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Preface

The original edition of this book, written in Chinese for students in mainland
China, was published in 2001 jointly by Chinese University Press and Peking
University Press. The second edition was published by Peking University Press
in 2006. During the preparation of the present English edition, we took the
opportunity to correct some errors and to include updated material based on the
recent literature.

The book is derived from lecture notes used in various courses taught by the
three authors at The Chinese University of Hong Kong and Peking University.
The course titles include Chemical Bonding, Structural Chemistry, Structure
and Properties of Matter, Advanced Inorganic Chemistry, Quantum Chemistry,
Group Theory, and Chemical Crystallography. In total, the authors have accu-
mulated over 100 man-years of teaching at the two universities. The book is
designed as a text for senior undergraduates and beginning postgraduate stu-
dents who need a deeper yet friendly exposure to the bonding and structure of
chemical compounds.

Structural chemistry is a branch of science that attempts to achieve a com-
prehensive understanding of the physical and chemical properties of various
compounds from a microscopic viewpoint. In building up the theoretical frame-
work, two main lines of development—electronic and spatial—are followed.
In this book, both aspects and the interplay between them are stressed. It is
hoped that our presentation will provide students with sufficient background and
factual knowledge so that they can comprehend the exciting recent advances
in chemical research and be motivated to pursue careers in universities and
research institutes.

This book is composed of three Parts. Part I, consisting of the first five
chapters, reviews the basic theories of chemical bonding, beginning with a
brief introduction to quantum mechanics, which is followed by successive
chapters on atomic structure, bonding in molecules, and bonding in solids.
Inclusion of the concluding chapter on computational chemistry reflects its
increasing importance as an accessible and valuable tool in fundamental
research.

Part IT of the book, again consisting of five chapters, discusses the symmetry
concept and its importance in structural chemistry. Chapter 6 introduces students
to symmetry point groups and the rudiments of group theory without delv-
ing into intricate mathematical details. Chapter 7 covers group theory’s most
common chemical applications, including molecular orbital and hybridization
theories, molecular vibrations, and selection rules. Chapter 8 utilizes the sym-
metry concept to discuss the bonding in coordination complexes. The final two
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chapters address the formal description of symmetry in the crystalline state and
the structures of basic inorganic crystals and some technologically important
materials.

Part I1I constitutes about half of the book. It offers a succinct description of the
structural chemistry of the elements in the Periodic Table. Specifically, the main-
group elements (including noble gases) are covered in the first seven chapters,
while the last three deal with the rare-earth elements, transition-metal clusters,
and supramolecular systems, respectively. In all these chapters, selected exam-
ples illustrating interesting aspects of structure and bonding, generalizations of
structural trends, and highlights from the recent literature are discussed in the
light of the theoretical principles presented in Parts I and II.

In writing the first two Parts, we deliberately avoided the use of rigorous
mathematics in treating various theoretical topics. Instead, newly introduced
concepts are illustrated with examples based on real chemical compounds or
practical applications. Furthermore, in our selective compilation of material
for presentation in Part III, we strive to make use of the most up-to-date crys-
tallographic data to expound current research trends in structural inorganic
chemistry.

On the ground of hands-on experience, we freely make use of our own
research results as examples in the presentation of relevant topics throughout
the book. Certainly there is no implication whatsoever that they are particularly
important or preferable to alternative choices.

We faced a dilemma in choosing a fitting title for the book and eventually
settled on the present one. The adjective “inorganic” is used in a broad sense
as the book covers compounds of representative elements (including carbon)
in the Periodic Table, organometallics, metal-metal bonded systems, coordi-
nation polymers, host—guest compounds and supramolecular assemblies. Our
endeavor attempts to convey the message that inorganic synthesis is inher-
ently less organized than organic synthesis, and serendipitous discoveries are
being made from time to time. Hopefully, discussion of bonding and structure
on the basis of X-ray structural data will help to promote a better under-
standing of modern chemical crystallography among the general scientific
community.

Many people have contributed to the completion of this book. Our past and
present colleagues at The Chinese University of Hong Kong and Peking Univer-
sity have helped us in various ways during our teaching careers. Additionally,
generations of students have left their imprint in the lecture notes on which
this book is based. Their inquisitive feedback and suggestions for improvement
have proved to be invaluable. Of course, we are solely responsible for deficien-
cies and errors and would most appreciate receiving comments and criticisms
from prospective readers.

The publication of the original Chinese edition was financed by a special
grant from Chinese University Press, to which we are greatly indebted. We
dedicate this book to our mentors: S.M. Blinder, You-Qi Tang, James Trotter
and the late Hson-Mou Chang. Last but not least, we express our gratitude to
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our wives, Oi-Ching Chong Li, Zhi-Fen Liu, and Gloria Sau-Hing Mak, for
their sacrifice, encouragement and unflinching support.

Wai-Kee Li
The Chinese University of Hong Kong

Gong-Du Zhou
Peking University

Thomas Chung Wai Mak
The Chinese University of Hong Kong
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Fundamentals of Bonding
Theory

The theory of chemical bonding plays an important role in the rapidly evolving
field of structural inorganic chemistry. It helps us to understand the structure,
physical properties and reactivities of different classes of compounds. It is gen-
erally recognized that bonding theory acts as a guiding principle in inorganic
chemistry research, including the design of synthetic schemes, rationaliza-
tion of reaction mechanisms, exploration of structure—property relationships,
supramolecular assembly and crystal engineering.

There are five chapters in Part I: Introduction to quantum theory, The elec-
tronic structure of atoms, Covalent bonding in molecules, Chemical bonding in
condensed phases and Computational chemistry. Since most of the contents of
these chapters are covered in popular texts for courses in physical chemistry,
quantum chemistry and structural chemistry, it can be safely assumed that read-
ers of this book have some acquaintance with such topics. Consequently, many
sections may be viewed as convenient summaries and frequently mathematical
formulas are given without derivation.

The main purpose of Part I is to review the rudiments of bonding theory, so
that the basic principles can be applied to the development of new topics in
subsequent chapters.
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Introduction to Quanium
Theory

In order to appreciate fully the theoretical basis of atomic structure and chemi-
cal bonding, we need a basic understanding of the quantum theory. Even though
chemistry is an experimental science, theoretical consideration (especially pre-
diction) is now playing a role of increasing importance with the development
of powerful computational algorithms. The field of applying quantum theo-
retical methods to investigate chemical systems is commonly called quantum
chemistry.

The key to theoretical chemistry is molecular quantum mechanics, which
deals with the transference or transformation of energy on a molecular scale.
Although the quantum mechanical principles for understanding the electronic
structure of matter has been recognized since 1930, the mathematics involved in
their application, i.e. general solution of the Schrodinger equation for a molec-
ular system, was intractable at best in the 50 years or so that followed. But
with the steady development of new theoretical and computational methods,
as well as the availability of larger and faster computers with reasonable price
tags during the past two decades, calculations have sometimes become almost
as accurate as experiments, or at least accurate enough to be useful to experi-
mentalists. Additionally, compared to experiments, calculations are often less
costly, less time-consuming, and easier to control. As a result, computational
results can complement experimental studies in essentially every field of chem-
istry. For instance, in physical chemistry, chemists can apply quantum chemical
methods to calculate the entropy, enthalpy, and other thermochemical functions
of various gases, to interpret molecular spectra, to understand the nature of the
intermolecular forces, etc. In organic chemistry, calculations can serve as a
guide to a chemist who is in the process of synthesizing or designing new
compounds; they can also be used to compare the relative stabilities of various
molecular species, to study the properties of reaction intermediates and tran-
sition states, and to investigate the mechanism of reactions, etc. In analytical
chemistry, theory can help chemists to understand the frequencies and intensi-
ties of the spectral lines. In inorganic chemistry, chemists can apply the ligand
filed theory to study the transition metal complexes. An indication that com-
putational chemistry has been receiving increasing attention in the scientific
community was the award of the 1998 Nobel Prize in chemistry to Professor
J.A. Pople and Professor W. Kohn for their contributions to quantum chemistry.
In Chapter 5, we will briefly describe the kind of questions that may be fruitfully
treated by computational chemistry.
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In this chapter, we discuss some important concepts of quantum theory. A
clear understanding of these concepts will facilitate subsequent discussion of
bonding theory.

1.1 Dual nature of light and matter

Around the beginning of the twentieth century, scientists had accepted that light
is both a particle and a wave. The wave character of light is manifested in its
interference and diffraction experiments. On the other hand, its corpuscular
nature can be seen in experiments such as the photoelectric effect and Compton
effect. With this background, L. de Broglie in 1924 proposed that, if light is
both a particle and a wave, a similar duality also exists for matter. Moreover,
by combining Einstein’s relationship between energy E and mass m,

E = mc?, (1.1.1)
where c is the speed of light, and Planck’s quantum condition,
E = hv, (1.1.2)

where & is Planck’s constant and v is the frequency of the radiation, de Broglie
was able to arrive at the wavelength X associated with a photon,

c hc hc h
)\,z—:———z

v hv mc

h
-, (1.1.3)
mc p

where p is the momentum of the photon. Then de Broglie went on to suggest
that a particle with mass m and velocity v is also associated with a wavelength
given by

h
A:—:—
mv p

, 1.1.4)
where p is now the momentum of the particle.

Before proceeding further, it is instructive to examine what kinds of wave-
lengths are associated with particles having various masses and velocities, as
shown in Table 1.1.1.

By examining the results listed in Table 1.1.1, it is seen that the wavelengths
of macroscopic objects will be far too short to be observed. On the other hand,
electrons with energies on the order of 100 eV will have wavelengths between
100 and 200 pm, approximately the interatomic distances in crystals. In 1927,
C.J. Davisson and L.H. Germer obtained the first electron diffraction pattern of
a crystal, thus proving de Broglie’s hypothesis experimentally. From then on,
scientists recognized that an electron has dual properties: it can behave as both
a particle and a wave.
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Table 1.1.1. Wavelength of different particles travelling with various velocities (A = h/p =
h/mv;h =663 x 1072 erg's = 6.63 x 10734 J 5)

1

Particles m/kg v/ms™ A/ pm
Electron at 298 K 9.11 x 10731 1.16 x 10° 6270*

1-volt electron 9.11 x 10731 5.93 x 10° 1230
100-volt electron 9.11 x 10731 5.93 x 10° 123t

He atom at 298 K 6.65 x 10=27 136 x 103 733

Xe atom at 298 K 218 x 1075 2.38 x 102 12.8

A 100-kg sprinter running at world- 1.00 x 102 1.00 x 10! 6.63 x 1072

record speed

1

1
*p _ 3 12, (3kT\2 _ (3x1.38x10"3JK "' x298K |2 __ 5 —1.
E =T = dmudso = (U1)7 = (BU3A0ZUKLOK) S — 116 x 10° ms™!;
_ h 6.63x10-3Js _ -9 _
A= mv T 9.11x10-3kgx1.16x105ms~1 6.27 x 107" m = 6270 pm.

TE=100eV = 100 x 1.60 x 10719 J = 1.60 x 10717J = Lmo?,
1 1
_ (2E\? _ (2x160x10""75\2 _ 6 m o1
v= (W) = ( 9>.<11><I>(<)’31kg ) =393 x10°ms™

_ h _ 6.63x10734Js _ 10
A= mv T 9.11x1073kgx5.93x10°ms=! T 1.23 < 10 m = 123 pm.

This wavelength is similar to the atomic spacing in crystals.

1.2 Uncertainty principle and probability Concept

Another important development in quantum mechanics is the Uncertainty Prin-
ciple set forth by W. Heisenberg in 1927. In its simplest terms, this principle
says, “The position and momentum of a particle cannot be simultaneously and
precisely determined.” Quantitatively, the product of the uncertainty in the x
component of the momentum vector (Ap,) and the uncertainty in the x direction
of the particle’s position (Ax) is on the order of Planck’s constant:

h
(Ape)(Ax) ~ == 5.27 x 10737, (1.2.1)

While % is quite small in the macroscopic world, it is not at all insignificant
when the particle under consideration is of subatomic scale. Let us use an actual
example to illustrate this point. Suppose the Ax of an electron is 10~!4 m,
or 0.01 pm. Then, with eq. (1.2.1), we get Apy = 5.27 x 1072! kg m s~
This uncertainty in momentum would be quite small in the macroscopic world.
However, for subatomic particles such as an electron, with mass of 9.11 x 10731
kg, such an uncertainty would not be negligible at all. Hence, on the basis of the
Uncertainty Principle, we can no longer say that an electron is precisely located
at this point with an exactly known velocity. It should be stressed that the
uncertainties we are discussing here have nothing to do with the imperfection
of the measuring instruments. Rather, they are inherent indeterminacies. If we
recall the Bohr theory of the hydrogen atom, we find that both the radius of
the orbit and the velocity of the electron can be precisely calculated. Hence the
Bohr results violate the Uncertainty Principle.

With the acceptance of uncertainty at the atomic level, we are forced to speak
in terms of probability: we say the probability of finding the electron within
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this volume element is how many percent and it has a probable velocity (or
momentum) such and such.

1.3 Electronic wavefunction and probability density
function

Since an electron has wave character, we can describe its motion with a wave
equation, as we do in classical mechanics for the motions of a water wave or a
stretched string or a drum. If the system is one-dimensional, the classical wave
equation is

PFox,n 1 02d(x,0)
ax2 w2 92

(1.3.1)

where v is the velocity of the propagation. The wavefunction @ gives the
displacement of the wave at point x and at time ¢. In three-dimensional space,
the wave equation becomes

32 N 32 N 32 o b = V2o 5 1 3?®(x,y,2,1)
XV, 2 = X, ¥, 2 = - .
xz  9yr 972 e o< v? 012

(13.2)

A typical wavefunction, or a solution of the wave equation, is the familiar
sine or cosine function. For example, we can have

@ (x,1) = Asin(2r/1) (x — vt). (1.3.3)

It can be easily verified that @ (x, ) satisfies eq. (1.3.1). An important point
to keep in mind is that, in classical mechanics, the wavefunction is an ampli-
tude function. As we shall see later, in quantum mechanics, the electronic
wavefunction has a different role to play.

Combining the wave nature of matter and the probability concept of the
Uncertainty Principle, M. Born proposed that the electronic wavefunction is no
longer an amplitude function. Rather, it is a measure of the probability of an
event: when the function has a large (absolute) value, the probability for the
event is large. An example of such an event is given below.

From the Uncertainty Principle, we no longer speak of the exact position
of an electron. Instead, the electron position is defined by a probability den-
sity function. If this function is called p (x,y,z), then the electron is most
likely found in the region where p has the greatest value. In fact, p dt is the
probability of finding the electron in the volume element dt (= dxdydz) sur-
rounding the point (x,y,z). Note that p has the unit of volume ™!, and pdrt,
being a probability, is dimensionless. If we call the electronic wavefunction
Y, Born asserted that the probability density function p is simply the absolute
square of :

p(x,y,2) = W (x,y, 2. (1.3.4)
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Since v can take on imaginary values, we take the absolute square of ¥ to
make sure that p is positive. Hence, when i is imaginary,

P, y,2) = Y (x,y, 1> = ¥y, (1.3.5)

where ¥ * is the complex conjugate (replacing i in v by —i) of .

Before proceeding further, let us use some numerical examples to illustrate
the determination of the probability of locating an electron in a certain volume
element in space. The ground state wavefunction of the hydrogen atom is

Yis = (nag)‘% e, (1.3.6)

where r is the nucleus—electron separation and ag, with the value of 52.9 pm, is
the radius of the first Bohr orbit (hence is called Bohr radius). In the following
we will use ¥j¢ to determine the probability P of locating the electron in a
volume element dr of 1 pm® which is 1ag away from the nucleus.

At r = lay,

)
a

Vs = (na8>_ e

1
2

0 = [n(52.9pm)3] e 1 =539 x 1074 pm ™3,

2
0= |ynsl? = (5.39 x 10—4pm—%) =291 x 107 pm™3,
P =|ys)>dr =291 x 107" pm ™3 x 1pm® = 2.91 x 1077,

In addition, we can also calculate the probability of finding the electron in a
shell of thickness 1 pm which is 1ag away from the nucleus:

dt = (surface area) x (thickness)
= (47'rr2dr) = 47(52.9 pm)2 X 1 pm
=3.52 x 10* pm?,

and
P = |Y1s)2dt =291 x 107 pm ™ x 3.52 x 10*pm?® = 1.02 x 1072

In other words, there is about 1% chance of finding the electron in a spherical
shell of thickness 1 pm and radius 1ag.

In Table 1.3.1, we tabulate ¥, [¥15|%, |¥15]>d7 (with dz = 1pm?), and
4| Yris|2dr (with dr = 1 pm), for various r values.

As |/|?dt represents the probability of finding the electron in a certain region
in space, and the sum of all probabilities is 1, 1y must satisfy the relation

/|1/f|2df =1. (1.3.7)
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Table 1.3.1. Values of (s, |15, [¥1s]2dt (withdt = 1 pm?3), and 47 2|y |>dr (with dr = 1
pm) for various nucleus—electron distances

r(pm) 0 26.45 (or ap/2)  52.9 (or ap) 100 200

3
Vs <pm*§> 147 %1073 889 x 107*  539x 107 221x107* 334x107°

[vsl? (pm—3> 215x 107 791 x 1077 291 x 1077 490 x107% 1.12x107?

[vsl2 dr 215x107% 791 x1077 291 x1077 490 x10~%  1.12 x10~?
a2 |y % dr 0 6.95x1073  1.02x1072  6.16 x1073  5.62 x10™4

When ¢ satisfies eq. (1.3.7), the wavefunction is said to be normalized. On
the other hand, if f |w|2dt = N, where N is a constant, then N"/zw is a
normalized wavefunction and N ~!/? is called the normalization constant.

For a given system, there are often many or even an infinite number of accept-
able solutions: Y1, V2, . .., ¥, ¥, . . . and these wavefunctions are “orthogonal”
to each other, i.e.

/wl.*lpjd‘c = / l/fj*lﬂ,'d‘l,' =0. (1.3.8)

Combining the normalization condition (eq. (1.3.7)) and the orthogonality
condition (eq. (1.3.8)) leads us to the orthonormality relationship among the
wavefunctions

[ wrwe = [ v

_« _ ) 0 wheni#j
_SU_{] wheni =]’ (1.3.9)

where §;; is the Kronecker delta function. Since [¥|? plays the role of a
probability density function, ¥ must be finite, continuous, and single-valued.

The wavefunction plays a central role in quantum mechanics. For atomic sys-
tems, the wavefunction describing the electronic distribution is called an atomic
orbital; in other words, the aforementioned 1s wavefunction of the ground state
of a hydrogen atom is also called the 1s orbital. For molecular systems, the
corresponding wavefunctions are likewise called molecular orbitals.

Once we know the explicit functions of the various atomic orbitals (such as
Is, 2s, 2p, 3s, 3p, 3d,...), we can calculate the values of i at different points
in space and express the wavefunction graphically. In Fig. 1.3.1(a), the graph
on the left is a plot of V15 against r; the sphere on the right shows that ¥ has
the same value for a given r, regardless of direction (or € and ¢ values). In Fig.
1.3.1(b), the two graphs on the left plot density functions || and 47 r2|rs|?
against r. The probability density describing the electronic distribution is also
referred to as an electron cloud, which may be represented by a figure such as
that shown on the right side of Fig. 1.3.1(b). This figure indicates that the 1s
orbital has maximum density at the nucleus and the density decreases steadily
as the electron gets farther and farther away from the nucleus.
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In addition to providing probability density functions, the wavefunction may
also be used to calculate the value of a physical observable for that state. In
quantum mechanics, a physical observable A has a corresponding mathematical
operator A. When A satisfies the relation

Ay = ayr, (1.3.10)
¥ is called an eigenfunction of operator A, and a is called the eigenvalue of

the state described by . In the next section, we shall discuss the Schrodinger
equation,

Hy = Evy. (1.3.11)

Here v is the eigenfunction of the Hamiltonian operator H and the correspond-
ing eigenvalue E is the energy of the system.

If ¢ does not satisfy eq. (1.3.10), we can calculate the expectation value (or
mean) of A, <A>, by the expression

[ y*Ay dt
> = —-—.
[1wl*dr

If ¢ is a normalized wavefunction, eq. (1.3.12) becomes

(1.3.12)

<A>= f YAy dr. (1.3.13)

Fig. 1.3.1.

(a) The 1s wavefunction and (b) the 1s
probability density functions of the
hydrogen atom.
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In the ground state of a hydrogen atom, there is no fixed r value for the electron,
i.e. there is no eigenvalue for r. On the other hand, we can use eq. (1.3.13) to
calculate the average value of r:

1 f2m k4 © .,
<r> = (nag) / dd)/ sin@d@/ e wre” wridr
0 0 0

—1 o
= (naé) ~4n/ e wridr
0
= 3ap/2. (1.3.14)

In carrying out the integration in eq. (1.3.14), we make use of dt =
rzdrsinOdeq)andO <r<o0,0<0<m,and0 < ¢ <2m7.

In Fig. 1.3.1(b), in the plot of A r2|yris)? against r, the mean value <r>
is marked on the r axis, separating the graph into two parts. These two parts
have unequal areas, the unshaded area being larger than the shaded area. This
result implies that it is more likely to find a r value smaller than <r> than one
larger than <r>. In addition, the r value corresponding to the maximum in
the 471r2|1//1s|2 function is labelled rp. At 1y, r = ag and ryp is called the most
probable electron distance.

1.4 Electronic wave equation: The Schrédinger equation

In 1926, E. Schrodinger developed his famous wave equation for electrons. The
validity of the Schrodinger equation rests solely on the fact that it leads to the
right answers for a variety of systems. As in the case of Newton’s equations, the
Schrodinger equation is a fundamental postulate that cannot be deduced from
first principles. Hence what is presented below is merely a heuristic derivation.
In this presentation, we can see how the particle character is incorporated into
a wave equation.

We start with eq. (1.3.2), the general differential equation for wave motion:

2D (x,y,2,1)

V20 (x,y,2,1) =
(x,y,2,1) 7372

(13.2)

Note that wavefunction @ has time ¢ as one of its variables. Since our primary
concern is the energy of a system and this energy is independent of time (we
are ignoring the process of radiation here), we need an equation that is time
independent. The wavefunctions obtained from a time-independent equation are
called standing (or stationary) waves. To obtain such an equation, we assume
®(x,y,2,t) has the form

D(x,y,z2,1) = ¥(x,y,2)g(1), (1.4.1)

where ¥ is a function of space coordinates and g is a function of time ¢. For
standing waves, there are several acceptable g functions and one of them is

g(t) = e, (1.4.2)
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where frequency v is related to propagation velocity v and wavelength A by

p= % (1.4.3)
If we substitute
D(x,y,2,0) = Y(x,y, e (1.4.4)
into eq. (1.3.2), we get
2,2mivt
pringry = 1, P
= 42y 2Ty (1.4.5)
or, upon canceling 27",
V2 = —4x220 2y, (1.4.6)

Now we incorporate the corpuscular character (A = h/p) into eq. (1.4.6)

h hv
v:vk:v(—) = —, (1.4.7)
p p
and eq. (1.4.6) becomes
—47t2p2
V3 = ( = )w. (1.4.8)

If we rewrite p? in terms of kinetic energy T, or total energy E, and potential
energy V,

p? =2mT =2m(E — V), (1.4.9)
the wave equation now has the form

5 —8m?
Vo = <T> (E—-V)y. (1.4.10)

Rearranging eq. (1.4.10) yields,

12
[(8;2"%) V2+Vi|1/f=EI//, (1.4.11)

or

Hy = Evy, (1.4.12)

11
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where the Hamiltonian operator H is defined as

. —h?
A= V24V, (1.4.13)
8712m

In other words, H has two parts: kinetic energy operator (—h?/8mm)V? and
potential energy operator V.

To summarize, the quantum mechanical way of studying the electronic
structure of an atom or a molecule consists of the following steps:

(1) Write down the Schrodinger equation of the system by filling in the proper
potential energy.

(2) Solve the differential equation to obtain the electronic energies E; and
wavefunctions ¥, i = 1,2,....

(3) Use the wavefunctions ¥; to determine the probability density functions
|;|>and the expectation values of physical observables.

In the following, we use the ground state wavefunction ¥5 [eq. (1.3.6)] to
determine the energy Ej of this state as well as the expectation values of the
kinetic energy, <7'>, and potential energy, <V>.

By applying the Hamiltonian operator of the hydrogen atom on 15, we can
readily obtain E5:

PP e R
vis = |:<87r2m> - <4n£or>:| vis

=E151/f15, (]~4-14)

and

1 _ 2
Ep = ¢ )= 218 x 1078y = —13.6eV.  (1.4.15)
dmeg 2ag

The expectation value of potential energy, <V >, can also be computed
easily:

2w b4 00 -1 _r —e? o
<V> =/ d¢>/ sin@d@/ (naS) e “ ( )e W r2dr
0 0 0 4]‘[80}"
-1 2
_ ( ) (e_) (14.16)
4 ey ag

The quantity <7> is simply the difference between E|s and <V >:

1 &2
<T>=E|;— <V>= — ). (1.4.17)
dmreg 2ap
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Comparing eqs. (1.4.16) and (1.4.17), we get

<V>
<T>=——. (1.4.18)
2
which is called the virial theorem for atomic and molecular systems.
In the following section, we treat several systems quantum mechanically to
illustrate the method introduced here.

1.5 Simple applications of the Schrédinger equation

In the four examples given below, a particle (or electron) is allowed to move
freely. The only difference is the shape of the “box,” in which the particle
travels. As will be seen later, different shapes give rise to different boundary
conditions, which in turn lead to different allowed energies (eigenvalues) and
wavefunctions (eigenfunctions).

1.5.1 Particle in a one-dimensional box

In this system, the box has only one dimension, with length a. The potential
energy is zero inside the box and infinity at the boundary and outside the box.
In other words, the electron can move freely inside the box and it is impossible
for it to get out of the box. Mathematically

0, O<x<a;
V:{ 0o, O0>xorx>a. (1.5.1)
So the Schrodinger equation has the form
—h? d>y
s )\ a2 ) = Evy, (1.5.2)
or
dyr —87n2mE
== (T) v = —a’y, (1.5.3)
with
872mE
o? = ”h;" . (1.5.4)
Solutions of eq. (1.5.3) are
Y = Asinax + Bcos ax, (1.5.5)

where A and B are constants to be determined by the boundary conditions
defined by eq. (1.5.1). At x = 0 or x = a, the potential barrier is infinitely high
and the particle cannot be found at or around those points, i.e.

v (0) =19 (a) =0. (1.5.6)

13
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With ¥ (0) = 0, we get
B=0. (1.5.7)
Also, ¥ (a) = 0 yields
Asinaa =0, (1.5.8)

which means either A or sin « a vanishes. Since the former is not acceptable,
we have

sinaa =0, (1.5.9)
or
aa=nw, n=1,2,3,... (1.5.10)
So, the wavefunctions have the form

Yn(x) = Asin (”Z—x) n=1,23,... (1.5.11)

The constant A can be determined by normalization:

g [ o nx _
lnl2dx = A2 | sin dr = 1, (15.12)
0 0

a

which leads to the following form for the wavefunctions:

2 3 . /NTX
Y (x) = (—) sin (—) (1.5.13)
a a

Note that v has the unit of length_l/ 2 and 2 has the unit of length—!.
By combining egs. (1.5.4) and (1.5.10), the energy of the system can also be
determined:

1
nw 872ZmE\ 2
_ 1.5.14
a=— <h2 ) ( )
or
21,2
h
En=——s n=123,... (1.5.15)
8ma

Figure 1.5.1 summarizes the results of this particle-in-a-box problem. From this
figure, it is seen that when the electron is in the ground state (n = 1), it is most
likely found at the center of the box. On the other hand, if the electron is in the
first excited state (n = 2), it is most likely found around x = a/4 or x = 3a/4.
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A /+\ n=4 /\/\/\ E, = 16h*/8ma>
o/

+ TN, E3 = 9h%8ma?
+ 2 E, = 4h*/8ma®
+ | E, = h*/8ma>
0 a 0 a

In the following, we calculate the expectation values <p,> and < pf >, where
Py is the momentum of the particle (recall this is a one-dimensional system),
for the ground state of this system. First,

<p§> =2m <T>=2mE

n? h?
= (2m) <W> = —. (1.5.16)

442

Next, for <p,>, we need to make use of the fact that the quantum mechanical
operator py for py is (—ih/2m)(3/03x). So

<py>= <§> /0 sin (%) <;—7’Th) (%) sin (?) dx=0. (1.5.17)

So the mean momentum is zero, as the electron is equally likely to travel to
the left or to the right. On the other hand, <p)2c> is not zero, as the square of a
momentum is always positive. From statistics, the uncertainty of momentum,
Apy, may be expressed in terms of <p,> and <p%>:

Bl—

Apy = |:<p)%> - <px>2]

h
= —. 1.5.18
0 ( )

15

Fig. 1.5.1.

Pictorial representations of Ej, ¥, (left),
and |1//,1|2 (right) for the particle in a
one-dimensional box problem.
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In the following, again for the ground state, we calculate the mean value of
position x as well as that of x2:

<x> = (2) /Oa sin (%)xsin (%) dx
= —. (1.5.19)

This result can be obtained by simply examining the function [y/{|> shown in
Fig. 1.5.1. Meanwhile,

(1 1
=i (5-53) (1.5.20)

Now we are ready to determine the uncertainty in x:

1
2
Ax = [<x2>— <x>2]

-G e

The product Ax - Apy satisfies the Uncertainty Principle:

AxApy = ! ! (L =114 i " 1.5.22
wreel(5) - (a)] () =0l ) - 5 o

There is a less mathematical way to show that the results of this one-
dimensional box problem do conform to the Uncertainty Principle. The ground
state, or minimum, energy of this system is 4%/8ma?, which has a positive
value. On the other hand, when this system is treated classically, the minimum
energy would be zero. The residual energy of the (quantum) ground state, or
the energy above the classical minimum, is called the zero-point energy. The
existence of this energy implies that the kinetic energy, and hence the momen-
tum, of a bound particle cannot be zero. If we take the ground state energy to
be p%/Zm, we get the minimum momentum of the particle to be +h/2a. The
uncertainty in momentum, Ap,, may then be approximated to be h/a. If we
take the uncertainty in position, Ax, to be the length of the box, a, then AxAp,
is (approximately) &, which is in accord with the Uncertainty Principle.

The results of the particle in a one-dimensional box problem can be used to
describe the delocalized 7 electrons in (linear) conjugated polyenes. Such an
approximation is called the free-electron model. Take the butadiene molecule
CH,=CH-CH=CH, as an example. The four 7 electrons of this system would
fill up the v/; and v, orbitals, giving rise to the (y1)2(1/2)? configuration. If we
excite one electron from the v, orbital to the i3 orbital, we need an energy of

5h? he
AE = =—.
8ma? A

(1.5.23)
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The length of the box, a, may be approximated in the following way. Typical
C—C and C=C bond lengths are 154 and 135 pm, respectively. If we allow the
7 electrons to move a bit beyond the terminal carbon atoms, the length of the
box may be rounded off to (4 x 1.40 =) 560 pm. If a is taken to be this value,
A in eq. (1.5.23) can be calculated to be 207.0 nm. Experimentally, butadiene
absorbs light at A = 210.0 nm. So, even though the model is very crude, the
result is fortuitously good.

The free-electron model breaks down readily when it is applied to longer
polyenes. For hexatriene, we have a = 6 x 1.40 = 840 pm, AE = E4 — E3,
and A = 333 nm. Experimentally this triene absorbs at A = 250 nm. For
octatetraene, the box length a now becomes 1120 pm, and AE = Es — E4
with A = 460 nm, compared to the experimental value of 330 pm. Despite
this shortcoming, the model does predict that when a conjugated polyene is
lengthened, its absorption band wavelength becomes longer as well.

