We first
determine the representation generated by the p
orbitals of the external atoms. Since there are
two such p orbitals per external atom, this
representation, which will be referred to as the =
representation, will have a degree twice that of
the o representation. The characters of this
representation are then computed, and entered
in the character table. This has been done for
the case of a plane trigonal molecule in Table I.
The component irreducible representations are
found as before, and entered in the reduction
table.

The condition for the formation of a = bond is
now that there be an orbital of the central atom
belonging to the same representation as one of
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TABLE I11. Resolution table for linear bonds.

Dooh Z* Tyt I, My Ag Ay
s 1 0 0 0 0 0
b 0 1 0 1 0 0
d 1 0 1 0 1 0
- 1 1 0 0 0 0
™ 0 0 1 1 0 0

TasLE IV, Resolution table for angular bonds.

Cz2y At Az By Bz
5 1 0 0 0
4 1 0 1 1
d 2 1 1 1
4 1 0 0 1
T 1 1 1 1

the irreducible components of the = representa-
tion. Since this molecule is already supposed to
be held together by & bonds, it is not necessary
that all of the irreducible components of the =
representation be matched by orbitals of the
central atom. However, unless at least half of
the irreducible components of the = representa-
tion are so matched, it will be impossible to
localize the = bonds, and the resulting molecule
will be of the type ordinarily written with reso-
nating double bonds.

Thus in the plane trigonal case, Table II
shows that = bond formation is possible through
the p orbital belonging to 42"(p.), the d orbitals
belonging to E'(d...d,.) or through the two
orbitals belonging to E’ which are not used in
forming the original ¢ bonds. Since, however,
the ¢ bonds are probably formed by a mixture
of both the p and the d E’ orbitals, these last two
« bonds are probably weaker than the others. In
general we shall divide the = bonds into two
classes, calling them “strong” if they belong to
representations not used in ¢ bond formation, and
“weak” if they belong to those representations
already used in o bond formation.

Because of the ‘“resonating” character of =
bonds, it is usually difficult to form a mental
picture of them. In this trigonal case which we
have been discussing, we may imagine the p,
orbital of the central atom to interact in turn
with the p, orbitals of the external atoms. If the
orbitals d,. and d,. are available, these may be
combined with p., in the same way that p, and ¢,
can be combined with s, to form three directed

« orbitals. No such simple picture, however,
seems to be available for the = bonds formed by
oy and dypy-

It should be noted that this method does not
predict directly the type of bond arrangement
formed by any given electron configuration.
Instead it merely tells whether or not a given
arrangement is possible. In many cases it is
found that several arrangements are possible for
a single configuration of electrons. In these
cases the relative stability of the various arrange-
ments must be decided by other methods, such
as Pauling’s “strength’ criterion, or considera-
tion of the repulsions between nonbonded atoms.

REesuLTs

The results of these calculations are most con-
veniently arranged according to the coordination
number of the central atom. For the sake of com-
pleteness all of the results, including those pre-
viously obtained by Pauling, Hultgren and
others, are contained in the following summary.

Coordination number 2

If the central atom forms bonds with two
external atoms only two arrangements of the
bonds are possible: a linear arrangement (group
D) and an angular one (group Cs,). The resolu-
tion tables for these are given in Tables IIT and
IV. The configurations sp and dp can lead to
either arrangement. The linear arrangement,
however, is favored by both the repulsive forces
and the possibilities for double bond formation
and is therefore the stable arrangement for these
configurations. The configurations ds, d? and p?
on the other hand must be angular.

In the linear arrangement two p and two d
orbitals are available for double bond formation,
while in the angular arrangement only two strong
« bonds are possible, one of which must be
through a d orbital, the other of which may be
formed by either a d or a p orbital. The other two
possible = bonds are weakened by the fact that
their orbitals belong to representations already
used by the ¢ bonds.

The angular nature of the p* bonds in such
molecules as H;O and H,S is well known, and
need not be discussed further. As examples of
double bond formation in molecules having this
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TasLE V. Resolution table for trigonal pyramid bonds.

Cas Ay Az E
s 1 0 0
? 1 0 1
d 1 0 2
I 1 0 1
x 1 1 2

primary valence structure the nitroso compounds
are typical. The prototype of these compounds
is the nitrite ion NOz~. In this ion each oxygen
atom is joined to the nitrogen by a ¢ bond in-
volving one of the p orbitals of the nitrogen. In
addition to these bonds, however, there is a =
bond which belongs to the representation B; and
cannot be localized. Its component orbitals are
the p, orbital of the nitrogen atom and the
normalized sum of the p. orbitals of the two
oxygen atoms. The remaining parts of the oxygen
p orbitals are occupied by unshared pairs of
electrons. Because of the distributed character
of the = bond no single valence bond picture can
be drawn for this molecule, but only the reso-
nating pair

0--N
N AN
0 _

In the true nitroso compounds RNO, and also
in the nitrosyl halides CINO, etc., the situation
is very similar. The lack of complete symmetry
does not change any of the essential features of
the structure of these molecules. In these cases,
however, the difference in electro-negativity be-
tween oxygen and the atom or group R may
cause ionic structures to play an important role.
Pauling has suggested for example that in CINO
the important structures are

CI-N and CI-N
AN AN
o+,

The bond formation in both these structures is
in accbrd with the present theory.

Examples of the linear configuration are found
in the ions of the Ag(NHjs),+ type and those of
the Is~ type. In Ag(NHj),* the configuration is
certainly sp. In I~ and its relatives it is not cer-
tain whether the promotion of one of the 5p
electrons of the central atom is to the 5d or 6s

TaBLE V1. Resolution table for three unsymmetrical bonds

in a plane.

Cazy A Bz Bt B,
s 1 0 1] 0
P 1 0 1 1
d 2 1 1 1
I 2 0 1 0
- 1 1 2 2

orbital, but in either case the resulting configura-
tion (ps or pd) should give the observed linear
arrangement.

The effect of double bond formation is shown
clearly by CO; and SO In CO, the valence
configuration of the carbon is sp®. The primary
structure of ¢ bonds is sp, which requires the
molecule to be linear. The other two p orbitals
form the two 7 bonds. In SO, on the other hand,
the primary bonds are certainly formed by two
$ orbitals, thus producing angular arrangement.
The customary way of writing the structure of
this molecule,

O=5+
SN

O_

(analogous to NO;™) is quite possible, since the
7 bond can be formed by the third p orbital of
the sulfur, but the structure

0=8
AN
O

is also possible and probably as important as the
first. In this structure one of the d orbitals of the
sulfur acts as an acceptor for one of the electron
pairs of the oxygen. It should be noted that the
formation of two double bonds by an atom does
not require the linear arrangement.

Coordination number 3

For this number of ¢ bonds three arrangements
are important: the plane trigonal arrangement
(group D3;) already discussed, the trigonal pyra-
mid (group Cs), and an unsymmetrical plane
arrangement with two of the bond angles equal,
but not equal to the third (group Ca). The reso-
lution tables for the last two are given in Tables
V and VI. As has already been shown, the plane
arrangement is stable for the configurations sp?,
sd?, d?, and @®. (The pyramidal configuration is
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sible, but less stable because of repulsive
,

Such cases will simply be omitted in the
d2p are there-

forces.
future.) The configurations p* and
fore the only ones leading to a pyramidal struc-
ture.’* The configuration dsp leads to the un-
symmetrical plane arrangement.

The possibilities of double bond formation in
the plane 1.'monal arrangement have already

been di In the pyramidal arrangement
no strong double bonds are possible, although
weak 7 bonds are pos / als. Thus

le with 4 o
the sulfite jon, for example, is restricted to the
structure

N
O,

It is interesting to contrast this structure with
that of SOz The most easily removed pair of
electrons in SOy~ is the pair of 35 electrons in the
sulfur atom. If these are removed, however, one
of the 3p pairs forming 2 ¢ bond falls to the 3s
level, thus making the valence configuration sp*
and the molecule plane. The vacated 3p orbital
is then filled by an unshared pair from the
oxygen atoms to give a = bond. Two more
unshared pairs of electrons from the oxygen
atoms may interact with the 3d orbitals thus
forming two more = bonds, which are somewhat
weaker than the first. The SO; molecule has

TasLe VIL Reduction table for tetrahedral bonds.

therefore three comparatively
bonds, while the SOy
bonds, if any at all.
double bonds which
instability.

The remaining configuration, dsp, sh
rise to three bonds in a plane forming two right
angles. No examples of molecules of this con-
figuration are known. This is hardly surprising,
however, in view of the instability of this ar-
rangement compared te the others. If molecules
of this arrangement are to be found at all they
would be complex ious of the tran elements.
For example, if the ion N
would be of this structure.

strong double
ion has only weak double
¢ is this lack of stabilizing
gives SOy~

its relative

tion
N L
igjs

existed it

Coordination number 4

With a coordination number of four there are
three arrangements which need consideration
The reduction tables for these are given in
Tables VII, VIII, IX and X. Table VII is for
the regular tetrahedral arrangement of the bonds.
It is easily seen that the configurations sp* and
d% lead to this arrangement. For double bond
formation there remain two d orbitals which can
form strong = bonds and two other 4 orbitals
(if the o bonds are sp*) or two p orbitals (if the ¢
bonds are d%) which can form weaker = bonds.
These possibilities of double bond formation are
in accord with Pauling’s suggestion that the
structure of ions of the type XO4 should be
written with double bonds. Thus for the sulfate
ion the primary ¢ structure arises from the con-

Ta 5 Ay E 7 7 figuration sp°, but two of the unshared pairs of
s 1 5 Py Y o the O~ lons can be donated to the vacant d
3 ¢ P M
5 8 3 Y 8 { TapLe (X, Reduction table for leiragonal pyramidal bonds.
7 1 G G 0
" 0 g 1 1 1 Cas R Ay B B E
$ 1 G 4] 0 0
, P 1 [4] 9 ¢ 1
Tagre VI Reduction table for ieiragonal plane bonds d 1 o 1 1 1
o i 0 4] 1 1
A Aw Awm As By Bu By Ba By B - i ! 1 t 2
; 1 & 0 g g 3 O 4 0 O
'1 ? g g (% ? S (1) 8 ? (1) . Reduction 1able for {rregular telvahedral bonds.
o 1 [ B N 1 ¢ 0 H
x 0 9 1 i i 1 [ 1 1 Ca Ar Az )
s 1 0 ¢
- b 1 0 !
d 1 0 2
ficted by r‘w redu on table a‘one but b L 2 0 1
found by the process of forming the actual (‘lbl(dlﬁ as S i 1 3

shown in the second section.
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orbitals of the sulfur atom, thus giving the

structure

o-

=1

it must, however, be doubtful that two furthe
r bonds are formed to give the structure

O
AN

A
O

The situation in such molecules as SiCly is
similar.

From Table VIII it is seen that tetragonal
planar {square} bonds are possible with con-
figurations dsp® and d°p°. Beside the primary
bonds, four strong = bonds are pos<ibie using one
p and three d orbitals. In Ni{CN},~, for example,
lence configuration the Ni is
he structure

the primary va
[sp?, so that ¢

to the nitrogen, however, the
with an empty orbital, which ce
tron pair donated by the nickel atom. In ¢
way three = bonds can be {ormed betw
el and carbon. At the ime one of the
triple bond 7 pairs can sl in the opposite
direction and be donated by the carbon to the
empty ¢ 01 bital of the nickel. These shifts would
fead to the structure

1 accept an c?ec»

This structure affords an interesting contrast
with that of Ni(CO}y, in which one more pair of
electrons must be accommodated. This pair

occupies the d orbital of the nickel, thus pushin;{
the valence configuration up
rahedral.

, and

p to sp* and makin
Them are then mxiy
the structure is

the molecule tetr
two = bonds possible

The configuration d*? is found in such ions as
ICI, which are known to be plane

From Table IX it appears that the configura-
tions dp* and &% can lead to a tetragonal pyra-
n‘ui structure, while from Table )\ it appears
sgular tetrahedron’ is also possible
se same configurations and uisu for the
wration dsp. By “irregular tetrs
H m a structure in which three of t
directed to the corners of an equila I
and the fourth along the line perpendicular to the
triangle at its center. The central atowx is
in s located at the center of
yrobably somew
'?:e fourth bond. The Fhmce between
two structures in the
and d*p
ntage somewhat on
trahedron. The configur
: gy;ml dal structure.
camples of these configurations are .
the tetrahalides of the sulfur family we have the
configuration % produced by the promotion of
one of the p electrons of the central atom toa d
orbital. Unfortunately the spatial arrangements

of these molecules are unknown. The other two
configurations seem o be unstable. Such ions as
Fe(NHz) . and Fel would have the con-
figuration d%p, but do not seem to e , which

is perhaps some indication of this instabili

Coordination number 3

four bond

e X1 is given the

tion number
are possible. In Tal

rangements
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TasLE X1. Reduction table for trigonal bipyramidal bonds.

pu A Ar Ar e m o
s 1 0 0 0 0 0
» 0 0 0 1 1 I
d 1 0 0 0 1 1
o 2 0 0 1 1 0
" 0 1 0 1 2 2

reduction table for a trigonal bipyramid, which is
seen to be stable for the configurations dsp® and
d3sp. In Table XII the bonds are directed from
the center to the corners of a square pyramid.
This is the arrangement expected for the con-
figurations dsp?, dis, d*p®, and d*p. Table X111
is for the case of five bonds in a plane, directed
toward the corners of a regular pentagon, the
arrangement for the configuration d®s?, and Table
X1V is for the case of five bonds directed along
the slant edges of a pentagonal pyramid, the
arrangement for the configuration d5.