When a polyene reaches a certain length, its absorption wavelength will
appear in the visible region, i.e. A is between 400 and 700 nm. When this occurs,
the polyene is colored. One of the better known colored polyenes is S-carotene,
which is responsible for orange color of carrots. It has the structure:

\\\\\\\\\

This polyene has 11 conjugated  bonds, with A = 450 nm. Carotene can be
cleaved enzymatically into two units of all-trans-vitamin A, which is a polyene
with five conjugated 7 bonds:

\ \ \ \ CH,OH

The absorption peak of this compound appears at A = 325 nm. This molecule
plays an important role in the chemistry of vision.

1.5.2 Particle in a three-dimensional box
The potential energy of this system has the form

(1.5.24)

0, O<x<a and O<y<b and O<z<ec,
V =
00, 0>x>a or O0=y>=b or 0>z>c.

17
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So the Schrodinger equation now is

872%m

—h?
< ) V2 = Ey. (1.5.25)
To solve this equation, we make use of the technique of separation of variables

V(x.y,.2) =X ()Y (1Z(z), (1.5.26)

where X, Y, and Z are one-variable functions involving variables, x, y, and z,
respectively. Substituting eq. (1.5.26) into eq. (1.5.25) leads to

5 32 32 32 —8w2mE
wo= () (5) + (52) o= (5 v
(1.5.27)

or

vz (2% +XZ 0y XY L\ _ (Z8mE () (1.5.28)
x2 9y? 872 ) h? ' -

Dividing eq. (1.5.28) by XYZ yields.

1 (02X Ll %Y Ll 9°Z\  —8n’mE (1529
X \ ox2 Y \ 9y? z\dz2)  hr o

Now it is obvious that each of the three terms on the left side of eq. (1.5.29) is
equal to a constant:

1 (32X )

)? W = —, (1530)
1 (%Y )

? 8_)}2 = —C(y, (1531)
1 (3%z )

Z 8_Z2 = -0, (1532)

with the constraint on the constants being

z h2

a)% +a§ + . (1.5.33)

In other words, each degree of freedom makes its own contribution to the total
energy:

872mE 872mE 872mE,
2 x 2 y 2 z
o= —— ol = , of = ,
* 2 Y W2 < h?

(1.5.34)
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and
E=E,+Ey+E,. (1.5.35)

Each of egs. (1.5.30) to (1.5.32) is similar to that of the one-dimensional prob-
lem, eq. (1.5.2) or (1.5.3). Hence the solutions of egs. (1.5.30) to (1.5.32) can
be readily written

1
2NT . ()
X,-(x)=(—> sin(J—x>, =123, (1.5.36)
a a
1
2\? . [k
Yk(y)=<—) sin(ﬂ>, k=1,23,..., (1.5.37)
b b
1
2\7 . [tnz
z@(z)=<-> sin(£>, 6=1,23,.... (1.5.38)
C C

The total wavefunction, as given by eq. (1.5.26), then becomes

8 \2 C (jrx\ . [(kmy\ . [lnz
VYikex,y,2) =(—) sin|— |sin| — |sin[ — ),
o abc a b c
Jk,£=1,2,3,.... (1.5.39)

Now ¥ has the unit of volume™'/2 and ||*> has the unit of volume™!, as
expected for a probability density function of a three-dimensional system.
As in the case of the wavefunctions, the energy of the system is also dependent

on three quantum numbers:

Ejr o= (Ex)j+ (Eyi + (E)e

2 2 2 2
_ (:_m> [(%) n <%> + (f—z)} ik e=1,23,.... (1540)

When the box is a cube, i.e. a = b = ¢, eq. (1.5.40) becomes

_ h2 2 2 2 . _
Epe=(——s )P+ +3), jkt=123.. .. (15.41)
" 8ma?

An interesting feature of the energy expression given by eq. (1.5.41) is that
different states, with different sets of quantum numbers and different wavefunc-
tions, can have the same energy. When different states have the same energy,
they are called degenerate states. For examples,

3h2
Eijp=Eip1=E)) = 5 (1.5.42)
4dma
or
Th?
Eip3=Eyi3=Ei3p=E31p0=F301=E31 = (1.5.43)

4ma?’
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Fig. 1.5.2.

A color center (marked ¢™) in a sodium
halide crystal. Note that the electronic
position is an anionic site. Also, for
simplicity, anions are not shown here.

Fundamentals of Bonding Theory

Now we will apply the particle in a three-dimensional box model to a chem-
ical problem. When sodium vapor is passed over a crystal of NaCl, the crystal
exhibits a greenish-yellow color, which is the result of the process

dNa(g) + NaCl(c) — (Na+)1+3(C1765_)(C), s << 1.

In this “solid-state reaction,” the adsorbed Na atoms ionize on the crystal sur-
face, and the excess electrons diffuse into the interior and occupy vacant anionic
sites, while an equal number of chloride ions migrate toward the surface to
preserve charge balance. Trapped electrons occupying anionic vacancies are
called color centers or F-centers (F stands for farbe, meaning color in Ger-
man). A trapped electron within the lattice of crystalline (Na™) ;s (Cl7ey) is
depicted in Fig. 1.5.2. The color observed in such experiments can be related
with a transition between two energy levels of a (free) particle trapped in a
box. Before treating this problem quantitatively, it is of interest to note that the
color observed in such experiments depends on the nature of the host crystal,
but not on the source of the electron. Thus heating KCI in potassium vapor
gives a purple color, and NaCl heated in the same potassium vapor emits a
greenish-yellow color.

Experimentally, the absorption maxima for NaCl and NaBr crystals have
energies (AE) 4.32x 10719 J (corresponding to A = 460 nm) and 3.68 x 10~1?
J (A = 540 nm), respectively. If we take this AE as the energy difference
between the two lowest levels of a three-dimensional box, E; 1 ; and Ej 1 2, we
can readily calculate the dimension of the box (denoted as £ below):

352

AE = ——.
8me?

In the above expression we have replaced the dimension of the box a in eq.
(1.5.41) by £. Now the £ values for NaCl and NaBr can be easily calculated to
be 647 and 701 pm, respectively. It is noted that the ¢ value of NaBr “box” is
longer than that of NaCl by 54 pm.

The cubic unit-cell dimensions (a) of NaCl and NaBr crystals are 563 and
597 pm, respectively (Table 10.1.4). As shown in Fig.1.5.2, the side (denoted
as ¢ below) of the three-dimensional box for an electron occupying a color
center can at most be the body diagonal of the unit cell minus twice the cationic
radius (the “true” value should be somewhat less):

¢ =(3)ra— 2+

With ry,+ being 102 pm, we find that the (maximum) £’ values for NaCl and
NaBr crystals are 771 and 830 pm, respectively. Because of the crudeness of the
model, these £’ values differ to some extent from the £ values calculated earlier.
Still, a good qualitative correlation between the two crystals is obtained: the
difference between the two £ values, 54 pm, is in good accord with the difference
between the two £’ values, 59 pm.

The topic of color centers in NaCl and related crystals will be discussed more
fully in Section 10.1.2.
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1.5.3 Particle in aring

In this system, the electron can move only along the circumference and therefore

polar coordinates can be used to advantage, as shown in Fig. 1.5.3:

0, r=R;
V_{ oo r#R.

The Schrodinger equation is

< —n? ) d%y (x) _ By,

872m dx?

We can change the variable x to the angular variable ¢ by
x = ¢R.

Now eq. (1.5.44) becomes

d? —8m2mER?
;’;(f’) =( - >w<¢)=—m%w(¢>,
with

87 2mER?
n2o

m} =
Solutions to eq. (1.5.46) are obvious:

U (p) = Ae™e?,

Since ¥ (¢) must be single-valued,

Y ($+21) = Y () = Ae™P = A" 9T,

In other words,
M) — cos 2mym + isin 2mpm = 1.
For eq. (1.5.50) to hold,
me=0,+1,%2,....
So the wavefunctions have the form

Y, (9) = Ae™®, my = 0,41,42,. ...

(1.5.44)

(1.5.45)

(1.5.46)

(1.5.47)

(1.5.48)

(1.5.49)

(1.5.50)

(1.5.51)

(1.5.52)

The constant A can again be determined with the normalization condition:

2 2r 2 2 27 5 2 )
A/O |Vim | d<0=A/O w;i,zwmldqb:A/O dp = 2mA% =1,

(1.5.53)

/

X

Fig. 1.5.3.
The variable in the particle-in-a-ring
problem.
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Fig. 1.5.4.
The eigenvalues and eigenfunctions of
the particle-in-a-ring problem.
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1 1
F 9 — — + = _— .3 = 1 .3
my=*3 s am® ¢ b3 (zml/ze ¢
% |
RSN [ + N S S S}
':\o% 4 m;= 2 llfz (27[)V2€2¢ l// 2 (Zn)‘/ze (’b
R
Tl = m==1 l/f1=Lleid> l//1=i.efi¢
@n”* eny”
-0 — =0 =_L
" V0= Gy
or
1
A= Q2m) 2. (1.5.54)
So the normalized wavefunctions are
1 .
my = (Z) 2¢ , my =0, S e J.
Ym, = Q)" 2 imep 0,£1,+£2 (1.5.55)

The allowed energy values for this system can be determined using eq. (1.5.47):

212
E.o— M 04140 (1.5.56)
my — 87'[sz2’ L =Y, > 9. e

In other words, only the ground state is non-degenerate, while all the excited
states are doubly degenerate. The quantum mechanical results of the particle-
in-a-ring problem are summarized in Fig. 1.5.4.

If we apply the free-electron model to the six 7 electrons of benzene, we see
that the g, ¥, and {¥_ orbitals are filled with electrons, while i, and ¥_»
and all the higher levels are vacant. To excite an electron from ¥| (or ¥_1) to
Y (or Y_3), we need an energy of

aE= — he/A
= sm2mr2

If we take R = 140 pm, we get . = 212 nm. Experimentally, benzene absorbs
weakly at 268 nm.

Next we apply this simple model to the annulenes. These compounds are
monocyclic conjugated polyenes with the general molecular formula (CH),
with n even. Thus benzene may be considered as [6]-annulene. As n increases,
essentially all [n]-annulenes are non-planar. For instance, cyclooctatetraene,
(CH)g, has the well-know “tub” structure. However, [18]-annulene is nearly
planar, as shown below (bond lengths in picometers are displayed in bold italic
font).
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Adding up the 18 bond lengths around the ring, we obtain a value of 2510 pm.
If we take this to be the circumference of the molecular ring, the radius R of
the ring is approximately 400 pm. Thus the lowest electronic transition of this
molecule requires an energy of

Oh?
AE = 2R = he/A.

Here A is calculated to be 572 nm. Experimentally, [18]-annulene absorbs at
A = 790 nm. Clearly the “agreement” is not very good. But this crude model
does arrive at an absorption wavelength that has the correct order of magnitude.

In Section 1.5.1, it was mentioned that the energy of the lowest state of a
particle confined in a one-dimensional box is not zero and this residual energy
is a consequence of the Uncertainty Principle. Yet the ground state energy of
the particle-in-a-ring problem is zero. Does this mean the present result is in
violation of the Uncertainty Principle? The answer is clearly no, and the reason
is as follows. In a one-dimensional box, variable x starts from O and ends at a,
the length of the box. Hence Ax can at most be a. On the other hand, in a ring,
cyclic variable ¢ does not lie within a finite domain. In such a situation, the
uncertainty in position cannot be estimated.

1.5.4  Particle in a triangle

To conclude this chapter, we present the quantum mechanical results of the
particle-in-a-triangle problem. Before going into details, we first need to note
that, if the “box” is a scalene triangle, no analytical solution is known. Indeed,
the Schrédinger equation is exactly solvable for only a few triangular systems.
In addition, for all these solvable (two-dimensional) cases, the wavefunctions
are no longer the simple products of two functions each involving only one
variable.

In the following discussion, some language and notation of group theory are
used for convenience. The meaning of this language or notation is made clear
in Chapter 6.

(1) Isosceles right triangle
The coordinate system chosen for this problem is shown in Fig. 1.5.5.

23
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Fig. 1.5.5.
Coordinate system for the problem of a
particle in an isosceles right triangle.

Fundamentals of Bonding Theory

Ay

(D)

x+y=a

0 (a,0)

=Y

The Schrédinger equation in this case is simply the two-dimensional analog
of eqs. (1.5.2) and (1.5.25):

_h2 82,(//. 321//
<8n2m> (W + W) =EY (1.5.57)

The boundary conditions for this problem are ¥ vanishes whenx =0,y =0
or x +y = a. If we apply the technique of separation of variables introduced in
Section 1.5.2 to eq. (1.5.57), we can easily obtain the following wavefunctions
and energy values:

Yix(x,y) = [(g)z sin (]”7)6)} {(%)2 sin (?)} , (1.5.58)

W? ) 2 .
Ejy = (W) (J +k ), J,k=1,2,3,.... (1.5.59)

These are the solutions of the particle-in-a-square problem.

Since the expression for Ej is symmetrical with respect to the exchange of
quantum numbers j and k, i.e. Ej; = Ej ;. In other words, v, and vy ; are
degenerate wavefunctions.

It is clear that wavefunctions v satisfy the boundary condition of v van-
ishes when x = 0 or y = 0, but not the condition of ¢ vanishes whenx+y = a.
In order to satisfy the latter condition, we first linearly combine ¥;x and v ;:

W= @7 Wik + viy)
[(2)%“. (jnx) . (kny) . (knx) . <jny>}
= sm{— |Jsm|{— | +sm|—)sm|—
a a a a a
W= @7 Wik — Yiy)

[T () () (2]
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When j = k, wj’ ; is simply lﬁ; ; (aside from a numerical factor) and wj’:j
"
JJ
hand, whenj = k + 1,k +3,..., wj’k vanishes when x + y = a; also, when

j=kxt2, k+4,..., l/f]ffk vanishes under the same condition. Thus, ‘/’j/,k(j =
k+1, k£3,...)and 1/fj/”k(j = k=42, j+4,...) are the solutions to the isosceles
triangle problem. It is clear that these functions are no longer products of two
functions each involving only one variable. In addition, the energy expression

now becomes:

vanishes; hence neither ‘/fj/ j nor is an acceptable solution. On the other

I’l2
Ey = P +KD, k=123, andj£k  (1.562)
’ 8ma?

Since only one wavefunction can be written for a set of quantum numbers (j, k),
ie. j”k = w,;j and Iﬁj”’k = ng,,' (aside from a negative sign), the “systematic”
degeneracy in the particle-in-a-square problem, i.e. Ey ; = Ej in eq. (1.5.59),
is now removed. This is expected as there is a reduction in symmetry from Dy,
(square box) to Coy(isosceles triangular box). Still, some “accidental” degen-
eracies remain in the right-triangular case; for example, E1 g = E47. These
degeneracies may be dealt with by techniques of elementary number theory,
which is clearly beyond the scope of this book. Additional discussions may be
found in the references listed at the end of this chapter.

(2) Equilateral triangle

When the triangle is equilateral, with the coordinates as shown in Fig. 1.5.6,
the boundary conditions for eq. (1.5.57) now take the form ¢ = 0 fory = 0,
y=®"xory=3)"*a-x).

There are a number of ways to solve this problem, and the results obtained
by these methods appear to be quite different at first sight. In fact, in some
formulations, it takes multiple sets of quantum number to specify a single state.
In any event, the mathematics involved in all of these treatments is beyond
the scope of this book. Here we merely present the results of one approach
and discuss the energies and wavefunctions of this system from the symmetry
viewpoint.

y=3%a 3"

Fig. 1.5.6.

Coordinate system for an equilateral
triangle. Equations of the three sides
specify the boundary conditions.
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Table 1.5.1. Energies and symmetry of the
wavefunctions for the first seven levels of a
particle in an equilateral triangle.

P, 9) Energy* Symmetry
(1,0) 1 Al
(1'/3,/3) 253 E
©,0) 4 Al
(12/3,2/3) 41/ E
2'/3,13) 6'/3 E
e 7 AL, A,
(3,0 9 Al

* In units of ground state energy Eq, 2h%/3ma?.

For this two-dimensional system, it again takes a set of two quantum numbers
to specify a state. The energies of this system may be expressed as

) 5 [ 2h?
Epq=@" +pq+q) 3ma>

12
withq:O,g,g,l,..., p=q+1,q+2,.... (1.5.63)

So the ground state energy Ey is

2h?

ma

Ey=E1p=

5 (1.5.64)
The wavefunctions v, , may be classified according to their symmetry proper-
ties. If we take the symmetry point group of this system to be C3y, there are three
symmetry species in this group: A; (symmetric with respect to all operations of
this group), A (symmetric with respect to the threefold rotations but antisym-
metric with respect to the vertical symmetry planes), and E (a two-dimensional
representation).

For a level with energy E), o, the wavefunction v, o has A; symmetry and this
level is non-degenerate. On the other hand, a level defined by positive integral
quantum numbers p and g with energy Ej, ; is doubly degenerate. One wavefunc-
tion of this level has A; symmetry and the other one has A, symmetry. When p
and ¢ are non-integers (1/3,2/3, 1173, .. ., etc.), the doubly degenerate functions
form an E set. Table 1.5.1 lists the quantum numbers, energies and wavefunction
symmetry for the first seven states for a particle in an equilateral triangle.

The wavefunctions v, ; have the form

1/2
Ypa(A1) = cos [617(31‘_”} G [ @t&]

|:p(3)1/271xi| i |:(2q —i—p)ny}
— cos sin
A A

[(p + q)(3)‘/2nx] . [(p - q)ny}
— COS Sin
A A

(1.5.65)
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when g = 0,
1/2
Vpo(A1) = sin [szy] — 2sin [1%] cos [M} (1.5.66)
1/2
Yp,q(A2) = sin |:£](3)A—7TX:| sin [@}
- [,,(3)1/2”] . [(2q +P)ny}
— sin " sin i
1/2 _
+sin [(p + q)f) nx} i [(p Aq)rryi| . (Ls67

In egs. (1.5.65) to (1.5.67), A represents the altitude of the triangle. The two
wavefunctions that make up the E set may also be expressed by egs. (1.5.65)
and (1.5.67), but quantum numbers p and g now have non-integral values.

The wavefunctions for the first seven states with energies and symmetries
summarized in Table 1.5.1 are graphically illustrated in Fig. 1.5.7. It is now
clear that all levels with non-integral quantum numbers are doubly degenerate
and their respective wavefunctions form an E set. Also, the A; wavefunctions
are symmetric with respect to the threefold rotations as well as to the symmetry
planes, while A, wavefunctions are symmetric with respect to the threefold
rotations but antisymmetric with respect to the symmetry planes.

(3) The 30°-60°-90° triangle

This is a triangle that is half of an equilateral triangle. From Fig. 1.5.7, it is obvi-
ous that all the A, functions and one component from each pair of the £ functions
possess a nodal plane which bisects the equilateral triangle into two 30°—-60°—
90° triangles. Thus a particle confined to a 30°-60°-90° triangle has energies
given by eq. (1.5.67), with the allowed quantum numbers ¢ = 1/3,2/3,1,...

Vio(A)

+i=\
— k4
o+ s

Va1 (A) V21 (A) W30 (A)
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Fig. 1.5.7.

Graphical representations of the
wavefunctions for the first seven states of
the equilateral triangle.
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andp = g+ 1, g+ 2,.... Among the seven states listed in Table 1.5.1, only
one component of the E states and the A, states are the acceptable solutions of
the 30°-60°-90° triangle.
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The Electronic
Structure of Atoms

Now we are ready to apply the method of wave mechanics to study the electronic
structure of the atoms. At the beginning of this chapter, we concentrate on the
hydrogen atom, which consists of one proton and one electron. After treating
the hydrogen atom, we will proceed to the other atoms in the Periodic Table.

2.1 The hydrogen atom
2.1.1  Schrédinger equation for the hydrogen atom

If we place the nucleus of the hydrogen atom at the origin of a set of Cartesian
coordinates, the position of the electron would be given by x, y, and z, as shown
in Fig. 2.1.1. However, the solution of the Schrodinger equation for this system
becomes intractable if it is done in Cartesian coordinates. Instead, this problem
is solved using polar spherical coordinates r, 6, and ¢, which are also shown
in Fig. 2.1.1. These two sets of coordinates are related by:

z=rcosf
X = r sin 6 cos ¢. (2.1.1)

y=rsinfsin¢

Some other useful relationships are

P =xr+yP+ 7% (2.1.2)
tan ¢ = 2. (2.1.3)
X

Also, these two sets of variables have different ranges:

—00 < X,y,7 < 00; (2.1.4)
0<r<o
0<6<m (2.1.5)

0<¢ <2m.

Fig. 2.1.1.

The coordinate system for a
hydrogen-like (one-electron) atom;
Z =1 for the H atom.
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The Laplacian operator V2 has the form

92 92 92
ax2 - 3y?  9z2

10 (p0y, L o/ oy 1 3? 2.16)
= —— | r— — | sinf— - - L.
r29r ' or r2sin6 96 90 2 sin? 9 0¢?

The volume element dt is given by

vZ =

dt =dxdydz = r2dr sin 6dode. 2.1.7)

For the hydrogen atom and other hydrogenic ions, the potential energy V is
simply the attraction between the proton and the electron:

Ze?
V=-— ) (2.1.8)
47 eor

So the Schrodinger equation for this system is

h2 2 Z€2
[<— 2 )V —( )}w(r,é’,t}ﬁ):EW(r,@,qﬁ), 2.1.9)
8m*m dmegr

19 (,0 N LAY N
—— | rr— — | sinf—
r2 or ar r2sin@ 00 00

1 9%y  8n’m Ze?
- E =0. 2.1.10
r2sin? 6 d¢? * h? ( * 47750”) v ( )

or

Tosolveeq. (2.1.10), we first assume that the function v (with three variables)
is a product of three functions, each of one variable:

Y (r,0,90) =R(r)OO)D(¢). (2.1.11)

Upon substituting, we can “factorize” eq. (2.1.10) into the following three
equations, each involving only one variable:

d’e )
Gz = e 2.1.12)
mo 1 d 5632 — go =0 (2.1.13)
sin2@ sin6 do de o o
LA (pdRY By Snom (28 Veg (2.1.14)
2dr " dr r2 h? dreor ) o

In egs. (2.1.12) to (2.1.14), m, and B are so-called “separation constants” and
they will eventually lead to quantum numbers. Also, R(r) is called the radial
function, while the product & () @ (¢), henceforth called Y (6, ¢), is the angular
function:

Y(0,9) =00)P(¢). (2.1.15)
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2.1.2  Angular functions of the hydrogen atom

After solving egs. (2.1.12) and (2.1.13), it is found that, in order for functions
to be meaningful, the separation constants m, and § must take the following
values:

me =0,%£1,4£2,..., (2.1.16)
B=tl+1,£=0,1,2,..., (2.1.17)

and
mp=—4L£,—€+1,...,4. (2.1.18)

The integers £ and m, are called azimuthal (or angular momentum) and magnetic
quantum numbers, respectively.

Moreover, the function ®(¢) depends on m, and hence is writ-
ten as P, (¢), while &(0) depends on both ¢ and my and is writ-
ten as @y, (0). Their product Y (6,¢) thus also depends on both £
and my:

Yo (0,8) = Oty (0) Py (#). (2.1.19)

The Yy, (0, ¢) functions are called spherical harmonics. They determine
the angular character of the electronic wavefunction and will be of primary
consideration in the treatment of directional bonding.

Spherical harmonics, which describes the angular parts of the atomic orbitals,
are labeled by their £ values according to the scheme

£=0,1,2,3,4,...,
Label =s, p,d.f,g,.... (2.1.20)
Table 2.1.1 lists the first few, and the most often encountered, spherical
harmonics.

The spherical harmonics Yy, (6, ¢) form an orthonormal set of functions:

2 T 2 b4
* : — * ) * ~ 1
/0 /0 Yy Yo, 506 d6 dgp = /0 ®”’2 Dy, dep - /(; O‘f”m’z O, m, sin 6dO

| when mj, = my AND ¢’ = ¢;
~ 10, whenm) #mg OR £ #¢.
(2.1.21)

Note that the quantum number m, appears in the exponential function e”"¢? in
the spherical harmonics. The Yy ,,, functions, being complex, cannot be conve-
niently drawn in real space. However, we can linearly combine them to make
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Table 2.1.1. Explicit expressions for the spherical harmonics with £ = 0, 1,2,3

_ 1
YO,O = @2

Y= (%) sin Gel®
1/2
Yip= (%) / cos 6
172

WS
'N
Il

1
()

Y30 = (22751 ) 12 (in2 6 cos be~2%
()

(3%)
Y31 = (6%[)1/2 (5cos2 6 — 1) sin e’®
()

12 (% cos3 6 — cos 0)

172 .
(5cos2 6 — 1) sin e~

sin3 e3¢

Table 2.1.2. The real angular functions of the s, p, d and f orbitals

12 ) 172
£=0s (é/) =313 i(%) (5¢0s53 6 — 3cos 6)
172 12
— 3 1 (42 . 2
t=1p; (7) cos 0 fi2 3 (7) sin (5 cos” 6 — 1) cos ¢
12, A 172 . )
Px (%) sin 0 cos ¢ f2 % (72) sinf(5cos2 6 — 1) sing
Py (%)]/2 sin 6 sin ¢ fayz %(]nﬁ)]/z sin® 8 cos 6 sin 2¢
1/2 172 .
(=2 dz2 % %) @3 cos2 6 — 1) fz(xz—yz) % (lﬂﬁ sin2 6 cos 6 cos 2¢
12 . 12 .
dyz % 1775 sin 260 cos ¢ fx(x273y2) % (ZTO) sin3 @ cos 3¢
12
1 0 3 :
fy(3x2_y2) N (7) sin” 0 sin 3¢

sin? @ cos 2¢

sin? 6 sin 2¢

(
(=)
dys %($>/sin29sin¢
(%)
(%)

the imaginary parts vanish. For example:

e ry = = L () g (e
B 1,1+ Y11 —(2)1/2'2' 27T s (e te )
1/3\"?
ZZ(_) sin 0 (cos ¢ + i sin ¢ + cos ¢ — i sin @)
T
1 73\
:E(_) sin @ cos ¢. (2.1.22)
T

As sin6 cos¢ describes the angular dependence of the x component of
r [eq. (2.1.1)], the combination (1/(2)'/?)(Y1; + Y;_1) is hence called
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b4 b4 z
s pz Px
or
/‘\ ( Py
N +
BN xory
k‘/ NI
b4 b4
da d

xory

v | x
i

the p, orbital. The most often used real angular functions are summarized
in Table 2.1.2.

The real angular functions given in Table 2.1.2 can be drawn readily. In
Fig. 2.1.2, the shapes of the s, p, and d orbitals are shown, along with the
signs of the lobes in each angular function, and the radial function R(r) is
assumed to be a constant. We note once again that these figures represent only
the shapes of the orbitals. The curves outlining the shapes are not the contour
lines of the atomic orbitals shown in some subsequent figures such as Figs. 2.1.4
and 2.1.6.

From Fig. 2.1.2, we can see that if we have an electron occupying an s
orbital, we will have equal probability of finding this electron in all possible
directions. On the other hand, for a py electron, we will most likely find it
along the +x or —x axis. For an electron in the dy, orbital, the electron is likely
found if we look for it in the xy plane and along the directions of x =y or
x= —y. For the remaining orbitals, the directions along which the electron
is most likely to be found can be determined readily with the help of these
figures.

33

Fig. 2.1.2.
The angular functions of the s, p, and d
orbitals.
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2.1.3  Radial functions and total wavefunctions of the hydrogen atom

The remaining equation to be solved is the radial equation [eq. (2.1.14)], bearing
in mind that 8 isnow £(£+1) [eq. (2.1.17)]. Hence the solution R(r) also depends
on £. In addition, the principal quantum number 7 arises from the solution of
this equation. Thus the radial functions depend on both n and ¢, and we write
them as R, ¢(r). Specifically, n and € take the values

n=123,4,..., (2.1.23)
£=0,1,2,3,...,n—1. (2.1.24)

Also, as energy E appears only in the radial equation, it might be expected
to be dependent on n and ¢ and independent of my,. As it turns out, it only
depends on n.

The explicit forms of the radial functions of hydrogenic orbitals 1s through

4f are listed in Table 2.1.3, where Z is the nuclear charge of the atom and ag is
the Bohr radius:

ag = eoh® Jrme? = 0.529 x 1071 m = 52.9 pm. (2.1.25)

Note that the radial functions R, ¢ also form an orthonormal set of functions:

o 1, whenn' =n;
2 _ s )
/(; Ry ¢ Ry prodr = { 0. whenn' #n. (2.1.26)

The first six radial functions given in Table 2.1.3 are plotted in Fig. 2.1.3. The
squares of these functions, |R,, ¢(r)|?, which is related to the probability density

Table 2.1.3. The radial functions for hydrogenic orbitals with n = 1-4

Is Rig= (%) 2 pe—2r/ag
3
2 k= ()" (o)
s me ()} [ () (3) (&) ]
3p Ry = (%)% <2<231/2 [ ) _ | <%)2] o—Zr/3a
3d Ryp = (%)% (27(13)]/2) (75)2 e—2r/3ag
o mo= (&) [2- () + () (B) - () (&) Jororo
o ma= () (87 [(8) - () (&) + () () oo
0 = () () [ (8 () () e
A Rz = (%)g (96(32)‘/2) (73)3672”4“0
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Fig. 2.1.3.
The first six radial functions of the hydrogen atom drawn to the same scale.

function, will be discussed in detail later. At this point, we are in a position
to write down the first few total wavefunctions (7,6, ¢), which are simply
the products of the angular functions (Table 2.1.2) and the radial functions
(Table 2.1.3). These total wavefunctions are listed in Table 2.1.4.

The hydrogenic wavefunctions have the general analytical form:

Yntany (r,0,¢) = Ry (r)Op m, (0) Py (¢), (2.1.27)

with each part normalized to unity. The total wavefunctions of some represen-
tative orbitals are plotted in Fig. 2.1.4.

From Fig. 2.1.4, it is seen that, while all s orbitals are spherically symmetric,
the 2s orbital is larger than the 1s, and the 3s is even larger. Note that the 2s
orbital has one node at r = 2ag and the 3s orbital has two nodes at r = 1.91ay
and r =7.08ag (see below). On the other hand, the 2p, orbital is no longer
spherically symmetric. Instead, its absolute value has a maximum at 8 = 0° and
6 = 180° and the function vanishes at & = 90°. In other words, the xy plane
is a nodal plane. As the figure indicates, the function has a positive value for
0° <0 <90° and it becomes negative for 90° < 6 < 180°. The wavefunctions
of the other orbitals may be interpreted in a similar manner.



Fundamentals of Bonding Theory

Table 2.1.4. The total wavefunctions of atomic orbitals with n = 1-4

¥ 2p) = (é (%)1/2> (2)" re7sing cosg

¥2p)) = (i (ﬁ)l/z) (2)" e sinosing

¥ 2p:) = (g (i)”z) (2)" rer cost

von = (% (#)"7) (2)" [r-18(%) +2(2) e

Y(3px) = (8% (%)1/2> (%)5/2 [6 - (%)] re=2/3 sin 6 cos ¢
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3d,,

In Fig. 2.1.4, the outer lines represent the value of ¥ =0.5 x 1072 or
—0.5 x 1072, in which Yis, ¥ = 2.4a0; Yos, ¥ = 10.2aq; ¥r3s, r = 15.8ap. These
r values and other r values in p and d orbitals can be used to indicate the relative
sizes of the orbitals. The radii of node spheres which are shown by broken lines
are as follows: Y5, r = 2a9; V35, ¥ = 1.91ag and 7.08ag; ¥3p,, r = 6ag.

The following points are noted from the plots in Figs. 2.1.3 and 2.1.4:

(1) The orbitals increase in size as the principal quantum number n increases.
(2) Only s orbitals have finite density at the nucleus.

37

Fig. 2.1.4.

The total wavefunctions of some
hydrogenic orbitals. The + and —
symbols give the sign of the function in
the region indicated, while the dashed
lines show the positions of the nodes.
The values of ¥ contours shown have
been multiplied by a factor of 100.
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Fig. 2.1.5.
The three-dimensional shapes of the 2s,

2p, and 3d orbitals.

Fundamentals of Bonding Theory
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(3) The number of nodes for functions R, ¢ isn — £—1.
(4) Among orbitals with the same n, those with smaller £ have greater density

close to the nucleus, but their principal maximum is further out.