In PCl; and other molecules of this type, the
pentavalent state is formed by the promotion of
an s electron to the vacant d shell. The valence
configuration is therefore dsp® and the bipyra-
midal structure is to be expected, in agreement
with the results of electron diffraction studies.
Table XI shows that two of the remaining d
orbitals are capable of forming strong = bonds;
the other two, two weak = bonds by accepting
pairs of electrons. Neglecting weak bonds, the
structure of PCly is best written

In the molecule Fe(CO); the valence configura-
tion is again dsp?, and the bipyramidal structure
is to be expected. Here = bonds can be formed by
donation of pairs of d electrons from the iron
through the carbon to the oxygens, as in Ni{CO),,
giving the structure

—C=0"

TasLe XII. Reduction table for five tetragonal pyramidal

bonds.

s A Az B: Ba B
s 1 0 0 G 0
P 1 0 0 14 1
d 1 0 1 1 i
a 2 0 0 1 1
s 1 1 1 1 3

TasLE XI{1. Reduction table for peniagonal plane bonds.

Dsk 4 A4 Ad A E¢ By By Ey’
s 1 0 0 0 0 0 0 0
p2d 0 1 [t} 0 1 0 0 0
d 1 0 0 0 G 1 1 0
[ 1 0 0 0 1 G 1 0
* 0 1 1 4] 1 1 i i

TasLe X1V, Reduction table for pentagonal pyramidal bonds.

,.\
LS

As By

TR

s s
oo

I3 bt bt s €D

W oOoT | B

In IF;, however, the valence configuration is
p*d?, and the molecule should have the square
pyramid structure. Here again two strong =
bonds can be formed by donations of pairs of
electrons from the F to the I, so that the struc-

ture may be
F

\
AN \I
7/
F o/
F
but the high electro-negativity of fluorine makes
the existence of the double bonds doubtful. The
spatial configuration of this molecule has not
yet been determined experimentally.

The pentagonal configurations crowd the
atoms so much that they must be unstable.

F+

Coordination number 6

Six bonds may be arranged symmetricaily in
space in three ways: to the corners of a regular
octahedron, to those of a trigonal prism, or to
those of a trigonal antiprism (an octahedron
stretched or compressed along one of the tri-
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TasLe XV, Reduction table for octehedral bonds.

O Ay Aw Ay Aw By Ey Ty T Ty T
s 1 0 [ ¢ (L] [ TR
s 0 G (U] (U] 0 1 0 [
d G g 0 0 1 6 ¢ 0 1 0
3 i 0 0 6 1 ¢ 0 1 [
= O € 0 ¢ 6 0 1 1 i 1

TasLE XVI. Reduction table for irigonal prismatic bonds.

Dy Ay AT k4 A E”

A B
s 1 0 0 0 0 0
» 0 0 0 1 1 0
d 1 0 0 0 1 i
¢ 1 0 0 1 1 1
" 1 1 1 1 2 2

Taspe XVIL

Reduction table for trigonal antiprismatic

bonds.

Daa Ay An Ay Az Eq Eu
5 1 1] O 0 0 0
P 0 0 4] 1 ] 1
d 1 0 0 4] 2 0
4 i 0 0 i 1 1
kS 1 1 1 1 2 2

gonal axes). The reduction tables for these possi-
bilities are given in Tables XV, XVI, and XVII.

Table XV shows that octahedral bonds are
formed by the configuration d%sp® and no other.
The commonness of this arrangement is therefore
due to the fact that the configuration d%p? is the
usual configuration of six valence electrons,
rather than any particular virtue of the octa-
hedral arrangement. This configuration arises
both in the 6-coordinated ions of the transition
elements, and in the molecules of the SF; type
in which one s and one p electron are promoted
to the next higher d level. Table XV also shows
that all three remaining d orbitals are capable of
forming strong = bonds. In the ferrocyanide ion
Fe(CN)s, these d orbitals can donate their
pairs of elecirons to the nitrogen atoms, giving
Pauling’s structure

If SF¢ the remaining d orbitals are empty, and
can accept pairs of electron from the fluorine
atoms, giving the structure

FF*
7
Fe=5-—F.

v
FF

© is this structure which accounts for the great
resistance of SFs to hydrolysis. It has been sug-
gested by Sidgwick? that the hydrolysis of
halides takes place either by their accepting a
pair of electrons from the oxygen of a water
molecule, with subsequent decomposition, or by
donation of an unshared pair on the central atom
to a hydrogen atom, with loss of hypohalous
acid. With the usual single bonded structure of
SFs, the first mechanism is possible, and one
would expect the hydrolysis to take place easily.
With the double bonded structure, however, all
of the electrons in the outer shell of the sulfur
are taking part in bond formation, so that one
should expect the same inertness as that dis-
played by CCl,. It is interesting to note that
SeF's is like SFg, but TeFy is easily hydrolyzed.
This must be due to the possibility of the Te
atom’s accepting a pair of oxygen electrons in the
vacant 4f orbital.

In MoS; and WS, in the crystalline form the
valence configuration is d*sp and the arrangement
is prismatic, as Hultgren® has pointed out. Table
XVI indicates that the two empty p orbitals of
the metal atom cannot form strong = bonds to
the sulfur atoms. The configuration d*p should
also lead to the prismatic arrangement, but no
examples are known.

The cases of the ions SeBry* and SbBrg are
interesting in that the configuration in each of
these should be p%P®. This configuration should
lead to the antiprismatic arrangement, i.e., the
octahedral symmetry should not be perfect. If,
however, the unshared pair of s electrons is
promoted to a d orbital, and one of the valence
pairs slips into its place, the configuration will
be the octahedral d%p® The deciding factor here
may be the possibility of double bond formation
offered by the octahedral but not by the anti-
prismatic arrangement.

U Sidgwick, The Electronic Theory of Valency (Oxford,
1927}, p. 157,
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The configurations désp?, d%s and d*%* do not
permit any arrangement in which all of the bonds
are equivalent. While the configuration dé
ht form bonds of a mixed type, e.g., the tctm«
d%s4-the angular 2%, the b
x\eak and the configuration unstable.
ht be expected to have Lhm arrange-
3, rearrange the electrons to

more stable d%p® configuration. In
( s for example, the odd electron, which
normally should occupy a 4p orbital, instead goes
to a 3d orbital making the third 4p orbital

available for the formation of octahedral bonds.

Coordination number 7

The coordination number 7 is extremely rare.
The fact that it “ppearc oniv in the heavier
atoms, such as Zr, Cb, I, and Ta, leads one to
suspect that for stability f electrons are neces-
sary, although it is possible that the determining
factor is ion size. Two arrangements of seven
bonds have been observed ' the ZrF,~* structure,
which may be obtained from the octahedron by
adding an atom at the center of one face; and
the TaFy? structure, which may be obtained
from the trigonal prism by adding an atom at the
center of one of the square faces. The reduction
tables for these two arrangements are given in
Tables XVIII and XIX.

“rom Table XVIII we see that if no f orbitals

Tapre XVIIL Reduction table for LrF = type bond.

Cay A1 As B
s i 0 ]
b 1 o 1
d i i 2
7 2 1 2
B3 3 g 2
- 2 2 5

TasLe XIX. Reduciion fable for TaFy* type bonds,

Cay 4y is B By
1 0 o 0
» i o 1 1
d 2 1 1 1
5 2 1 2 2
o 3 i 2 i
p 3 3 4 4

. §. Am. Chem. Scc. 60, 2702
.,m Sce. 61, 1252 (1939).

Tasry XX, Reduction table for cubic bonds.

Eu Ty Tw T

b
1
&

O Ay >3 2, uw
§ 1 i G G G 0 4 G ¢ G
P 0 8 g G i o 0 1 O Y
d G g O O 1 0 a 3 i 0
7 G a G i G G 0 1 3 i
a 1 O 0 i 4] 0 g 1 i 0
- G 4 G 8 G G H i i 1

. Reduction table for tetragonal antiprismatic

bonds.

Dia A A Ay Am B o8 Es
$ 1 G 0 ] 9 & G
P O o G 1 i G 0
4 1 3 G ¢ G 1 i
v H G i i 1 1 1
T 1 i 1 i 2 2 2

Tasie XXIL. Reduction toble for dodecahedral bonds,

Va Ay Az By Be E
s 1 0 0 o 0
» 0 0 0 1 0
d 1 o 1 1 1
. 2 0 o 2 2
- 2 2 2 2 4

TasLe XXIII. Reduction table for face-cemtered prismatic
bonds.

¢
Cog As A B By
s 1 g G g
P i 0 1 i
d z 1 i 1
& 3 0 z 1
o 4 4 4 4

are involved, the Zri;® type bonds can arise
from the configurations d%p* and d®sp. The con-
figuration expected for ZrF; % is d%p, so that it
is not necessary to appeal to the f orbitals to
This, however, does not pre-
are used to

form these bonds
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Formulas and Numerical Tables for Overlap Integrals®

R. S. MurugeN, C. A. Riekg,t D, Orctorr, anp H. Orrorrtt
Depariments of Physics and Mathematics, University of Chicago, Chicago, Iliinvis
(Received April 27, 1949)

Explicit formulas and numerical tables for the overlap integral
S between AQ’s (atomic orbitals) of two overlapping atoms ¢ and
b are given. These cover all the most ifportant combinations of
AO pairs involving ns, npe, and npr AO's. They are based on
approximate AQ’s of the Slater type, each containing two param-
eters u [equal to Z/(n—8)], and n— 5, where n—8 is an effective
principal quantum number. The § formulas are given as functions
of two parameters p and ¢, where p=§{us+up)R/ay, R being the
interatomic distance, and = (ue—m)/{ue-+us). Master tables of
computed values of § are given over wide ranges of p and ¢
values corresponding to actual molecules, and also including the
case p=0 (intra-atomic overlap integrals). In addition, tables of
computed S values are given for several cases involving 2-quantum
s, # hybrid AO’s,

Hybrid S values for any desired type of hybrid can be obtained
very easily from the tables as simple linear combinations of non-
hybrid S values. It is shown how § values corresponding to
orthogonalized Slater AQ’s and approximate § values for SCF
(self-consistent-field) AQ’s can also be obtained as linear combi-
nations of the Slater-AQ § values. S values for carbon-carbon
2pa- and 2pr-bonds using SCF carbon AO’s have been computed
(see Table in Section Vb); they correspond to stronger overlap
than for Slater AO's. Non-localized MO group-orbital .S values
are also discussed, and are illustrated by an application to Hz0.
The use of the tables to obtain dipole moments for electronic
transitions in certain cases is also mentioned. The use of the
tables to obtain S values for various specific atom-pairs and
bond-types, and resulting conclusions, will be discussed in another
paper.

I INTRODUCTION

S is well known, the quantity known as the overlap

integral is of considerable importance in the
theory of molecular structure. Although the existing
literature' contains a number of formulas and some
numerical values for overlap integrals, it was thought
worth while to carry through the much more systematic
and comprehensive study whose results are presented

below.
The overlap integral S for a pair of overlapping AQ’s
(atomic orbitals) x. and x, of a pair of atoms a and &

* This work was assisted by the ONR under Task Order IX
of Contract N6ori-20 with the University of Chicago.

T Present address: Physics Department, Purdue University,
Lafayette, Indiana.

11 The work was begun before the war with computations on
a considerable variety of individual atom-pairs (see abstract by
R. S. Mulliken and C. A. Rieke, Rev. Mod, Phys. 14, 259 (1942)).
Recently, with the indispensable assistance of Mr. Tracy J.
Kinyon in making the numerical computations, it was extended
to the comprehensive effort reported here.

1 (a) W. Heitler and F. London, Zeits. f. Physik 44, 455 (1927),
for homopolar S{1s, 1s); (b) J. H. Bartlett, Jr., Phys. Rev. 37,
507 (1931}, for homopolar S(2p0, 2po) and S(2pr, 2px) and a
table of values of the integrals 4 (see Eq. (15) below); (¢} J. H.
Bartlett, Jr. and W, H. Furry, Phys. Rev. 38, 1615 (1931); 39
210 (1932}, especially table of values of homopolar S(2s, 25,
S(2s, 2pa), S(2po, 2pe), SQpw, 2pm): Table VI, p. 222; (d}
N. Rosen, Phys. Rev. 38, 255 (1931) for formulas and extensive
tables of values of the integrals 4 and B (see Eqs. (15}, (16}
below); {e) Kotani, Amemiva, and Simose, Proc. I’hy> Math,
Soc. Japan 20, 1 (1938); 22, 1 {1940). These authors give equa-
tions for § for all AO combinations with n=1 and 2, and (1940,
p. 13) numerical tables for S(1s, 25) and S(1s, 2pe) far various £
values, They alse (1938, pp. 24-30, corrections 1940, pp. 17-18)
give very complcu and useful numerical tables for the integrals
A and B. {f} C. A, Coulison, Proc. Camb, Phil. Soc. 38, 210 (1941).
Coulson gives very extensive formulas but no numerical tables,
for integrals which differ from S only by multiplicative factors.
These correspond to S for all combinations of ns, npe, and npr
AO's with n=1—3 {and a few more), bath for {0 (in our nota~
tion} and for ¢=0. (g} Several of the § formuias and a few nu-
merical values are also given clsewhere,

is defined for any value of the internuclear distance R by
Sxar xv; R) =fxa*xodv. (

In the present paper we give formulas for S for all
AO pairsinvolving ns, npe, and npr AQ's forn=1, 2, 3,
and 5 using Slater AQ’s. We also give numerical tables
for the most important of these cases, applicable to a
wide variety of atom pairs over a wide range of R. In
addition, we show how the tables, though based on
Slater AQ’s, may be used to obtain S values for central-
field AO’s, as well as for hybrid AQ’s. Explicit tables
of hybrid S values are also given for n=2.

In a subsequent paper, tables and figures for a variety
of selected atom-pairs will be presented, together with
some comments on their significance for the theory of
chemical binding.

II. THE CHOICE OF ATOMIC ORBITAL FORMS

In order to evaluate overlap integrals, it is necessary
first to specify the forms of the AO’s. As a background,
and also to obtain certain needed formulas, we first give
a brief review of useful approximate AO forms. We are
primarily concerned with central-field orbitals, classified
under the familiar designations s, np, nd, nf,
corresponding to I=0, 1, 2, 3, .-, with #2/+1.
However, since the application of our computations is
to atom-pairs in which each atom is under the influence
of the cylindrically-symmetrical field of its partner, we
need a sub-classification according to values of the
diatomic quantum number A (A= |m,|). This gives the
AO types us, npo, ndo, - - (A=0); npr, ndn, - (A=1);
and so on.

Let us consider an electron belonging to either of a
pair of atoms @ and b, using spherical polar coordinates
about either center, as in Fig. 1. Intentionally, we take
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the positive direction of the z axis for each atom to be
directed toward the other atom, since this ensures a
positive sign for S in all ordinary cases. Every central-
field AU of atom e is of the form

Xa"*= Ruy(ra) Vi3 (0, 6). 2)

In normalized form, the ¥’s for the cases considered in
this paper are:

Vo= (1/4m)%; :
o= {37410} cost, ; - 3
Vopr= (3/4m)} sinfy{cose or sim,é}."

Corresponding expressions hold for atom &.
When there is only one electron (hydrogenic AO’s),
R, takes the well-known form

et
Ru(r)= (Z rnw")c‘z‘ R, [€3]

fml

where Z is the nuclear charge, and ay (0.329A) is the
1-quantum Bohr radius. The coefficients in Eq. () are
those of the associated Laguerre polynomials, and the
R./'s for each ! form an orthogonal set.

When there is more than one electron, the best R./s
are of the SCF (self-consistent-field) type obtainable by
the method of Hartree and Fock. These are not given
by analytical expressions, and are usually presented in
the form of numerical tables. Moreover, these SCF R,/’s
as tabulated are not always all orthogonal; however,
it is always possible to find an equivalent set of equally
good SCI' R,/s which are orthogonal.® For practical
computations, as Slater has shown,® the SCF R,,’s may
be approximated passably well by a finite series similar
to that of Eq. (3) but with a different exponential
factor in each term:

el

R dry= 3 dtesran,

fos

o
o

where the d’s and 's depend on u, I, and on the

particular atom and electronic state. A considerably
better series is obtained if the exponential factor in the
term for which k=1n—1 is replaced by a sum of two or
three exponential terms, as follows:®

need

[ e C A B L TN (6)

For atoms containing 1s, 25, and 2p electrons, the
best approximate R,.'s of the type of Eq. (5), so far as
we know, are those obtained by Morse, Young, and

“mrmu, and Duncanson and Coulson.! These were

C. €. . Roothaan, lnrthmmmg paper.

J] ( Slater, Phys. Rev. 42, 33 (1932).

+{a) Morse, Young, and Haur\\su { Rev. 48, 948 {1935,
(b) extended and partially corrected sy W. B Duncanson and
AL Coulson, Proc. Roy. Soc. Edinburgh 624, 37 (1944),

Fi. 1. Polar coordinates for
an electrdn at P in an AO of
atom a or b, In addition (not
shown), ¢=¢a =gy

obtained for several states of several atoms by mini-
mizing the total energy of a complete antisymmetrized
wave function built of AO’s having R..’s of the type
given by Eq. (5}, subject also to the condition that the
2s AO is kept orthogonal to the 1s. These AO’s were
also chosen in such a way that the virial theorem for
the mean total kinetic and potential energies is satisfied.

The well-known Slater AQ’s® are obtained by ap-
proximating the series of Eq. (5) by the single term
Norrlewrien (or by a modification  of  this,
Nopnmt-temsrien), The values of p and 6 are specified by
Slater for any AO of any atom by a simple recipe. This
gives p-values surprisingly close,® for 2-quantum AQ’s,
to those obtained for the "~ term by minimizing the
total energy. Unlike most of the forms given by Egs.
(2)~(5), Slater’'s AO’s have no radial nodes. This,
however, does not much impair their ability to represent
the outer parts of AO’s, hence they should be especially
useful for the computation of overlap integrals. Fol-
lowing is a summary of Slater’s recipe as applied to s
and p AO’s in normalized form:

Routlr) = N pyrt=tpmsrian ;
§=0for n=1t0 3; 0.3 for 4s, 4p;
1 for 35, 5p; o
o M
Pns= fnp= Lo 1/ (=8},

£

[N .u“=f FAn ety andy,

o

with Z values dependent on the atom a and on #. For
convenience of later reference, Slater u-values for the
valence-shell ns and np AO’s of several atoms and ions
are given in Table I. Inner-electron AQ's if present are
assigned larger Z values?

As a consequence of their nodeless character, Slater
AO’s of equal I and different u (e.g., 1s and 2s) are very
far from being orthogonal, but they can easily be
orthogonalized if desired. This process restores the
missing nodes, giving AOQ's of the form of Eq. (3), and
surprisingly close to the best possible of this form.® As
an t\amp!e i x1. and xe, refer to Slater AQ's, and x2.°7

( Slater, Phys. Rev. 36, 57 (1930); C. Zener, Phys. Rev.
z(,, 31 (1930).

S\, I8 Moffitt and C. A, Coulson, Phil. Mag. [7], 38, 6id
(1937). These authors alse give instructive contour diagrams of
carbon atom 2e, 2fr, and 2di hybrid AO’s, using orthogenalized
Stater 25 AO's.
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Taszx 1. Slater y-values® for valence-shell ns, np AQ's.

H 100 ¢ 14 O 210 Na 0733 8 ¢
Li 065 € 1625 G 2375 Mg 0985 CI 2
Be 6875 CF 18 OF 145 Al 1167 Br 2
B 1128 N 188 F 240 St 1383 1 L
B 138 Nt 2325 P 160

. where Z s the actual

s Por ts inner-shell AQ's, p=Z 0.3 in 2l
myniesr charge.

refers to the orthogonalized Slater Zs AD, we have

32275 (ae— Qae)/ (102 1
i

e L
Q=818 25)= | XeX1087. |
J

Although @ is often fairly large (for example, 0.220 if
atom ¢ is carbon), the process of orthogonalization has
little effect on the computed values of overlap integrals
{see Section V).

In addition to overlap integrals for pure central-field
AQ’s, those for hybrid AO’s are obviously of great
interest for molecular problems. Hybrid AD’s, although
they can be constructed as linear combinations of
central-field AO’s, are not themselves central-field AQ’s,
Hybrid overlap integrals can be obtained as simple
linear combinations of Slater-AQ S’s {(see Section V),
so that no laboricus new computations are required.
For purposes of computing S's, approximate hybrid
AQ’s built from Slater AQ’s without orthogonalization
should according to our previous reasoning give satis-
factory results,

The hybrid AQ’s which can be formed from s and »
AQ’s are ail of o-type, that is, have cylindrical sym-
metry. Let x be a normalized hybrid ¢ AO of the form

x5 ezt (1= &%) g, ©

where 0Sa <1, and x.. and Yup are as defined by
Egs. {2)-(3) and Fig. 1, with R, given by Eqs. (7) for
the case of hybrid Slater AO’s. In the following, the
abbreviations fe, t, and d7 (tetrahedral, trigonal, and
digonal) will be used for hybrids with =1, §, and }
respectively and with the plus sign in Eq. (9. A
further, complementary, set of hybrid AO’s t¢/, i, and
di’is obtained by using the minus sign in Eq. (9).
The hybrids fe, fr, di of an atom give large overlap
(targe .S) with corresponding or similar AO’s of a second
atom, while &, ir', and di give small overlap.

I, NOMENCLATURE AND PARAMETERS FOR
OVERLAP INTEGRALS

In discussing and tabulating overlap integrals, a
careful choice of nomenclature will prove to be impor-
tant. In order to characterize an overlap integral fully,
we need to specify (a) the two AQ’s involved; (b) the
two atoms involved, and which AQ belongs to each
atom; (¢} the value of R. Two suitable types of general
symbols for this purpose, also 2 symbol for an internal

overlap or non-orthogonality integral, are indicated by
the following examples. Simplified symbols can be used
in special cases.

{a) Atom-pair at any distance R:

{
general AO's and atoms: S(uax, nyy; B)
specific AQ's, general atoms:

S{isq, 2p0s; R) or S(1s, 2po; R)
specific AQ’s and atoms:
S(Zpre, 3prsi; 1.754)
(b) Atom-pair involved in specified bond at
equilibrium distance:
S(2s, 2po; C=C); S{2e, 3po; C—Cl);
S(is, 2s; H—14); SQ2pw, 2pr, 0T=()

(c) Single atom o (internal overlap integral):

S{is,, 5.

(10)

In the atom-pair symbols above, it is intended to be
understood that the first AC symbol ahways goes with the
Jirst atom, the second wilh the second. However, it is not
essential here to follow any fixed rule as to which AG
{or atom) syrobol shall be written first. Nevertheless,
in another type of notation which will be required
below, it does become essential to adopt certain fixed
conventions in this matter, and it will diminish the
possibilities of error if we follow the same conventions
also in using the types of notation given above. These
conventions are: the AO of smaller » is to be written
first, or if both #’s are equal, the AO belonging to the
atom of larger Z is to be written first. These rules
were followed in the examples given above.

We turn now to the muatter of coordinates and
parameters to be used in the evaluation of the S’s. The
computation is best effected after transforming from
polar coordinates of the two atoms (see Fig. 1) to
spheroidal coordinates £, n, ¢ given by:

E=lrtr)/R; p=lr—n)/R; ¢=d.=¢. (1)
The coordinate ¢ ranges from 1 to ®, 3 from —1 to 1.

For any given AO pair, we shall wish to obtain §
values for various pairs of atoms, each for various
interatomic distances R. To accomplish this, the best
procedure is first to set up for each AO pair a single
master formula expressed in terms of suitable param-
eters depending on the u's of the two AO’s and on R,
and from this to compute and tabulate numerical
values of § as a function of the chosen parameters.
For this purpose, the two parameters ¢ and ¢ defined
as follows are found to be appropriate for the case of
Slater AQ’s (see Egs. (7) and Table I).

o+ )R/ en,
(o= 0}/ (gt ).

To find S for a given Slater-AO pair, atom pair and R
value, one then first computes p and { {or the particular
case, then looks up the value of S in the master table
for the given AC pairs Methods of obtaining § values
for other types of AQ’s will be described in Section V.

! | 12
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Since in connection with the master tables we replace
atom designations by parameters p and ¢, it is now
necessary to introduce a type of S symbol different
m those given in (10}, and indicated by the following
raples:

(a) Atom pair characterized by parameters p,
General form: S(nax, nyy; p, 1)
Specific form: S{Zss, 3pos; 2, 1),

nore briefly, but with the same meaning,

S5(2s, 3pa; p, ).

Single atom (internal overlap integral):
General form: S{nax, 1,'y)

Specific form: S(1s, 25; 0, ). J

The signs of the coordinate 5 in Egs. (11) and of the
ameter / in Eqgs. (12) obviously depend on the
nment of the labels ¢ and & to the two atoms in
v pair. In order to make the master formulas
les unambiguous with respect to the signs of 4
df, it s th erefure necessary to adopt suitable con-
stions to fix this assignment. The following two
(ecessarily arbitrary) conventions will be used in this
per:

ve unequal n, lhe alom
;A0 }tas ﬁmher # wzt! always be identified w
and ils AOQ will always de writlen ,‘:rs in the
Jor 5, for e‘xungle é(wa, 3pos; p, &) or more
vy S(2s, 3po; p. £y, but never ;,(apu, 255 f, 8} or
po, 255 p, i), As another example, we may write
imz never S(3s, 2po). Further examples are
3s) and S(2ps, 3po). In general formu
f‘boxa bu,%x as Suas, mpo) or Srapo, mes) will be
I the implication that *fz,z«;z
e that for the present case of two A
n, both positivi

P

Slagpr, nupw; po i

£ in the on equamm and 7;”, [

7, 0k

d be d ﬁqed {ot pe tzvc zuo, me

possible, depending on the sign of .~ u. For example
(see Table 1),
H2por, eng)= (2.60-0.95)/(2.604+-0.95;>0,

but

{2 pone, 35p)=(1.30—1.60)/(1.30+1,60} <.