To summarize at this point, it is reiterated that wavefunction ¥ (r, 6, ¢) is a
function of r, 6, and ¢. When the point is moved to another location in space,
the value of the wavefunction is changed accordingly. The three-dimensional
shape of each orbital can be represented by a contour surface, on which every
point has the same value of ¥. The three-dimensional shapes of nine hydrogenic
orbitals (2s, 2p, and 3d) are displayed in Fig. 2.1.5. In these orbitals, the nodal
surfaces are located at the intersections where i changes its sign. For instance,

for the 2p, orbital, the yz plane is a nodal plane. For the 3d,, orbital, the xz and

vz plane are the nodal planes.

2.1.4 Relative sizes of hydrogenic orbitals and the probability criterion

In the Bohr model of the hydrogen atom, the radius of an orbit in terms of unit
ap is given by n2, and the sizes of the K, L, M and N shells are in the ratio

1:4:9:16.
For hydrogenic orbitals, the average distance of the electron from the nucleus,

7, can be evaluated exactly from the equation

F= /oo Dy edr = n?[3/2 — {€(€ + 1)}/2n°). (2.1.28)
0
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Table 2.1.5. Average distances (7), most probable distances (rmax), and
associated probabilities (P) of hydrogenic orbitals

Atomic orbital T Size ratio P Fmax P

Is 1.5 1 0.58 1 0.32
2s 6 4 0.54 5.24 0.39
2p 5 3.33 0.56 4 0.37
3s 13.5 9 0.49 13.07 0.44
3p 12.5 8.33 0.49 12 0.44
3d 10.5 7 0.55 9 0.39
4s 24 16 0.44 24.62 0.48
4p 23 15.33 0.44 23.58 0.48
4d 21 14 0.45 21.21 0.47
4f 18 12 0.46 16 0.41

The 7 values for orbitals 1s through 4f and their size ratios, calculated relative
to the 1s value as a standard, are given in the second and third columns of
Table 2.1.5.

For any given orbital, the probability of finding the electron in the volume
elementdt = 2 drsin6 dod¢ [eq. (2.1.7)]in the vicinity of the point (r, 0, ¢) is

P = |Ynpm, (r,0,0)>r*drsin 0d0de. (2.1.29)

If we integrate this expression over all possible values of 6 and ¢, we get

T 2 2 ) 5
/ [Oem| Sinedg'/ | P, |"dgp - |Rue|" rdr

0 0

= rzRigdr = Dy dr, (2.130)

which represents the probability of finding the electron between distances » and
r+dr from the nucleus regardless of direction. The D,, ¢ function in eq. (2.1.30)
is called the radial probability distribution function. It is incorrect to write Dy, ¢
as 4w rerzl,l, which has the extraneous factor 47, or as 4w r2w2 which holds
only for the spherically symmetric s orbitals.

Figure 2.1.6 shows plots of the D, functions against r for the first few
hydrogenic orbitals. The positions of the maxima and minima in each curve are
as follows:

1s:  maximum at lag;

2s:  maxima at 0.76 and 5.24aq; minimum at 2ag;

2p: maximum at 4ag;

3s:  maxima at 0.73, 4.20 and 13.07a¢; minima at 1.91 and 7.08ay;
3p: maxima at 3 and 12a¢; minimum at 6ay;

3d: maximum at 9ag.

Take the 1s electron as an example. In the Bohr theory, the electron moves
in a fixed orbit of radius 1ag. On the other hand, in the wave mechanical treat-
ment, the electron can in principle be found at any distance from the nucleus,
and the most probable nucleus-electron separation is lag. Here we can see
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Fig. 2.1.6.
The radial probability function Dy, ¢ or [rRy, ¢ |2, drawn to the same scale, of the first six hydrogenic orbitals.

the philosophical difference between these two models. In addition, while we
should look for a 2p, or 3p, electron along the +x or —x direction, Fig. 2.1.6
shows that the 2p, electron is most likely found at a point 4aq from the nucleus,
whereas the corresponding distance for a 3p, electron is 12ag.

For hydrogenic orbitals with n — £ > 1, the most probable distance rm,x may
be defined as the distance of the “principal maximum,” namely the outermost
and most prominent of the maxima of the D, ¢ function from the nucleus. The
rmax values of the hydrogenic orbitals are listed in the fifth column of Table 2.1.5.
It is seen that the size ratios for the 1s, 2p, 3d, and 4f orbitals, which satisfy the
relation £ = n — 1, are exactly the same as those of the Bohr orbits, which vary
as n2. Furthermore, for orbitals in the same shell, rmax decreases as £ increases,
as in the case of 7. The data in Table 2.1.5 show that orbital size ratios based
on 7 are smaller than those based on rpax.

A plausible estimate of the spatial extension of a hydrogenic orbital is the
radius of a spherical boundary surface within which there is a high probability
of finding the electron. In order to develop this criterion on a quantitative basis,
it is useful to define a cumulative probability function P,,(p) which gives the
probability of finding the electron at a distance less than or equal to p from the
nucleus:

P
Ppe(p) = /0 D, ¢dr. (2.1.31)

The function P,¢(p) can be expressed in closed form, and the expressions
for 1s through 4f orbitals are listed in Table 2.1.6. They can be used to give
some measure of correlation between the various criteria for orbital size. For
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Table 2.1.6. Cumulative probability functions for hydrogenic orbitals

Atomic P, (p)

orbital

1s 1—e 2°(1 4+ 2p +2p%)

2s 1—e (1 +p+ p%2 +p*/8)

2p 1—e (1 + p+ p22+ p316 + p*/24)

3s 1 —e2/3(1 4 2p/3 + 2p%/9+ 4p*/81 — 81729 + 8p°/6561)

3p 1 —e 2031 + 2p/3 + 20219+ 43181 + 2p*/243 — 4p°/2187 + 4p°/6561)

3d 1 — e 2°3(1 + 2p/3 + 20219+ 403181 + 2p*/1243 + 4p3/3645 + 4p0/32805)

4s 1 —e P21 + p/2 + p*/8 + 3p*/128 — p3/128 + 13p0/9216 — p?/9216 + pB/294912)

4p 1 —e P12(1 4 p/2 + p*18 + p3/8 + p*/384 — p>/960 + 7p%/15360 — p?/20480 + p3/491520)

4d 1—e P2(1 + p/2 + p*I8 + p3/48 + p*/384 + p3/3840 + p°/46080 — p7/184320 + p8/1474560)
4f 1 —e P21 4 pl2 + p*/8 + p3148 + p*/384 + p°/3840 + p®/46080 + p7/645120 + p8/10321920)

Table 2.1.7. Relative sizes of hydrogenic orbitals based on different probability criteria

Atomic P =0.50 P =0.90 P =0.95 P =0.99
orbital

P Ratio p Ratio p Ratio P Ratio
Is 1.34 1 2.66 1 3.15 1 4.20 1
2s 5.80 4.38 9.13 343 10.28 3.27 12.73 3.03
2p 4.67 3.49 7.99 3.00 9.15 291 11.61 2.76
3s 13.62 10.19 19.44 7.31 21.39 6.80 25.46 6.06
3p 12.57 9.40 18.39 6.91 20.34 6.46 24.41 5.81
3d 10.01 7.48 15.80 5.94 17.76 5.64 21.86 5.20
4s 24.90 18.63 33.62 12.64 36.47 11.59 42.35 10.08
4p 23.87 17.86 32.59 12.25 3545 11.26 41.32 9.83
4d 21.60 16.15 30.31 11.39 33.17 10.54 39.06 9.29
4f 17.34 12.97 25.99 9.77 28.87 9.17 34.81 8.28

any specified distance p, the probability of finding the electron within the range
0 < r < p can be obtained by direct substitution into these expressions.

The cumulative probability functions listed in Table 2.1.6 can be used to give
some measure of correlation between the various criteria for orbital size. Once a
particular value for P is chosen, it can be equated to each of the expresssions in
turn and the resulting transcendental equation solved numerically. The p values
thus obtained for P = 0.50, 0.90, 0.95, and 0.99 are tabulated in Table 2.1.7.
The significant quantites are the size ratios, with the 1s p value as standard,
which provide a rational scale of relative orbital size based on any adopted
probability criterion. As the prescribed P value approaches unity, the size ratios
gradually decrease in magnitude and orbitals in the same shell tend to converge
to a similar size.

The probabilty criterion P = 0.95 (or 0.99) yields the most compact scale
of orbital size, according to which the size of the first four qunatum shells
are approximately in the ratio of 1:3:6:10. In the fourth and last columns of
Tables 2.1.5, the probabilities corresponding to 7 and 7.y are listed, respec-
tively. Scrutiny of the data in Tables 2.1.5 and 2.1.7 show that adoption of 7
as an indication of orbital size corresponds fairly closely to a 50% probability
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criterion. The use of ry,x may be roughly matched with a lower criterion of
40%, but the correlation is not as satisfactory.

2.1.5 Energy levels of hydrogenic orbitals; summary

As mentioned previously, energy E appears only in the radial equation
[eq. (2.1.14)], which does not involve m,. Hence we readily note that s orbitals
are non-degenerate, p orbitals are triply degenerate, d orbitals have fivefold
degeneracy, and f orbitals have sevenfold degeneracy. As it turns out, for the
hydrogen atom only, E is also independent of ¢:

—me'Z: 2% 136( %) ev (2.1.32)
= = = — . —_ cV. .
" 85(2)h2n2 8 epagn? n2

To summarize, each hydrogenic orbital is described by three quantum
numbers and each quantum number is responsible for some properties:

(1) Principal quantum number n, n = 1,2, ... : solely responsible for the
energy of the orbital and largely accountable for the orbital size;

(2) Azimuthal quantum number ¢, £ = 0,1,2,...,n — 1: mainly accounting
for the shape of the orbital; and

(3) Magnetic quantum number mg,my = —£,—£ + 1, ..., £: describes the

orientation of the orbital.

Comparing the results of the Bohr and the wave mechanical models, we
find that:

(a) Both theories lead to the same energy expression.

(b) It can be shown that wavefunctions may be used to determine other atomic
properties such as the intensity of the spectral lines, etc.

(c) Quantum numbers appear naturally in solving of the Schrédinger equation
(even though this has not been explicitly shown here). But they are inserted
arbitrarily in the Bohr model.

(d) Electrons in the Bohr theory occupy planet-like orbits. In the wave mechani-
cal model they occupy delocalized orbitals. Experimental evidences support
the Schrodinger picture.

2.2 The helium atom and the Pauli Exclusion Principle

Before we embark on this topic, we first introduce the “atomic units,” which
are defined in Table 2.2.1.

In the quantum mechanical treatment we have studied so far, we always try to
obtain the wavefunction ¥ and energy E by solving the Schrodinger equation:

Hy = Evy. (2.2.1)

However, it often happens that an exact solution of the Schrédinger equation is
impossible. Instead we usually rely on approximation methods. If we have '’
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Table 2.2.1. Atomic units (a.u.)

Length la.u. =ag =5.29177 x 10~ m (Bohr radius)
Mass 1 a.u. =me =9.109382 x 1031 kg (rest mass of electron)
Charge lau. = |e] = 1.6021764 x 10712 C (charge of electron)
_ _e _ :
Energy lau. = Fregag = 27.2114 eV (potential energy between two electrons

when they are 1 ag apart)
Angular momentum 1 a.u. = %(E ) = 1.05457 x 1073475

Scale factor dmeg =1
.y
e,(r,01,¢))
0, -
| 12
0, /r, i ; e3(rp,0.)
)
o
+Z )
e , y
\\ \\\L |
d)l N : ) \‘~4|
* (o) N

as an approximation solution of eq. (2.2.1), its energy is simply

[y HYdr

E .
f w/*w/dt

(2.2.2)

2.2.1  The helium atom: ground state

Now we turn to the helium atom, whose coordinate system is showninFig.2.2.1.
The potential energy of this system (in a.u.) is

V=———— 4+ —, (2.2.3)

and the Schrodinger equation takes the form

Loz Lo 2 Z+l v =Ey (2.2.4)
21 272 r1 rn o o o ’ o

where ¥ = V¥ (r1,01,¢1,72,602,¢2) = ¥ (1,2). Note that operators Vlz and
sz affect the coordinates of electrons 1 and 2, respectively. Equation (2.2.4)
cannot be solved exactly and, in the following treatment, we will attempt to
solve it by approximation. As a first (and very drastic) approximation, we ignore
the electronic repulsion term r}—z in eq. (2.2.3) or eq. (2.2.4). Now eq. (2.2.4)
becomes

—=Vi—— v, D)+ |5V — — |v(1,2) = E¥(1,2). (22.5)
2 r 2 )

Fig. 2.2.1.
The coordinate system for the helium
atom.

43



44

Fundamentals of Bonding Theory
If we separate the variables in ¥ (1, 2),

¥ (1,2) = y1(Dy2(2), (2.2.6)
and substitute this version of (1, 2) into eq. (2.2.5), we have
V2(2) _Evl —— Vi) +vi(D) | —5Vy — — [¥2(2) = EYyi(Dy2(2).

r 2 1)
2.2.7)

Dividing eq. (2.2.7) by ¥1 (1)¥2(2) leads to

[-ivi-Z]wi)  [-492 - Z] w0
) * )

—E. (2.2.8)

It is obvious that both terms on the left side of eq. (2.2.8) must each be equal
to a constant, corresponding to E, and Ey, respectively, and

E.+E, =E. (2.2.9)

So the simplified Schrodinger equation eq. (2.2.7) can be separated into two
(familiar) equations, each involving only the coordinates of one electron:

1, Z
|:_§V1 - —} Y1) = Eayi(1); (2.2.10)

r

1, Z
_§V2 — — | ¥2(2) = Epy2(2). (2.2.11)

n

We have already solved egs. (2.2.10) and (2.2.11) in the treatment of the hydro-
gen atom; the only difference is that now Z = 2. If we take the ground state
wavefunction and energy (in a.u.),

1 3 —7r
Yi(1) = ¢is(1) = (7_[)—1/2226 N (2.2.12)
1 3 —7r
Y2(2) = ¥15(2) = (7_[)—1/2226 2, (2.2.13)
and
1 3 —Zry 1 3 —Zry \ .
v = (w2 | mm?e™): @2.14)

1
E,=E,=E;s= —522 a.u., (2.2.15)
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r>>ry, << 1y,
Z.y for Zeg for
eyis ~1 eyis ~2
electron 1 electron 1
and
E=-7%au. = —108.8¢V. (2.2.16)

The experimental energy is —79.0 eV.

To improve on this result, we need to understand what causes the error in
the solution given by eq. (2.2.14), aside from the fact that electronic repulsion
has been ignored. From 1 (1), ¥»(2), and 1 (1,2) given by egs. (2.2.12) to
(2.2.14), we can see that, in our approximation, each electron “sees” a nuclear
charge of +2. As illustrated in Fig. 2.2.2, when electron 2 is completely outside
electron 1, the charge it “sees” is about + 1, as the 42 nuclear charge is shielded
by the —1 electron cloud. On the other hand, if electron 2 is deep inside the
electron cloud of electron 1, the charge it “sees” is close to +2. Hence a more
realistic picture would be that each electron should “see” an “effective nuclear
charge” (Z.s) between 1 and 2:

1 < Zegr < 2. 2.2.17)

If that is the case, 1 (1) and ¥»(2) in egs. (2.2.12) and (2.2.13) now become

yi(l) = (n)%/zszfe‘ eff 71 (2.2.18)
V2(2) = (n)%/zszfe— off 72, (2.2.19)

Again,
¥ (1,2) = 1 (D2 (2). (2.2.6)

To determine the energy of the trial wavefunction given by eq. (2.2.18),
(2.2.19), and (2.2.6), we make use of eq. (2.2.2):

E = E(Zesr)

= [Iva [_%V% _ (’Z_l) —2V3 - (rz_2> + (%)] ¥ (1,2)dridn
B [ [1¥1,2)*dndrn, :

(2.2.20)

45

Fig. 2.2.2.
Screening of the nucleus by one of the
electrons in the helium atom.
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It should be clear that E is dependent on Zg. To calculate E is not very dif-
ficult, except for the integral involving 1/r>. Still, we are going to skip the
mathematical details here and will only be concerned with the results:

E= (zgff — 27745 + 8‘“’“ ) au. (2.2.21)

To determine the optimal (or best) value for Z.¢r, we vary Zgr until E is at the
minimum:

E g —27+2=0 (2.2.22)
dZeff - eff 8 - Y oL
or
Zw =7 (2 (2.2.23)
off = 6/ 2.

For the specific case of helium, Z = 2, we get
27
Zoff = T6 = 1.6875. (2.2.24)

This value of Z.gr is within the range we wrote down in eq. (2.2.17). Substituting
eq. (2.2.23) into eq. (2.2.21) leads to

72 =— z—(i)2 (2.2.25)
eff a'u. _— 16 a.u. . .

For helium, with Z = 2, we have
Enin = —(1.6875)2 a.u. = —285au. = -77.5¢V, (2.2.26)

recalling that experimentally helium has the energy of —79.0 eV. So, with such
a simple treatment, a very reasonable result is obtained. However, to close the
remaining gap of 1.5 eV, considerable effort is required (see below).

What we have applied to helium is called the variational method, which
usually consists of the following steps:

(1) Set up a trial function with one or more parameters ¥ (a1, &2, . . .);

(2) Calculate E(a,a2,...) = %.
(3) Obtain the optimal values of ¢1, a2, ... and hence the minimum energy by

setting 0E/da; = dE/dop = --- = 0.

In 1959, C. L. Pekeris, by optimizing a 1,078-term wavefunction for helium,
obtained an energy essentially identical to the experimental value.

Before concluding this section, we will take a closer look at the relatively
simple trial wavefunctions for helium, i.e., those functions with one or two
adjustable parameters. While neglecting the mathematical details of the cal-
culations, we will pay particular attention to the physical meaning of the
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parameters. In so doing we will acquire a better understanding on the design of
trial wavefunctions.

First we rewrite the trial wavefunction for helium given by eqgs. (2.2.18),
(2.2.19), and (2.2.6) as

Vo= e—a(n+tr)

As mentioned previously, parameter « may be viewed as the effective nuclear
charge “felt” by either one of the two electrons. Such an interaction is commonly
called the screening effect. Furthermore, as described by this wavefunction, the
two electrons move independently of each other, i.e., angular correlation is
ignored. Electron correlation may be taken as the tendency of the electrons to
avoid each other. For helium, angular correlation describes the two electrons’
inclination to be on opposite sides of the nucleus. On the other hand, radial
correlation, or screening effect, is the tendency for one electron to be closer to
the nucleus, while the other one is farther away. A one-parameter trial function
that does take angular correlation into account is

Yp = e 201 (1 4 crp).

As will be shown later, i, is actually a better trial function than v,. Thus it is
surprising, and a pity, that ¥, has not been included in most of the text books.

Proceeding to trial functions with two parameters, we can see that a function
that includes both the screening effect and angular correlation is

Yo = e (1 + erp).

Clearly this function is an improvement on both ¥, and .

Recall ¥, assumes that both electrons in helium experience the same effec-
tive nuclear charge «. While this may be so in an average sense, such an
approximation fails to take into account that, at a given instant, the two elec-
trons are not likely to be equidistant from the nucleus and hence the effective
nuclear charges they feel should not be the same. Taking this into consideration,
C. Eckart proposed the following trial function in 1930:

Yg = e e P e Prigmar,

It is clear in ¥4 one electron is allowed to move closer to the nucleus and
the other is allowed to be farther away. Once again, angular correlation is not
explicitly included in this function. It is noted that this function has two terms
because the two electrons are indistinguishable from each other. If we only
take the first term, electron 1 is labeled by effective nuclear charge o, while the
other electron is labeled by 8. This is not allowed in quantum mechanics. The
indistinguishability of electrons will also be discussed in the next section.

The results for the aforementioned four trial wavefunctions are summarized
in Table 2.2.2.

Examining the tabulated results, it is clear that, between the one-parameter
trial functions, vy is “better” than ;. Physically, this implies that angular
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Table 2.2.2. Summary of four trial wavefunctions of helium atom in its ground state

Trial wavefunction Optimized parameter value(s) 1E(calc) (eV)*
Yo = e~ ¢01+72) o = 1.6875 (exact) 23.1
Yp = e 2012 (1 4 ¢rp) c=0.5572 239
Yo = e~ 20142 (1 4 crp) o = 1.8497; ¢ = 0.3658 242
Vg =e Wie=Pr2 4 g=Prig—an o =1.1885; B = 2.1832 23.8

*IE, ionization energy. The experimental IE of He is 24.6 eV.

correlation is a more important factor than the screening effect. Indeed, Y,
is even slightly better than the two-parameter function 4. This once again
underscores the importance of angular correlation. In v4, we can see that one
optimized parameter is close to 2, the nuclear charge, while the other is close
to 1. That means one electron is close to the nucleus and the other is effectively
screened by the inner electron. Finally, since . takes both screening effect
and angular correlation into consideration, it is naturally the best trial function
among the four considered here.

2.2.2 Determinantal wavefunction and the Pauli Exclusion Principle

In our treatment of helium, each electron occupies a 1s-like orbital, and hence
the wavefunctions given in egs. (2.2.18), (2.2.19), and (2.2.6) may be written as

VHe(1,2) = 1s(1)Is(2). (2.2.27)

However, we cannot handle atoms with more than two electrons in the same
manner. For instance, for lithium, the wavefunction

Yi(1,2,3) = 1s(1)1s(2)1s(3) (2.2.28)

is not acceptable at all, since it denotes an electronic configuration (1s®) that
violates the Pauli Exclusion Principle. This principle states that no two electrons
can have the same set of quantum numbers.

For atomic systems, it is often said that each electron is defined by four
quantum numbers: n, £, my, and my. Actually, there is a fifth quantum number,
s, which has the value of 1/2 for all electrons. Quantum number i can be either
1/2 or —1/2, corresponding to spin function « (spin up) and B (spin down),
respectively. Spin functions o and 8 form an orthonormal set,

/otoz dy = /;3,3 dy =1, (2.2.29)
and

/ aBdy =0, (2.2.30)
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where y is called a spin variable. If we add spin function to the spatial
wavefunction given by eq. (2.2.27) to yield the total wavefunction for helium,

¥p(1,2) = Isa(1)1s8(2). (2.2.31)

However, function v, implies that electrons are distinguishable: electron 1 has
its spin up and electron 2 spin down. Similarly, we should also consider the
following in the total wavefunction for helium:

Yq(1,2) = Isa(2)1sB(1). (2.2.32)

There are two ways of combining v, and 14 in order to make the two electrons
indistinguishable:

1
W (2)1/2[%(] 2+ ¥5(1D)] = S [Isa(D1sBQ) + 1sa @) IsB(D)]
(2.2.33)

which is symmetric with respect to the exchange of the two electrons;

2 (2)1/2 [wp(l 2) — ’ﬁq(l,Z)] (2)1/2 [130{(1)13,3(2) - 1SO£(2)1s,3(1)]
(2.2.34)

which is antisymmetric with respect to the exchange of the two electrons. Note
that in expressions (2.2.33) and (2.2.34), the factor 1/ (2)!/2 is a normalization
constant.

It is found that electronic wavefunctions must be antisymmetric with respect
to the exchange of the coordinates of any two electrons. Hence, only the function
given by expression (2.2.34) is acceptable for the helium atom:

¥(l,2) = [Isa(1)1sB(2) — s (2)1sB(1)]

1
(2)1/2

=1S(1)IS(2){ SipleDBR) - ﬁ(l)a(Z)]}

@)
= (symmetric spatial part) x (antisymmetric spin part). (2.2.35)

In our previous treatment of helium, we only used the spatial function 1s(1) Is(2)
to calculate the energy, while ignoring the spin part. This is acceptable because
energy is independent of spin.

In eq. (2.2.35) we see that the helium wavefunction can be factorized into
spatial (or orbital) and spin parts. It should be noted that such a factorization is
possible only for two-electron systems. Yet another way of writing ¥ (1, 2) of
He as given in eq. (2.2.35) is

w(l,2) = (2)]/2[1sa(1)1s,3(2) — 1sa(2)1s8(D)]

1
“ar

Isa(1l) 1sB(1)

lsa® 18| (2.2.36)
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This is called a Slater determinant, in honor of physicist J. C. Slater. Since a
determinant changes its sign upon the exchange of any two rows or columns, any
wavefunction written in determinantal form must be antisymmetric with respect
to electron exchange. If we take the determinantal function in eq. (2.2.36) and
exchange its two rows:

Isa(2) 1sB(2)

l/f(Z,l) = (2)1/2 1Sa(1) 1513(1)
1
= Ese@1sp) — IsaDIsp@] = -y (1,2). (2.2.37)

Also, such an antisymmetric function automatically satisfies the Pauli Exclusion
Principle. For instance, if we write a function for helium having both electrons
in the 1s orbital with spin up,

1 1
7 }zzg iigg; = i@ — Is()lsw@)] =0

(2.2.38)

Such a function vanishes because any determinant with two identical rows or
columns vanishes. In other words, any system having both electrons in the 1s
orbital with o spin cannot exist. Now we see there is an alternative way of
saying the Pauli Exclusion Principle: A wavefunction for a system with two or
more electrons must be antisymmetric with respect to the interchange of labels
of any two electrons.

Returning to the lithium atom, it is now clear the 1s orbital cannot accommo-
date all three electrons. Rather, two electrons are in the 1s orbital with opposite
spins, while the remaining electron is in the 2s orbital with either o or 8 spin.
Hence two determinantal wavefunctions can be written for the ground state of
lithium:

Isa(l) 1sB(1) 2sa(l)
Y(1,23) = — [ 1sa@  156Q) 2sa() |, (2.2.39)
)" 1 1sa(3) 1s83) 2sa(3)
and
sa(l) 1sB(1) 2sB(1)
Y(1,23) = — | 1se@) 16Q2) 2560 |. (2.2.40)
)% 1sa(3) 1s83) 258(3)

Since there are two determinantal functions for lithium, its ground state is a
spin doublet. On the other hand, only one determinantal function can be written
for helium [eq. (2.2.36)], and its ground state is a spin singlet.

Another notation describing the ground state of helium and lithium is 1s?
and 1s22s!, respectively. From this notation, we can tell quickly which orbitals
accommodate the electrons and how the electron spins are related to each other.
Such an assignment for the electrons is called the electronic configuration of
the atom.
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2.2.3 The helium atom: the 1s'2s' configuration

When one of the electrons in helium is excited from the 1s to the 2s orbital,
the configuration 1s!2s! is obtained. Taking the indistinguishibility of electrons
into account, two spatial wavefunctions can be written:

symmetric spatial part: [1s(1)2s(2) + 1s(2)2s(1)], (2.2.41)

1
(2)1/2

antisymmetric spatial part: ————=[1s(1)2s(2) — 1s(2)2s(1)]. (2.2.42)

)2

On the other hand, four functions can be written for the spin part:

symmetric spin part: o (1)x(2), (2.2.43)
symmetric spin part:  S( 1) B(2), (2.2.44)
symmetric spin part: B 1/2 ——=[a(1)B(2) + ¢ (2)B(D)], (2.2.45)

antisymmetric spin part:

@Wﬂwnmm—aaman (2.2.46)

Since the total (spatial x spin) wavefunction must be antisymmetric, four
acceptable functions can be written from expressions (2.2.41) to (2.2.46):

1
Yi(1,2) = (2)1/2[1s(1)2s(2) + 1s(2)2s(1)] - (2)1/2 [«(D)BQ) — a)B(D)]
_ L1 e 288D 1 J1sB(1) 2sa(l)
T2 @12 [1sa2) 2s8(2)| ()12 |1sB(2)  2sa(2)
(2.2.47)
R
_ L Ise(l) 2sa(l)
T Q)2 [1sa(2) 2sa(2)| (2.2.48)
¥3(1.2) = (2)—1/2[18(1)ZS(2) — 1s(2)2s(1)] - B B(2)
L [1sB() 2sB8(1)
T @2 |1sB2) 25B)| (2.2.49)
Y4(1,2) (2)1/2 [1s(1)2s(2) — 1s(2)2s(1)] - (2)1/2[0‘(1),3(2)+oz(2),3(1)]
Isa(1) 2sB(1) 1

1sB(1)  2sa(l)
1s8(2) 2sa(2)
(2.2.50)

1 1
=®WbWBM)M@ Q1
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AsE = [ w*fl Ydt and His spin-independent, it is clear that y», V3, and
V¥4 have the same energy and form a spin triplet, while v| has different energy
value and is called a spin singlet. In the following, we denote the orbital (or
spatial) part of the singlet [eq. (2.2.41) and triplet [eq. (2.2.42)] functions by
Ly and 34, respectively:

lv(1,2) = (2)%/2[1s(1)2s(2) + 15(2)2s(1)], (2.2.51)
3u(1,2) = (2)%/2[1s(1)2s(2) — 15(2)2s(D)]. (2.2.52)

Now we evaluate the energies 'E and 3E for the singlet and triplet states,
respectively. Recall, for helium, in atomic units

R 1 z 1, Z 1
H=(-zV2-Z )4 (V-2 )+ —. (2.2.53)

2 r 2
It can be shown that
'E = / / YW*H YWdr dr

=E;s+Ex+J+K, (2.2.54)
where J (coulomb integral) and K (exchange integral) have the form

1 34

J = // 1s(1)2s(2) { — ) Is(1)2s(Q)d11d1y = ﬁa.u. =0420a.u.,
T2
(2.2.55)

K = // 1s(1)2s(2) (i) 1s(2)2s(1)dtidm, = % a.u = 0.044 a.u.
(2.2.56)

In deriving eq. (2.2.54), we have skipped some mathematical steps. Recall from
the treatment of hydrogen atom:

Z2
En = _W a.u. (2257)
Hence, for helium, with Z = 2,
Eis=—-2a.u., (2.2.58)

Ex = —1/2au., (2.2.59)
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i K =0.044 a.u.

~0.208 a.u.
¢ K =0.044 au.

Experimental AE = 0.93 eV
J=0.420a.u.
AE='E-3E=2K=0.088.a.u.=2.39 eV

Columb Exchange
interaction interaction

and
g = (—2.500 + 0.420 4+ 0.044) a.u. = —2.036 a.u. (2.2.60)

In a similar manner, it can be shown that

3 1
E = —2§+J—K a.u.
= (—2.500 + 0.420 — 0.044) a.u. = —2.124 a.u. <'E. (2.2.61)

The way we have arrived at the energies of the singlet and triplet states arising
from the 1s!2s! configuration is illustrated pictorially in Fig. 2.2.3. From the
above discussion and the example of the 1s'2s! configuration for the helium
atom, it is seen that more than one state can arise from a given configuration.
Furthermore, the energy difference for these states is due to the electronic
repulsion term.

To conclude this section, we note the following:

(1) For the ground configuration 1s? of helium, only one wavefunction can be
written [eq. (2.2.36)]. Hence the ground state of helium is a singlet.

(2) For the ground configuration 1s22s! of lithium, two wavefunctions can be
written [egs. (2.2.39) and (2.2.40)]. Hence the ground state of lithium is a
doublet.

(3) For the excited configuration 1s12s! of helium, two states can be derived.
One is a singlet and the other is a triplet, with the latter having the lower
energy.

As a final remark, from (3), it can be seen that, it is not proper to speak of
an electronic transition by mentioning only the configurations involved, such
as 1s> — 1s'2s!. This is because, in this particular case, it does not specify the
final state of the transition. Hence, to cite an electronic transition, we need to
specify both the initial and final electronic states. Only stating the initial and
final configurations is not precise enough. We will have more discussion on this
later.

53

Fig. 2.2.3.

Determination of the energies of the
singlet and triplet states arising from the
1s12s! configuration of the helium atom.
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Fig. 2.3.1.

The radial distribution functions of 3s,
3p, and 3d orbitals together with that of
the sodium core (1522522p6).

Fundamentals of Bonding Theory

2.3 Many-electron atoms: electronic configuration and
spectroscopic terms

2.3.1 Many-electron atoms

For an atom with n electrons, the Schrodinger equation has the form (in a.u.)