Also, but only by accident, (=0 is possible. The relative
practical importance of the positive and negative ranges
i ¢ varies according to what AQ pair-type one considers.
(2) In case the two ACQ's have equal w, the atom with
larger w will always be identified with atom o, end ils AQ
will always be writien firsl in the symbol for S; if the y's
are equal, gither atom may be called a. For example,
S{ssa, npos) or briefly Sins, npo); Slupe., nss) or briefly
S(npe, ns); and S(2pw,, Zpm) or briefly SCp=, 2p%),
alt imply Z.2Z,. Hence, according to Egs. {12), con-
vention (2) here restricts ¢ to the range (20. The
integrals S(ns,, npow) and S(pos, nss)—see Egs. (14)
below, taking ne=n,—require a little special comment
because of their somewhat confusing similarity.” For
>0, the two integrals are different and have different
values, but for £=0 they become identical. For instance,
S(2poo, 2s¢) and S(2so, 2poc), which are examples of
the two cases writien in accordance with convention (2},
have different values; but S{(2psc, 250} and $(2sq, 2poc)
are identical

IV. MABTER FORMULAS AND COMPUTATION
METHODS FOR MASTER TABLES OF
SLATER-AQ OVERLAP INTEGRALS

the mres?mnﬂ conventions, the § master formu-
to five basic types. Using Egs. (1)-(3), (7},
(11)-(12), letting

dndE

=g E - D (L {E

negative

7 (say ¥, §;be{0me
5, rzpa\ and Snpe, ns) we
= the two equations



162

MULLIKEN, RIEKE, ORLOFF, AND ORLOFF

The integrals over £ and 5 in Egs. (14) may be evaluated by making use of the following mathematical relations:!

> k41
Ap)= f feridim e 3 (b p(h—pt1)1]
1

=1

1 N
Butp= [ aternin
—1 .

ki1 k41 |
= et T (Y (k= D = e © (= Dol (po(h= et D15
el J

gl

(13)
N
|

i (16)

but B, (0)=2/(k+1) for k even; =0 for k odd. The factors V in Eqs. (14) (see ¥, in Eqs. (7)) may be evaluated

by means of :

Clh, g)= f Neg= N = kY/g .
0

The numerical computation of the overlap integrals
is comparatively simple if the Ay’s and By's are first
computed for appropriate values of the parameters p
and ¢; here the simplest procedure (rather than using
Egs. (15}, (16) directly) is to obtain the higher & A’s
and B’s from those with lower % by using certain
recursion formulas. ¢ We first note that any particular
S involves the integral of a polynomial in £ and #.
Then it is plain that each value of § is the product of
a factor times a linear combination of A)’s and Bi's
all computed at the same values of p and £,

For the computation of the master tables given below,
the necessary Ay’s and By’s were first computed® for
the desired values of  and ¢, and then combined in
accordance with the following Egs. (18)-(30) to give
the § values.’ These formulas were obtained by the
use of Egs. (15)-(17) in connection with Egs. (14) and
(7). Tt will be noted that a separate formula is given
in each case for (=0, for reasons that will be under-
stood on looking at Egs. (16). Certain additional
special formulas will now be described.

an

Although in general the computation of the A’s and
B’s followed by the use of Eqgs. (18)-(30) is the most
expeditious procedure, an alternative set of formulas
very considerably simplifies the computation in the
important special case of two identical atoms (.= na,
t==0), if one is interested only in this case. This case
includes not only integrals of the type S(nx, nx; p, 0),
but also such integrals as S(us, npo;p, 0) or
S(nps, ns; p,0); these are particularly important in
the computation of hybrid-AO S values (see Section V).
The simplified formulas were obtained by substituting
for the 4’s in the t=0 formulas in Eqgs. (18)-(50}, using
Eq. (15). Although we did not use them in computing
the master tables, they are given below as Egs. (51}~
(63) for the convenience of readers who may wish to
make their own computations for additional p values.’

One further set of special formulas is required, for
the internal overlap integrals S(n.x, my; O, 1),-—see
(10} and (13). This type of integral occurs 1f one
orthogonalizes Siater AQ’s, and also if one wishes to
compute SCF S’s from Slater 8’s (see Section V). The
necessary formulas are given below as Eqgs. (64)-(73).

MASTER FORMULAS FOR SLATER-AO OVERLAP INTEGRALS

i=0:
S(Ls, 15} = (6)"p (340 A,] 5
>0: (18)
S(is, 15) = () (1= 25 Ao By~ A, By ]
become identical except for the sign of ¢ in the proncmm and completely identical for {=0. Hence S{us, nps) for positive ¢
would be equal to S(npe, ns) for negative f, and vice versa, if negative ¢ here were not excluded by convention (2}; and for
t=0, Sins, npey=Snpa, ns).

§ Most of this labor could have been avoided by the use of the 4 and B tables of references 1d or especially fe, Actually, how-
ever, independent computations were made. Afterward, checks were made of some of our 4 and B values against those in the
tables of reference le, and excellent agreement was found.

* Coulson (reference If) also gives formulas cor responding to the majority of the S integrals listed here. H er, his formulas

for 150 are in terms of pa, g, ami K, in a form not adapted to the present u)mpma(mn 1n«l wbulation. |

ormulas for (=0

are identical with our Eqgs. (31)-(63; except that they are not normalized like ours to give S values dircetly
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=0
Sis, 25)= (1234 p034,— 4] (19)
100
S(Ls, 28} = {83t (1221 = 0 A By— Ao By— A1 Byt Ao By ]
i=0: B
S(ts, 2p6) = (12734, 0] (20)
150G
S{ls, 2pey= (&) pH 1+ (1 —1)¥ A — 4B+ AgBot+ A Bi— AeBs )
1=0:
S(1s, 35) = (60 (10)~4pT5 44— Ao ] o
10 B
S(1s, 35) = {24)" {10y s (1 0721 — )P A 4 Bo— 24581+ 24 1 B3~ AoB4
(=0 R
Sils, 3pa)=(13)(30)4p*(5.4,— 24, ] )
150 /
S(1s, 3pa)= (&Y (30) 35 (140721 — ) A y(Bo+ By~ A1 Byt By} — Bi( Ao+ As)+ By( Ao+ A2) ]
(=0
S(1s, 55) = (720)"1(35) " pt[ 154441045~ 94, 23
i#0: )
S(1s, 35) = (96)"1(35) Hpt (141321 — )92 A Bo— 34481+ 24 3B+ 24 Bi— 34 1 Bat Ao Bs |
1=0: _
S(1s, 5po) = (24051 (105)3pT 254 .= 640 — 344 ] i
(#0: 24)
S(1s, 3po)= (32571 (103) 4 po(1 -+ 119201 = N0 A Bo+ 282+ 41 (2Bs+ Bs) — By(24 s+ A g) — Bul Ao+ 244) ]
l==()
S(2s, 25) = (3607 p3 154, — 104 -+ 3.4, ] 25)
>0 (23
$(25, 257 = (48)71 3 (1 — Y A By 2l Bot 405,
i=0:
$(2s, 2p5) = (60) "3 p 545 4,7
{#0: (26)
S(2s, 2pa) = (16)"1(3) "4 p3(1 — )" As(Bo— Bo)+ A 1(By— Bo)+ Bi(ds— A4)+ Bs(d s~ A4} ]
S(Zpo-, 25): same as S(2s, 2po) except each Bi(f) replaced by Bi(—1)
5425 3s) == (360)(30)3p 15.4,— 10454 3.4,] @
1#0: . -
§(25, 35) = (48)1(30)=1p0(1 -+ )21 — )4 5By — A By— 24 Byt 24, Byt A By— 4By ]
f==(}
S(2s, 3po) = (360)(10) 4 p7 154 4— 104,434, %)
1#0: A
S(2s, 3poy= (48 HIOYHpS 1+ (1= 1770 — A B+ A Bot+24,Bs— 210 Ba— 4Byt AoBy ]
{=0:
S(25, 55) = (10,080} (103) T 1054 6= 354 4= 2844 15.44] -
i#0: VY
825, 55 = (192) W03 p7 (1 D200 = DA s By — 24, By = 4 Bu b Bs— 1B y= 21 Byt 4B
f={:
S(2s, 5 po)= (252001(35) i 35.04— 28.4,49.1,] .
(0 (30)
8025, 5po) = (1921 33) 5 71+ (L= DV A Byt A ol Bot Ba) -

1
+.

4(1];)“1,1\- 24:(B:A By
{.(2B = Bo)+.1,( B+ Bs) ~ 1uBs ]



164 MULLIKEN, RIEKE, ORLOFF, AND ORLOFF

(34)
AeBytAs(Bo— 3By
i=0:
S(2po, Spo)=(3360)7H{103)"ip [ 3546~ 1054~ 154+ 214 f25y
7402 W
S{2pe, Spo)= (64)H{105)1p7( — P A Be—
(36}
= AaBs]
$=0:
S(3s, 3pa)= (12,600)1(3) 4 p7 3545~
150 a7

+ As(Bo— B+ A Bt 2B+ 24 5( By

S(3s, 3pe) = (480)"H(3)pT(1—

5350, 35): same as §(3s, 3po) except each By(l) replaced by Bi(~1).

D A By AgB—

(39)

1By Ao




42

By)— A Byt AoBs)

= (12,700,800, )
ST 105 47— 63 A+ 2T dy—

FZEVA)
44
— AsBytAx(Bo— VE

3 A L Bt By ’i (Eﬁx—uﬂ; — AoBs ]

S(8pa, 3s): same as S(5s, Spo) except each By(f) replaced by Bu(—

(45)

&7

— B+ A(Bi— Byy+A3{By— Bs)
“+ A {By— B+ Ao(Bs—~ Bs)]

{48}
gé%—:;;fswsg,
— Biy+24:(Bs— Boj+ Ao Bi Bao) ]

CAg{ By Be) A4 (2B = By By) b Ag(2Ba— By B+ Ao{ B )]

— 494+ 1T Ay~ 34,]

(49a)

By

o Beb 285~ 3B+ Ao(Be— o)}

AR

P
e
B

P
o
O

e
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§(5s, 55)= e[ 1+ pot (10/28) 2 (1/ T35+ (16/525) pt-t- (8/1575) p+(8/11,025) p°
+(1/11,025)p7+(1/99,225)p*]  (54)

S@pa, 2p0y= e[~ 1= p= (/PHY15)P+(1/15)4°] (59)
S5(3pe, 3po)= e[~ 1— p—(5/25) 2~ (2/75) p*+ (34/15T8) p*-+ (13/1578) po+-(1/525) ] (56)

S0, 5po)=e [ — 1~ p (29770} 2~ (17/210)p* — (1/735) pi- (1/298) p5-+ (67/66,150) p°
+(13/66,150)p7+(1/33,075)p°]  (57)

3(2s, 2p0)=S2p0, Is) = (VZ/6)e [ p+ p*+ (7/15) p*+ (2/18) p*] (58)
8(3s, 3p0) =S (3pa, 35y = (V3/Q) e[ p+ -+ (12/253 4+ (11/T5) -+ (17/525) po+ (1/175)p%] (9%

S(Ss, Spa)=S(5ps, S5 = (V3/12)e 2 p-+p24(17/35) pP+ (16/108)p*+ (128/3675) p°
+(23/3675)p5+ (31/33,075)p7+{4/33,075)p%] (60}

SQpr, 2wy = 1+ p (2/5) 2+ (1/15)4°] (61)
SGpw, 3pm) == e[ 1k pt-(34/75) p2 (3/25) '+ (31/1575) pick- (1/525) 5] (62)
S(5pm, Spr) = e[ 1 po+ (33/70) pi+ (29/210) P+ (41/1470) pi-+ (1/245) p-+ (29/66,130)p5+ (1/33,075)p7]  (63)

SPECIAL FORMULAS FOR SLATER-AOC OVERLAP INTEGRALS FOR p=0

S(1s, 15)= (1~ e (64)
S(1s, 25)=[G/DA+HA~D (63)
S(ts, 3)=[(2/S)A+H A~ F (66)
S(is, Ss)=[(5/28) {1+ (1~ 1) (67)
S(2s, 25)= —S(2pa, 2pa)=S(2pm, 2pm) = (1— ) (68)
S(2s, 3s) = —S(2po, 3pa) =S (2pmw, 3pm)=[(3/6)(A-+1)*(1—1)" (69)
$(2s, 55)= — S(2po, Spo)=S(2pm, Spr)=[(15/28)(1+1)*(1 — 1"} {70)
S(3s, 35)= — S(3pa, 3po)=S(3pm, 3pr) = (1—£Y an
S(s, 55) = —S(3ps, Spo)=SBpr, Spry=[(1/8 A+ (1= 1] 72
5(5s, 55)= —S(5po, Spa)=S(Gpr, Spm)= (1~ 2 (73)

V. USE OF THE TABLES TGO OBTAIN NON-SLATER where Q=5(1s, 25,). Using the parameter notation of
OVERLAP INTEGRALS {13), Eq. (74) becomes

Although the master formulas above and the master _
tables beﬁ)w are for Slater-AC overlap integrals, they SH(2s, 253 p, D=15(2s, 25; p, ‘D“ZQSQSr 2s; # 2 L
can also be used in a relatively simple way to obtain +QS (s, 1s; 4, 01/ (-0, (73)
S's for orthogonalized Slater AQ's, for SCF AO's, for
hybrid AO’s, and in other ways. This follows from the
definition of S in Eq. (1) and the fact that other types
of AQ's can be written as linear combinations of Slater
AO’s.

with Q=38(1s, 25;0, ). It will be noted that the
computation of S’s corresponding to orthogonalized
AO's involves the knowledge of internal Slater s, like
S (154, 254, and of other Slater S’s involving inner-shell
AO's, like S(1s,, 253) and S(1s,, 153) in Eq. (74). These,
Va. Orthogonalized-Slater-AO Overlap Integrals  however, differ from like-designated outer-shell $’s only
in the particular ranges of p and ¢ values needed. For
internal S’s we have p=0, but {#0,—see Egs. (64)~(73).
In the master tables, an effort has been made to
include such ranges of  and ¢ that orthogonalized-AO
857254, 241 R)=[S(2se, 2585 R)~20S(1s,, 2505 R) S’s can be computed if desired. However, we believe
+028(sq, 15y R)J/(3—0%, (74)  that these are not likely to be important for-the range

As a simple example for the case of orthogonalized
Slater AO’s, we have for Se7(2s, 2s) from Egs. (1) and
(8), using the atom-pair notation of (10):
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Tasre I1. Comparison of Slater-AO with orthogonalized
Slater-AO §’s.

TasLe I, Comparison of SCF and Slater S's for
carbon-carbon 2p bonds.

Slater Orthogonalized
Integrail AO's Siater AQ's
S(1sk, 250; 1.06A) 0.575 0.572
S(Isn, 25015 1.60A) 0.423 0.415
$(2se, 250; 1.20A) .507 0.503
S{2sc, 2poc; 1.20A) 0.470 0.480

of R values {medium and large R} that occur for
molecular problems. This conclusion is based on the
sample cases in Table II, where it will be noted that
the two sets of S values differ little, in spite of the
rather considerable magnitude (0.220) of the integral
S(1s¢, 25¢),—Q of Eq. (74),—which is involved in three
of the cases. A wider variety of cases might of course
sometimes disclose larger differences, but it seems
unlikely that these would ever become important.

Vb. SCF-AQ Overlap Integrals

We have made no extensive study of SCF-AC s,
but it is obvious from Egs. (1) and (3) or (6) that
these are approximately expressible as linear combina-
tions of Slater S’ similar to Eq. (75), although usually
containing a number of terms. As an example, and for
its own intrinsic interest, we have, however, computed
S3CF(2pwe, 2pwe; R) and SSCF(2poc, 2poc; R). This
was done after fitting the following normalized formula
to the SCI, 2p AO as given by Jucys in tabular numer-
ical form® for the state 15)%2s)22p3%, 1D

SO (2pc) ~0.260x (29 ; 2.694)+0.518x(2p; 1.416)
+0.309x(2p; 0.898).  (76)

The formula applies equally to 2ps or Ipx. Each of
the symbols x(2p; u) denotes a 2p (¢ or 7) normalized
Slater AD with R, of the form [V re7/an (see Egs. (7)),
A three-term formula (see Eq. (6)) was found necessary
here to obtain a reasonably good fit to the numerical
values of Jucys.

When Eq. (76), used for either 2po or 2pw, is com-
bined with Eq. (1), one obtains an expression for
S®CF(2pac, 2poc; R) or SSCF(2pmre, 2pwe; R) as a linear
combination of six terms involving Slater-AO §’s. For
a given R, all of these have different p values; three of
them have (=0, the rest, other ¢ values > 0. Referring
to the master tables for the necessary Slater S's, we
obtained the SSCF(R) values given in Table IIle The
Table also includes comparisons with the corresponding
simple Slater-AQ quantities.

The foregoing example shows that good SCF AQ’s
may give quite different .S values than Slater AO's,

A, Jucys, Proc. Roy. Soc. 1734, 59 (1939); accurate SCF
method including exchange. Jucys' 2p AG’s are appreciably
different for the states *P, 1D, and 'S, of which we have selected
the 1D, where the AO form approximates the average of those
for the three cases, We should have preferred the presumably
somewhat different SCF 2p AC for Zs2p°, but Jucys did not
compute this,

R {for Sacer Stapac, 2p=0: RY Si2pwe. 20vci R)
(A) AC}

{ SCF Slater SCF Slater
0.00 6.00 —1.00 —1.00 1.00 1.00
0.50 154 -0.53 —0.46 0.82 0.80
1.00 3.07 0.02 0.18 0.53 0.45
1.20 3.68 0.14 0.29 043 034
1.35 4.15 0.19 6.33 0.36  0.265
1.39 4.27 0.21 0.33 0.34 0.25
1.54 473 0.24 0.33 0.28 0.19
2.00 6.14 0.25 0.24 0.16 0.08
241 7.40 G.21 0.14 0.10 G.035
278 8.55 0.16 3.08 0.06  0.016
4.00 123 0.05 0.01 0.01 0.001

especially at large R values.!* When one examines the
forms of SCF AOQ’s as given by Hartree and other
authors in numerical tables for such atoms as carbon
and oxygen, it is seen that they differ characteristically
from those of Slater and hydrogenic AQ’s in their more
gradual decrease at large R values, especially for p
AQ’s.M* This typical difference makes understandable
the results set forth in Table III. For the computation
of § values (and of other interatomic integrals used in
molecular calculations) these results evidently raise
much more serious questions than does the matter of
orthogonalization. In particular, they suggest that
non-neighbor interactions in polyatomic molecules may
be relatively large. It might then seem that we ought
to proceed to compute SCF S values for suitable
parameter-ranges for the more important AO pairs.
However, second thought brings to mind the fact that
the best AQ's for atoms in molecules must be very
considerably different than in free atoms, even though
we are not very well informed as to the exact nature of
these differences and as to their variety in different
molecular states. Still, for the case of AO’s used in
molecular states with stable binding, we would probably

Fi6. 2. Axes and notation
for H,0.

POPEANES SUR———. 7Y

» Our conclusions given above as to the smaliness of the effect
on S of orthogona%imtﬁon (which introduces inmer nodes into
Slater's radially nodeless AD’s) suggests that the inner nodes in
SCF AO’s mlght be dropped without much error for the computa-
tion of § values. That is, it might be adequate to retain only the
outermost loop as Slater does; provided, however,
sented by a sum of two or more exponential terms as
instead of by a single Slater function.

iis Note added in proof. In subsequent work in this laboratory,
Dr. hull has found that in the case of 25 AD's the
difierence between SCF and Slater A0’s except for smail R values
where the SCF AO has an inner loop. Hence S values computed
using Slater ns AO’s are nearly the same as using SCF ns AO’s.
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expect the free-atom AQ's to be so modified as to
correspond to increased rather than decreased overlap;
and this increase should be relative to SCF AU’s, and
therefore all the more so relative to Slater AO's.
Qbviously the matter deserves further study. Obviously
also, the exact values of Slater §’s should not be taken
too seriously.
Ve. Hybrid-AO Overlap Integrals
The computation of § values for hybrid AO's is &
rather satisfying matter, since it is very easy to obtain
these from Slater S, and since the results are ver_v
striking. As discussed at the end of Section [I, only
a-hybrid AQ’s can be formed from s and p AQ’. The
notation {see (10, (13)) and conventions of Secti
for Slater-AC $’s can be used without change for
hybrid-Slater-AG 873
In geseral, for 2 o-bond between two atoms ¢ and §,

formed by AQ’s with respective hybridization coeffici-
ents e, and as (see Eq. (9)), Egs. (1) and (9) give
S, mey; P, 1) = aonS (a5, 135 9, 1)

Foral{l— S (ngs, napo; p, i)

Foas(d— o) S (e, mes; §, 8

Fowp(l— a1 a?iS(napa, mupo; p, 1), (77)

TT
i oid

ns before (I—a%t in
have the same
1opolar bond this

where ¢, and oy denote the s
Eq (9), and the parameter-pair p,?
values in all the integrals. For a hom
reduces ta
S (nx, nx; p, 0)=aS(us, ns; p, 0)
o+ 2a(1— a®P3S{ns, npe; p, 0)
(1= S(ups, npe; p,0).

For 2 bond between a ls hydrogen atom AQ and a2
hybrid ¢-AD of another atom &, it becomes

S (15w, ney; p, =S {lsy, 15y £, 1)
ok (1 S (Lsy, npon; p, 6.

In order to obtain numerical values of S for
given hybrid case, it is necessary only to specify a, and
b, then to look up the appropriate Slater-AO S values
in the master tables, and finally to form linear combi-
nations in accordance h (77)-(79). If desired

S walues corresponding to uybxld orthogonalized Slate
AO s, or to hybrid SCP ACYs, can similarly be obtained
by using Egs. (77)-(79) in connection with orthogo-
ralized or SCF pure-AG S values.

Since & values for any desired pair of Slater-AQ
hybrids can readily be obtained using Egs. (77)-(79)
and the master tables, no extensive hybrid tables will
be given here. Nevertheless, two sets of Slater-AC
hybrid S tables (Tables XXIV-XXVIII) have been
comphteu explicitly in order to aid the reader in

p*ec%ath g aqu atively the rather remarkable
effects of hybridization on S values. Further examples
of hybrid S values for specific molecules, and
v paperliliy

(79)

any

Them. Phys. 17, 516 {1949).

Vd. Group Overlap Integrals

A further s*mple application of the present tables is
to the computation of overlap integrals in which one or
both atoms are replaced by groups of atoms. S's of
this sort frequently occur when one is working with
non-localized MO’s (molecular orbitals) in LCAC
approximation. The non-localized MO structure of H:O
furnishes a convenlent example. Neglecting s, § hy‘}rié
ization, the electron configuration may be written

o

(a2pyo+bl 1e;— ’LQ}?{:ZPZU
Fd tsi+1ss

(150)H(2s50)%

Here the two bonding MO's have been written out in
LCAO form (see Fig. 2 for notation). In connection
with these MO's, the overlap integrals

r
Syo, s~ § 2pyol (1r— s}/ (2 28116
e

ctors {2 ?;'29» 1)

master mbae The

1s, ;s\

rem

a ij and a 2px funct

the O—H; or the O~ H, bond. Thus
Zpyo== (sine)(2pe1)+ (cose) (Zpmy)

== - {gina) (2pre) — {cosa) (2
2pan == (cosa)(2po )+ (sine) (2pms)

Here the notation (n
convernient way for the S s.

Equations (82) Hlustrate
even the mere formu
affords added insight
of non-localized MOs. 1
(82) would

how the computation or
of group overlap integrals
into the bonding characteristics
Za in HyO were 90°

=520, 54

cnm t’mi Wo

arger and S(m, S%s)

(1781610t enhance tr.zs effec i
ctent that S values can be taken as measures
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of bonding strengths (see following 2 pe ser), this indi-

cates that the yo-(ls—1s) MO i more strongly
Jcmdmg in HyO th

the so-+{is+1s); also that the
binding (Le., lonization) energies of the two MU's are
in the same order.

The discussion could be further elaborated by a con-
sideration of 3, p hybridization, which s undoubtedly
of some importance here. For reasons of symmetry,
this can affect only the [zo+{ls+1s)] MO in the
non-localized MO treatm the result must be that
the Zso AO in (80) acquires some MO bonding prop-
erties and the bonding character of [zo-+{ls+15)] is
further weakened; but with an over-all gal’z in bonding
S(zo, s45) in Egs. (81) ‘no\a is replaced by a lnear
combination includi g {Zs0, s+35), the final § being
easily CO“[‘pd&d a8 a function of the extent of hybrid-
ization i this were known.

Sroup overlap integrals can be used to obiain Insight
into bond strengths in many molecular problems, for

example in the study of hyperconjugation. This subject
will not be developed here, however, since the object
of the present paper is to give methods rather than to
discuss applications.