‘%ZVE—Z%.“LZ% (1,2, ...,n) = Ey (1,2, ...,n).

i i<j Y

(2.3.1)

This equation cannot be solved exactly. The most often used approximation
model to solve this equation is called the self-consistent field (SCF) method,
first introduced by D. R. Hartree and V. A. Fock. The physical picture of this
method is very similar to our treatment of helium: each electron “sees” an
effective nuclear charge contributed by the nuclear charge and the remaining
electrons.

Figure 2.3.1 shows the radial distribution functions of sodium
(1s22522p%3s!). The shaded portion shows the electronic distribution of Na™
(1s225%2p®), which indicates that the K and L shells of Na* are two concentric
rings close to the nucleus; such a picture resembles the orbits in the Bohr theory.
Also shown in Fig. 2.3.1 are the 3s, 3p, and 3d radial distribution functions.
As a general rule, s orbitals are least screened (it “sees” the largest effective
nuclear charge), or most penetrating. As £ increases, the orbital penetrates less
into the region close to the nucleus so that the effective nuclear charge expe-
rienced by the electron decreases. As a result, for atoms with more than one
electron, orbitals having the same n but different ¢ values are not degenerate.
Recall, for the hydrogen atom, orbitals with the same n but different £ values
have the same energy [eq. (2.1.28)],

ZZ
E,=——au,,

5 (2.3.2)

but such degeneracies no longer hold true for atoms other than hydrogen.

(1s2252p)

rR?
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In an atom with more than one electron, each electron (or orbital) is
characterized by the following quantum numbers:

n: It largely determines the energy associated with the orbital and its size.

£: It indicates the shape of the orbital; also, the electronic orbital angular
momentum has a magnitude of [(£(£ + 1)]]/2(11/271), or [£(€ + D12 a.u.

my: It indicates the orientation of the orbital; also, the z component of the orbital
angular momentum of the electron is m, (h/2m) or my a.u.

s: It has a value of 1/2 for all electrons; also the electronic spin angular
momentum has a magnitude of [s(s + D1Y2 au. or 12(3)1/2 a.u.

myg: It has a value of either 1/2 or —1/2; the z component of the spin angular
momentum of an electron is m; a.u.

Note the ¢ plus mg and s plus my; make two equivalent pairs of angular
momentum quantum numbers. The former pair is for the orbital motion, and
the latter for the spin motion.

2.3.2 Ground electronic configuration for many-electron atoms

By applying the Pauli Exclusion Principle, we can put each successive elec-
tron into the available lowest-energy orbital to yield the following electronic
configurations for the first 30 elements in the periodic table (Table 2.3.1).

In the last column of Table 2.3.1, [Ar] denotes that the first 18 electrons
of these elements have the Ar configuration. For Sc (Z = 21), we have
1s22522p63s23p6 for the first 18 electrons. For electron no. 19, E(3d) < E(4s),
and hence the electron enters into the 3d orbital. For electron no. 20, E(4s) <
E(3d), so it enters into the 4s orbital. For electron no. 21, E(4s) < E(3d), and
thus it enters into the 4s orbital. Finally, we have the configuration [Ar]3d4s?
for Sc, as well as [Ar]3d'4s! and [Ar]3d! for Sc* and Sc2T, respectively.

It is now clear that the energies of the atomic orbitals do not follow an
immutable sequence. Rather, the energy ordering depends on both the nuclear
charge and electronic configuration under consideration. For example, for elec-
tron no. 19 in both K (Z = 19) and Ca (Z = 20), we have E(4s) < E(3d). For
electron no. 19 in Sc (Z = 21), it becomes E(3d) < E(4s). Furthermore, for
electrons no. 20 and no. 21 of Sc, the ordering is reversed.

Table 2.3.1. Electronic configurations for the first 30 elements

H 1s! Na 1522522p63sl Sc [Ar]3d14$2
He 1s? Mg 1522522p63s2 Ti [Ar]3d24s2
Li  1s22s! Al 1522522p03s23p! V. [Ar]3d34s?
Be 152242 Si 1522522p03s23p? Cr  [Ar]3d%4s!
B 1s22s22p! P 1522522p63523p3 Mn [Ar]3d54s?
C 1522522p2 S 1522522[)63523[74 Fe [Ar]3d®4s2
N 1s22s22p3 €l 1s%2s%2p03s23p° Co  [Ar]3d74s2
0 1s22s22p*  Ar  1s22s22p®3s23p0 Ni  [Ar]3d84s?
F  1s22s22p° K 1s22s22p03s23pfas!  Cu  [Ar]3d!04s!

Ne 1s22s22p% Ca  1s22522p03s23pf4s?  Zn  [Ar]3d!04s?
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Note that there are two anomalies in the first transition series: [Ar]3’d54s1
(instead of [Ar]3d4452) for Cr and [Ar]3d104s! (instead of [Ar]3d94s2) for Cu.
These two configurations arise from the extra stability of a half-filled or com-
pletely filled subshell. Such stability comes from the spherically symmetric
electron density around the nucleus for these configurations. Take the sim-
pler case of p> as an example. The angular portion of the density function is
proportional to
?+ Ipyl

+ |Py + |pz|2

= constant[(sin 6 cos (;5)2 + (sin @ sin ¢)2 + (cos 9)2]
= constant. 2.3.3)

|px

Similar spherical symmetry also occurs for configurations d> and 7.

2.3.3  Spectroscopic terms arising from a given electronic configuration

We are now in position to derive the electronic states arising from a given
electronic configuration. These states have many names: spectroscopic terms (or
states), term symbols, and Russell-Saunders terms, in honor of spectroscopists
H. N. Russell and F. A. Saunders. Hence, the scheme we use to derive these
states is called Russell-Saunders coupling. It is also simply referred to as L—S
coupling.

Each electronic state is defined by three angular momenta: total orbital angu-
lar momentum vector L, total spin angular momentum vector S, and total angular
momentum vector J. These vectors have the following definitions:

L=Y ¢ (2.3.4)
S=> s, (2.3.5)

and
J=L+8S. (2.3.6)

In egs. (2.3.4) and (2.3.5), £; and s; are the orbital angular momentum vector
and spin angular momentum vector of an individual electron, respectively. For a
state defined by quantum numbers L, S, and J, the magnitudes of the total orbital
angular momentum, total spin angular momentum, and total angular momentum
vectors of the system are [L(L + DIV2, S+ D12, and [J(J + D12 au.,
respectively.

Referring to eq. (2.3.6), in quantum mechanics, when we add two vectors
A and B to yield a resultant C, C can take on the values of A + B,A + B —
1,...,]A — B| only, where A, B, and C are the quantum numbers for the vectors
A, B, and C, respectively. Hence,

J=L+S,L+S—-1,...,IL-S|. 2.3.7)
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Furthermore, each state is labeled by its L value according to:

Lvalue 0 1 2 3 4 5 6..
State S P D F G H I..
A term symbol is written in the short-hand notation

ZS+1LJ

So if we have a state 4G3 1 we can see immediately this state has L = 4,
S = 1lp,and J = 3152. From eq. (2.3.7), we see that, for L = 4 and S = 1152,
J can be 512, 4152, 3112, and 2172. So 3112 is one of the allowed values. The
superscript 25+1 in the term symbol is called the spin multiplicity of the state.
When a state has spin multiplicity 1, 2, 3,4, 5, 6, ..., the state is called a singlet,
doublet, triplet, quartet, quintet, sextet, . . ., respectively. Usually the number
of allowed J values is the same as the state’s spin multiplicity; an example is
the aforementioned *G. However, there are exceptions. For example, for the
state 2S, we have L=0and § = 1/2, and J = 1/2 only.

To derive the electronic states, we sometimes also need the z components of
angular momenta L and S, called L, and S, respectively. The magnitudes of L,
and S, are My, and Mg a.u., respectively, where

ML= (m);=LL—-1, ... -L (2.3.8)
i

Mg =Y (m);=5,8S—1,...,-5. (23.9)
i

Similarly, the total angular momentum vector J also has its z component J,,
with its corresponding magnitude being M; a.u., where

My =M, +Ms=J,0—1,...,—J. (2.3.10)

Note that the sums in eqgs. (2.3.8) to (2.3.10) are numerical sums, not
vector sums.
When we only have one electron in a configuration, e.g., 1s! for H, we get

L=¢,=0,
which indicates an S state. Also,
S=s5=1/2, or 2S5+1=2.

So we have only one term, 28 The allowed J value is 1/2. Hence 251/2 is the
only state arising from the s! configuration. Similarly, it is easy to show the
following:
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Configuration State(s)

S1 251/2

pl 2P11/2’2P1/2
d! 2D11/2’2D21/2
f! 2F21/2’2F31/2

Now we proceed to the configuration s> of, say, helium. Here these electrons
are called equivalent electrons, since they have the same n value and also the
same £ value. For such systems, we need to bear the Exclusion Principle in mind.
Now the two electrons can only be accommodated in the following manner:

Is 1) My = Z (mye); Mg = Z (my);
1 1
n=1 £=0,m=0, M, =0+0=0 Ms=1/2+(—1/2)=0.

So the only (Mp, Mg) combination is (0,0). Such a combination is also called
a microstate. Here the only allowed value of M; = 0; the same is true for M.
From eqgs. (2.3.8) and (2.3.9), the only allowed value for L is 0; the same also
holds for S. So the only state from the s> configuration is ! Sy. Indeed, 'S (with
S = 0and L = 0) is the only allowed state for all filled configurations:

Configuration State

82 IS()
p° 'S
le lSO
f14 ]SO

For the excited configuration 1s12s! of helium, we have the following:

n=1,ﬂ=0,mg=0 n=2,€=0,mg=0 ML MS

i) 1 0 1
i) \ 0 0
- 1 0 0
¢ \ 0 -1

These four microstates lead to an (M}, My) distribution shown below:

M,=0|1 2 1

1 0 1 Mg

For such a simple distribution, it is obvious that only two terms can arise from
it: 1S [which requires one microstate: (M, = 0, Mg = 0)] and 3§ [which
requires three microstates: (0,1), (0,0), and (0,—1)]. Previously we have already
concluded that the 1s'2s! configuration of helium has two states, one singlet
and one triplet, with the triplet state having the lower energy. When we put
in the proper J values, the states arising from configuration ns'n’s! are 'S

and 3S;.
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Anexample often used in texts is the 1s22s22p? configuration of carbon. Since
all filled subshells lead to L = 0 and S = 0, we only need to be concerned with
p? here. There are 15 microstates for this configuration:

me=1 me=0 my=—-1 Mp Mg
o 2 0
™ 0 0
N -2 0
0 1 11
N J 1 -1
0 J 1 0
N 4 1 0
t t -1 1
! L1
1 S
) R
T T 0 1
\: \ 0 -1
1 ) 0 0
) T 0 0
These 15 microstates have the distribution shown below:
My,
2 1
1 1 21
0 1 3 1
-1 1 2 1
-2 1
-1 0 1 Mg

This large distribution is made up of the following three smaller distributions:

My Ip
M 3p 2 |1
1 L
My § 11 11 1|1
0|1 11 0 |1
0 L -1l 1 1 1 101
0 Ms -1 0 1 Mg -2 1
0 Mg

So three terms arise from configuration p?: 'D, 3P, and !S. If we include the
allowed J values, we then have 1D, 3P,, 3Py, 3PO, and lSo. Levels such as
3p,, 3Py, and 3 Py which differ only in their J values are called multiplets. For
light elements, the levels of a multiplet will have slightly different energies,
while levels from different terms will have larger energy differences.

By writing out the microstates of a given configuration, it is easy to see that
configurations £" and £+/*2~" have the same states. This is because the number
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Table 2.3.2. Spectroscopic terms arising from configurations s”, p", and d"

Configuration LS terms Configuration LS terms

p1)p5 ZP d2,d8 IS,ID,IG,3P,3F

pZ’p4 lS,lD,3P d3,d7 2D(2),2P,2F,2G,2H,4P,4F

P’ 2D dhde 'S2).'D2),'F,'G(2),'1,>P(2),°D,*F(2),>G.*H,*D
d!, d? ’D & 28,2P,2D(3), 2F(2),2G(2), ’H, *1,*P,*D, *F, %G, 6§

of ways of assigning electrons to orbitals is equal to the number of ways of
assigning vacancies to the same orbitals. Hence carbon (1s>2s>2p?) and oxygen
(1s22s22p4) have the same states. Table 2.3.2 lists the term symbols (L and S
values only) arising from a given equivalent electronic configuration. We note
that configurations with only one electron in a subshell and configurations with
filled subshells have already been dealt with.

Note that the last term given for each configuration is the ground term (see
discussions on Hund’s rule below). The number in brackets indicates the number
of times that term occurs, e.g., there are two different 2D terms for the d3
configuration.

2.3.4 Hund's rules on spectroscopic terms

When there are many terms arising from a given configuration, it would be
of interest to know the relative order of their energies, or at least which is the
ground term. To accomplish this, we make use of Hund’s rule, in honor of
physicist F. Hund:

(1) Of the terms arising from a given configuration, the lowest in energy is the
one having the highest spin multiplicity.

(2) Of two or more terms with the same multiplicity, the lowest in energy is
the one with the largest L value.

(3) For a configuration less than half-filled, the lowest state is the one with the
smallest J value (the multiplet is then called “normal”); if the configuration
is more than half-filled, the lowest state is the one with the largest J value
(the multiplet is “inverted”).

Note that, strictly speaking, Hund’s rules should be applied only to equivalent
electronic configurations and for the determination of only the ground state. By
applying these rules, we can see that both carbon (2p®) and oxygen (2p*) have
3P as the ground term. However, the ground state of carbon is 3P0, while
that for oxygen is >P,. A complete energy ordering for the state of carbon is
given in Fig. 2.3.2. Also, a state 28411, has a (2J + 1)—fold degeneracy, as
My =J,J —1,...,—J.This degeneracy will be manifested when we apply an
external magnetic field to a sample and then take its spectrum (Zeeman effect).

Before leaving this topic, we once again note that electronic transitions occur
between states and may or may not involve a change in configuration. Take the
states in Fig. 2.3.2 as an example. Transition from ground state 3Py to excited
state 'D> Py — 'D») [note that this is not an allowed transition in the first
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1 1
S o a6saev -
=21,647.8 cm™! vz
1 D
b 2 1264V (=M
=10,194.8 cm™! — 2,1,0--1,-2
C(1s%2s%2p?)
— M,=
43.5 om! (=110
16.4 cm™! { == 1,01
Py— 0 0
Electron—
electron Spin—orbit interaction Zeeman
replusion effect

place!] does not involve a change in configuration, as both the initial and final
states of the electronic transition arise from configuration 2p2.

To conclude this section, we illustrate how to obtain the ground term of a
given configuration without writing out all the microstates. Again we take p?
as an example. When we place there two electrons into the three p orbitals we
bear in mind that the ground term requires the maximum S (first priority) and
L values. To achieve this, we place the electron in the following manner:

mg | 1|0 —1
0 Mp=1 Msg=1

Since My runs from L to —L and Mg runs from S to —S, the maximum L and
maximum S values are both 1 in this case. Hence, the ground term is 3p.
Two more examples are given below:

(Hp?

me | 1]0|—1
P Y [ ML=0 Mg=1n

We thus have L = 0 and S = 1'/2 and the ground term is *S.
(2)d’

me | 2 1 0| —-11|-2
TV A T [ T [ M=3 Ms=1n

Hence we have L = 3 and S = 1!/2 and the ground term is 4F.

Fig. 2.3.2.
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Energies of the spectroscopic state for
the ground state configuration of carbon

(not to scale!).



62

Fundamentals of Bonding Theory

2.3.5 |jCoupling

In the L-S coupling scheme we have just discussed, it is assumed that the elec-
tronic repulsion is much larger than the spin—orbit interaction. This assumption
certainly holds for lighter elements, as we have seen in the case of carbon atom
(Fig. 2.3.2). However, this assumption becomes less and less valid as we go
down the Periodic Table. The breakdown of this coupling scheme is clearly
seen from the spectral data given in Table 2.3.3.

Table 2.3.3. Spectral data (in cm*]) for the electronic states
arising from configurations npz, n=2-6

C 0.0 16.4 43.5 10193.7 21648.4
Si 0.0 772 223.31 6298.8 15394.2
Ge 0.0 557.1 1409.9 7125.3 16367.1
Sn 0.0 1691.8 3427.7 8613.0 17162.6

Pb 0.0 7819.4 10650.5 21457.9 29466.8

In the extreme case where the spin—orbit interaction is much larger than
electronic repulsion, total orbital angular momentum L and total spin angular
momentum S are no longer “good” quantum numbers. Instead, states are defined
by total angular momentum J, which is the vector sum of all the total angular
momenta j values of the individual electrons:

J=Y js (2.3.11)

where
Ji=4+s,. (2.3.12)

We can illustrate this scheme with a simple example. Consider the electronic
configuration p's'. For the p electron, we have j, = £; + 51, which means
that j; can be either 112 and 1/2. On the other hand, for the s electron, we have
J2 = 1/2. Whenj; = ll2and j, = 1/2 are coupled, J = j; + j, and quantum
number J can be 1 or 2. When j; = 1/2 and j, = 1/2 are coupled, J can be 0
or 1. So for the pls1 configuration, there are four states: J = 0, 1, 1, 2. These
states are “correlated” to the Russell-Saunders terms in the manner shown in
Fig.2.3.3.

To conclude this section, we take up a slightly more complex example: the
case of two equivalent p electrons. In the j—j coupling scheme, the Pauli’s
principle becomes “no two electrons can have the same set of quantum numbers
(n, £, j, m;).” For configuration npz, =ly=1,s1=5=1/2,j1,jp =112
or 1/2. Once again, as in the case of L-S coupling, there are now 15 microstates,
as listed in Table 2.3.4.

Note that in Table 2.3.4 labels 1 and 2 are for convenience only. It is important
to bear in mind that electrons are indistinguishable. The five electronic states
derived using this scheme may be correlated to those derived with the L-S
coupling scheme in Fig. 2.3.2. This correlation diagram is shown in Fig. 2.3.4.



The Electronic Structure of Atoms 63

Fig. 2.3.3.
Correlation diagram for electronic states

L—-S coupling: J—J coupling: arising from configuration
electronic interaction > spin-orbit coupling > slplemploying L-S and j—j coupling
spin-orbit coupling electronic interaction schemes

Table 2.3.4. The microstates for configuration np2 employing
the j—j coupling scheme

J1 J2 (mj)y (mj)2 My J
172 172 172 —-1/2 0 0
1/2 11 1/2 112 2
172 172 1
172 —-1/2 0
1/2 —11n -1
—1)2 11 1 21
1,2 1/2 0
—-1/2 —-1/2 -1
—1/2 —11n -2
112 112 1ln 1/2 2
12 —1/2 1
11n —11n 0
172 —-1/2 0 2,0
172 —-1/2 -1
—1/2 —11n -2
T J Ji b
E ls\
1 41
17 13
2
'D

2=

X Fig. 2.3.4.
Correlation diagram for electronic states

1 1
22 arising from configuration np2
L-§S spin—orbit interaction —- J—i employing Z-S and j—j coupling
coupling —«— electronic repulsion coupling schemes
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2.4 Atomic properties

In this section we discuss the various atomic properties that are the manifestation
of the electronic configurations of the atoms discussed in the previous sections.
These properties include ionization energy, electron affinity, electronegativity,
etc. Other properties such as atomic and ionic radii will be discussed in subse-
quent chapters, as these properties are related to the interaction between atoms
in a molecule. Toward the end of this section, we will also discuss the influence
of relativistic effects on the properties of elements.

2.4.1 lonization energy and electron affinity

(1) Ionization energy

The first ionization energy /7 of an atom is defined as the energy required to
remove the outermost electron from a gaseous atom in its ground state. This
energy may be expressed as the enthalpy change of the process

A(g) = AT (@) +e (g), AH=I. (2.4.1)

The second ionization energy /> of A is then the energy required to remove an
electron from A™:

At(g) > AT (@ +e (2), AH =1D. (2.4.2)

The third, fourth, and subsequent ionization energies may be defined in a similar
manner. Table 2.4.1 lists the /] and I values of the elements. The variations of
I and I, against atomic number Z are shown in Fig. 2.4.1.

Examining the overall trend of /1 shown in Fig. 2.4.1, it is seen that /]
decreases as Z increases. On the other hand, within the same period, /] increases
with Z. Also, the noble gases occupy the maximum positions, as it is difficult
to remove an electron from a filled configuration (ns?np®). Similarly, but to
a less extent, Zn, Cd, and Hg, with configuration (n — 1)d'%ns?, occupy less
prominent maxima. Also, N, P, and As, with half-filled subshells, are also in
less prominent maximum positions as well.

In the I curve shown in Fig. 2.4.1, the minimum positions are taken up by
the alkali metals. These elements have general configuration ns! and this lone
electron is relatively easy to remove. On the other hand, in the /> curve, the
alkali metals now occupy the maximum positions, as the singly charged cations
of the alkali metals have the noble gas electronic configuration. Additionally,
the I, values of the alkali metals are very large, in the range 2.2-7.3 x 103 kJ
mol~!. The chemical properties of these elements may be nicely explained by
their ionization energy data. Similarly, elements B, Al, Ga, In, and T1, with only
one lone electron in the p orbital, also have relatively low I values.

The two valence electrons of alkali earth metals (Be, Mg, Ca, Sr, and Ba)
are comparatively easy to ionize, as the data in Fig. 2.4.1 show. These elements
occupy the minimum positions in the I, curve. Hence the chemistry of these
elements is dominated by their M>* cations. The only exception is Be, which,
with the largest (/1 4+ 1») value in the family, forms mainly covalent compounds.
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Table 2.4.1. Ionization energies (MJ mol_l) I1 and I, and the electron affinities (kJ mol_l) Y
of the elements

V4 Element [ I Y z Element [ I Y

1 H 1.3120 7277 47  Ag 0.7310 2.074 125.7

2  He 23723 5.2504 — 48 Cd 0.8677 1.6314 —

3 Li 0.5203  7.2981 59.8 49 In 0.5583  1.8206 29

4 Be 0.8995  1.7571 — 50 Sn 0.7086  1.4118 121

5 B 0.8006  2.4270 27 51 Sb 0.8316  1.595 101

6 C 1.0864 23526 1223 52 Te 0.8693  1.79 190.1

7 N 1.4023  2.8561 -7 53 1 1.0084 1.8459 2953

8§ O 1.3140  3.3882  141.0 54 Xe 1.1704  2.046 —

9 F 1.6810 3.3742 3279 55 GCs 0.3757 2.23 45.49
10 Ne 2.0807  3.9523 — 56 Ba 0.5029  0.9653 —
11  Na 0.4958  4.5624 52.7 57 La 0.5381  1.067 50
12 Mg 0.7377  1.4507 — 58 Ce 0.528 1.047 50
13 Al 0.5776  1.8167 44 59 Pr 0.523 1.018 50
14 Si 0.7865  1.5771 133.6 60 Nd 0.530 1.034 50
15 P 1.0118  1.9032 71.7 61 Pm 0.536 1.052 50
16 S 0.9996  2.251 200.4 62 Sm 0.543 1.068 50
17 Cl 1.2511 2297 348.8 63 Eu 0.547 1.085 50
18 Ar 1.5205  2.6658 — 64 Gd 0.592 1.17 50
19 K 0.4189  3.0514 4836 65 Tb 0.564 1.112 50
20 Ca 0.5898  1.1454 — 66 Dy 0.572 1.126 50
21 Sc 0.631 1.235 — 67 Ho 0.581 1.139 50
22 Ti 0.658 1.310 20 68 Er 0.589 1.151 50
23V 0.650 1.414 50 69 Tm 0.5967 1.163 50
24 Cr 0.6528  1.496 64 70 Yb 0.6034  1.175 50
25 Mn 0.7174  1.5091 — 71 Lu 0.5235 134 50
26 Fe 0.7594  1.561 24 72 Hf 0.654 1.44 —
27 Co 0.758 1.646 70 73 Ta 0.761 60
28 Ni 0.7367 1.7530 111 74 W 0.770 60
29 Cu 0.7455 19579 1183 75 Re 0.760 15
30 Zn 0.9064  1.7333 — 76 Os 0.84 110
31 Ga 0.5788  1.979 29 77 Ir 0.88 160
32 Ge 0.7622  1.5372 120 78 Pt 0.87 1.7911  205.3
33 As 0.944 1.7978 71 79 Au 0.8901  1.98 222.7
34 Se 0.9409  2.045 194.9 80 Hg 1.0070  1.8097 —
35 Br 1.1399  2.10 324.6 81 TI 0.5893  1.9710 30
36 Kr 1.3507  2.3503 — 82 Pb 0.7155  1.4504 110
37 Rb 0.4030  2.633 46.89 83 Bi 0.7033  1.610 110
38  Sr 0.5495  1.0643 — 84 Po 0.812 180
39 Y 0.616 1.181 0.0 85 At — 270
40 Zr 0.660 1.267 50 86 Rn 1.0370 —
41 Nb 0.664 1.382 100 87 Fr —
42 Mo 0.6850  1.558 100 88 Ra 0.5094  0.9791
43 Tc 0.702 1.472 70 89 Ac 0.49 1.17
44 Ru 0.711 1.617 110 90 Th 0.59 1.11
45 Rh 0.720 1.744 120 91 Pa 0.57
46 Pd 0.805 1.875 60 92 U 0.59
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Fig. 2.4.1.
The variation of ionization energies, /1
and 7 against the atomic number Z.
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Before leaving this topic, it should be noted that ionization energy is only one
of the factors that influence the chemistry of the elements. For instance, even
though Ca is easier to form than Ca2", we have never observed the existence
of Ca*. This is because the lattice energy of CaX; is much larger than that
of CaX, enough to compensate the cost of the second ionization energy, which
comes to about 10 kJ mol~!. In solution, the hydration energy of Ca>* is much
larger than that of Ca™, thus favoring the existence of Ca’* over Ca™. In short,
the cation of calcium exists exclusively in the form Ca’*, either in solution or
in the crystalline state.

(2) Electron affinity

The electron affinity Y of an atom is defined as the energy released when the
gaseous atom in its ground state captures an electron to form an anion:

Al@te (g > A (g), —AH=Y. (2.4.3)

In other words, the electron affinity of A is simply the ionization energy of A™.
The electron affinities of the elements are also listed in Table 2.4.1. As the singly
charged anions of a number of elements including Zn, Cd, Hg, and the noble
gases, are unstable, the electron affinities of these elements are missing from
the table. Also, there is one element, nitrogen, which has a negative electron
affinity. This indicates that N~ is an unstable species and it loses an electron
spontaneously.

In general, electron affinities have smaller values than ionization energies.
Chlorine has the largest electron affinity, 348.8 kJ mol~!, which is still smaller
than the smallest ionization energy, 375.7 kJ mol~!, of Cs.

Among the electron affinities listed in Table 2.4.1, the halogens have the
largest values. This is because these atoms will attain the noble gas configuration
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upon capturing an electron. The members of the oxygen family, neighbors of
the halogens, also have fairly large electron affinities. Another element that has
a relatively large electron affinity is gold, which, as in the case of halogens,
also forms salts such as CsAu. We shall have a more detailed discussion on
this element in the section on relativistic effects. Finally, all the lathanides have
similar electron affinities, about 50 kJ mol~!. This is the value listed for all
lathanides in Table 2.4.1.

There is no element that has a positive second electron affinity; i.e., the
electron affinity of any anion A~ is always negative. This is understandable
as it is difficult to bring together two negatively charged particles. Thus the
electron affinities of O~ and S~ are —744 and —456 kJ mol™!, respectively.
Even though O?~ and S~ are unstable in gas phase, they can exist in solution
or in the solid state. The stability of these divalent anions arises from lattice
energy, solvation energy, etc. These ions may also hydrolyze to form more
stable species, e.g., 0%~ + H,0 — 20H".

2.4.2 Electronegativity: the spectroscopic scale

Electronegativity is a qualitative concept with a long history and wide applica-
tion. As early as 1835, Berzelius considered chemical bonding as electrostatic
interaction. Also, he took metals and their oxides as electropositive substances
and nonmetals and their oxides as electronegative ones. Almost one hundred
years later, in 1932, Pauling defined electronegativity as “the power of atom
in a molecule to attract electrons to itself.” Quantitatively he proposed a scale,
hereafter denoted as xp, in the following manner: the difference between the
electronegativities of elements A and B, |xa — xB|, is proportional to A2,
where A is the difference between the bond energy of AB and the mean of
the bond energies of Ay and B>. In 1934 to 1935, Mullikan proposed the xm
scale that the power of an atom to attract electrons should be the average of
its ionization energy and electron affinity. Later in 1958, Allred and Rochow
proposed their y4g scale. They assumed that the electronegativity of an atom is
proportional to the effective nuclear charge of its valence electron and inversely
proportional to the square of its atomic radius.

More recently, in 1989, Allen developed his spectroscopic scale, xs, where
he equated the electronegativity of an atom to its configuration energy (CE)

nes + mep

CE = (2.4.4)

n+m

where n and m are the number of s and p valence electrons, respectively, and
&s and g are the corresponding one-electron energies. These energies are the
multiplet-averaged total energy differences between the ground state neutral
and singly charged cation. As accurate atomic energy level data are readily
available, the CE of an atom can be easily calculated. Table 2.4.2 lists the
Pauling and spectroscopic electronegativities of the elements.

Before leaving this topic, we discuss in more detail the determination of CE
and yg values of an element. Table 2.4.3 lists the &5 and &p, and CE values of
the first eight elements in the Periodic Table. For the first four elements, where
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Table 2.4.2. Electronegativities of the elements*

H He
2.20 —
2.300 4.160

Li Be B C N (0] F Ne

0.98 1.57 2.04 | 255 3.04 | 344 | 398 —
0912 | 1.576 | 2.051 | 2.544 | 3.066 | 3.610 | 4.193 | 4.787

Na Mg Al Si P S Cl Ar
0.93 1.31 1.61 190 | 2.19 2.58 3.16 —
0.869 | 1.293 | 1.613 | 1.916 | 2.253 | 2.589 | 2.869 | 3.242

K Ca Ga Ge As Se Br Kr
0.82 1.00 1.81 2.01 2.18 2.55 2.96 3.34
0.734 | 1.034 | 1.756 | 1.994 | 2.211 | 2.424 | 2.685 | 2.966

Rb Sr In Sn Sb Te 1 Xe
0.82 0.95 1.78 1.96 2.05 2.10 2.66 2.95
0.706 | 0.963 | 1.656 | 1.824 | 1.984 | 2.158 | 2.359 | 2.582

Cs Ba Tl Pb Bi Po At Rn
0.79 | 0.89 2.04 | 233 2.02 2.0 22 —
0.659 | 0.881 | 1.789 | 1.854 | 2.01 2.19 | 239 | 2.60

Sc Ti \'% Cr Mn Fe Co Ni Cu Zn
1.36 | 1.54 | 1.63 | 1.66 | 1.55 | 1.83 | 1.88 | 1.91 | 1.90 | 1.65
1.19 | 1.38 | 1.53 | 1.65 | 1.75 | 1.80 | 1.84 | 1.88 | 1.85 | 1.59

Y Zr Nb | Mo Te Ru Rh Pd Ag Cd
122 {133 | — | 216 | — — | 228 | 220 | 1.93 | 1.69
112 | 1.32 | 1.41 | 147 | 1.51 | 1.54 | 1.56 | 1.59 | 1.87 | 1.52

Lu Hf Ta w Re Os Ir Pt Au Hg
— — — [ 236 | — — | 220 | 228 | 2.54 | 2.00
1.09 | 1.16 | 1.34 | 1.47 | 1.60 | 1.65 | 1.68 | 1.72 | 1.92 | 1.76

* xp values are given above the xs results.