Ve. Transitien Moment Integrais

Certain transition moment integrals for electronic
transitions in homopoi_r diatomic molecules can be
obtained very simply from overlap integrals® for
example:

ghxﬂp,z}(xnw’dr:%RS(%}):*‘ upw; p, 0y, (83
J

Qs
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VI, MASTER TABLES FOR SLATER-AO OVERLAP INTEGRALS*™

TaBLe IV,
Stis, 15}
poore06 (=00 (=02 boi= (=03 (=04 [=05 [=0.6 {=07 {=038
1000 £.985  0.941 0. 6274 0270, €259 0.237 0.200 0143
56 6,505 o
0.812 0. €247 0.245 0238 0221 0.18% £.138
8.765 0.2 6221 0.222 0.219 €206 .18 0.133
)} 0198 0201 0201 0.97 G.170 0.128
0717 0.316  0.196 % 0.176 ©.182 @184 0G.179 0161 0.123
. 0157 0.164 Q168 0.166 0.152 0.119
8.666 £.305 0.191 0.

8 €140 9.348 0154 0.155 0144 014
0.615 0.469 0293 ©.185 0 6,119 0.120 0.129 0.13¢ 0129 06.105
0. 0.082 0601 0.462 G.H1I 0.112 0087
©.563 0.439 0.281 0180 0. 0.060 0.070 008 0092 G097 0.08%
X 0044 0.053 0064 G076 0.084 G080
2.515 0269 0.175 0 0032 0.040 0050 0.063 0073 0072
. €.023 003G 0040 0052 0063 0066
0.469 0.256  0.169 o. 0017 0.023 0031 0.043 0054 0059
0. 0000 0.013 0010 0029 0040 0039
0425 0244 0.6 . 0004 0.007 €012 0019 003G 0.040
i Y 0801 0002 0004 0.00° G017 0.027
6.383 6,233 ©.158 0. 0.000 0000 000! 0003 0007 0.015
& 0.000 0000 0000 G000 0002 0.008

0.344 8325 0.221 0.153

369 0.297 0210 0.148

Tasite V.
S(is, 25}

» = 0.8 (= —04 (==02 f=—01 (=00 (=01 (=02 (=03 i=08 =09
0.0 084 0033 0.978 0938 0866 0.652  0.526 6.037 0007
«)Gh’; 0.9650 0923 O 0.647  0.525 6039 0.0067
0607 G.875 0.628 0.516 0.042 0008
6,799 3 0.496 0.046  0.009
¢ 0.463 0.030 0011
( . 0.447 8051 6.011
. 0.430 0.053  0.012
0.411 0054 0012
3.392 . 0085 0013
- 0.372 w 320 6.057  0.013
0 437 0352 0.306 0.058 0014
0.402 0331 06202 0. 243 0.038 6014
5.368 0311 0.278 0234 0.059  0.014

L 138 (1940}, fooinote
123, (13}, for defin

e, Exp. €121 should read Eq.
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TasLe V.—(Con't)

S(1s, 25}
P i=—03 {=—0.4 {=—03 t=-02 [=-01 =00 2=l =02 =03 t=0.4 =05 1 =0.6 =07 1=0.8 1=0.9
38 0335 0325 0311 0291 0263 0225 0176 0.119 0060 0.015
40 0332 0333 0327 0320 0312 0305 0297 0287 0272 0249 0216 0172 0118 0060 0.015
4.2 0.276 0.271 0264 0253 0235 0207 0167 0.116 0061 0016
44 0250 0.246 0.242 0235 0221 0198 0162 0.115 0061 0016
45 0272 0265 0256 0247 0241
4.6 0225 0223 0220 0217 0208 0.18 0157 0.113 0061 0016
50 0.221 0209 0.197 0188 0.183 0181 0182 0.8 0.185 0.182 0.170 0147 0.109 0062 0017
55 0.136 0139 0144 0.149 0152 0.1490 0134 0.104 0061 0018
60 0143 0127 0114 0105 001 0101 0105 0111 0119 0126 0128 0120 0098 0060 0018
6.5 0.074 0078 0085 0094 0104 0.110 0108 0092 0059 0019
70 0091 0075 0063 0056 0053 0054 0058 0065 0074 0085 0093 0096 008 0058 0019
7.5 0.039 0042 0048 0058 0068 0079 0085 0079 0056 0020
80 0057 0044 0034 0029 0027 0027 0030 0036 0044 0055 0066 0075 0073 0054 0020
9.0 0.014 0016 0020 002 0035 0046 0057 0061 0050 0020
10.0 0.007 0008 0010 0015 0022 0032 0043 0051 0046 0020
12.0 0001 0002 0003 0005 0008 0014 0023 0034 0037 002
15.0 0000 0000 0000 0001 0002 0004 0009 0017 0025 0019
200 0000 0000 0000 0000 0000 0000 0002 0005 0013 0015
TasrLe VI
Sils, 2pe}
P t= =05 t=-—04 t=-03 {=-02 (=-01 1 =0.0 =01 1=02 =03 (=04 =08 =06 =07 t=0.8
00 0000 0000 0000 0000 0000 0000 0000 0000 0000 0000 0000 0000 0000 0.000
0.5 0117 0155 0189 0216 0234 0240 0235 0218 0191 0157 0119 0080 0046 0.022
1.0 G208 0276 0336 0385 0417 0429 0421 0394 0348  0.288 o 220 0151 0087 0.038
15 0264 0348 0423 0484 0.525 0544 0538 0507 0454 0381 0296 0206 0.121 0054
20 0287 0375 0454 0518 03564 058 0.585 0358 0506 0433 034 0245 0.148  0.067
22 028 0375 0453 0517 0563 0587 0587 0563 0515 0444 0355 0256 0156  0.071
24 0287 0371 0447 0509 0554 0579 058 0561 0517 0449 0363 0264 0164 0076
26 0282 0363 0435 0495 0540 0565 0570 0553 0513 0450 0368 0271 0170 0079
28 0275 0352 0420 0477 0520 0546 0553 0540 0505 0447 0369 0275 0.075  0.083
30 0266 0338 0402 0456 0497 0523 0532 0522 0492 0441 0368 0278  0.179  0.086
32 0255 0323 0382 0432 0471 0497 0.508 0502 0477 0431 0364 0279 0182  0.089
34 0244 0306 0361 0407 0443 0468 0481 0479 0459 0419 0359 0278  0.184  0.091
36 0232 0280 0338 0380 0414 0439 0453 0454 0439 0406 0351 0276 0.186  0.093
3.8 0400 0424 0428 0418 0390 0342 0273 018  0.095
40 0207 0253 0293 0327 035 0379 0394 0401 0396 0374 0332 0269 0.186  0.097
42 0349 0365 0374 0373 0357 0321 0264 0186  0.098
44 0320 0337 0348 0350 0339 0310 0258 0.I85  0.099
45 0176 0210 0239 0264 0.286
4.6 0203 0300 0322 0328 0321 0298 0252 0183 0100
50 0147 0171 0190 0208 0225 024! 0258 0273 028¢ 0286 0272 0238 0179 0.101
55 0.186 0202 0219 023 0243 0241 0219 0172 0102
60 0099 0108 0015 0122 0136 0141 0155 0.172 018 0204 0210 0199 0.163 0.101
6.5 0105 0118 0133 0151 0169 0.181 0179 0.134  0.100
70 0064 0066 0066 0068 0071 0078 008 0102 0120 0139 0155 0.160 0.144  0.098
7.5 0.057 0065 0077 0.004 0.113 0.132 0142 0134 0095
80 0041 0035 0037 0036 0037 0041 0048 0058 0073 0092 0.1 0126 0124 0.092
9.0 0021 0025 0032 0043 005 0078 0097 0.104 0086
10.0 0010 0013 0017 0025 0037 0054 0073 0087 0.078
12.0 0.002 0.003 0005 0008 0014 0025 0040 0058 0.063
15.0 0.000 0000 0001 0001 0003 0007 0015 0030 0.044
200 0000 0000 0000 0000  0.000 0001 0.003 0000 0022
Tasre VIL
Nits. 3e)
= L= = =
F (=04 (=02 =063 (=04 ¥ —.4 —.3 -2 —0t =00 =01 (=02 =03 [=0.
4.0 0.505  0.381  0.269 0.178 4.4 0385 0.371 0.356 0.341 0324 0.305 0,280 0.248  0.207
0.5 0,867 0384 0.273 0.179 4.6 0355 0341 0.327 0314 0301 G285 0.265 0238 0.202
1.8 0.510 0393 0284 0.190 48 0317 6312 0300 0238 0.279 0.266 0.249 0.227 0.195
1.3 G.508 0,399 0.205 0.203 5.6 0301 0287 0.274 0.265 0256 0.248 0235 0.217 0.190
2.0 0.495  0.399 0304 0.215 5.5 0242 0227 0216 0.210  0.206 0204 0200 0.190 0.173
2.3 0,470 0.38% 0,306 0.224 6.0 0.193 0,178 0,168 0.1604 0.163 0165 0.166 0.164 0.155
J.u 0436 0,370 0299 0.227 6.5 0152 0337 Q.29 0426 0127 64312 G0.137 0.140  0.437
3.2 .5 .87 5 .51 % . 0.419 0360 (.295 ©0.226 70 G019 0105 8098 0096 0.098 0004 0111 0117 0.120
34 0351 0539 0516 0486 0447 0402 0347 0289 0.225 7.5 0092 0.080 0.073 0.072 0074 0080 0,089 0098 (.104
3.6 0.516 0504 0.483 0456 0,423 0383 0334 0.283 0.223 80 0071 0060 0054 0053 0056 0.062 0070 0080 0.089
3.8 0481 0469 0450 0426 0398 0365 0.320 0.275  0.220 G0 00642 0033 0020 0.028 0.030 0035 0043 0.053 0.064
4.0 0448 6435 6418 G397 0373 0344 0309 0267 0.217 100 0024 0.0618 ©0.015 0015 0016 0020 0025 0034 0,044
4.2 0416 0403 0386 0369 €348 0524 0295 0257 0212




OVERLAP INTEGRALS

Taste VIIL
S(is, 3po) S5, 3po)
= g= t ¢
p =04 =03 -0.2 -0l (=00 (=03 t=02 ¢=03 t=04 » ~0.1 i=06
0 0000 0.000 0000 0000 0.000 0000 0.000 0600 0.000 44 0366 0386 0415 0433 0.430 :
L5 0162 0483 0.1% 0192 0179 0.158 0,130 0.106 0.071 jg (;. 25 0. g.s .
s 0 ; ; . 353 0278 O 50 0. 0. - ;
G .. 427 1255 5.5 6.27 ©. §
2.5 . 3 ! X 6.0 . g. X
7 i 6.8 ) § .
i o3 . K 483 K Yo o 0158
34 0. . . 7.5 0161 817
3.6 0. ) . : . E 8.0 X o. .
38 a. 2 . 459 0. 1332 a0 671 0.088 O.
40 0. ! . . ¥ 3 . 0.0 0032 0042 0057 0075
42 0357 0411 0442 0.460 G457 0431 0388 0.327
Tasre IX

S{ls, 583

1=0.3 (=04
©.800 . 0.208 ©.154
0.803 X 2
0,7« s . .
o'(')oo : )
0.642 . .
0.616 £ X
0.589 1.6 S 2 . 2 0087
6,501 100 0039 0031 0018 0020 0032 0039 008 0.058 G.067
0.533
0501 0.200 9.149
Tasre X.
Sils, Spa) S(is, 5pe}
Loa -/Ez e §=0.0 2 L0 w00 101 (=02 (=03 i=0.4
GH00 0.000 0000 0.000 uo(m 0.488% 0.504 0502 0.482 0445 0.
6.155 0,161 0143 2.426 0.445 €.436 0.412 0.3
0.203 0.363 0.384 0383 6371 0.
0,409 6,302 0324 0.328 0.3
G493 0.248 9.268 0.277 .
6199 0216 0.227 0.
0.003 0,158 6.172 0.18% 0.197 0.
0.603 0.124 0135 0447 @61 0.
0.507 0074 0. 0080 0090 0104 O
G0 0042 0042 0045 0052 ©.004 €.
0465
TasLe XI
Hi2 i
» (=00 (=01 =02 (=05 (=00 » =00 /=01 =03 t=04 =0.5 =0.6
00 1000 0875 0903 0.487 0328 6.0 0188 0190 0197 0206 06.215 0216 0203
05 098 0962 0.892 0485 0328 65 043 0148 0155 0167 0179 0187 0182
1O 0048 0020 0.862 0481 0329 7.0 611 013 6121 0133 6348 O 166 0.163
1.5 0890 0.871  0.815 0472 0329 7.5 0083 0086 G003 0106 0121 0136 0.143
20 0815 0799 0753 0438 6.327 84 0062 0064 0071 0683 0099 06116 0.128
2.5 0729 0717 0679 0438 0.322 85 0040 0048 0034 0065 0080  0.097 G112
30 0.637 (.603 0413 0312 9.8 603 0035 0041 000 0064 G082 G098
3.2 0.600 0.571 (, 33 0.402 0308 05 0024 0026 0030 0030 0051 0068 0.086
34 0363 0.539 0507 2380 0302 1.0 0018 0019 6023 0030 0041 G037 0078
36 0.527 .5 0.507  0.480 0377 0296 103 0013 0014 0017 0023 0032 0047 0.065
3.8 0401 0487 0476 0454 0.364 0200 110 0009 0010 0012 0017 0026 0039 0.056
40 0456 043¢ 0445 0.427 0350 0283 115 0006 0007 0009 0013 0020 0032 0048
42 0423 0421 043 0402 0336 0276 120 000+ 0005 0007 0010 0016 0026 0041
44 0390 038 038 0376 0323 0268 125 0003 0004 0005 0007 0012 0021 0036
4.6 0360 0359 0358 0352 0309 0260 130 0002 0002 0003 0006 00610 0017 0030
48 0330 0331 0331 0328 0.295 0252 135 0002 0002 0002 0004 0008 0014 0026
5.0 0302 0307 0305 0305 0299 0281 0244 130 0001 0001 0002 0003 0006 0012 0.022
5500240 0242 0247 0232 0.258 0248 0233




MULLIKEN, RIEKE, ORLOFF, AND ORLOFF

[y
L
s}

E4
[124] G000 {.000 G006 G050 0.060 8.660
8.5 8,002 G.020 8047 811z 0,139 4.103
1.9 8611 2047 0.088 0.22G 8,265 3,198
1.5 5,028 0081 8,181 0.313 0.269 ¢.278
20 3,049 0,114 3,167 5.381 3.446
2.5 $.070 G4, G.213 $.42G 5483
3.0 G.089 3,163 (3,258 3,431 H
3.2 3.096 .169 0.254 4.427
3.4 .59 8173 0,255 0.421
36 0,103 8173 0.254 0411
3.8 8,106 817 0.252 0,396
45 3.3109 G176 G.247 {3,385
4.2 3,110 G.174 $.241 0.369
4.4 &1t 0.172 0,234 5,351
4.6 3111 G.168 $.226 8,333
4.3 3,110 G.164 0,217 8.314
3.0 8109 {1,159 G.208 5,295
5.5 ¢.104 0,148 0,182 3.248
&0 3,096 8,129 0.157 0.203
6.5 §.088 0.112 5,132 8,163
70 {078 $.096 G109 0,120
7.5 4070 0.082 5.639 3,101
34 $.061 8.068 0.072 0.077
85 0.033 G.087 3,057 3,059
9.0 3,045 8.047 0.045 $.044 L1335
9.5 $.038 4.038 8,036 0033 113
*E g 8.031 G.033 8631 4,028 0.0%4 3.005
f 2 8.024 0,023 0026 G.016 §.01 G013
ik
i {; G018 0.616 8.012 0.010 5.608 8.007
o
135
4.0

Taste XIIL

Sizs, 35}

(= =02 im0 £ =00 (=01 1=0.2 £0.3 2miig

N
i
!
il
[
*
i
I3
i
1
&

0.913
4.905
8

o

8.0
0.5
i0
i35
2.0
2.5

4.5
56
33 )
8.6 g 0.295
8.5 L2590 0.245
7.0 0.232
7.8 0.207
80 6.184
8.0 0.143 !
6.0 0110 6008




OVERLAP INTEGRALS 173

» im 06 1= -0l == 0.4 = 3.2 i foemdng i =B85
0.0 0.000 6.000 0.060 0.000 0.000 4000 0.000 4.000
0.5 0.001 0.020 34.048 0.113 0,140 0,156 0160 3.041
0 4.004 0.042 0.066 0.219 0.269 3 G7 0.082
15 0.013 0.067 0.142 0.312 (.380 2 6,122
28 0.027 0.065 0187 0.386 0.465 6.159
2.5 0.044 0.122 8.224 g $.522 3,193
3.0 0.066 0.146 3.252 6,222
3.5 0.076 G164 6.267 4.246
40 0.088 0.175 0.273 G.264
4.5 0.608 0.180 0.268 G.277
5.0 0.102 0.178 0.255 $.283
5.5 0.104 0.172 0.236 $.285
8.0 $.103 G.162 0.214 0.282
6.5 0.101 9,150 0.191 0.276
7.0 0.085 0.138 0.166 24 . 8. 265
7.5 0.08¢ 6,121 0,143 2,168 0.218 (.252
8.0 0.083 0.107 0.122 157 .17 $.238
0.0 0.069 0081 0.085 D006 .4 G.207

0.0 0.058 3059 G059 g OS§ 4.056 G085 a.175
b =00 =01 =36

G —1.000  —0973

~0.927  —.906

Tingnt

H e B b @B B e D

A L e T B B N e e 3 D

0.266

G
o
5
5

v

0.073
0.047

3.5 2
4.0 7
4.5 7
5.6 0. 490 3
5.3 94635 5
6.0 4
6.5 $.201
. 0171
Z(%) 0.143

3 0138 0.7
0076

G.
G.048
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TasLr XVIIL

St2pe. 3pat
(=06 (=~0.5 i=-04 f[=-03 i=-02 i=-01 (=00 =0 1=0.2 1%:0.3 1 =04 (=05 (=06

P

—0479 -0.667 ~0.826 -0937 098 ~0.879 -0613 -0801 -0.65% -0508 ~035 -0222 -0.120
—0462 0640 0790 -0.804 0942 —-093¢ 0872 ~0768 0636 ~-049 0347 ~0.220 ~-0.120
—~0414 —0.56% -0.687 -0771 0811 -0805 -0757 —0.674 ~0.567 -0446 -0323 ~0211 -0.118
-0.343 0453 ~0337 ~0393 -G.618 ~0.615 0585 —0531 ~0460 —0375 -028¢ -0.194 ~—0.114
-0.261 —0.324 ~0.365 ~038% 0398 -039% 038 -0362 -0330 -—-0285 -0230 ~0.168 -—0.107
~0.177 ~0.194 ~0.195 ~0.187 -0.180 -0.178 0181 ~(.188 -0.192 ~0.187 ~0.169 —0.136 -0.094
~0.097 -0076 -0.042 ~0010 40010 +0.013 --0002 -0029 -0062 008 -—0.104 —0.101 -0.080
~0.028 +0.022 0081 -+0.130 0.159 0.163 +0.142 40102 40050 -0.002 —0043 0064 ~—0.063
-+0.027 0.099 0.172 0.230 0.264 0.268 0.245 0.198 0.136  +0.070 +0.012 -0029 —0.043
. S 0.292 0.326 0.330 0.307 0.260 0.196 0.124 0.056 -0.003 --0.027
6.10t 0.187 0.264 0.321 0.351 0.355 0334 0.201 0.231 0.161 0.090 0.029 —0.011
0.122 0.205 0.275 0.324 0.350 0.353 0.335 0.298 0.246 0.182 0.113 0.050  +4-0.004
0.134 0.210 0.270 0.310 0.330 0.331 0317 0.287 0.244 0.189 0.127 0.066 0.016
0.139 0.206 0.256 0.286 0.299 0.299 0.288 0.265 0.232 0.187 0.133 0.077 0.026
0.138 0.194 0.232 0.253 0.261 0.259 0.251 0.235 0.211 6177 0.133 0.082 0.034
0.134 0.179 0.207 6.220 0.222 0.220 0.213 0.203 0.186 0.162 0.128 0.085 0.040
0.127 0.162 G.181 0.186 G.185 0.182 0.177 0.171 0.161 0.145 0.120 0.084 0.044
0.109 0.127 0.131 0.128 0.122 0.118 0.113 0.115 0.114 0.110 0.099 0.078 0.047
0.089 0.095 0.091 0.083 0076 0.072 0.071 0.072 0.075 0.078 0.076 0.067 0.046

SomaNoo ks wn RO |
OO AN OUNOWnD
<
<
]

)
f=)
=
px

(73
[~
Eav)
La
L%

Tasre XVIIL

S13s, 35} S3po, 3pc} 8135, 3pa S{3s, 35) Si3po. 3poy &(35, 3pa)
# 1=0.0 =00 £ =00 i {=0.0 1 =00 =00
8.0 1.000 —1.000 0.000 6.4 0.328 0.377 0.371
0.5 0.992 —0.963 0.006 6.6 0.306 0.368 0.352
1.0 0.968 —0.866 0.189 6.8 0.285 0.358 0.333
1.5 0.932 ~0.713 0.276 7.0 0.264 0.346 0314
2.0 0.885 -0.531 0.354 7.2 0.245 0.333 0.295
2.3 0.832 -~ 0.333 0419 74 0.227 0.319 0.277
3.0 0.972 ~0.140 0.468 7.6 0.209 0.304 0.259
3.5 0.708 0.031 0.499 7.8 0.193 0.288 0.241
4.0 0.641 0.171 0.511 8.0 0177 0.273 0.225
4.5 0.572 G.273 0.504 8.3 G.141 0.233 0.185
5.0 0.504 0.342 0.483 9.0 0.114 0.195 0.151
5.2 0.477 0.359 0.470 9.5 0.089 0.161 0.121
5.4 0.451 0.372 0.457 10.0 0.070 0.130 0.096
5.6 0.425 0.380 0.441 10.5 0.054 0.104 0.076
5.8 0.400 0.385 0.425 1.0 0041 0.082 0.059
6.0 0.375 0.385 0.407 115 0.031 0.064 0.045
6.2 0.351 0.382 0.389 120 0.024 0.050 0.034
Taste XIX.
$iSs, 35} $iSs, Spa) i85, 5s) S(Spa. Spa) $(5s, Spo)

? =00 ¢ =00 » £=00 1 =00 1=00
0.0 1.000 0.000 70 0.417 0.413 0.445
0.5 0.994 0.072 7.5 0.367 0418 0.411
1.0 0.977 0.142 80 0.320 0.407 0374
1.5 0.950 0.210 8.5 0.276 0.384 0.334
2.0 0.915 0.273 9.0 0.235 (1354 0.204
23 0874 0.331 9.3 0.198 0.318 0.255
3.0 0.828 0.383 00 0.166 0.281 0.218
3.5 0.780 0.427 105 0.137 0.244 0.185
4.0 0.730 0.462 11.0 0.113 0.208 0.154
4.5 0.679 0.486 115 0.091 0.175 0.127
5.0 0.627 0.499 120 0.074 0.143 0.104
5.5 0.374 0.501 125 0.059 0.119 0.084
6.0 0.521 0491 13.0 0.047 4.007 0.067
6.5 0.468 0.472




OVERLAP INTEGRALS 175

Tazre XX.

Si2pr, 2p%) Si2px, 297}
» =00 f=01  i=02 (=03 =04 1=05 (=06 » (=00 ¢=01 (=02 (=03 (=04 =05 (=06
00 1000 0975 0903 0790 060647 0487 0328 50 0164 0163 0162 0157 0149 0134 0111
0.5 0976 0951 0882 0772 0633 0478 0323 52 0146
1.0 0907 0887 0823 0723 0396 0453 0.308 54 012
1.5 0809 0790 0737 0652 0342 0416 0287 5.5 0121 6122 0122 0421 0117 0109 0.094
20 0695 0.680 0.638 0568 0477 0372 0261 s.6 0114
2.5 0578 0567 0535 0481 0410 0325 0233 58 0101 .
30 0468 0460 0437 0398 0345 0279 0205 6.0 0089 008 0001 0092 0092 008 0079
32 0427 0420 0401 0367 0320 0262 0194 62 0078
34 038 0383 0366 0337 0297 0.245 0.183 64 0069
3.6 0352 0348 033¢ 0309 0274 0228 0473 6.5 0064 0065 0067 0069 0072 0071 0.066
3.8 0318 0315 0303 028 0253 0213 0.163 70 0046 0047 0049 0.052 0055 0057 0055
40 0287 0284 0275 0258 0232 0198 0153 7.5 0033 0033 0036 0039 0043 0046 0046
42 0258 0253 0248 023 6213 0183 0144 80 0023 0024 0026 0029 0033 0037 0038
44 0231 0229 0224 0213 0195 0170 0135 90 0011 0012 0013 0016 0019 0023 002
46 0207 0205 0200 0193 0179 0157 0.427 100 0005 0006 0007 0008 0011 0013 0018
48 0184 0183 0181 0174 0163 0145 0119

Tapre XXI.