Table 2.4.3. The s, ¢p, and CE values of the first eight elements

Element Electronic configuration ep (eV) &s (V) CE/eV XS

H 1s! — 13.60 13.60 2.300
He 1s2 — 24.59 24.59 4.160
Li 1s22s! — 5.39 5.39 0.912
Be 152252 — 9.32 9.32 1.576
B 1s22s22p! 8.29 14.04 12.13 2.051
C 1s22522p?2 10.66 19.42 15.05 2.544
N 1s22s22p3 13.17 25.55 18.13 3.066
o) 1s22s22p* 15.84 32.36 21.36 3.610

only S states are involved, the CE value is simply /] of the element concerned.
For the remaining four elements, let us take O as an example.

For O, with configuration 2s22p4 and its states >P, D, and 'S, we can deter-
mine its multiplet-averaged energy, using the available spectroscopic data. For
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Ot, with configuration 2522p3 and its states S s 2D, and 2P, we can also deter-
mine this cation’s multiplet-averaged energy. Then ¢, is simply the difference
between these two average energies. To determine g5, we consider configuration
25! 2p4 and its states *P, 2D, 2P, and %S and calculate the average energy of this
configuration. Then &5 is simply the energy difference between configurations
2522p* and 2s'2p*. Upon calculating the CE of an element, we can convert it to
xs by multiplying the factor (2.30/13.60). As we can see from this procedure,
xs is related to the average one-electron valence shell ionization energy of an
atom, which, we would intuitively think, should be related to its power to attract
electrons in a molecule.

Figures 2.4.2 and 2.4.3 show the variations of electronegativities of repre-
sentative elements and transition metals, respectively, across a given period.
As we can see from these two figures, xs increases with Z in a period. The
noble gases have the largest x5 values for elements of the same period, as
they have very strong tendency to retain the electrons. Among all elements,
Ne is the most electronegative, and F, He, and O are the next ones. Noble gas
Xe is less electronegative than F and O. Hence xenon fluorides and oxides
are capable of existence. Also, Xe and C have comparable electronegativities,
and Xe—C bond can be formed under suitable conditions. One such example is
[F5C¢XeNCMe] T [(CgF5)2BF,]"MeCN, and the structure of the cation of this
compound is shown in Fig. 2.4.4.

From the electronegativities shown in Figs. 2.4.2 and 2.4.3, it is seen that
metals are less electronegative, with xs < 2, nonmetals are more electronega-
tive, with x5 > 2. Around x5 ~ 2, we have metalloid elements such as B, Si
Ge, Sb, and Bi. Most of these elements have semi-conducting properties. For
elements of the same group, xs decreases as we go down the Periodic Table.
However, because of relativistic effects, for transition metals from group 7 to

Sr Group number

1 1
1 2 13 14 15 16 17 18
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Fig. 2.4.2.

Variation of electronegativities of
representative elements across a given
period of the periodic table. Elements of
period 6 have electronegativities very
similar to those of elements of period 5.
For clarity, electronegativities of the
elements of period 6 are not shown.
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Fig. 2.4.3.

Variation of electronegativities of
transition metals across a given period of
the periodic table.

Fig. 2.4.4.

Structure of cation [F5CgXeNCMe]*:
C—Xe = 209.2 pm, Xe-N = 268.1 pm,
C-Xe-N = 174.5°.
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group 12, the elements of the sixth period are more electronegative than the
corresponding elements of the fifth period.

In 1963, N. Barlett discovered that PtFg can oxidize O, to form salt-like
[02]T[PtFg]~. As the I; values of Xe (1.17x10% kJ mol~") and O, (1.18 x 103
kJ mol_l) are similar, he reacted Xe with PtFg to form the first noble gas
compound Xe™ [PtFg]~. Soon afterwards, XeF, and XeF, were synthesized
and a whole new area of chemistry was discovered. Now many compounds
with bonds such as Xe-F, Xe—O, Xe-N, and Xe—C have been synthesized;
an example is shown in Fig. 2.4.4. Even though Kr has a slightly higher I;
value than Xe, compounds such as KrF, [KrF]T[SbsaFq1]~, and CrOF;, - KrF;
(structure shown below) have already been made.

(6]
F. WF
l,,,Cr\\
F/ e
F.
“Kr
~
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Since Ar has an /; value lower than that of F, it is not unreasonable to expect
that argon fluorides will be synthesized soon. Recently HArF was detected in a
photodissociation study of HF in an Ar environment (see Section 5.8.1). With
infrared spectroscopic studies of species such as H*OArF, D*ArF, and H3°ArF,
it was determined that the bond lengths of H-Ar and F-Ar are 133 and 197 pm,
respectively. As of now, He and Ne are the only two elements that do not form
any stable compounds.

2.4.3 Relativistic effects on the properties of the elements

In recent years, relativistic effects on the chemical properties of atoms have
received considerable attention. In the theory of relativity, when an electron is
traveling with high velocity v, its mass m is related to its rest mass m,, in the

following way,
or271/2
m= m/[1 - <Z> } , (2.4.5)

where c is the speed of light. In atomic units,
c=137a.u.

The average radial velocity <uv,q> of a 1s electron in an atom is approximately
Z a.u., where Z is the atomic number. Hence, for an electron in Au, withZ = 79,
we have

Vrad 79

— =0.58. 2.4.6
c 137 ( )

Substituting this ratio into eq. (2.4.5), we get

mey

M= sgie T e (2.4.7)

In other words, the mass of the electron has increased to 1.23m,,, which influ-
ences significantly the radial distribution of the electron. Recall from Bohr’s
atomic theory that the radius of the nth orbit is given by

n2h280
p =

Tme?
Hence the ratio between the relativistic 1s radius, <rjs>gr, to its non-
relativistic counterpart, <rig>NRr is simply

<ris>R / <ris>NR= (1.231710)71/171;1 = 0.81.

That is, relativistic effects have effectively contracted the 1s orbital by 19%.
The contraction of the 1s orbital in heavy atoms also results in a contraction
of the s orbitals in higher quantum shells of that atom, which in turn leads to
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Fig. 2.4.5.

Calculated orbital contraction ratio
<res>R / <res>NR as a function of
atomic number Z.
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lowering of the energies of these orbitals. This is known as the direct relativistic
effect, which accounts for orbital contraction and stabilization in s orbitals and,
to a lesser extent, in p orbitals.

In contrast, the valence d and f orbitals in heavy atoms are expanded and
destabilized by the relativistic effects. This is because the contraction of the s
orbitals increases the shielding effect, which gives rise to a smaller effective
nuclear charge for the d and f electrons. This is known as the indirect relativistic
orbital expansion and destabilization. In addition, if a filled d or f subshell lies
justinside a valence orbital, that orbital will experience a larger effective nuclear
charge which will lead to orbital contraction and stabilization. This is because
the d and f orbitals have been expanded and their shielding effect accordingly
lowered.

For heavy atoms with different Z values and various numbers of d and f elec-
trons, the two aforementioned relativistic effects will lead to different degrees
of 6s orbital contraction. Figure 2.4.5 shows the ratio <rgs>Rr / <res>NR as a
function of Z.

As we can see from Fig. 2.4.5, three of the elements that exhibit the largest
relativistic effects are Au, Pt, and Hg. In these atoms, the (mostly) filled 4f and
5d orbitals lie just inside the 6s valence orbital. In the following paragraphs, we
discuss some examples where relativistic effects are manifested in the atomic
structure and properties of the elements.

(1) Ground electronic configuration

In the fifth period of the Periodic Table, we find transition metal elements with
configurations 4d”5s! and 4d"5s°. For the corresponding elements in the sixth
period, the configurations become 5d"~'6s> and 5d"~!6s!, respectively. This
change is due to the aforementioned stabilization of the 6s orbital caused by the
relativistic effects. Table 2.4.4 lists the configuration of the elements concerned.
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Table 2.4.4. The ground electronic configuration of
some elements of the fifth and sixth periods

Period Group

5 6 7 8 9 10

5th Nb Mo Tc Ru Rh Pd
d481 dSSl d552 d7sl d851 leSO

6th Ta w Re Os Ir Pt
32 g% a5s? %2 d7s2 %!

(2) Lanthanide contraction

The properties of the elements of the sixth period are influenced by lanthanide
contraction: a gradual decrease of the atomic radius with increasing atomic
number from La to Lu. The elements of groups 5 to 11 for the fifth and sixth
periods have comparable structural parameters. For instance, Nb and Ta, as
well as the pair Mo and W, have very similar ionic radii, when they have
the same oxidation number. As a result, it is very difficult to separate Nb and
Ta, and it is also not easy to separate Mo and W. Similarly, Ag and Au have
nearly the same atomic radius, 144 pm. Recent studies of the coordination
compounds of Ag(I) and Au(I) indicate that the covalent radius of Au is even
shorter than that of Ag by about 8 pm. In elementary textbooks the phenomenon
of lanthanide contraction is attributed to incomplete shielding of the nucleus
by the diffuse 4f inner subshell. Recent theoretical calculations conclude that
lanthanide contraction is the result of both the shielding effect of the 4f electrons
and relativistic effects, with the latter making about 30% contribution.

(3) Effect of the 6s> inert pair

In the group 13 triad gallium/indium/thallium, the experimental energy sep-
arations of the (ns2np1)2P and (nslnpz)zP states are 4.7, 4.3, and 5.7 eV,
respectively. The unusually large energy separation in Tl is another manifes-
tation of the relativistic stabilization of the 6s orbital. Also, whereas the ionic
radius of TI™ (150 pm) is larger than that of In™ (140 pm), the average of the
second and third ionization energies, /2(I> +13), of T1 (4.848 x 10> kJ mol~!) is
larger than that of In (4.524 x 10° kJ mol™!). In other words, even through TI*
is larger than In™, the 6s electrons of TIT are more difficult to detach. Hence Tl
is predominantly monovalent as well as trivalent, whereas Ga and In are both
trivalent. The same kind of reasoning is valid for Pb and Bi, which tend to favor
the lower oxidation states Pb?>t and Bi®T, respectively, with the 6s? electron
pair remaining intact.

(4) Comparison between gold and mercury

Elements Au and Hg differ by only one electron, with the following
configurations:

29Au: [Xeld4f*5d1%s!;
goHg: [Xeldf!45d'06s2.
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Because of the contraction and stabilization of the 6s orbital, the outermost, or
valence, shell of Au is formed by both the 5d and 6s orbitals. Indeed, electroni-
cally, Au is halogen-like, with one electron missing from the pseudo noble gas
(closed subshell) configuration. Hence, similar to the existence of halogen X,
molecule, gold also forms the covalent Auy molecule. In addition, gold also
forms ionic compounds such as RbAu and CsAu, in which the Au™ anion has
the pseudo noble gas electronic configuration.

Mercury, with filled 5d and 6s subshells, also has the pseudo noble gas config-
uration. In the gas phase, Hg exists as a monatomic “molecule.” From Fig. 2.4.1,
Hg has an I value similar to those of noble gases; it occupies a maximum posi-
tion in the /1 curve. The interaction between mercury atoms is of the van der
Waals type. Hence, Hg and Au have some notably different properties:

Hg Au
Density (g cm™?) 13.53 19.32
Melting point (°C) -39 1064
AHjpysion (KJ mol™1) 2.30 12.8

Conductivity (kS m~") 104 426

Finally, it should be mentioned that mercury forms the cation Hg%‘|r (as in
Hg,Cly), which is isoelectronic to Au;.

(5) Melting points of the metals

The variation of the melting points of the transition metals, as well as those
of the alkali metals and alkali earth metals of the same period, are displayed
in Fig. 2.4.6. It is seen that the uppermost curve (that for the elements of the
sixth period) starts from Cs, increasing steadily and reaching a maximum at W.
Beyond W, the curve starts to decrease and reach the minimum at Hg at the end.
It is believed that this trend is the result of the relativistic effects.

In view of the previously discussed contraction and stabilization of the 6s
orbital, the valence shell of the elements of the sixth period consists of one s
and five d orbitals. In the metallic state, the six valence orbitals of each atom
overlap effectively with the six valence orbitals of the other atoms. For a metal
with N atoms, with a total of 6N valence orbitals, 3N of the molecular orbitals
are bonding. The energies of these bonding orbitals are very close to each other,
forming a bonding band in the process. The remaining 3N molecular orbitals
are antibonding. These antibonding molecular orbitals are also with energies
very close to each other and they form an antibonding energy band. It should
be noted that the overlap between the valence orbital is very effective, due to
the high symmetry of the coordination, which is essentially the closest packed
situation. As a result, there are only bonding and antibonding energy bands, and
there are no nonbonding energy bands.

As we go across the period, we feed electrons to the molecular orbitals,
starting from the bonding orbitals. As the bonding energy band starts to fill,
the metallic bond becomes stronger and stronger. At W, with six electrons per
atom, all the bonding molecular orbitals are filled, which leads to the strongest
metallic bond and highest melting point. Once we go beyond W, the antibonding
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molecular orbitals start to fill, weakening the metallic bond in the process.
Hence the melting point starts to decrease once we get to Re. At the end, at Hg,
with 12 valence electrons per atom, all the bonding and antibonding molecular
orbitals are fully occupied. There is no net bonding effect, as in the case of noble
gases. Hence Hg has the lowest melting point. A similar situation exists for the
elements of the two previous periods. However, the variation is less dramatic.
This is because the relativistic effects are most prominent for the elements of
the sixth period.

The variation of other physical properties such as hardness and conductivity
of the metals may be analyzed in a similar manner.

(6) Noble gas compounds of gold

Relativity plays an important role in stabilizing elusive species such as
XeAuXe™'(a structural analog of the CIAuCl™ anion), which have been
observed experimentally by mass spectroscopy. A theoretical study of Pyykko
has shown that about half of the bonding energy in AuXe™ arises from relativis-
tic effects. A nice example that illustrates the importance of relativistic effects in
the stabilization of gold compounds is [AuXei‘"][SbgFl_1 ]2, the first bulk com-
pound with covalent bonding between a noble gas and a noble metal. Crystals
of this compound remain stable up to —40°C. The dark red tetraxenonogold(II)
cation [AuXe4]?T has a square-planar configuration with an average Au—Xe
bond distance of 274 pm. In [AuXes]**, xenon functions as a o donor toward
Au”*, and calculation shows that a positive charge of about +0.4 resides on

Fig. 2.4.6.
Melting points of the elements.
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each ligand atom. The Xe—Au bond in [AuXe4]2+ may be contrasted with the
Xe-F bond in XeF4, in which a charge transfer of electrons occurs from xenon
to fluorine.
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Covalent Bonding in
Molecules

After a discussion on atomic structure, we now consider the electronic structure
in molecules. It is clear that, whatever theory is chosen to treat this problem,
it must be able to answer “Why do molecules form at all?”” For instance, when
two H atoms collide, the H, molecule is formed. However, when two He atoms
are brought together, no He, is formed.

One way to answer the aforementioned question is “Two atoms form a
molecule because the energy of the whole is lower than the sum of the energies
of its parts.” So the theory we need should bring about a decrease in energy
when a molecule is formed by two atoms. As in the case of an atom, the energy
of amolecule can also be calculated using quantum mechanical methods. In this
chapter, we first use the simplest diatomic molecules H;‘ and Hj as examples
to illustrate the basic concepts of chemical bonding. Then we will turn to other
more complicated molecules.

3.1 The hydrogen molecular ion: bonding and
antibonding molecular orbitals

3.1.1 The variational method

To apply the variational method, we first need to have a trial function. When
the system under study is a molecule composed of n atoms, the trial function,
which is to become a molecular orbital, is a linear combination of atomic orbitals
(LCAO):

¥ =cig1+ ¢+ + cadn, (3.1.1)
where ¢1,¢2, ...,¢, are known atomic functions, and the coefficients
c1,¢2, ...,Ccy are parameters to be optimized. In the following we use the

simplest LCAO to illustrate the variational method:

V¥ =c1é1 + 2. (3.1.2)
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The energy of this wavefunction is

_ [ @1¢r + ) (191 + crg)dr
[ (c191 + c2¢n)?dr

A [ pr1Hpidt + 2cic2 [ ¢1Hpodr + 3 [ prHpadT
c%fqb%dt +2cic2 [ 12 + C%f(ﬁ%dl’
C%HU + 2c1cpHp + C%sz

E

B A8 +2c1e2812 + 38 G4
where we have made use of the Hermitian property of H
/qslﬁqsgdr = /¢2ﬁ¢1dr (3.1.4)
and also introduced the notation
Hj= / ¢iH ¢;dt (3.1.5)
and
Sij = f¢i¢jdr. (3.1.6)
To obtain the minimum energy of the system, we set
(0E/dc1) =0, (3.1.7)
and
(0E/0c2) = 0. (3.1.8)
Applying eqgs. (3.1.7) and (3.1.8) to eq. (3.1.3), we obtain
{(Hn — ESi)er + (Hi2 — ES12)e2 =0 (3.1.9)
(Hi2 — ES12)c1 + (Hao — ESx)cr = 0.

These equations are called secular equations. Clearly, ¢y = ¢ = 01is a solution
of eq. (3.1.9). But it is a meaningless solution, as ¥ becomes zero. In order for
c1 and ¢ to be non-vanishing, we need to have

Hyy —ESnt Hip — ESi2
=0. 3.1.10
‘ Hip — ES12 Hyp — ESx» ( )

This is known as a secular determinant, where the only unknown is E. The
remaining quantities in the determinant, H;; and S;;, may be evaluated readily
according to their definitions given in eqs. (3.1.5) and (3.1.6) and using the
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known functions ¢; and ¢;. Upon obtaining E from eq. (3.1.10), we can substi-
tute E into eq. (3.1.9) to solve for ¢1 and c;. Since there are two roots of E from
the secular determinant, there are also two corresponding sets of coefficients,
which lead to two molecular orbitals.

If our trial function has the form given in eq. (3.1.1), the corresponding
secular determinant has the dimensions n x n:

Hyy —ESnw Hpp—ESi, -+ Hyp—ESy,
Hip —ES;2 Hy—ES» ... Hy —ESy),

. . . . = 0. (3.1.11)
Hln - ESln H2n - ESZn te Hnn - ESnn

There are now n roots of E. Substituting each E into the secular equations

(Hy1 — ES1)cr + (Hip — ES12)er + ...+ (Hyy — ES1p)cn =0

(Hiz2 — ES12)c1 + (Hypp — ESp)er + ...+ (Hay — ES2p)c, =0 G.1.12)

(H1p — ES1p)c1 + (Hop — ESpp)er + ..o+ (Hpp — ESpp)cy =0

we get a set of n coefficients. In other words, there are altogether n sets of
coefficients, or n molecular orbitals. To briefly summarize at this point, starting
with n atomic orbitals ¢; (i = 1,2,...,n) in eq. (3.1.1), we can construct n
independent molecular orbitals using the variational method.

3.1.2  The hydrogen molecular ion: energy consideration

Now we consider the simplest molecular system, namely the hydrogen
molecular ion H;‘ . The Schrodinger equation for HT,in au., is

1
[—EVZ —1/ra) = (/rp) + (l/rab):| v =Ey, (3.1.13)

where r,, 1p, and rg, (treated as a constant for the time being) are defined in
Fig. 3.1.1.
When the nuclei are infinitely apart and the electron is on atom a, we have

U= 1sq = [1/(1) e = . (3.1.14)

Similarly, when the electron resides on atom b instead, we have

U= 1sp = [1/(1) e = . (3.1.15)

If the two nuclei are allowed to come together, it is reasonable to expect that
the “molecular orbital” {0 would be some kind of combination of atomic
functions (3.1.14) and (3.1.15). This is the basis of the LCAO approximation
for describing the chemical bonding in molecular systems. Thus we now have

YMo = 1V + 2V, (3.1.16)

Fig. 3.1.1.
The coordinate system of H;’ .
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Fig. 3.1.2.

The overlap integral

Sap = J(1sq)(1sp)dt, as represented by
the shaded volume.
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where coefficients c; and ¢, are to be determined by the variational method. To
do that, we need to solve the secular determinant for E:

=0. (3.1.17)

‘Haa - ESaa Hab - Esab
Huyp — ESap Hpp — ESpp

The solution of E involves the evaluation of six integrals: S,4, Spp, Sap> Haas Hpp,
and H,j,. From the normalization relationship, we have

Suq = / |1sq|2dT = Spp = / |1sp|?dr = 1. (3.1.18)

In other words, S,, and Spp, are simply normalization integrals.

Integral S, is called the overlap integral. Physically it represents the common
volume of the two atomic orbitals. A pictorial representation of S, is given in
Fig. 3.1.2. It is clear that S, varies with r, the internuclear distance: when
rap = 0, Szp = 1; when ry, — 00, S;p — 0. Mathematically, it can be shown
that, in a.u.,

2
Sap = f (Isg)(Isp)dT = [1 +rap+ (%)} e, (3.1.19)

Overlap integral S, is often used as a measure of the strength of the chemical
bond: the bond is strong if S, is large, while the bond is weak if S, is small.
Now we deal with the integrals involving Hamiltonian operator H, in a.u.,

1, 1 1 1
Huq = Hpp = (Isq) _EV - r_ - E + E (Isg)dr
a a
1
Bt 4, (3.1.20)
Tab

where

J =/(lsu)l(1sa)dt =/(lsh)l(lsb)d1:
Tp Ya

1 1
- (1 i _) e~ 2rab, (3.1.21)

Yab Tab
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So
1 1
Hyy =Hpp=—=+ 1+ — |exp[—2rgl. (3.1.22)
2 Yab
1_, 1 1 1
Hyp = | (Isg) [ =2V = — — — + — |(Isp)dt
2 Ya Th  Tap
1
= Yab (Els + _> +K, (3.1.23)
Tab
where
K=—1+ryg)e o, (3.1.24)
So

rgb 1 1 —r
Hyp=\—+rp+1])expl—rpp] - | ——z ) — Gap+De'®
3 Yab 2

2

r 7 1 1

= — (%b + grab + 5 - E) e b, (3.1.25)
a

Thus H,,, Hpp, and H,y, are dependent on 7, as well. Note that the S, integrals
are dimensionless, while the H integrals have the energy unit. Also, all H
integrals are negative.

Expanding secular determinant (3.1.17), we have

(Haq — E)* — (Hap — ESap)* = 0, (3.1.26)
which leads to roots

Hoa +Hay 1 1 1rap (rap+ D e”" — (rgp + 1) e

Es=————=—5+— ’
1 2 2
+ Sav Tab Tab |:1 + e~ Tab <r"7b + rap + 1)i|
(3.1.27)
and
Hua—Hp 1 1 l—rg a4+ 1) e — (ryg + 1) e ¥a
MET TS, T2 z ’
ab ab Tub |:1 —eTab (r“T” +rap + 1)]
(3.1.28)
with

Eg < E4.
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Fig. 3.1.3.
Energies Eg and E4 of H;’ as a function
of ryp.
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If we minimize Eg by setting dEg/dr,, =0, we get the optimal bond length
re =2.494 a.u. = 131.9 pm. (3.1.29)

Experimentally, the internuclear separation in H; is 2 a.u. or 105.8 pm. When
rap = 2.494 a.u., Sy, = 0.460 (a rather large value for S,;). If we substitute
rap = 2.494 a.u. into eq. (3.1.27), we get

1 1
£ =[5+ () -0466] an. (3.1.30)
2 Yab

The electronic dissociation energy (D.) of H;r is

D. = E(H) — Es(H,")
={—1/2 —[—1/2+ (1/2.494) — 0.466]}a.u.
=0.065a.u. =1.77¢€V. (3.1.31)

This is only in fair agreement with the experimental value of 2.79 eV for De. An
improvement in the calculation can be made if we replace the nuclear charge
Z in 1s, and ls, by the effective nuclear charge Z.g as a parameter. With
Zess = 1.239, we have D, = 2.34 eV and r. = 106 pm.

If we plot the Es and Ej, as givenin eqs. (3.1.27) and (3.1.28), against r,, we
get the curves shown in Fig. 3.1.3. These are called potential energy curves. In
the figure, 7, is the equilibrium bond length, and D, is the electronic dissociation
energy. It should be noted that molecular vibration exists even at 0 K, so that
it does not require all of D, to dissociate the molecule. Rather, the dissociation
energy Dy, as shown in Fig. 3.1.3, will suffice. The difference between D, and
Dy is the zero-point vibrational energy (ZPVE) of the molecule.

Returning to the hydrogen molecular ion, we see that the energy of the system,
E(H2+ ), is lower than E(H) + E(H™). In other words, the quantum mechanical
results “predict” a stable H2+ species.

3.1.3 The hydrogen molecular ion: wavefunctions

Upon obtaining the energies of the molecular orbitals by solving the secu-
lar determinant [eq. (3.1.17)], we are now ready to proceed to determine the
coefficients c¢; and ¢, of eq. (3.1.16). To do this we need to solve the secular
equations

(3.1.32)

{ (Haa — E)er + (Hgp — ESgp)c2 =0
(Hap — ESap)c1 + (Hpp — E)ca = 0.

When E = Es = (Hyq + Hyp)/(1 + Sgp), we have ¢y = ¢p, or

Vs = c1(Ya + ¥p) = c1(Isq + Isp). (3.1.33)
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Upon normalization, {s becomes
Vs = (2 + 28u5) "2 (s, + 1sp). (3.1.34)

Wavefunction g is called a bonding orbital, as its energy is lower than that of
its constituent atomic orbitals (c.f. Fig. 3.1.3).

When E = Eq = (Hyqa —Hpp)/ (1 — Sgp), upon substituting into eq. (3.1.32),
we obtain ¢; = —c¢p, or

Ya = c1(Ya — ¥p) = c1(1sq — 1sp). (3.1.35)
Upon normalization, ¥4 becomes
Ya = (2 —28a) " *(Isq — Isp) (3.1.36)

Wavefunction 14 is called an antibonding molecular orbital, as its energy is
higher than that of its constituent atomic orbitals.

The more detailed energy diagramin Fig. 3.1.3 can be simplified to that shown
in Fig. 3.1.4, where we see that atomic orbitals 1s, and 1s;, are combined to
form two molecular orbitals g (to be called o4 later) and A (to be called
"1*s)~ Also, o1s with energy lower than those of atomic orbitals is a bonding
orbital; o} with energy higher than those of atomic orbitals is an antibonding
orbitals. The ground electronic configuration for H;’ is thus (o75)".

An important point regarding the energy level diagram in Fig. 3.1.4 is that,
when a bonding and an antibonding molecular orbital are formed by two atomic
orbitals, the antibonding effect (the energy difference between 1s and o7;) is
greater than the bonding effect (the energy difference between 1s and o). This
is not difficult to see if we examine the expressions for Es and E4 given in egs.
(3.1.27) and (3.1.28). The denominators for Es and Ep are 1 + S, and 1 — Sy,
respectively. Recall that 0 < Sy, < 1.So 1 + S, > 1 and 1 — S, < 1 and this
leads to the result that the bonding effect is smaller than the antibonding effect.
If we ignore the overlap of the atomic orbitals by setting S, = 0, the bonding
effect would be the same as the antibonding effect.

Now we examine the bonding orbital o5 and antibonding orbital o as well
as their probability density functions |og|? and |(71*S|2. A schematic represen-
tation of o1y is shown in Fig. 3.1.5(a). In this combination of two 1s orbitals,
electron density accumulates in the internuclear region. Also, o1 has cylindrical
symmetry around the internuclear axis.

Nodal plane

(a) (b)

H H,* H*
o = T
s Vi E
/ \
/ N
/ \
t // \\
Is N 2 1s
Sa AN s >b
N
\\J_// —
O =Vs

Fig. 3.1.4.
A simplified energy level diagram
for H;’

Fig. 3.1.5.
Molecular orbitals of H;: (a) o5,
(b)of.
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Fig. 3.1.6.

Probability density distribution of H2+
plotted along the internuclear axis:
@) lo 1512, (b) o[>
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Nodal plane

(a) (®)

In Fig. 3.1.5(b), a schematic drawing for o is shown. It is seen that this
combination of 1s orbitals has no charge accumulation between the nuclei.
Indeed, in the nodal plane there is zero probability of finding an electron. As
in the case of o5, the o7 orbital also has cylindrical symmetry around the
molecular axis.

The accumulation of charge density between the nuclei in o5 is clearly seen
when we consider the probability density function |o7|%:

2 2
lo1s|” = [1s4 + 1sp|

= |1sa]? + 2| 1sal|185] + |1sp]2. (3.1.37)

When we plot this function along the internuclear axis, Fig. 3.1.6(a) is obtained.
In this figure, the build-up of charge density between the nuclei is obvious.
For the antibonding orbital o}, we have the probability density function

oy l? = I1sq — 1sp?
= [1sa® = 2[TsqllLsp| + 15, (3.1.38)
If we plot |crl*s|2 along the internuclear axis, we get Fig. 3.1.6(b). Now there is
a clear deficiency of charge density between the nuclei.

3.1.4 Essentials of molecular orbital theory

In sections 3.1.2 and 3.1.3, we use the example of H; to illustrate the molecular
orbital theory. In particular, we note the following:

(1) Since molecular orbitals are linear combinations of atomic orbitals, it
follows that n atomic orbitals will generate n molecular orbitals.

(2) If we have n atomic orbitals forming n molecular orbitals, “usually” half
of the molecular orbitals are bonding, while the other half are antibonding.
However, this condition does not always hold. For instance, if we have
three atomic orbitals to form three molecular orbitals, obviously half of the
latter cannot be bonding. Also, there is an additional type that we have not
yet considered: nonbonding molecular orbitals, which by definition neither
gains nor loses stability (or energy).

(3) Bonding molecular orbitals have two characteristics: its energy is lower
than those of the constituent atomic orbitals and there is a concentration of
charge density between the nuclei.
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Table 3.1.1. Molecular orbital theory applied to H, Hy, He;' , and Hey

Molecule Configuration Bond energy Bond length Remark
(kJ mol~!)  (pm)

H; Ulls 255 106 The bond is formed by one bonding
electron.
Hp 012 431 74 There are now two bonding electrons.

Hence the bond is stronger and shorter
than that in H;

Hey olofl 251 108 This bond is slightly weaker than that in
H;’ since antibonding effect is greater
than bonding effect.

He, "12s”1*s2 Repulsive state The gain of energy by the bonding
electrons is more than offset by the
antibonding electrons. Hence there is
no bond in He,.

(4) On the other hand, the energy of an antibonding molecular orbital is higher
than those of the constituent atomic orbitals. Also, the wavefunction of an
antibonding orbital has one or more nodes between the nuclei. Hence there
is a deficiency of charge density between the nuclei.

To conclude this section, we apply the energy level diagram in Fig. 3.1.4 to
four simple molecules having one to four electrons. The results are summarized
in Table 3.1.1.

Examining Table 3.1.1, we see that our simple treatment is able to rationalize,
at least semi-quantitatively, the formation of H, and the non-existence of He,.

3.2 The hydrogen molecule: molecular orbital and
valence bond treatments

3.2.1 Molecular orbital theory for Hz

In our previous discussions on H; we saw that the lone electron occupies the
o1s molecular orbital:

o1s = (24 28) "2 (Isy + Lsp). (3.2.1)

The molecular orbital theory was first introduced by F. Hund (of the Hund’s rule
fame) and R. S. Mullikan, with the latter winning the Nobel Prize in chemistry
in 1966. Since 015 can accommodate two electrons, in molecular orbital theory,
the wavefunction for Hj is

¥(1,2) = o1s(Do1s(2)
= (24 285a) " *[1s4(1) + 1sp(1)]
X (24 28a) "V [154(2) + 1sp(2)]. (3.2.2)

From this function, we can see that both electrons in H» reside in the ellipsoidal
o1s orbital. This situation is similar to that of the helium atom, where both
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electrons reside in the spherical 1s orbital, with wavefunction 1s(1)1s(2). It is
important to appreciate that, in oy, the identity of the atomic orbital is lost.
This is the essential tenet of molecular orbital theory.

When we use eq. (3.2.2) to determine the energy of Hy, we obtain D, = 260
kJ mol~! and re = 85 pm, while the experimental results are 458 kJ mol~!
and 74 pm, respectively. If we vary the nuclear charge, we obtain Zgy = 1.197,
D, = 337 kJ mol~!, and r. = 73 pm. So while the quantitative results may
only be called fair, we do get a stable H, molecule.

3.2.2 Valence bond treatment of Hy

Historically, molecular orbital theory was preceded by an alternative and suc-
cessful description of the bonding in Hy. In 1927, W. Heitler and F. London
proposed the valence bond theory, in which each electron resides in an atomic
orbital. In other words, in this model, the identity of the atomic orbital is
preserved. There are two ways in which the two electrons in H, can be
accommodated in the pair of 1s atomic orbitals:

(a) Electron 1 in a 1s orbital centered at nucleus a and electron 2 in a 1s orbital
centered at nucleus . Mathematically:

Yi(1,2) = 1s,(1)1s5(2). (3.2.3)
(b) Electron 1 in orbital 1s;, and electron 2 in 1s,, or,
Yin(1,2) = 1sp(1)1s4(2). (3.24)

The valence bond wavefunction for H; is simply a linear combination of
and WII:

¥(1,2) = ey + ey
= crls, (1) 1s5(2) + cnplsp(1)1s,(2), 3.2.5)

where the coefficients ¢y and ¢y are to be determined by the variational method.
To do that, we once again need to solve a secular determinant:

(3.2.6)

Hip—EStt Hin— ESin | _
Hin — EStn Hun — ESnn ’

Upon solving for E, we substitute E into the following secular equations to
obtain coefficient ¢y and cy:

{ (Hi1 — EStper + (Hip — ESti)en =0 3.27)
(Hin — ESyi)er + (Hpu — ESnmen =0 o
With Hr1 = Hyyr and St1 = Sy, the roots of eq. (3.2.6) are

Ey = (Hi1 + Hip)/(1 + Si), (3.2.8)

E_ = (Hyp— Hip/( = St). (3.2.9)
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A diagram illustrating the various distances in Hj is shown in Fig. 3.2.1. The
Hamiltonian operator for this system, in a.u., is

1, 1,
A=V Vi — o — —+—+—. (3210

In the following, we evaluate the various H;; and S;; integrals:

SIIZSIIIIZ//1Sa(1)15b(2)'1Sa(1)15b(2)dfld"—’2

=/|lsa(1)|2dr1 ~/|lsb(2)|2d1’2= 1. (3.2.11)

Sinr = f/ Isa(1)15p(2) - Isp(D s (2)dT1d 2

=flsa(l)1sb(1)dr1 ~/lsa(2)1sb(2)dt2

=52, (32.12)

where S, is simply the overlap integral introduced in the treatment of H; .
Meanwhile,

Hiy = Hin = f / Isa(1)1sp(2)A Lsg(1) 1y (2)d7idrs

1
=2E;s+ — +J; — 2J5, (3.2.13)
Tab

where J; and J; are called Coulomb integrals:

1
Ji1 = // — |1Sa(1)lsb(2)|2d1’1d‘52, (3.2.14)
r12
1 2
Jr = — [1s4(1)1sp(2)|" dr1d 12
Ta2

= // 1 [1s2(1)185(2)12 d71d7s. (3.2.15)
bl

Finally,

Hin = // Isa(1)1sp(2)H 155 (1) 15, (2)d 71 d T

52

b
+ Ky — 2K, (3.2.16)

b

_ao
Ta

= 2E1,S%, +

Fig. 3.2.1.
The molecular system of Hj.
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Fig. 3.2.2.
Valence bond energies E4 and E_
plotted as functions of rgp,.
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where K| and K are called resonance integrals:
1
K| = // — |1s, (1) 1sp(2)1s,(1)1s,(2)| dT1d T2, 3.2.17)
ri2
1
K, = // — 154 (1)1 (2) 18, (1)1s,(2)| dT1d T2
Tal

= // ri [1s4(1)1sp(2)1s5(1)15,(2)| dT1dT2. (3.2.18)
bl

Substituting H;; and Sj; into egs. (3.2.8) and (3.2.9), we obtain

1 J1 =2, + K1 — 2K
Ey = 2B + — + 1 2-|-21 2
Fab 1+Sub

1 Ji =2 — K +2K
E_=2Ej +— + 21722
Yab 1_Sab

(3.2.19)

(3.2.20)

Note the integrals Ji, J2, K1, and K3 are all functions of r,y,.

When we plot E4 and E_ against r,,, we get the energy curves shown
in Fig. 3.2.2. So, once again, the valence bond treatment yields a stable
H> molecule, even though the quantitative results do not match exactly the
experimental data.

Upon substituting E4 into eq. (3.2.7), we get ¢ = cy1. After normalization,
the wavefunction becomes

Y = (24252) 7P [1sa(D1sp(2) + 1sp (D) 1s4(2)]. (3.221)
Also, with E_, we get ¢y = —cy1. After normalization, the wavefunction
becomes:

Yo =2- 2S3b)_1/2[lsa(1)1sb(2) — Isp(D1s,4(2)]. (3.2.22)

After a simple valence bond treatment of Hy, we now proceed to study the
excited states of Hp. Through this discussion, we will recognize that the molec-
ular orbital and valence bond treatments, after modification, can bring about
the same quantitative results.

e QU

ab

E =2E,

exp
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3.2.3 Equivalence of the molecular orbital and valence bond models

As discussed previously, the bonding molecular orbital of Hj is
015 = (24 285) "2 (1sq + 1), (3.2.23)
and the antibonding molecular orbital has the form
ofy = (2= 28w) ™2 (15 — Lsp). (3.2.24)
The ground configuration of Hj is 0125, with the (unnormalized) wavefunction
Y107y = [1s4(1) + Isp(D] x [154(2) + 155(2)]. (3.2.25)
Upon adding the spin part, the total wavefunction for the ground state of Hj is

Y107 = [sa(1) + Isp(DI[154(2) + 1sp)N[a(DBR) — B(Da(2)]

osa(l)  o1s8(1)
o15(2) o1sB(2)|

(3.2.26)

Clearly, this is a spin singlet state.
Similarly, the excited configuration al*sz has the wavefunction
Ya(012) = [Isa(1) = 1sp(D][154(2) — 1s2)][a(DBQ) — B(He(2)]

oal) ofp)
o a(2) of B2

(3.2.27)

This is also a spin singlet state. Furthermore, this is a repulsive state; i.e., it is
not a bound state.
For the excited configuration o lls 01*51 , there are two states, one singlet and one

triplet. This situation is similar to that found in the excited configuration 1s'2s!
of the helium atom. The singlet and triplet wavefunctions for these excited
configurations are:

Y3001l S = 0) = [015(1)07,(2) + 01,0, (DI (DB2) — B (2)]

(3.2.28)

[(1)BQ) + B(Da(2)]
Ya(o)01s S = 1) = [o15(1)07,(2) — 01520 (1)] a(ha(2).
B(BQ2)

(3.2.29)

On the other hand, the (un-normalized) ground (¥ ) and excited (y_) state
valence bond wavefunctions are

Yy = 1sa(D18p(2) + 185(1)154(2) (3.2.30)
Yo = 1sa()18p(2) — 1sp(1)154(2). (3.2.31)
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Expanding the wavefunction in eq. (3.2.25), we get

Yi(of) = [Isa(1)1sp(2) + Isp(1)1sa(2)] + [184(1)154(2) + Lsp(1)155(2)]
E—— (3.2.32)

where
Wi = 18,(1)1s,(2) + 1sp(1)1s5(2). (3.2.33)

Wavefunction ; refers to the situation where both electrons are on nucleus
a or nucleus b, i.e., ionic structures. Now it is obvious that the valence bond
wavefunction ¥ considers only covalent structure, while the molecular orbital
wavefunction i1 has an equal mixture of covalent and ionic contributions.
Similarly, expanding the wavefunction in eq. (3.2.27) yields

Y2(012) = —[1sa(1)185(2) + Isp(1)184(2)] + [154(1) 154(2) + 15, (1) 155(2)]
— Y.+ i (3.2.34)

So the wavefunction for the excited configuration 01*52 is also an equal mixture
of covalent and ionic parts, except now that the linear combination coefficients
have different signs.

Solving eqs. (3.2.32) and (3.2.34) for ¥, we get

Yy =1 — Y. (3.2.35)

So, put another way, the valence bond wavefunctions for the ground state of Hp
has equal contributions from configurations 0125 and ‘71*52’ and the combination
coefficients have different signs. Such a wavefunction, which employs a mixture
of configurations to describe the electronic state of an atom or molecule, is called
a configuration interaction (CI) wavefunction.

It is obvious that the deficiency of vy is that it does not take ionic con-
tributions () into account. Conversely, 1| suffers from too much (50%)
contribution from the ionic structures. To get the wavefunction with optimal
ionic contribution, we set

V= cp¥y + v, (3.2.36)

where coefficient c; and c; are to be determined through the following 2x2
secular determinant and the associated secular equations:

Hyy —ESi+ Hy —ESy
-0 3.2.37
’ Hy; —ESyi  Hi — ESji ( :
{ (Hyy — ESy )y + (Hyi — ES4i)ei =0 (3.2.38)

(Hyi — ESyi)ey + (Hi — ESij)c; = 0 -

The result of this optimization process is cj/c+ = 0.16. In other words, the opti-
mal wavefunction has ionic and covalent contributions in the ratio of about 1:6.
Such a dominance of covalent character is expected for a molecule such as H».
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Table 3.2.1. Optimized dissociation energies and equilibrium bond lengths from trial wavefunc-
tions for Hy with adjustable parameters

Trial wavefunction De(kJ mol_l) re(pm)

[1sq(1) + 1sp (D] [154(2) + 1s(2)], eq. 3.2.1); Z =1 260.0 85.2

[Isq(1) + 1sp ()] [154(2) + 155 (2)], eq. (3.2.1); Zegr = 1.197 336.5 73.0

Isq(1)1sp(2) + 1sp(1)154(2), eq. (3.2.30); Z = 1 304.5 86.8

Isq(1)1sp(2) + 1sp(1)154(2), eq. (3.2.30); Zegr = 1.166 364.9 74.6

c[1sq(1)1sp(2) + 1sp(1)1s4(2)] + [1s4(1)1s4(2) + Isp(1)1s5(2)], 311.6 88.4
egs. (3.2.30), (3.2.33), and (3.2.36); Z = 1 and ¢ = 6.322

c[1sq(1)1sp(2) + 1sp(1)1s4(2)] + [1s4(1)1s4(2) + Lsp(1)1s5(2)], 388.4 75.6
egs. (3.2.30), (3.2.33), and (3.2.36); Zegs = 1.194 and ¢ = 3.78

Ga(1)pp(2) + ¢p(1)da(2), ¢ = 1s + A2p; (a “polarized” atomic 389.8 74.9
function); Zegr (18) = Zegr 2p) = 1.190, 1 = 0.105

c[da(Dp2) + dp(Da@)] + [1sa(D)1s4(2) + 1s(D)1sp2)], 3977 746
¢ = 1s + A2pz; Zegr (1s) = Zegr (2p) = 1.190,¢ = 5.7,A = 0.07

Four-parameter function by Hirschfelder and Linnett (1950) 410.1 76.2

Thirteen-term function by James and Coolidge (1933) 455.7 74.1

One hundred-term function by Kotos and Wolniewicz (1968) 458.1 74.1

Experimental 458.1 74.1

Similarly, we can also improve 1 by mixing in an optimal amount of yr»:

V) =y + . (3.2.39)

The optimal c»/c ratio is —0.73. More importantly, the improved valence bond
wavefunction ¥/, and the improved molecular orbital wavefunction | are
one and the same, thus showing these two approaches can lead to identical
quantitative results.

Table 3.2.1 summarizes the results of various approximate wavefunctions for
the hydrogen molecule. This list is by no means complete, but it does show that,
as the level of sophistication of the trial function increases, the calculated dis-
sociation energy and bond distance approach closer to the experimental values.
In 1968, W. Kotos and L. Wolniewicz used a 100-term function to obtain results
essentially identical to the experimental data. So the variational treatment of
the hydrogen molecule is now a closed topic.

3.3 Diatomic molecules

After the treatments of H; and Hj, we are ready to take on other diatomic
molecules. Before we do that, we first state two criteria governing the formation
of molecular orbitals:

(1) For two atomic orbitals ¢, and ¢, to form a bonding and antibonding
molecular orbitals, ¢, and ¢, must have a non-zero overlap, i.e.,

Sab = /d)afﬁbdt # 0. (3.3.1)

Furthermore, for S,, # 0, ¢, and ¢, must have the same symmetry. In
Fig. 3.3.1, we can see that there is net overlap in the left and middle cases,
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Fig. 3.3.1.

Non-zero overlap in the two cases shown
on the left and in the middle, and zero
overlap in the case shown on the right.
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while S,; vanishes in the case shown on right. The concept of symmetry
will be studied more fully in Chapters 6 and 7, when the topic of group
theory is taken up.

(2) The second criterion is the energy factor: for ¢, and ¢, to have significant
bonding (and antibonding) effect, they should have similar energies. This
is why, in our treatments of Hy and H;‘ , we are only concerned with the
interaction between two 1s orbitals. We ignore the interaction between, say,
the 1s orbital on H, and the 2s orbital on Hy. These two atomic orbitals
do have non-zero overlap between them. But these orbitals do not bond (or
interact) effectively because they have very different energies.

3.3.1 Homonuclear diatomic molecules

Now we proceed to discuss homonuclear diatomics with 2s and 2p valence
orbitals. Starting from these atomic orbitals, we will make (additive and sub-
tractive) combinations of them to form molecular orbitals. In addition, we also
need to know the energy ordering of these molecular orbitals.

We first consider the 2s orbitals. As in the cases of H;r and H,, the combination
of (2s,+2sp) leads to a concentration of charge between the nuclei. Hence itis a
o bonding orbital and is called 0. On the other hand, the (2s,—2s;,) combination
has a nodal plane between the nuclei and there is a charge deficiency in this
region. Hence this is a o antibonding orbital, which is designated as o;".

For the 2p orbitals, there are two types of overlap. We first note that the two
p. orbitals both lie along the internuclear axis (conventionally designated as
the z axis), while the p, and p, orbitals are perpendicular to this axis. Once
again, 2p,, + 2p;p leads to a bonding orbital called o, while the combination
2p.a — 2pzp is an antibonding molecular orbital called o*. It is seen that these
two molecular orbitals also have cylindrical symmetry around the internuclear
axis. So both of them are o orbitals.

The overlap between the 2p,, and 2p,; orbitals occurs in two regions, which
have the same size and shape but carry opposite signs: one above the yz plane
and the other below it. As there is no longer cylindrical symmetry around the
nuclear axis, the molecular orbital is not a o type. Rather, it is called a 7, orbital,
which is characterized by a change in sign across the yz plane (a nodal plane). In
an analogous manner, the combination 2p,, — 2p,, leads to the antibonding
orbital, which is composed of four lobes of alternating signs partitioned by two
nodal planes. Similarly, there are the corresponding bonding 7y (2pys + 2py»)
and antibonding er* (2pya — 2py») molecular orbitals.
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Before we proceed to discuss the energy order of these molecular orbitals, it
is important to note that the 2p, orbital on atom a has zero overlap with either
2py or 2p, on atom b; in other words, the pair of orbitals do not have compatible
symmetry. Therefore, among the six 2p orbitals on the two atoms, 2py, interacts
only with 2p,y, 2pyq with 2py;, and 2p,, with 2p,,. Furthermore, the 7, and 7y
orbitals have the same energy; i.e., they are doubly degenerate. Similarly, the
my and 7y orbitals compose another degenerate set at a higher energy.

To summarize briefly at this point: referring to Fig. 3.3.2, we have started
with eight atomic orbitals (one 2s and three 2p orbitals on each atom) and
have constructed eight molecular orbitals, o5, 03, 07, o), my, 7w}, my,
and rry*. The relative energies of these molecular orbitals can be determined
from experiments such as spectroscopic measurements or from calculations.
For homonuclear diatomics, there are two energy level schemes, as shown in
Fig. 3.3.2.

In each scheme, the eight molecular orbitals form six energy levels and can
accommodate up to 16 electrons. The scheme on the right is applicable to
atoms whose 2s—2p energy difference is small, while the scheme on the left is
for atoms with a large 2s—2p energy gap. (Recall, from Fig. 3.3.1, s orbitals can
overlap with p orbitals to form o molecular orbitals. Whether this interaction
is important depends on the energy difference between the interacting atomic
orbitals.)

The experimental 2s—2p energy differences of the elements of the second
period are summarized in Table 3.3.1. It can be readily seen that O and F have
the largest 2s—2p gap. Hence the energy ordering shown on the left side of Fig.
3.3.2 is applicable to O, and F;. On the other hand, the energy scheme on the
right side of Fig. 3.3.2 is applicable for Li,, Be, B>, C;, and N». Furthermore,
the only difference between the two scheme is the relative ordering of the o, and

/

—
62p:
AN Fig. 3.3.2.
S~ G}g) @@ The shapes and energy ordering of the
lo, molecular orbitals for homonuclear
diatomic molecules. The scheme on the
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diatomics of the same period.
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Table 3.3.1. The 2s-2p energy gap of the second-row elements

Element Li Be B C N (0] F
—Er(eV) 539 932 129 166 203 285 3738
—Epp(eV) 354 6.59 83 113 145 136 174

Eyp—Ex(eV) 185 273 46 53 58 149 204

degenerate (7, 7y) levels. For Oz and F, there is no significant s—p mixing, due
to the larger 2s—2p energy gaps of O and F. On the other hand, for the remaining
homonuclear diatomics of the same period, through s—p mixing, the molecular
orbitals are no longer called o, o, o, az*, etc. Instead they are now called oy,
oy, etc., where g indicates centrosymmetry and u indicates antisymmetry with
respect to the molecular center.

Table 3.3.2. Electronic configurations and structural parameters of homonuclear
diatomic molecules of the second period

Xo Electronic configuration = Bond length  Bonding energy ~ Bond order

(pm) (kJ molfl)
Ly  log 267.2 110.0 1
Bey lo210} — — 0
B, 1ag21a§1n§ 158.9 274.1 1
Cy 1a§2 lo2 1 124.25 602 2
3™ logloint2o} 120 — 3
N, o2 1%2171;‘25? 109.76 941.69 3
N loZloglm20] 111.6 842.15 22
N§7 0520:201271371"371:171*1 1224 — 2
0,  ofoPolninlmilai] 120.74 493.54 2
0y  olof?clnlnlny! 112.27 626 21/
0, oloflolnininyin)! 126 392.9 1/
05" olo¥lolnlnlnimi? 149 138 1
F, 0520:201271311371;‘271;‘2 141.7 155 1

Table 3.3.2 summarizes the various properties of second-row homonuclear
diatomic molecules. In the last column of the table, we list the “bond order”
between atoms A and B in the molecule AB. Simply put, the bond order is a
number that gives an indication of its strength relative to that of a two-electron
single bond. Thus the bond order of H (o) is 1/2, while that of H> (07,) is 1.
For a system with antibonding electrons, we take the simplistic view that one
antibonding electron “cancels out” one bonding electron. Thus the bond orders
in He}L (012S a]*s]) and He, ((7]2S 01*32) are 1/2 and 0, respectively, and helium is
not expected to form a diatomic molecule.

Some interesting points are noted from the results given in Table 3.3.2:

(1) The bondin Li is longer and weaker than thatin Hy (74 pm; 431kJ mol™1).
This is because the bond in Li, is formed by 2s valence electrons that lie
outside filled 1s atomic orbitals.
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The diatomic molecule Be; is unstable; the ground state is a repulsive state.

As in He,, the stabilization gained by the bonding electrons is more than

offset by the destabilizing antibonding electrons.

The bond in By is stronger than that in Li because B has a smaller atomic
radius than Li. Also, B, has two unpaired electrons in the 17, orbital and
is hence a paramagnetic species.

The bond length and bond energy in C; are compatible with the double
bond predicted by molecular orbital theory. It is noted that the 20 orbital
is only slightly higher in energy than 1. Indeed, C; absorbs light in the
visible region at 19,300 cm™!. This corresponds to exciting an electron
from the 1w, molecular orbital to the 20, orbital. This is a fairly small
excitation energy for a diatomic molecule, since electronic excitations for
other diatomics are usually observed in the ultraviolet region.

The bond in N is a triple bond, in agreement with the Lewis structure
:N=N: of this molecule. We now can see that the lone pairs in the Lewis
structure correspond to the lag and lau2 electrons; the two pairs of bond-
ing and antibonding electrons result in no net bonding. The three bonds in
the Lewis structure correspond to the 17+ and 20g2 electrons in molecular
orbital theory. The electronic excitation from the 20y orbital to 17y orbital
occurs at around 70,000 cm™! in the vacuum ultraviolet region. The exper-
imental energy ordering of the molecular orbitals for the N, molecule is
shown in Fig. 3.3.3(a). Upon losing one electron to form N; , there is not
much change in bond length, as the electron is from a weakly bonding 20,
orbital. In a recently determined crystal structure of SrN», the bond length
found for the diazenide anion (N%f) is compatible with the theoretical bond
order of 2.

Molecular orbital theory predicts that Oy is paramagnetic, in agreement
with experiment. Note that the Lewis structure of O, does not indicate that
it has two unpaired electrons, even through it does imply the presence of a
double bond. In fact, the prediction/confirmation of paramagnetism in O,
was one of the early successes of molecular orbital theory. Also, the ions O;“
(dioxygen cation), O, (superoxide anion), and ng (peroxide anion) have
bond orders 2!/2, 1172, and 1, respectively. The experimental energy levels
of the molecular orbital for the O, molecule are shown in Fig. 3.3.3(b).
Fluorine F», is isoelectronic with Oé_. Hence they have similar bond
lengths as well as similar bond energies. Finally, molecular orbital theory

@ g0f-i— — 1, | ®
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Fig. 3.3.3.
Energy level diagrams for N and O;.
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predicts that the ground electronic configuration of Ney (with two more
electrons than F,) leads to a repulsive state. So far there is no experimen-
tal evidence for the existence of Nej, in agreement with molecular orbital
results.

3.3.2 Heteronuclear diatomic molecules

(1) The hydrogen fluoride molecule
Before discussing heteronuclear diatomic XY, where both X and Y are second-
row atoms, we first take HF as an example for detailed molecular orbital
treatment. Since the H 1s orbital (with energy —13.6 eV) and F 2p (—17.4 eV)
have similar energies, while that of F 2s (—37.8 eV) is much lower, we only
need to consider the interaction between H 1s and F 2p orbitals.

If we take the internuclear axis as the z axis, it is clear that the F 2p, and
the H 1s orbital overlap. The bonding orbital (called o) is represent by the
combination

o; = ci[ls(H)] + c2[2p.(F)]. (3.3.2)

The coefficients c; and ¢, give the relative contributions of the H 1s and F 2p,
orbitals to the o, orbital. Unlike the case of homonuclear diatomics, these coef-
ficients are no longer equal, since the interacting atomic orbitals have different
energies.

As we know, bonding electrons are “pulled” toward the more electronega-
tive atom, which has the more stable valence orbitals. Therefore, in eq. (3.3.2),
¢y is greater than cyp; i.e., the F 2p, contributes more than H 1s to the bond-
ing molecular orbital o,. It is always true that the atomic orbital on the more
electronegative atom contributes more to the bonding molecular orbital.

The antibonding orbital (called 0*) between F 2p, and H 1s orbitals has
the form

o = c3[1s(H)] — cal2p, (F)]. (3.33)

Since most of the 2p, orbital on F is “used up” in the formation of o, it is
now clear that, in crz*, c3 > c4. In other words, the atomic orbital on the more
electropositive atom always contributes more to the antibonding molecular
orbital.

The F 2p, and F 2p,, orbitals are suitable for forming w molecular orbitals.
However, in the HF molecule, the hydrogen 1s orbital does not have the proper
symmetry to overlap with the F 2p, or F 2p, orbital. Thus, the F 2p, and F 2p,
orbitals are nonbonding orbitals. By definition, a nonbonding molecular orbital
in a diatomic molecule is simply an atomic orbital on one of the atoms; it gains
or loses no stability (or energy) and its charge density is localized at the atom
where the aforementioned atomic orbital originates.

The energy level diagram for HF is shown in Fig. 3.3.4. By the dotted lines,
we can see that o is formed by the H 1s and F 2p (2p; in this case) orbitals.
Since the energy of o, is closer to that of F 2p than that of H 1s, it is clear
the F 2p orbital contributes more to the o, orbital. On the other hand, the H
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1s contributes more to the o orbital. Also, the degenerate nonbonding ;' and
7y orbitals are formed solely by F 2p, and F 2p, orbitals, respectively, without
any energy change.

From the energy level diagram in Fig. 3.3.4, it follows naturally that the
ground configuration of HF is 23203(71)’; = 71;')4. Among the four pairs of
electron in this molecule, only the pair in o, is shared by H and F, while the
other three pairs are localized at F. This bonding picture is in total agreement

with the Lewis formula:

H.F;

Since the two electrons in o ; are not equally shared by H and F, it would be
of interest to determine the charge separation in this molecule. This information
is furnished by the experimentally determined dipole moment, 6.06 x 1073
C m, of the molecule. Also, the electrons are closer to F than to H; i.e., the
negative end of the dipole points toward F.

The H-F bond length is 91.7 pm. If the lone electron of H is transferred to
F, giving rise to the ionic structure HTF~, the dipole moment would be

(91.7 x 1072m) x (1.60 x 1071°C) = 1.47 x 1072C m.

Hence we see that the electron of H is only partially transferred to F. The ionic
percentage of the HF may be estimated to be

6.06 x 1073°C m

— % 100% = 41%.
147 x 10029C m

(2) Heteronuclear diatomic molecules of the second-row elements

Now we describe the bonding in a general diatomic molecule XY, where both
X and Y are second-row elements and Y is more electronegative than X. The
molecular orbital energy level diagram is shown in Fig. 3.3.5. The o and =
bonding and antibonding orbitals are formed in the same manner as for X3,
but the coefficients of the orbitals on Y are larger than those on X for the
bonding orbitals, and the converse holds for the antibonding orbitals. In other
words, the electrons in bonding orbitals are more likely to be found near the
more electronegative atom Y, while the electrons in the antibonding orbitals
are more likely to be near the more electropositive atom X. In Fig. 3.3.5, the
molecular orbitals no longer carry the subscripts u and g, since there is no center
of symmetry in XY.

The bonding properties of several representative diatomics are discussed
below.

(a) BN (with eight valence electrons): This paramagnetic molecule has the
ground configuration of 1o216*%1732¢!, with two unpaired electrons.
For this system, the 20 orbital energy is higher than that of 17 by about the
same energy required to pair two electrons. In any event, the bond order is
2. The bond lengths of C, and BN are 124.4 and 128 pm, respectively. The
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Fig. 3.3.5.
Energy level diagram of a heteronuclear
diatomic molecule.

Fig. 3.3.6.
Energy level diagrams of CO and NO.
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bond energy of BN is 385 kJ mol~!, suspiciously low compared with 602
kJ mol~! for C,. Clearly more experimental work is required in this case.

(b) BO, CN, and CO™ (with nine valence electrons): The electronic configura-
tion for these molecules is 16210*2 17420} , with bond order 21/2. They all
have bond lengths shorter than BN (or C3), 120 pm for BO, 117 pm for CN,
and 112 pm for CO™. Also, they have fairly similar bond energies: 800,
787, and 805 kJ mol~! for BO, CN, and COT, respectively, all of which
are greater than that of C,.

(c) NOT, CO, and CN~ (with ten valence electrons): Here the electronic con-
figuration is 1o210*217#202, with a bond order of 3. They have similar
bond lengths: 106, 113, and 114 pm for NO™, CO, and CN—, respectively.
The bond energy of carbon monoxide (1070 kJ mol~!) is slightly greater
than that of N, (941 kJ mol™!). The energy level diagram for CO is shown
in Fig. 3.3.6(a).

(d) NO (with eleven valence electrons): The ground electronic configuration is
10220*21n42a§1n*1 and the bond order is 2!/2. The bond length of NO,
115 pm, is longer than those of both CO and NO™. Its bond dissociation
energy, 627.5 kJ mol~!, is considerably less than those of CO and N,. The
importance of NO in both chemistry and biochemistry will be discussed
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in detail in Section 14.2. The energy level diagram for NO is shown in
Fig. 3.3.6(b).

3.4 Linear triatomic molecules and sp” hybridization
schemes

In this section, we first discuss the bonding in two linear triatomic molecules:
BeH; with only o bonds and CO, with both ¢ and 7 bonds. Then we go on to
treat other polyatomic molecules with the hybridization theory. Next we discuss
the derivation of a self-consistent set of covalent radii for the atoms. Finally, we
study the bonding and reactivity of conjugated polyenes by applying Hiickel
molecular orbital theory.

3.4.1 Beryllium hydride, BeH2

The molecular orbitals of this molecule are formed by the 2s and 2p orbitals of
Be and the 1s orbitals of H, and Hj,. Here we take the molecular axis in BeH
as the z axis, as shown in Fig. 3.4.1.

To form the molecular orbitals for polyatomic molecules AX,,, we first carry
out linear combinations of the orbitals on X and then match them, taking into
account their symmetry characteristics, with the atomic orbitals on the central
atom A.

For our simple example of BeHj, the valence orbitals on H, and Hy, 1s, and
1sp, can form only two linear (and independent) combinations: 1s, + 1s, and
Is; — 1sp. We can see that combination 1s, 4 1s, matches in symmetry with the
Be 2s orbital. Hence they can form both bonding and antibonding molecular
orbitals:

os = c12s(Be) + ca(1sy + 1sp), ¢ > c1 (3.4.1)
ol = c|2s(Be) — ch(1sq + 1sp), ¢} > ch. (3.4.2)

The relative magnitudes of coefficients c¢; and ¢, as well as those of c/1 and c’z,
are determined by the relative electronegatives of the atoms concerned, which
are reflected by the relative energies of the atomic orbitals.

Similarly, the combination 1s, — 1s, has a net overlap with the 2p, orbital
of Be. They form bonding and antibonding molecular orbitals in the following
manner:

o, = c32p;(Be) + c4(1s, — 1sp), ¢4 > c3 (3.4.3)
o) = c52p.(Be) — cy(Isq, — 1sp), ¢ > 4. (3.4.4)

Finally, the 2p, and 2p,, orbitals on Be are not symmetry-compatible with the
s, or s, orbitals (or their linear combinations). Hence they are nonbonding
orbitals:

{”f = 2p«(Be) (3.4.5)

JT)’? = 2p,(Be) °
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Coordinate system for BeH,.
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Table 3.4.1. Summary of the formation of the molecular orbitals in BeH;

Orbital on Be Orbitals on H Molecular orbitals
2s @)~"2(1s4 + 1sp) o, 0
2p; @~ (1sq — 1sp) oz, 0
2px my
2py 7r§Z

There are totally six molecular orbitals (o5, o, 07, 0;‘ ,m, and n;) formed
by the six atomic orbitals (2s and 2p orbitals on Be and 1s orbitals on the hydro-
gens). Note that the o molecular orbitals have cylindrical symmetry around the
molecular axis, while the nonbonding 7 orbitals do not. Another important char-
acteristic of these orbitals is that they are “delocalized* in nature. For example,
an electron occupying the o orbital has its density spread over all three atoms.
Table 3.4.1 summarizes the way the molecular orbitals of BeH, are formed by
the atomic orbitals on Be and H, where the linear combinations of H orbitals
are normalized.

The energy level diagram for BeH», shown in Fig. 3.4.2, is constructed as
follows. The 2s and 2p of Be are shown on the left of the diagram, while the
1s orbitals of the hydrogens are shown on the right. Note that the H 1s orbitals
are placed lower than either the Be 2p or Be 2s orbitals. This is because Be
is more electropositive than H. The molecular orbitals—bonding, antibond-
ing, and nonbonding—are placed in the middle of the diagram. As usual, the
bonding orbitals have lower energy than the constituent atomic orbitals, and
correspondingly the antibonding orbitals are of higher energy. The nonbonding
orbitals have the same energy as their parent atomic orbitals. After constructing
the energy level diagram, we place the four valence electrons of BeH; in the
two lowest molecular orbitals, leading to a ground electronic configuration of
oszazz. In this description, the two electron-pair bonds are spread over all these
atoms. The delocalization of electrons is an important feature of the molecular
orbital model.