Sizpr, 2p7)
f=w04 f=-0 iP= =02 =01 1=0.0 =01 =02 =03 =04 =05 t=0.6

0.986 0.979 0.913 0.801 0.659 0.505 0.35¢ 0.222 0.120
0.973 0.963 0.899 0.786 0.652 0.500 0.352 0.221 0.120
0.456 0.632 0.779 0.928 0.920 0.860 0.758 0.628 0.485 0.344 0.219 0.119
0.431 0.391 0.724 0.858 0.851 0.798 0.708 0.591 0.461 0.331 0.213 0.118
0.399 0.541 0.636 0.735 0.771 0.765 0.720 0.643 0.542 0.429 0.313 0.206 0.117
0.363 0.484 0.581 5 0.67 0.672 0.633 0.569 0.486 0.390 0.290 0.195 0.114
0.328 0.426 0.503 0.575 0.571 0.542 0.492 0.426 0.348 0.264 0.182 0.109
0.287 0.369 1.428 0.480 0.477 0.454 0.416 0.366 0.303 0.237 0.168 0.104
0.251 0.315 0.359 0.394 0.389 0.373 0.345 0.308 0.262 0.209 0.153 0.097
0.218 0.266 0.297 0.316 0.312 0.301 (.282 0.255 0.222 0.182 0.137 0.050
0.222 0.241 0.251 0.246 0.238 0.225 0.208 0.185 G.157 0.122 0.083

0.228 0.223 0.216 0.205 0.191 0.172

0.206 0.202 0.193 0.187 0.175 0.139
0.160 0.184 0.195 0.198 0.196 0.192 0.186 0.178 0.167 0.153 0.133 0.107 0.076
0.186 0.182 0.176 0.169 0.160 0.147
0.168 0.164 0.159 0.153 0.146 0.135
0.136 0.151 0.156 0.135 0,151 0.147 0.143 0.139 0.133 0.125 0.112 0.093 0069
0.115 0.123 0.124 0.120 0.115 0.112 0.19 0.107 8.104 0.101 0.003 0.081 0.062
0.097 0.100 0.097 0.002 0.087 0.084 0.082 0.081 0.081 0.080 0.677 0.069 0.055
0.082 0.081 0.076 0.070 0.065 0.062 0.061 0.061 0.062 0.064 0.063 0.059 0.049
8.0 0.068 0.065 0.059 0.053 0.049 0.046 0.043 0.046 0.048 0.050 0.052 0.050 0.043
9.0 0.048 0.042 0.036 0.030 0.026 0.024 0.024 0.025 0.027 2.030 0.034 0.033 4.033
HD0 0.033 0.027 0.021 0.017 0.014 0.012 0.012 0.013 0.015 0.018 0.022 0.025 0.025

>
il
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{= 0,

0479 0667 0826
0473 0658 0814
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Tasre XXIL

Si2pw, Sp) Si2pw, Spws
f=00 [Ein] » 1=00 1 =01
0.5 0.726 0.58 7.5 0.003 0.090
1.0 0.767 0.563 3.0 0072 0.071
1.5 0.677 0.543 8.3 0.055 0.055
20 0.635 6.513 9.0 0.041 0.042
2.5 {.584 0482 9.5 0.030 0.032
3.0 0.526 0438 10.0 0.023 0.024
35 0.464 0.393 10.5 0017 0018
4.0 0.401 0.345 11.0 0.012 0.014
4.3 0.341 0.298 118 0.009 0.010
5.0 0.284 0.253 120 0.007 0.008
55 0.234 0.212 12.5 0.005 0.006
6.0 0.189 0.174 13.0 6.003 0.004
6.5 0181 0.142 13.5 0.002 0.003
i 0119 [EARES 14.0 0.002 0.003
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Tapre XXIIL

S{3pw, 3pw) S(5pw, Spr) Si3pw, Ipx}
Fd =00 t=30 & =00
0.0 1.000 1.060 6.4 0.184 0.338
4.5 (.988 0.993 6.6 0.167 0.317
1.0 (.955 4.972 6.8 0.152 0.297
1.5 0.901 0.938 7.0 0.137 0.277
2.0 0.832 0.893 7.2 0.124 0.259
2.5 0.752 0.839 74 0.112 0.241
30 0.666 0.77 7.6 8.101 0.224
33 6.578 6712 7.8 0.091 0.208
49 0.493 0.644 80 04.081 0.193
4.5 0413 0.575 &5 0.062Z 0.159
30 0.341 0.508 9.0 0.046 0.130
5.2 0.314 9.5 0.035 0.108
5.4 3.289 16.0 0.026 0.084
58 0.443 10.5 0.067
5.6 0.265 10 0,053
5.8 0.243 113 0.042
6.0 0.222 0.383 120 0.033
6.2 0.202 0.360 125 0025
ViI. TABLES OF SELECTED HYBRID SLATER-AD
OVERLAP INTEGRALS**
Tapie XXIV.
Slis, 2dio) S(i5. 2dio}
2 ‘= 1= = i = i= i= t=
2 —-65  -04 —03 —02 » -85  —~G4 —03 62 61 =08 =41 =02
0.0 40 0381 0414 0430 0487 0472 0483 0489 0486
0.5 04666 0757 G812 (832 (818 4.2 G442 0450 O
10 0904 0807 0878 0914 0913 4.4 0.403 0412 06417
1.5 0697 0804 0881 0925 0936 45 6317 8336 0330 0362 0372
20 0558 0758 0831 0.877 0895 4.6 0.366 0377 0.384
2.2 0636 073 0800 0846 0863 50 6260 0269 0274 0283 0288 0209 0311 0323
24 0611 0699 G765 0809 0829 33 0.228 0.241 0.256
26 0665 0.727 0768 0789 60 GIVT 0166 0162 6160 0.163 0471 01848 0.200
2.8 0.686 0725 0746 6.5 4,127 0138 01355
345 0644 0680 0700 7.0 6110 0100 G092 0088 0088 0093 0103 0118
3.2 (.60 4 7.5 0.067
34 0.559 0588 0.607 80 G070 0.058 0050 0046 0043 0048
36 0437 6.518 0.543 0.561 57! 9.0 4.024
3.8 0.526 0.525 052 100 0.012
Tapre XXV,
Stis. 2ire)
- 1= = ‘= t= t=
i3 ~0.5 -4 =64 (=01 =02 # ~0.5 =84 0.3 =02  —01 (=08 (=01
0.0 0,360 0399 0428 0452 0471 G485
0.5 0.655 0.708 0931 0727 0444 0.4, O
1.0 4.725 0.797 0.838 0.845 0.405 0417 0424
1.5 0.740 G821 0871 0890 0301 0325 0343 0338 ©
20 0708 G788 0840 0.866 0.369 6381 0.391
2.2 0.686 0.767 0814 0841 0.247 0260 0270 0.278 0.28% 0302 0316 0.329
2.4 0.65 32 0781 0810 3.5 6,231 6.245 0262
2.6 4. 0,746 0773 0.722 6.0 0163 0062 0160 0160 0063 0174 0,187 0208
2.8 6.706 0733 0.696 6.5 0,126 0141 0158
3.0 0.664  0.690 0.666 700 063 0097 009F 0088 0089 0.094 0105 0121
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3.4 0.5%9 84 0067 6.057 0050 0046 0046 0040 0036 (.068
3.6 G.564 A 5025 0029 0.038
3.8 0526 100 0012 0015 0020

See Section III, especis)

v Eas. (123,

(33), for definitions and conventions, and Ex

Gy, {78}, (79) for the hybrid S formulas.
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THE MOLECULAR-ORBITAL AND EQUIVALENT-ORBITAL
APPROACH TO MOLECULAR STRUCTURE

By J. A. PorLe, Pu.D.

(DeEPARTMENT OF THEORETICAL CHEMISTRY, UNIVERSITY OF CAMBRIDGE)

Infroduction

THE electronic theory of chemical valency has to explain a set of facts and
empirical rules some of which suggest an interpretation in terms of localised
clectrons and others require a picture of electrons spread throughout the
whole molecule. In the pre-electronic era a chemical bond was regarded
as a genuinely local link joining neighbouring atoms in a molecule, and
this was associated with a pair of bonding electrons in the early electronic
theory developed by Lewis and Langmuir. In accounting for all the
electrons some were assigned to atomic inner shells and others were supposed
to form inert pairs (or * lone pairs ) on a single atom. The rules of stereo-
chemistry implied certain restrictions about the geometrical arrangement
of neighbouring bonds, but, apart from this, there seemed to be considerable
evidence that the pairs of electrons in different bonds behaved independently
to a large extent. For a great many molecules it was found possible to
interpret heats of formation on the assumption that there was a definite
energy associated with each type of bond (the bond energy). The refractiv-
ity of a large molecule can usually be predicted by assuming that the total
is a sum of standard contributions from the various atoms and bonds.
Similar additive laws also hold for magnetic susceptibilities. All these
facts, which imply the existence of a standard type of bond between two
given atoms, are best interpreted in terms of a theory in which a pair of
electrons is moving in localised orbits in each bond and is mainly independent
of electron pairs in neighbouring bonds.

On the other hand, there are properties of molecules which do not seem
to fit this picture. Consider the ionisation of (removal of an electron from)
a simple molecule. According to the localised picture, we might expect
this process to consist of the removal of an electron from one of the bonds,
or possibly from one of the lone pairs. However, in the case of a molecule
such as methane, where there are several bonds exactly equivalent to one
another, there are various possibilities. There is no a priori reason why the
cleetron should be removed from one bond rather than another and, in such
circumstances, what actually happens is that the electron is removed partly
from them all, or, an equivalent statement, the electron which is removed
was moving in an orbit or path extending over the whole molecule. Similar
situations arise when we consider the clectronic excitation of a molecule.
Methane being taken as an example again, instead of exciting the electrons
in a single bond, an electron is taken out of one orbit spread over the whole
molecule and placed in another excited orbit. It seems, therefore, that in
order to interpret spectroscopic properties of molecules such as methane,
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we ought to treat the electrons as moving in orbits extending over the whole
molecule, processes such as ionisation and excitation corresponding to the
removal or reallocation of electrons among these paths. Such a procedure
is, in fact, a logical extension of the ideas originally used by spectroscopists
to interpret atomic spectral lines and it has since proved its value in the
theory of the electronic spectra of molecules.

It appears, then, that there are two apparently divergent modes of
description of molecular structure, localised electrons in bonds and lone-pair
orbits on the one hand and electrons moving in orbits covering the whole
molecular framework on the other. But the success of both descriptions
in their respective fields of application is so considerable that the two must
be more closely related than appears at first sight. When we consider the
general quantum-mechanical problem of finding the distribution of electrons
in a molecule we find that this is so and that the localised and delocalised
pictures are just two different ways of breaking down the same total wave
function describing the combined motion of all electrons. The purpose of
this Review is to elaborate this transformation and show how it links together
alternative descriptions of certain simple molecules.

To do this we begin by considering the general properties that the wave
function for the electrons in a molecule must possess. If we consider only
one electron moving in the electrostatic field of the nuclei, then it is quite
clear that its path or orbital must extend over the whole nuclear framework.
Thus the electron in the hydrogen molecule-ion, H,*, is equally distributed
around both nuclel. When we come to systems of several electrons, how-
ever, we also have to take into account the indistinguishability of electrons
and, further, the all-important antisymmetry property of the wave-function.
The way in which this is incorporated into the molecular-orbital theory is
discussed in the next section and its consequences are then illustrated in
terms of a simple one-dimensional model. In the remaining sections the
transformation between the localised and delocalised deseriptions is carried
out for certain simple molecules. In this way we can see the relation between
the bonding- and antibonding-orbital picture of a diatomic molecule such
as ¥, and the alternative description in terms of lone pairs. The relation
between the o—x and the two-bent-bond descriptions of the standard carbon
double bond in ethylene also becomes apparent. Similarly a triple bond, as
in nitrogen or acetylene, can be regarded as three equivalent bent bonds or
as a ¢ bond and two m bonds.

Quantum-mechanical basis of orbital theories

The basic quantum-mechanical problem is to formulate the wave-like
description of an electron moving in the electrostatic field of the nuclei
and other electrons. If the potential energy of an electron at a point
(z, y, 2) is V(x, y, 2), this is accomplished by solving the well-known
Schrodinger equation for a wave function w(z, y, 2)

h? (52*/’ L Ty
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where £ is the energy of the electron and & and s are Planck’s constant
and the electronic mass respectively. (For many-electron systems some
care has to be talen in obtaining the potential energy ¥ for which a know-
ledge of other electron distributions is required. The calculations have to
be made self-consistent. The details are not relevant to the present topie,
however, and we shall not go into them.) The function y which depends
on the co-ordinates (x, ¥, z) of the electron in space will be referred to as
3 space orbital or often just as an orbifal. Itz physical interpretation is that
y? da dy dz represents the probability that the electron will be found in
& small rectangular element of volume dx dy dz near the point (z, ¥, 2).
Thus y? is a probability density and the electron is most likely to be found
where this density has its largest value.

The other important property of an electron that must be specified
besides its spatial distribution is its spin.  According to quantum-mechanical
arguments, into which we need not go in detail, each electron has a spin
which can take one of two values. It is convenient to include this description
in the wave function by defining « and f so that « = 1 if the spin is in one
direction and « = ¢ if it is in the other. f is defined in a complementary
manner. Thus the electron moving in an orbital p(x, y, z) may be associated
with two functions y{z, ¥, 2)x and y(x, ¥, 2)f according to the direction of
its spin. A function such as y(x, y, z)o which gives the probability distribu-

ion of the spin co-ordinate as well as that of ifs spatial co-ordinates is
sometimes referred to as a spin orbital.

All this is very straightforward if we are dealing with a system which
contains only one electron such as the hydrogen atom or the hydrogen
molecule-ion H,*. But when we consider a many-electron molecule we
are faced with the problem of combining the orbitals for the individual
electrons into a total wave function for the whole system. Suppose we are
dealing with two electrons which occupy space orbitals v, and vy, The
simplest compound wave function for both electrons is the product

gjprodmt = 1191(331? Y 23}%@52, Yz z%) - . N (2)

where (x,, 4,, 2;) and (&, ¥,, z,) are the Cartesian co-ordinates of electrons
I and 2 respectively. To be complete this should be multiplied by one of
the four possible spin functions «(l)e(2), «(1)B(Z), «(2)6(1), or S(1)B2).
The physical interpretation o