Concluding the molecular orbital treatment of BeH;, we can see that the two
(filled) bonding molecular orbitals oy and o, have different shapes and different
energies. This is contrary to our intuition for BeH,: we expect the two bonds
in BeH, to be identical (in shape as well as in stability) to each other. In any
event, this is the picture provided by the molecular orbital model.

3.4.2 Hybridization scheme for linear triatomic molecules

If we prefer to describe the bonding of a polyatomic molecule using localized
two-center, two-electron (2¢-2e) bonds, we can turn to the hybridization theory,
which is an integral part of the valence bond method. In this model, for AX,
systems, we linearly combine the atomic orbitals on atom A in such a way that
the resultant combinations (called hybrid orbitals) point toward the X atoms.
For our BeH; molecule in hand, two equivalent, colinear hybrid orbitals are
constructed from the 2s and 2p, orbitals on Be, which can overlap with the
two 1s hydrogen orbitals to form two Be-H single bonds. (The 2p, and 2p,
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orbitals do not take part in the hybridization scheme, otherwise the resultant
hybrid orbitals would not point directly at the hydrogens.) If we combine the
2s and 2p, orbitals in the following manner:

hi =) 2(2s+2p,), (3.4.6)
hy=(2) (25 - 2p.), (3.4.7)

the hybrid orbitals 4 and h; would overlap nicely with the 1s orbitals on H,
and Hp, respectively, as shown in Fig. 3.4.3.
The two bonding orbitals in BeH; have the wavefunctions

Y1 = cshy +celsq, c6 > c5 (3.4.8)
Yy = cshy + celsp, ¢ > cs. (3.4.9)

So now we have two equivalent bonding orbitals ¥; and ¥, with the same
energy. Moreover, 1 and v, are localized orbitals: v is localized between Be
and H, and 1, between Be and H;. They are 2¢-2¢ bonds.

3.4.3 Carbon dioxide, CO2

Carbon dioxide is a linear molecule with both o and 7 bonds. The coordinate
system chosen for CO; is shown in Fig. 3.4.4. Once again, the molecular axis
is taken to be the z axis. The atomic orbitals taking part in the bonding of this
molecule are the 2s and 2p orbitals on C and the 2p orbitals on O. There are a
total of ten atomic orbitals and they will form ten molecular orbitals.

The o orbitals in CO, are very similar to those in BeH;. The only difference
is that the oxygens make use of their 2p, orbitals instead of the 1s orbitals used
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Fig. 3.4.3.

The formation of the two sp hybrid
orbitals in BeH, [(a) and (b)] and the two
equivalent bonds in BeH» (c).
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Z
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X

Fig. 3.4.4.
The coordinate system of CO,.



102 Fundamentals of Bonding Theory

(@ (b)

no net overlap

Fig. 3.4.5.

(a) The linear combination (x4 + xp),
which overlaps with the 2p, orbital on C,
and (b) linear combination (x; — xp),
which does not overlap with the 2p,
orbital on C. Here x, and x;, represent
2px(a) and 2py (D), respectively. no net overlap

by the hydrogens in BeH;. The o orbitals thus have the wavefunctions

o5 = ¢728(C) + cg[2p;(a) + 2p.(b)], c¢7 > c3 (3.4.10)
ol = c42s(C) — cg[2p;(a) + 2p;(b)], cg > & (3.4.11)
o, = c92p,(C) + c10[2p;(a) + 2p;(b)], c10 > co (3.4.12)
o) = c2p;(C) — co[2p: (@) + 2p. ()], co > ]y (3.4.13)

The = molecular orbitals are made up of the 2p, and 2p,, orbitals of the three
atoms. Let’s take the 2p, orbitals first. The two 2p, orbitals can be combined
in two ways:

2px(a) + 2px (D) (3.4.14)
2px(a) — 2px(b). (3.4.15)

Combination (3.4.14) overlaps with the C 2p, orbital as shown in Fig. 3.4.5(a).
Since, for our linear molecule, the x and y axes are equivalent (and not uniquely
defined), we can readily write down the following 7 bonding and antibonding
molecular orbitals:

7x = c112px(C) + c12[2px(a) + 2px (b)),  c12 > cny (3.4.16)
¥ = ¢}, 2px(C) — ¢[2ps(@) + 2ps(B)]. ¢}y > ¢}y (3.4.17)
Ty = c112py(C) + c12[2py(@) + 2py(b)], c12 > cn1 (3.4.18)
7F = c}12py(C) — ¢a[2p4(@) + 2p, (D)), ¢y > ¢y (3.4.19)

On the other hand, combination (3.4.15) has zero overlap with the C 2p,
orbital [Fig. 3.4.5(b)] and is therefore a nonbonding orbital. Indeed, we have
two equivalent nonbonding orbitals:

n! = 2px(a) — 2p.(b) (3.4.20)
g = 2py(a) — 2py(b). (3.4.21)

As previously mentioned, ten molecular orbitals are formed. Table 3.4.2
summarizes the formation of the molecular orbitals in CO,, where the linear
combinations of O orbitals are normalized. Note that all bonding and antibond-
ing orbitals spread over all three atoms, while the nonbonding orbitals have no
participation from C orbitals.
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Table 3.4.2. Summary of the formation of the molecular orbitals in CO;

Orbital on C Orbitals on O* Molecular orbitals
2 (20 +2) o5, 0
2p; " ~2) 0., o7
2px @) (xq + xp) R
{ZPy @00+ yp) { Ty { o
@) (xq = xp) l
{<2>‘/2<ya — ) {n;

* Here x, represents 2p,(a), Similar abbreviations are also used to designate
other orbitals on the oxygen atoms.

C CO, 20
i«
7 ‘(FZ
Ay
Pid — b—*
e 4 \\ S\
. / Y
7’ 4 LN
7 4 \ E
Pt e * AN
. _L(’* i x SN
’ \
2p \ ’ Y
N W,
N W
X N,
" 3
Y
SN A A 44,
/ W ! n! 2p,,
’ W x y 2
ii 7 W L7
W ted
2s AN N\ Rt
B \\ T T /’
AN X Y /,/'
S \\ R
N ii
R ’O_ S
~ k4
Ay
G
28, 2, 2s, 2s,

The energy level diagram for CO; is shown in Fig. 3.4.6. Note that the oxygen
2p orbitals are more stable than their corresponding orbitals on carbon. The 16
valence electrons in CO; occupy the orbitals as shown in Fig. 3.4.6 and the
ground configuration for CO; is

2522s12)032c712(71x = ”}7)4(77; = n;)“.

So there are two ¢ bonds, two 7 bonds, and four nonbonding electron pairs
localized on the oxygen atoms.

In the valence bond or hybridization model for CO,, we have two resonance
(or canonical) structures, as shown in Fig. 3.4.7. In both structures, the two
o bonds are formed by the sp hybrids on carbon with the 2p, orbitals on the
oxygens. In the left resonance structure, the 7w bonds are formed by the 2p,
orbitals on C and O, and the 2p, orbitals on C and Op. In the other structure,
the 7 bonds are formed by the 2p, orbitals on C and Oy, and the 2p,, orbitals
on C and O,. The “real” structure is a resonance hybrid of these two extremes.
In effect, once again, we get two ¢ bonds, two 7 bonds, and four “lone pairs”
on the two oxygens. This description is in total agreement with the molecular
orbital picture. The only difference is that electron delocalization in CO; is

Fig. 3.4.6.
Energy level diagram of CO».
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Fig. 3.4.7.
The resonance structures of CO;.

Fig. 3.4.8.
A coordinate system for the sp2 hybrid
orbitals.

inherent in the molecular orbital model, whereas description according to the
valence-bond hybridization scheme requires the concept of resonance between
two canonical structures.

3.4.4 The sp" (n = 1-3) hybrid orbitals

(1) The sp hybridization scheme

Recalling from Section 3.4.1, we use the s orbital and the p, orbital to form two
equivalent hybrid orbitals, one pointing in the 4-z direction and the other in the
—z direction. These two orbitals are called sp hybrids, since they are formed by
one s and one p orbital. The wavefunctions of the sp hybrid orbitals are given
by eqgs. (3.4.6) and (3.4.7). In matrix form the wavefunction are

S
Pz

S

‘ I (3.4.22)

@ yer
hy |

/)" —1/2)"

a b
c d

Z

We now use this 2 x 2 coefficient matrix to illustrate the relationships among
the coefficients:

(a) Since each atomic orbital is “used up” in the construction of the hybrids,
a*>+c?=1and b> +d*=1.

(b) Since each hybrids is normalized, a+b=1landc®>+d*=1.

(c) Since hybrids are orthogonal to each other, ac + bd = 0.

(2) The sp? hybridization scheme

If we use the s orbital and the p, and py orbitals to form three equivalent orbitals
hi, hy, and hj3, these orbitals are called sp2 hybrids. Furthermore, they lie in
the xy plane and form 120° angles between them. Now the hybrids have the
wavefunctions

h a b ¢ S
hh |=|d e f Px |- (3.4.23)
h3 g Jj k Py

If the three hybrids have the orientations as shown in Fig. 3.4.8, we then get
the following results for the coefficients. Since the s orbital is (equally) split
among the three equivalent hybrids,

a=d>=g>=1/3, (3.4.24)
a=d=g=1/3)"% (3.4.25)
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(a) Since A lies on the x axis, p, cannot contribute to A,
c=0. (3.4.26)

(b) Relation a? + b? + ¢2 = 1 leads to

o\ 1/2
b:(—) . (3.4.27)

(c) Orbital p, contributes equally to 4, and h3 and b> 4 ¢ + j2> = 1. Hence

. 1 %)
e=]=—(g) . (3.4.28)

Note that both e and j are negative because s and A3 project on the —x
direction.
(d) Orbital py contributes equally to A and A3 (but f > 0 and k£ < 0) and
c? 4+ f? +k* = 1. Hence
F=12", (3.4.29)

k=—1/2)" (3.4.30)

Collecting all the coefficients, we have

I 76 N eV ) R s
mi=1®»" 1" 170" || - (3.4.31)
h3 1/(3)1/2 _1/(6)1/2 _1/(2)1/2 Py

The correctness of these coefficients can be checked in many ways. For example,

NPV B B A U WY NS U B
ad + €+Cf—(3)—1/2(3)—1/2+(§) _(6)1/2 + —(2)1/2 =

(3.4.32)

Also, the angle 6 between hy and the +y axis can be calculated:
6 =tan~'[(6) 2/2) "] =rtan"'3) 7 = 30°. (3.4.33)

To confirm that iy, h», and h3 are equivalent to each other, we can calculate
their hybridization indices and see that they are identical. The hybridization
index n of a hybrid orbital is defined as

__ total p orbital population 3 |p orbital coefficients|>

= = 3.4.34
™= Total s orbital population |s orbital coefficients|? ( )
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Fig. 3.4.9.

The angle formed by two sp3 hybrids.

4

A

cos™! (=1/3)

Fig. 3.4.10.

y

The “original” (1931) Pauling coordinate
system for the sp3 hybrids.
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For hy, ha, and h3 given in eq. (3.4.31), n = 2. Hence they are called sp>
hybrids. The two hybrid orbitals in BeH; [eq. (3.4.22)] have n = 1. So they are
sp hybrids.

A molecule whose bonding can be readily rationalized by the sp? hybridiza-
tion scheme is BF3. As indicated by the Lewis formulas shown below, there
are three canonical strructures, each with three o bonds, one 7 bond, and eight
lone pairs on the F atoms. The three o bonds are formed by the overlap of the
sp® hybrids (formed by 2s, 2p,, and 2py) on B with the 2p, orbital on each F
atom, while the = bond is formed by the 2p, orbital on B and the 2p, orbital
on one of the F atoms. This description is in accord with the experimental FBF
bond angles of 120°. Also, it may be concluded that the bond order for the B-F
bonds in BF3 is 11/3.

(3) The sp> hybridization scheme

Now we take up the construction of the sp> hybrid orbitals. It is well known
that the angle between two sp> hybrids is about 109°. With the aid of Fig. 3.4.9,
this angle can now be calculated exactly:

1
0 = cos™! <—§> ~109°28'16".

If the four hybrids &1, hy, h3, and h4 points to atoms a, b, ¢, and d, respectively,
as shown in Fig. 3.4.9, it can be readily shown that

h 12 12 172 12| s
hy | | 1/2 =12 —1/2 1/2 || px
hy || 12 172 =172 —1/2 || py (3.4.35)
ha 12 =172 172 —1/2 || p:

If we adopt the coordinates system in Fig. 3.4.10 for the four sp> hybrids, we
can readily get

m| |12 e N
ha 12 —1/[2(3) " 0 2/3) " || px

— 3.4.36
h 2 —yee yen —ye” ||| O
ha 2 —1e®'"™ —1y@" 176" || P

It is of interest to note that, in his original construction of the sp> hybrids, L.
Pauling adopted this coordinate system.
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It can be easily checked that the hybrids given in either eq. (3.4.35) or eq.
(3.4.36) are sp> hybrids; i.e., their hybridization index (population ratio of p
orbitals and s orbital) is 3. The four sp> hybrids of C are directed toward the
corners of a tetrahedron and suitable for forming four localized bonding orbitals
with four hydrogen 1s orbitals. Such a bonding picture for CHy is familiar to
all chemistry students.

Another sp> hybridized system is the sulfate anion SOi_, in which the four
oxygen atoms are also arranged in a tetrahedral manner. However, in addition
to the four o bonds, this anion also has two 7t bonds:

:O§S¢OI
VAR N
:0 (O}

It is clear that there are six equivalent resonance structures for SOZ_. Hence
the bond order of S—O bonds in SOi_ is 1122.

(4) Inequivalent hybrid orbitals

We conclude this section by discussing systems where there are two types of
hybrid orbitals. One such example is NH3 where there are three equivalent
bond hybrids and one lone pair hybrid. Another example is the water molecule.
As shown in Fig. 3.4.11, hybrids & and h, are lone pairs orbitals, while hybrids
h3 and hy are used to form bonding orbitals with hydrogen 1s orbitals. If we let

the coefficient for the s orbital in /i be (a /2)1/ 2 the other coefficients for all
hybrids can be expressed in terms of a:

h @™  y@"” [a-w2” o s

m| | @™ @ -a2” 0 P

|l a-aw/2” 0 —@/2'" 1@ ||

ha [(—a)y/21"” 0 —@2)'"” 1@ |l P
(3.4.37)

Now we can derive a relationship between angles o (formed by /1 and hy)
and B (formed by /3 and h4):

1
ay [(1-a)/21” 112
cot (5) Ry a—a (3.4.38)
1
cot <é) = (a/2)1 —a” (3.4.39)
2 (1/2) 2
Combining egs. (3.4.38) and (3.4.39),
2 (Y 2 (B _
cot (5) + cot (5) — 1. (3.4.40)
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y
Lone Lone
Pair  h, hy Pair
o
> X
hy hy
Bonded Bonded
Pair Pair

Fig. 3.4.11.
Hybrids /1 and h; are for lone pairs, and
h3 and hy are for bonded pairs.
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For H,O, < HOH = B = 104.5°. Now we can calculate the angle formed
by the two lone pairs:

o = 115.4°. (3.4.41)

The angle between lone pairs is larger than that between two bonded pairs, in
agreement with the VSEPR (valence-shell electron-pair repulsion) theory.

Now we derive a relationship between the hybridization index of a bonded
pair (ny) with that of a lone pair (r¢):

[(1/2+ 1 —-a)/2]

Nng =ny =ny =

(a/2)
_C-a
=—=
or
-2 (3.4.42)
a = (nz + l) X
ny = ny = ny = LAH /2
[(1—a)/2]
(I +a)
C(-a)’
or
g =D (3.4.43)
(np + 1)

Combining egs. (3.4.42) and (3.4.43) we can obtain a relationship between n,
and ny:

_ (ng+3)
=1

Finally, we relate bond angle 8 with parameter a:

o (BY (B

cos 8 = cos <2> sin (2>
e/ oL/l ey e=D
_[2/<2+2)} [2/<2+2>}_(a+1f (449

With eq. (3.4.43), we get

1y (3.4.44)

cos B = —1/np, or n, = — sec B. (3.4.46)

For water, 8 = 104.5°, ny = 3.994, ny, = 2.336, a = 0.600.

It should be noted that, in this treatment, it is assumed that bonded hybrids
h3 and h4 point directly at the hydrogens. In other words, the O-H bonds are
“straight,” not “bent.”
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3.4.5 Covalentradii

A covalent bond is formed through the overlap of the atomic orbitals on two
atoms. All atoms have their structural characteristics; the bond length and bond
energy of a covalent bond between two atoms are manifestations of these char-
acteristics. Based on a large quantity of structural data, it is found that there
is a certain amount of constancy for the lengths of the single bonds formed
between atoms A and B. This kind of constancy also exists for the lengths of
the double bonds and triple bonds formed between the same two atoms. From
these structural data chemists arrive at the concept of a covalent radius for each
element. It is expected that the length of bond A-B is approximately the sum
of covalent radii for elements A and B.

The covalent radius of a given element is determined in the following manner.
Experimentally, the single bonds formed by the overlap of sp? hybrids in C
(diamond), Si, Ge, Sn (gray tin) have lengths 154, 235, 245, and 281 pm,
respectively. Hence the covalent radii for the single bonds of these elements are
77,117, 122, and 140 pm, respectively. From the average length of C-O single
bonds, the single-bond covalent radius for O can be determined to be 74 pm.
Table 3.4.3 lists the covalent radii of the main group elements.

Different authors sometimes give slightly different covalent radii for the same
element; this is particularly true for alkali metals and alkali earth metals. Such
a variation arises from the following factors:

(a) Atoms A and B have different electronegativities and the bonds they form
are polar, having a certain amount of ionic character.

(b) The bond length usually varies with coordination number. It is often that
the higher the coordination number, the longer the bonds.

(c) The length of a bond is also influenced by the nature of the neighboring
atoms or group.

As pointed out in Sections 14.3.3 and 14.3.4, the length of a C—C single bond
ranges from 136 to 164 pm. Hence the data given in Table 3.4.3 are for reference

Table 3.4.3. The covalent radii, in picometers (pm), of main group elements

Single bond H He
37 —
Li Be B C N (0] F Ne
134 111 88 77 74 74 71 —
Na Mg Al Si P S Cl Ar
154 136 125 117 110 102 99 —

K Ca Cu Zn Ga Ge As Se Br Kr

196 174 117 125 122 122 122 117 114 110
Rb Sr Ag Cd In Sn Sb Te I Xe

— 192 133 141 150 140 141 137 133 130
Cs Ba Au Hg Tl Pb Bi

— 198 125 144 155 154 152

Double bond 79 67 62 60 100 94
Triple bond 71 60 55 — — —
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Schematic energy level diagram for
conjugated polyenes.
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only. The bond lengths arising from these covalent radii should not be taken as
very accurate structural data.

3.5 Hiickel molecular orbital theory for conjugated
polyenes

In this section, we first study the 7 bonding in conjugated polyenes by means of
the Hiickel molecular orbital theory. Then we will see how the wavefunctions
obtained control the course of the reaction for these molecules.

3.5.1 Hickel molecular orbital theory and its application to
ethylene and butadiene

A schematic energy level diagram for conjugated polyenes is shown in
Fig. 3.5.1. It is obvious that the chemical and physical properties of these com-
pounds are mostly controlled by the orbitals within the dotted lines; i.e., the
7 and 7* molecular orbitals, as well as the nonbonding orbitals, if there are
any. Hence, to study the electronic structure of these systems, as a first approx-
imation, we can ignore the o and o * orbitals and concentrate on the 7 and 7*
orbitals.

In conjugated polyenes, each carbon atom contributes one p orbital and one
electron to the 7 bonding of the system, as illustrated in Fig. 3.5.2. So the &
molecular orbitals have the general form

Y= cipi
=c191+c2pr+ ...+ cndp- 3.5.1

The values of the coefficient ¢; can be determined “variationally”; i.e., they are
varied until the total energy reaches a minimum. The energies of the molecular
orbitals are obtained by solving for values of E in the secular determinant:

Hy —ES\1 Hi;—ES;», ... Hj,,—ES,
Hip —ES12 Hyp—ES» ... Hy —ESy,

. . . =0. (3.5.2)
Hyy — ES1, Hoy —ES2, ... Hpyy—ESy,

Different methods of approximation means different ways of calculating
integrals H;; and S;;. The Hiickel approximation, first proposed by German
physicist E. Hiickel, is very likely to be simplest:

if i #£j

(1) Sjj = [ ¢igjdr = { (1) i i ij
That is, there is no overlap between orbitals on different atoms. Note that
this drastic approximation violates the basic bonding principle: To form a
bond there must an overlap of orbitals.

(2) Hij = [¢p:HpidT = a.
H;; is called the Coulomb integral and is assumed to be the same for each
atom. Also, o < 0.
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(3) Hjj = [¢iHp;dt = B if ¢; and ¢; are neighboring atomic orbitals.
Hj; is called the resonance integral. Also, 8 < 0.
(4) Hjj = 0if ¢; and ¢; are not neighboring atomic orbitals.
In other words, the interaction between non-neighboring orbitals is ignored.

After solving for E (n of themin all) in eq. (3.5.2), we can then substitute each
E in the following secular equations to determine the values of coefficient c;:

(Hi1 —ES11)cr + (Hip — ESi2)er + ...+ (Hiy — ES1)cn =0
(Hip — ES12)c1 + (Hyp — ESp)cr + ...+ (Hyy — ES2)c =0
. . . . (35.3)
(Hip — ES10)c1 + (Hoyy — ESop)er + ...+ (Hpyn — ESypn)en =0

Now we apply this approximation to the 7 system of a few polyenes.

(1) Ethylene

The two atomic orbitals participating in & bonding are shown in Fig. 3.5.3. The
secular determinant has the form

=0 (3.5.4)

1
by

oa—F B _
B a—E |

X
1

with x = (0 — E)/B. Solving eq. (3.5.4) leads to x = %1, or

Ei=a+B=E(m), (3.5.5)
Ey=a—B8=ET"). (3.5.6)
Substituting E1 and E; into the equations
| e tha s
we can obtain the molecular orbital wavefunctions:
When E = E{, we have ¢; = ¢, or
Vi=v) =2 21 + ). (3.5.8)
When E = E,, we have ¢; = —cp, or
=y @) =241~ o). (3.5.9)

The two mr electrons in ethylene occupy the () orbital. Hence the energy
for a 7 bond in the Hiickel model is

= 20+ 20. (3.5.10)

The energy level diagram for the & orbitals in ethylene is very simple and

shown in Fig. 3.5.4. Note that in this approximation the bonding effect is equal
to the antibonding effect. This arises from ignoring the overlap.

111

H

H/Q \H
Fig. 3.5.3.

The atomic orbitals for 7 bonding in
ethylene.

6 9
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N @

f a-f_ *
E //' A \\
N 7/
A 7/
\\\hjl_',/,
a+p 0
¢ ¢

Fig. 3.5.4.
The energy level diagram for the =
molecular orbitals of ethylene.
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Fig. 3.5.5.
The atomic orbitals for 7 bonding in
butadiene.

Fig. 3.5.6.
The 7 and 7* molecular orbitals of
butadiene.
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(2) Butadiene

Now we proceed to use the same method to treat a higher homolog of ethylene,
namely butadiene. The atomic orbitals taking part in the 7 bonding of this
molecule is shown in Fig. 3.5.5. For this system, the secular determinant is

oa—F B 0 0 x 1 0 0
B oa—E B 0 1 x 1 0] _
0 B oa—E B 10 1 x 1 =0, G51D
0 0 B oa—E 0 0 1 «x

where, again, x = (¢ — E)/B. Expanding this determinant, we get
=32 +1=0,
or
x= [i(S)l/zi 1]/2 = £1.618,+0.618. (3.5.12)

The energies and the wavefunctions are tabulated in Table 3.5.1. The wave-
functions are shown pictorially in Fig. 3.5.6. Note that as the number of nodes in
a wavefunction increases, so does the energy associated with the wavefunction.

Table 3.5.1. The Hiickel energies and wavefunction of the 7 molecular orbitals of butadiene

X Energy Wavefunction
1.618 Eqs=a—1.6188 Ya(*) = 0.372¢) — 0.602¢7 + 0.602¢3 — 0.372¢4
0.618 E3 =a—0.6188 Y3(7™*) = 0.602¢1 — 0.372¢ — 0.372¢3 + 0.602¢4
—0.618 E> =a+0.6188 Yo () = 0.602¢1 + 0.372¢p — 0.372¢3 — 0.602¢4
—1.618 El =a+1.6188 Y1 () = 0.372¢1 + 0.602¢, + 0.602¢3 + 0.372¢4

D=0 Q0o
OO o®0Ooe

Y, (") Y, ()
[ ] [ ] ] ]
> (>
v, (@ ¥, (7)
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Since the first two orbitals (1 and ;) are filled,
E; =2(a + 1.6188) + 2(o + 0.6188) = 4o + 4.4728. (3.5.13)

If the two 7 bonds in butadiene were localized, they would have energy
2(2a 4+ 2B) = 4a + 4. Hence, by allowing the four 7 electrons to delocalize
over the entire molecular skeleton, there is a gain in stability, which is called
delocalization energy (DE). For butadiene,

DE = 4a + 44728 — (4o + 4P)
= 04728 < 0. (3.5.14)

By combining high-level ab initio calculations with high-resolution infrared
spectroscopy, the equilibrium bond lengths in s-trans-butadiene have been
determined to an unprecedented precision of 0.1 pm. The values found for
the pair of m-electron delocalized double bonds and the delocalized central
single bond are 133.8 and 135.4 pm, respectively. The data provide defini-
tive structural evidence that validates the fundamental concepts of m-electron
delocalization, conjugation, and bond alternation in organic chemistry.

3.5.2 Predicting the course of a reaction by considering the symmetry
of the wavefunction

The molecular orbitals of butadiene, shown in Fig. 3.5.6, can be used to predict,
or at least to rationalize, the course of concerted reactions (those which take
place in a single step without involvement of intermediates) it would undergo.
For instance, experimentally it is known that different cyclization products are
obtained from butadiene by heating and upon light irradiation.

In 1965, the American chemists R. B. Woodward and R. Hoffmann (“con-
servation of orbital symmetry” or Woodward—Hoffmann rules) and Japanese
chemist K. Fukui (“frontier orbital theory”) proposed theories to explain these
results as well as those for other reactions. (Woodward won the Nobel Prize in
Chemistry in 1965 for his synthetic work. In 1981, after the death of Woodward,
Hoffmann and Fukui shared the same prize for the theories discussed here.)

These theories assert that the pathway of a chemical reaction accessible to
a compound is controlled by its highest occupied molecular orbital (HOMO).
For the thermal reaction of butadiene, which is commonly called “ground-state
chemistry,” the HOMO is ¥5 and lowest unoccupied molecular orbital (LUMO)
is ¥3 (Fig. 3.5.6). For the photochemical reaction of butadiene, which is known
to be “excited-state chemistry,” the HOMO is 3 (Fig. 3.5.6).

The thermal and photochemical cyclization of a butadiene bearing different
substituents at its terminal carbon atoms is represented by eqs. (3.5.15) and
(3.5.16), respectively. Note that for a short conjugated polyene consisting of
four or six carbon atoms, conformational interconversion between their transoid
(or s-trans) and cisoid (or s-cis) forms takes place readily.
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For wavefunction vr;, the terminal atomic orbitals ¢; and ¢4 have the relative
orientations as shown in Fig. 3.5.7. It is evident that a conrotatory process leads
to a bonding interaction between ¢ and ¢4, while a disrotatory process leads to
an antibonding interaction between ¢ and ¢4. Clearly the conrotatory process
prevails in this case.

Conversely, for wavefunction 3, the terminal atomic orbitals ¢ and ¢4
have the relative orientations shown in Fig. 3.5.8. Here a conrotatory pathway
yields an antibonding interaction between the terminal atomic orbitals, while a
disrotatory step leads to a stabilizing bonding interaction. Hence the disrotatory
process wins out in this case.

To conclude this section, we apply this theory to the cyclization of hexatriene:

Fig. 3.5.7.
Thermal cyclization of butadiene.
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(3.5.17)
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Table 3.5.2. The Hiickel energies and wavefunctions of the 7 moleular orbitals of hexatriene

X Energy Wavefunction

1802 Eg=oa—1.8028 16 =0.232¢, — 0.418¢; + 0.521¢3 — 0.521¢h4 + 0.418¢5 — 0.232¢b6
1247  Es=a—12478 5 =0418¢; — 0.521¢ + 0.2323 + 0.232¢4 — 0.521¢p5 + 0.418¢h6
0445 Ej=oa— 04458  y = 0.521¢; — 0.232¢; — 0.418¢3 + 0.418¢4 + 0.232¢s — 0.521 ¢

—0445 E3=oa+04458 3 = 0.521¢; + 0.232¢) — 0.418¢3 — 0.418¢4 + 0.23265 + 0.521 ¢

—1247 Ey=a+ 12478 = 0418¢; + 0.521¢1 + 0.232¢3 — 0.232¢4 — 0.521¢p5 — 0.418¢¢

—1.802 E;j=a+1.8028 ;= 0.232¢; + 0.418¢) + 0.521¢3 + 0.521¢p4 + 0.418¢)5 + 0.232¢

The secular determinant of hexatriene is

x 1000 0

I x 1000

01 x 100 ,

001 x 1 o|=0wthx=(a-E)/p. (3.5.18)
0001 x 1

00001 x

The solutions of this determinant, along with the energies and wavefunc-
tions of the 7 molecular orbitals, are summarized in Table 3.5.2. While these
wavefunctions are not pictorially shown here, we can readily see that the num-
ber of nodes of the wavefunctions increases as their energies increase. Indeed,
Y1, ¥, ..., ¥ have 0,1, ..., 5 nodes, respectively. Also,

Er = 2(a + 1.802B) + 2(cr + 1.2478) + 2(a + 0.4458)

= 6a + 6.9888. (3.5.19)
DE = 6a + 6.9888 — 3(2c + 28)
—=0.9888 < 0. (3.5.20)

For the thermal and photochemical cyclization of hexatriene, the controlling
HOMO?’s are 13 and ¥4, respectively. As shown in Fig. 3.5.9, the allowed

Fig. 3.5.8.

Photocyclization of butadiene.
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Fig. 3.5.9.
Thermal and photochemical cyclization
reactions of hexatriene.

Fundamentals of Bonding Theory

Highest occupied molecular orbital Highest occupied molecular orbital
v Vi

of the ground state of hexatriene of the first excited state of hexatriene

A lhv

Goos Gl

B C B D
Thermal cyclization Photochemicalal cyclization
(disrotatory) (conrotatory)

pathway for the thermal reaction is disrotatory. On the other hand, the allowed
pathway for the photochemical reaction is conrotatory. These results are just the
opposite of those found for the cyclization reactions of butadiene (Figs. 3.5.7
and 3.5.8).
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Chemical Bonding in
Condensed Phases

Studies of structural chemistry in the solid state are of particular interest in view
of the following justifications:

(a) The majority of the important materials used in modern optical, electronic,
and magnetic applications are solids.

(b) Our present understanding of structure-property correlation originates
mainly from results obtained in the gaseous and solid states. Based on
this foundation, the structure of matter in the liquid phase can be deduced
and further investigations then carried out.

(c) Starting from the knowledge of the fixed atomic positions in the solid state
of a given compound, new materials can be designed by adding atoms into
the lattice or removing atoms from the lattice, and such new materials will
have different properties.

(d) The atoms in a solid are bonded together through many types of interactions,
the nature of which often determines the properties of the material.

In this chapter, the basic types of chemical bonds existing in condensed
phases are discussed. These interactions include ionic bonds, metallic bonds,
covalent bonding (band theory), and intermolecular forces. In Chapter 10, the
structures of some inorganic crystalline materials will be presented.

4,1 Chemical classification of solids

Solids are conveniently classified in terms of the types of chemical bonds that
hold the atoms together, as shown in Table 4.1.1. The majority of solids involve

Table 4.1.1. Classification of simple solids

Class Example

Tonic NaCl, MgO, CaF,, CsCl
Covalent C (diamond), SiO, (silica)
Molecular Cly, Sg, HgCly, benzene

Metallic Na, Mg, Fe, Cu, Au
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Table 4.1.2. Some examples of complex solids held together by a combination of different
bond types

Bond types involved Example

Tonic, covalent ZnS, TiOy

Ionic, covalent, van der Waals CdI,

Tonic, metallic NbO, TiOy (0.75 < x < 1.25)

Tonic, covalent, metallic, van der Waals  ZrCl

Ionic, covalent, metallic K7 Pt(CN)4Brg 3-3H,0, (SNBr1y ) (0.25 < x < 1.5)
Covalent, metallic, van der Waals C (graphite)

Covalent, hydrogen bond Ice

Ionic, covalent, metallic, van der Waals TTF:TCNQ, TlRbCg(

TTF, tetrathiafulvalene; TCNQ, tetracyanoquinodimethane.

more complex chemical bonding, and some examples are given in Table 4.1.2.
Here the term “metallic” indicates electron delocalization over the entire solid.

In ZnS the transfer of two electrons from the metal atom to the non-metal
is incomplete, so that the bond between the formal Zn?*t and S%~ ions has
significant covalent character. The same is true for compounds containing metal
ions with a high formal charge such as TiO,.

In the layer structure of Cdlj, the iodine atoms belonging to adjacent layers
are connected by van der Waals forces (Fig. 4.1.1(a)). The metal atoms in TiO
and NbO are in a low oxidation state and the excess electrons can form metal—
metal bonds extending in one and two dimensions, which are responsible for
the metallic character of these oxides. The sheet structure of ZrCl is composed
of four homoatomic layers in the sequence - - -CIZtZrCl- - -ClZtZrCl- - -, as
shown in Fig. 4.1.1(b). Each Zr has six metal neighbors in the same layer at
342 pm, and three metal neighbors in the next layer at 309 pm, compared to
an average distance of 320 pm in a-Zr. There is strong metal-metal bonding
in the double Zr layers. Each Zr has three Cl neighbors in the adjacent layer at
263 pm, indicating both covalent and ionic bonding. The CI- - -Cl inter-sheet
distances at ~360 pm are normal van der Waals contacts.
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Fig. 4.1.1.
Layer structure in (a) CdI, and (b) ZrCl.
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Fig. 4.1.2.

Overlap of Sdzz orbitals along a chain of
Pt centers in the crystal structure of

Ky Pt(CN)y4Brg 3-3H0.

Fig. 4.1.3.
Crystal structure of the “molecular
metal” TTF:TCNQ.

Fundamentals of Bonding Theory

The partially oxidized complex KyPt(CN)4Brp3-3H,O behaves as a one-
dimensional conductor, owing to overlap of the platinum 5d > orbitals atoms
along a chain composed of stacking of square-planar [Pt(CN)4]'7~ units
(Fig. 4.1.2).

The 1:1 solid adduct of tetrathiafulvalene (TTF) and tetracyanoquin-
odimethane (TCNQ) is the first-discovered “molecular metal,” which consists
of alternate stacks each composed of molecules of the same type (Fig. 4.1.3). A
charge transfer of 0.69 electron per molecule from the HOMO (mainly S atom’s
lone pair in character) of TTF to the LUMO of TCNQ results in two partially
filled bands, which account for the electrical conductivity of TTF:TCNQ.

A binary compound A,B,, consists of atoms of two kind of elements, A
and B, and its bond type depends on the average value of the electronega-
tivities of the two elements (), mean of ya and xp), and on the difference
of the electronegativities of the two elements (A =|xa — xB|). Figure 4.1.4
shows the distribution of the compounds A, B,, in a diagram of the “x—-Ax”
relationship. This diagram may be divided into four regions which corre-
spond to the four bond types: ionic (I), metallic (I), semi-metallic (IIT), and
covalent (IV). For example, the compound SF4 has the following parameters:
Xxp=4.19, xs =2.59, x =3.39, and A xy =1.60, which place the compound in
region I'V. Thus the bond type of SFy is covalent. In another example, the param-
eters of ZrCl are xz; = 1.32, xc1 =2.87, x =2.20, and A x = 1.55, which place
the compound on the border of regions I and I'V. So the bond in ZrCl is expected
to exhibit both ionic and covalent characters.
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4.2 lonic bond
4.2.1

lonic size: crystal radii of ions

A set of empirical ionic radii can be derived from the direct measurement of
internuclear distances in crystal structures. The additivity of ionic radii is sub-
stantiated by the near constancy of the differences in internuclear distances Ar
between the alkali metal halides, as shown in Table 4.2.1.

By assuming a value for the radius of each single ion (e.g., 140 pm for
0%~ and 133 pm for F7), a set of self-consistent ionic radii can be generated.
There exist several compilations of ionic radii, and some selected representative
values for ions with coordination number 6 are listed in Table 4.2.2.

Some comments on the ionic radii collected in Table 4.2.2 are as follows:

(1) Values of the ionic radii are derived from experimental data, which give
the internuclear distances and electron densities, and generally take the
distance of contacting neighbor ions to be the sum of the ionic radii of the
cation and anion:

Internuclear distance between contacting neighbors = 7¢ation + Fanion-

Thus, a hard sphere model is assumed for the ionic crystal, with ions of
opposite charge touching one another in the crystal lattice. Such an approxi-
mation means that the assignment of individual radii is somewhat arbitrary.
The values listed in Table 4.2.2 are a set of data which assume that the radius
of 0%~ is 140 pm and that of F~ is 133 pm.

Fig. 4.1.4.
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Bond types and electronegativities of

some binary compounds.
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Table 4.2.1. Internuclear distance (pm) and their difference in alkali metal halides

Cation Anion Avg Ar
F~ Cl- Br I~
Lit 201 257 275 300
28 24 22 23 24
Nat 229 281 297 323
37 33 32 30 33
K+ 266 314 329 353
16 13 15 13 14
Rbt 282 327 344 366
18 29 27 29 26
Cst 300 356 371 395
Anion Cation Avg Ar
Lit Nat K+ Rb* Cst
F~ 201 229 266 282 300
56 52 48 45 56 51
cl- 257 281 314 327 356
18 16 15 17 15 16
Br~ 275 297 329 344 371
25 26 24 22 24 24
I 300 323 353 366 395
(2) The valence state of ions listed in Table 4.2.2 are obtained from the oxidation

3)

“4)

states of the atoms in the compounds. They are only formal values and they
do not indicate the number of transferred electrons. In other words, the
bonding type between the atoms is not considered. These radii are effective
ionic radii and they can be used for rough estimation of the packing of ions
in crystals and other calculations.

There is an increase in size with increasing coordination number and for a
given coordination number with increasing Z within a periodic group. In
general:

Coordination number: 4 6 8 12
Relative radius: 094 1.00 1.03 1.12

For cations with high charge the decrease in radii as the coordination num-
ber decreases can be quite large. For instance, the radii of Mn’* in six- and
four-coordinate geometry are 46 and 25 pm, respectively. Some effective
ionic radii of four-coordinate high-valence cations are listed below:

Cation B3t 4t Crift Mn’t Mobt PST pptt SOt Sebt gitt gptt vIt wot 74+
Radius (pm) 11 15 26 25 41 17 65 12 28 26 55 355 42 59

The ionic radii are generally irregular, slowly decreasing in size with
increasing Z for transition metals of the same charge. Also, the high-spin
(HS) ions have larger radii than low-spin (LS) ions of the same species and
charge.
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Table 4.2.2. Ionic radii (in pm)* with coordination number 6

Ton Radius Ion Radius Ion Radius Ion Radius Ion Radius
Act 112 Cr**(HS) 80  Lit 76 Pa*t 90  Sm’* 95.8
Agt 115 Cr?t 61.5 Lut 86.1 Pa’t 78  Sn*t 69.0
Ag*t 9  Cr*t 55 Mg*t 72.0 Pb** 119 S/t 118
Agit 75 Crt 49  Mn*H(LS) 67  Pb*t 775 Ta3t 72
APT 53.5 Crot 44  Mn*t(HS) 83.0 Pd*t 86  Ta*t 68
Am3* 97.5 Cst 167  Mn3t(@LS) 58  pdt 76 Tadt 64
Am** 85  Cut 77 Mn3tHS) 645 Pd*t 61.5 TbH* 92.3
A3t 58 Cu?t 73 Mn*t 53 Pm3t 97  Tbt 76
As>t 46  Ccut 54  Mn’t 46  Po*t 94 T 64.5
AT+ 62  Dy*t 107 Mo*t 650 Po®t 67 TSt 60
Aut 137 Dy’ 912 Mot 61  prt 99 T+ 56
Auvt 85  Ert 89.0 Mobt 59 prit 85  Te* 221
Auvt 57  Eu*t 117 N3 16 Pt 80  Te*t 97
B3t 27 Eut 947 Nt 13 pe*t 625 Telt 56
Ba*t 135 F- 133 Nat 102 PPt 57 Th*t 94
Be2t 45  F't 8  Nb*t 72 Putt 86  Ti*t 86
Bi’t 103 Fet(LS) 61 Nb*+ 68  Put 74 Ti*t 67.0
Bt 76 Fe*T(HS) 780 Nb>t 64  Putt 71 Ti*+ 60.5
BK3+ 96  Fe3t(LS) 55  Nd*t 983 RbT 152  TIt 150
Bk** 83  Fe’t(HS) 645 Nitt 69.0 Re*t 63 TPt 88.5
Br~ 196  Fe*t 58.5 NiPH(LS) 56  Re’t 58  Tm** 103
Br’t 39 Frt 180  Ni*+(HS) 60 Re®t 55  Tm3t 880
cH 16  Ga’t 62.0 Ni*t 48  Re’t 53 Ut 102.5
Ca?t 100  Gd*t 93.8 No**t 110 Rh3* 665 U 89
Ccd*t 95  GeXt 73 Np*t 110  Rh* 60 U 76
Ce’t 101 Ge*t 53 Np*t 101 RwW* 55 Ut 73
Ce*t 87  Hf*t 71 Np*t 87 Ru¥t 68 V2 79
crt 95  Hgt 119  Np°* 75 Ru*t 620 V3t 64.0
4t 82.1 Hg*t 102 Npbt 72 Rt 565 VA 58
Cl- 181 Hot 90.1 Np’* 71 s> 184 vt 54
cr’+ 27 1™ 220 0% 140 s* 37 W4 66
Cm3t 97 Pt 95  OH~ 137 SOt 29 Wt 62
Cm*t 85 It 53 Os*t 63.0 Sb*t 76 WOt 60
Co*t(LS) 65  In’t 80.0 Ost 575 Sb*t 60  Xebt 48
Co?t(HS) 745 It 68  Osot 545 St 745 Y 90.0
Co’T(LS) 545 I*t 625 Os’t 525 Se’~ 198  Yb*r 102
Co’r(HS) 61 It 57 Pt 44 Sett 50 Ybit 86.8
Co*t 53 K+ 138 Pt 38 Seft 42 Zn*t 74.0
Cr2t(Ls) 73 La’t 1032 Ppa’t 104 Si*t 40.0 zr*t 72

* Selected from R. D. Shannon. Acta Crystallogr. A32, 751-67 (1976). Notations HS and LS refer to
high- and low-spin state, respectively.

Because of the diversity of the chemical bonds, the bond type usually varies
with the coordination number, especially for the ions with high valence and low
coordination number. Figure 4.2.1 shows the relationship between the ionic radii
and the number of d electrons in the first series of transition metals.
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Fig. 4.2.1.

Relationship between the ionic radii and
the number of d electrons of the first
series of transition metals. Open circles
denote high-spin complexes.
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4.2.2 Lattice energies of ionic compounds

The lattice energy U of an ionic compound is defined as the energy required to
convert one mole of crystalline solid into its component cations and anions in
their thermodynamic standard states (non-interacting gaseous ions at standard
temperature and pressure). It can be calculated using either the Born—Landé
equation

NoAZ,Z_é? 1
U=—""(1-—— 4.2.1)
dmegre m
or the Born—-Mayer equation
NoAZ Z_e?
A (1 - ﬁ), 4.2.2)
4megre Te

where Ny is Avogardro’s number, A is the Madelung constant, Z andZ_ are
the charges on the cation and anion, 7 is the equilibrium interionic distance,
and p is a parameter in the repulsion term —be~"/#, which is found to be nearly
constant for most crystals with a value of 34.5 pm, and m is a parameter in
the repulsion term a /™ for interionic interaction, which is usualy assigned an
integral value of 9. Table 4.2.3 gives the Madelung constants A for a number
of ionic crystals. The values listed refer to the structural type with unit charges
(Zy = Z_ = 1) at the ion sites.

Kapustinskii noted that if the Madelung constant A is divided by the number
of ions per formula unit for a number of crystal structures, nearly the same value
is obtained. Furthermore, as both A/n and re increase with the coordination
number, their ratio A/nr. is expected to be approximately the same from one
structure to another. Therefore, Kapustinskii proposed that the structure of any
ionic solid is energetically equivalent to a hypothetical rock-salt structure and
its lattice energy can be calculated using the Madelung constant of NaCl and
the appropriate ionic radii for (6,6) coordination.
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Table 4.2.3. Madelung constants of selected crystals

Formula Space group  Compound name Coordination mode  Madelung constant
NaCl Fm3m rock salt (6,6) 1.7476
CsCl Pm3m cesium chloride (8,8) 1.7627
B—ZnS F43m zinc blende (sphalerite) 4,4) 1.6381
a—7ZnS P6mce wurzite “4.4) 1.6413
CaF, Fm3m fluorite (8.4) 25194
Cup0O Pn3m cuprite 2.2212
TiOy P4/mnm rutile (6,3) 2.408
TiO, C4/2mc anatase 2.400
p—SiOy P6,22 B-quartz 4,2 2.220
a—AlLO3 R3¢ corundum (6,4) 4.172

Substituting re = r4 +r— (inpm), p = 34.5 pm, A = 1.7476, and values for
Ny, e and gy into the Born—-Mayer equation gives the Kapustinskii equation:

1.214 x 103Z,Z_n 34.5 )
U= 1— kJ mol ™" (4.2.3)

ry +r— r +r-

The lattice energies calculated using this equation are compared with those
obtained from the Born—Haber cycle in Table 4.2.4.

Table 4.2.4. Lattice energies (in kJ mol_l) of some alkali metal halides and divalent transition
metal chalcogenides

Ionic Compound Born-Haber Kapustinskii Ionic compound Born-Haber Kapustinskii

LiF 1009 952 CsF 715 713
LiCl 829 803 CsCl 640 625
LiBr 789 793 CsBr 620 602
Lil 734 713 Csl 587 564
NaF 904 885 MnO 3812 3895
NaCl 769 753 FeO 3920 3987
NaBr 736 734 CoO 3992 4046
Nal 688 674 NiO 4075 4084
KF 801 789 CuO 4033 4044
KClI 698 681 Zn0 3971 4142
KBr 672 675 ZnS(zinc blende) 3619 3322
KI 632 614 ZnS (wurtzite) 3602 3322
RbF 768 760 MnS 3351 3247
RbCl 678 662 MnSe 3305 3083
RbBr 649 626 ZnSe 3610 3150
RbI 613 590

A useful application of the Kapustinskii equation is the prediction of the
existence of previously unknown compounds. From Table 4.2.5, it is seen that
all dihalides of the alkali metals with the exception of CsF, are unstable with
respect to their formation from the elements. However, CsF, is unstable with
respect to disproportionation: the enthalpy of the reaction CsF, — CsF+-1/2F;
is —405 kJ mol~!.
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Table 4.2.5. Predicted enthalpies of formation (in kJ mol™ 1) of
some metal dihalides and oxides using the Kapustinskii equation

M MF, MCl, MBr, MI, MO
Li — 4439 4581 4740 4339
Na 1686 2146 2230 2427 2184
K 435 854 975 1117 1017
Rb 163 548 661 — 787
Cs —126 213 318 473 515
Al 774 —272 —146 8 —230
Cu —531 —218 —142 —21 —155
Ag —205 9% 167 282 230

In cases where the lattice energy is known from the Born—Haber cycle, the
Kapustinskii equation can be used to derive the ionic radii of complex anions
such as SO42~ and PO43~. The values determined in this way are known as
thermochemical radii; some values are shown in Table 4.2.6.

Table 4.2.6. Thermochemical radii of polyatomic ions*

Ion Radius (pm) Ion Radius (pm) Ion Radius (pm) Ion Radius (pm)
AICI, 295 GeClZ™ 328 0, 158 SnClZ™ 349
BCl,” 310 GeFZ~ 265 0/ 173 TiBr2~ 352
BF, 232 HCO; 156 05 177 TiCIZ~ 331
BH, 193 HF, 172 OH~ 133 TiFS 289
CN™ 191  HS™ 207 PCLET 293 UCIE 337
CNS~ 213 HSe~ 205 PCIZT 313 VO 182
coy™ 178 HiFZ™ 271 PFS 296 VO~ 260
ClO; 171 MnCIZ™ 322 ReFZ~ 277 Wal 336
Clo,” 240 MnFZ™ 256 RWFZT 264 ZnClPT 286
CoFZ™ 244 MnO, 29 S, 191 ZrIC2” 358
CRZ™ 252 Ny 195 SO 258 ZFZT 273
Cro~ 256 NCO™ 203 SbCl 351

CuClf™ 321 NO, 192 Se0f™ 239 MeyN*t 201
FeCl,~ 358 NO; 179 SeO}” 249 NH, 137
GaCl,~ 289 NbO; 170 SiFZ™ 259 PH,' 157

* Selected from: H. D. B. Jenkins and K. P. Thakur, J. Chem. Educ. 56, 576-7 (1979).

4.2.3 lonicliquids

An ionic liquid is a liquid that consists only of ions. However, this term includes
an additional special definition to distinguish it from the classical definition
of a molten salt. While a molten salt generally refers to the liquid state of a
high-melting salt, such as molten sodium chloride, an ionic liquid exists at
much lower temperatures (approx. < 100°C). The most important reported
ionic liquids are composed of the following cations and anions:
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Cations:
]\@\ R = R'= methyl (MMIM)
R = methyl, R'= ethyl (EMIM
NN yl, K= ethy ( )
R = methyl, R'= n-butyl (BMIN)
imidazolium ion

© ! I
+
N
R R R
pyridinium ion ammonium ion phosphonium ion

Anions:  AICl,~, ALCL,, BF,~, CI', AIE(Cl;", PF~, NO;~, CF;S05

The development of ionic liquids has revealed that the ions possess the

following structural features:

(1) The ionic radii have large values. The key criterion for the evaluation of
an ionic liquid is its melting point. Comparison of the melting points of
different chlorides salts, as listed in Table 4.2.7, illustrates the influence of
the cation clearly: High melting points are characteristic for alkali metal
chlorides, which have small cationic radii, whereas chlorides with suitable
large organic cations melt at much lower temperatures. Besides the effect
of the cation, an increasing size of anion with the same charge leads to a
further decrease in melting point, as shown in Table 4.2.7.

(2) There are weak interactions between the ions in an ionic liquid, but the
formation of hydrogen bonds is avoided as far as possible.

(3) In general, the cations and anions of ionic liquids are composed of organic
and inorganic components, respectively. The solubility properties of an
ionic liquid can be achieved by variation of the alkyl group on the cations
and by choice of the counter-anions.

The physical and chemical properties of the ionic liquids that make them

interesting as potential solvents and in other applications are listed below.

(1) They are good solvents for a wide range of inorganic and organic materials
at low temperature, and usual combinations of reagents can be brought into
the same phase. Ionic liquids represent a unique class of new reaction media
for transition metal catalysis.

(2) They are often composed of poorly coordinating ions, so they serve as

highly polar solvents that do not interfere with the intended chemical
reactions.

Table 4.2.7. Melting point of some salts and ionic liquids

Salt/ionic liquid ~ mp (°C)  Salt/ionic liquid  mp (°C)

NaCl 801 [EMIM]NO, 55
KCl1 772 [EMIM]NO3 38
[MMIM]CI 125 [EMIM]AICly 7
[EMIM]CI 87 [EMIM]BF4 6
[BMIM]C1 65 [EMIM]CF3S03 -9

[BMIM]CF3S03 16 [EMIM]CF3;CO, —14
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Fig. 4.3.1.

The evolution of a band of molecular
orbitals as the number of contributing
atoms such as Na increases. The shaded
part in the band of N atoms indicates its
containing electrons.
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(3) They are immiscible with a number of organic solvents and provide a
non-aqueous, polar alternative for two-phase systems. Hydrophobic ionic
liquids can also be used as immiscible polar phases with water.

(4) The interacting forces between ions in the ionic liquids are the strong
electrostatic Coulombic forces. Ionic liquids have no measurable vapor
pressure, and hence they may be used in high-vacuum systems to over-
come many contaminant problems. Advantage of their non-volatile nature
can be taken to conduct product separation by distillation with prevention
of uncontrolled evaporation.

4.3 Metallic bonding and band theory

Metallic structure and bonding are characterized by delocalized valence elec-
trons, which are responsible for the high electrical conductivity of metals. This
contrasts with ionic and covalent bonding in which the valence electrons are
localized on particular atoms or ions and hence are not free to migrate through
the solid. The physical data for some solid materials are shown in Table 4.3.1.
The band theory of solids has been developed to account for the electronic
properties of materials. Two distinct lines of approach will be described.

4.3.1 Chemical approach based on molecular orbital theory

Table 4.3.1. Conductivities of some metals, semiconductors, and insulators

Category Material Conductivity (Q_1 m_l) Band gap (eV)

Metals Copper 6.0 x 107 0
Sodium 2.4 % 107 0
Magnesium 2.2 x 107 0
Aluminium 3.8 x 107 0

Zero-band gap semiconductor  Graphite 2 x 10° 0

Semiconductors Silicon 4x1074 1.11
Germanium 22 %1074 0.67
Gallium arsenide 1.0 x 107 1.42

Insulators Diamond 1 x 10714 5.47
Polythene 1015

A piece of metal may be regarded as an infinite solid where all the atoms are
arranged in a close-packed manner. If a large number of sodium atoms are

Antibonding . N
Nonbonding A L V]z;{::;ldce
N N
N
Bonding ﬂ L
Number of Atoms 2 3 4 N
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brought together, the interaction of the 3s valence orbitals will generate a very
closely spaced set of molecular orbitals, as shown in Fig. 4.3.1. It is more
appropriate to refer to such molecular orbitals as energy states since each is
delocalized over all atoms in the metal, and the entire spectrum of energy states
is known as a band.

The energy states in a band are not evenly distributed, and the band structure
is better described by a plot of energy E against a density of states function
N (E) which represents the number of energy states lying between E and 6E,
as shown in Fig. 4.3.2.

The number of states within each band is equal to the total number of orbitals
contributed by the atoms. For one mole of metal, a s band will consist of Ny
states and a 3p band of 3N states. These bands will remain distinct if the s—p
separation is large, as shown in Fig. 4.3.3(a). However, if the s—p separation
is small, the s and p bands overlap extensively and band mixing occurs. This
situation, as illustrated in Fig. 4.3.3(b), applies to the alkaline-earth metals and
main group metals.

The electronic properties of a solid are closely related to the band structure.
The band that contains the electrons of highest energy is called the valence
band, and the lowest unoccupied energy levels above them are called the
conduction band.

There are four basic types of band structure as shown in Fig. 4.3.3. In (a) the
valence band is only partially filled by electrons, and metals such as Na and
Cu with a half-filled s band are well described by this diagram. The energy
corresponding to the highest occupied state at 0 K is known as the Fermi
energy EFf.

The alkaline-earth metals and group 12 metals (Zn, Cd, Hg) have the
right number of electrons to completely fill an s band. However, s—p mix-
ing occurs and the resulting combined band structure remains incompletely
filled, as shown in Fig. 4.3.3(b). Hence these elements are also good metallic
conductors.

(@) (b) (©

E E E
Vacant Vacant
band band

¢ Ey Occupied i E, large
e
and empty
Eg bands )
Ep Partially overlap occupied
occupied band
band
> L
N(E) ME) N(E)
Fig. 4.3.3.
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Fig. 4.3.2.
Density of states diagram for the 3s band
of sodium.

(d
E

Vacant

band
E,small
occupied
band
>
N(E)

Schematic representation of band structure and the primary density of states situations: (a) metal will no overlapping bands, (b) metal with

overlapping bands, (c) an insulator, and (d) a semiconductor.
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Fig. 4.3.4.

Density of states diagrams for (a) an
intrinsic semiconductor, (b) an n-type
semiconductor, and (c) a p-type
semiconductor.
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Insulators have a completely filled valence band separated by a large gap
from the empty conduction band, as illustrated in Fig. 4.3.3(c). Diamond is an
excellent insulator with a band gap of 5.47 eV. Figure 4.3.3(d) shows a situation
in which a fully occupied band is separated from a vacant band by a small band
gap. This property characterizes a semiconductor, the subject matter of the next
section.

4.3.2 Semiconductors

Intrinsic semiconductors have a band structure similar to that of insulators,
except that the gap is smaller, usually in the range 0.5 to 3 eV. A few electrons
may have sufficient thermal energy to be promoted to the empty conduction
band. Each electron leaving the valence band not only creates a charge carrier
in the conduction band but also leaves behind a hole in the valence band. This
hole provides a vacancy which can promote the movement of electrons in the
valence band.

The presence of an impurity such as an As or a Ga atom in silicon leads to
an occupied level in the band gap just below the conduction band or a vacant
level just above the valence band, respectively. Such materials are described
as extrinsic semiconductors. The n-type semiconductors have extra electrons
provided by donor levels, and the p-type semiconductors have extra holes
originating from the acceptor levels. Band structures of the different types of
semiconductors are shown in Fig. 4.3.4.

In solid-state electronic devices, a p—n junction is made by diffusing a dopant
of one type into a semiconductor layer of the other type. Electrons migrate from
the n-type region to the p-type region, forming a space charge region where
there are no carriers. The unbalanced charge of the ionized impurities causes
the bands to bend, as shown in Fig. 4.3.5, until a point is reached where the
Fermi levels are equivalent.

A p—n junction can be used to rectify an electric current, that is, to make it
much easier to pass in one direction than the other. The depletion of carriers
for the junction effectively forms an insulating barrier. If positive potential is
applied to the n-type side (a situation known as reverse bias), more carriers
are removed and the barrier becomes wider. However, under forward bias the
n-type is made more negative relative to the p side, so that the energy barrier is
decreased and the carriers may flow through.

(a) (b) (©
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band band
an > " band n >n
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Fig. 4.3.5.

Schematic representation of a p—n junction: (a) No electric field, (b) positive electric field to p-region, and (c) positive electric

field to n-region.

4.3.3 Variation of structure types of 4d and 5d transition metals

Calculated relative energies from the density of states curves including the d
orbitals have been used to rationalize the changes in metallic structure observed
across the 4d and 5d transition series, as summarized in Table 4.3.2. To under-
stand the variation of these structures, we first determine the average electronic
energy for a model transition metal with body-centered cubic packing (bcp),
hexagonal closest packing (hcp), and cubic closest packing (ccp) structures.
Then we plot the energy differences of these structures as a function of the
number of d electrons. As shown in Fig. 4.3.6, the solid line indicates the
energy of bcp minus the energy of ccp (bep—ccp), and the broken line indicates
the energy of hcp minus the energy of ccp (hcp—ccp).

Table 4.3.2. Crystal structure of 4d and 5d transition metals

4d element Structure AE 5d element Structure AE

and number of = andnumber of

d electrons (hcp —ccp) (bep —ccp) d electrons (hcp —cep)  (bep — cep)
Y (1) hep — + La (1) hexagonal — +
Zr (2) hep — + Hf (2) hep - +
Nb (3) bep + — Ta (3) bep + -
Mo (4) bep + — W (4) bep + —
Te (5) hep ~0 — Re (5) hep ~0 —
Ru (6) hep — + Os (6) hep — +
Rh (7) ccp — + Ir (7) ccp — +
Pd (8) ccp ~0 + Pt (8) ccp ~0 +
Ag (9) ccp + - Au (9) ccp + -
Cd (10) hep 0 0 Hg (10) trigonal 0 0

Studying the plots in Fig. 4.3.6, we can see that for d electron counts of 1
and 2, the preferred structure is hcp. For n =3 or 4, the bcp structure is the
most stable. These results are in agreement with the observation as listed in
Table 4.3.2. For d electron counts of 5 or more, the hcp and ccp structures
have comparable energies. However, the hcp structure is correctly predicted to
be more stable for metals with six d electrons, and the ccp for later transition
elements. These calculations show how the structures of metallic elements are
determined by rather subtle differences in the density of states, which in turn
are controlled by the different types of bonding interaction present.

n-type
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Fig. 4.3.6.

The computed relative energy of bep —
ccp (solid line) and hep — ccp, (broken
line) as a function of the number of d
electrons.
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4.3.4 Metdllic radii

The metallic radius (rpet) is defined as one half of the internuclear distance
between neighboring metal atoms in a metallic crystal, and is dependent upon
the coordination number (CN). The relative metallic radius for different poly-
morphs of the same metal varies with CN. When CN decreases, ry,e; also
decreases. The relative rpet values are estimated to be as follows:

Coordination number: 12 8 6 4
Relative radius: 1.00 097 0.96 0.88

For example, metallic barium has a bcp lattice with a =502.5 pm (Table
10.3.2). From these results, the metallic radius of Ba atom can be calculated:

Tmet (CN=8) =217.6 pm,
rmet (CN =12) =224.3 pm.

The values of rpe¢ listed in Table 4.3.3 refer to 12-coordinate metal centers.
Since not all metals actually adopt structures with equivalent 12-coordinate
atoms such as the ccp structure, the rpe; values are estimated from the exper-
imental values. For the hcp structure, there are two sets of six-coordinate
atoms, which are not exactly equivalent to each other. In such circumstances,
we usually adopt the average value of the two sets. Gallium possesses a
complex structure in which each atom has one neighbor at 244 pm, two at
270 pm, two at 273 pm, and two at 279 pm, and its rye can be estimated
as 141 pm.

The metallic radii may be used to define the relative sizes of atoms, which
has implications for their structural and chemical properties. For example,
going down a given group in the Periodic Table, the metallic radii of the
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Table 4.3.3. Metallic radii (in pm) of the elements

Li Be

157 112

Na Mg Al
191 160 143

K Ca Sc Ti v Ctr Mn Fe Co Ni Cu Zn Ga Ge

235 197 164 147 135 129 137 126 125 125 128 137 141 137

Rb Sr Y Zrr Nb Mo Tc Ru Rh Pd Ag Cd In Sn  Sb
250 215 182 160 147 140 135 134 134 137 144 152 167 158 169
Cs Ba La Hf Ta W Re Os Ir Pt Au Hg TI Pb  Bi
272 224 188 159 147 141 137 135 136 139 144 155 171 175 182
Fr Ra Ac

180 164 154 155 159 173 174 170 169

elements increase, the first ionization energies generally decrease, and the
electronegativities also decrease.

4.3.5 Melting and boiling points and standard enthalpies of atomization of
the metallic elements

Table 4.3.4 lists the melting and boiling points and enthalpies of atomiza-
tion (AHy) of the metallic elements. These data show that, in general, these
properties are closely correlated. The AHj values reflect the strength of the
metal-metal bonds in their metallic structures. For example, the sixth row ele-
ments show an overall increase in AHg; from Cs to W and then there is a marked
decrease from W to Hg. Because of the relativistic effects on the sixth row ele-
ments (which have been discussed in section 2.4), the energies of 6s and 5d
orbitals are very similar. Hence, for a metal containing N atoms, there are 6N
valence orbitals. The band structure of the metal corresponds to an infinite set of
delocalized molecular orbitals which extend throughout the structure. Half of
these closely spaced orbitals are bonding (3N orbitals) and half are antibonding
(3N orbitals). If the bands of molecular orbitals are filled in the aufbau fashion,
the AH values should increase from a low initial value for dO%! (metal Cs) to
a maximum at d>s' (metal W), and a minimum for the completely filled shell
d'%s? (metal Hg), where all the bonding and antibonding orbitals are filled and
may be approximated as nonbonding. These features of the band structure of
metals are in accord with the data listed in Table 4.3.4 and with the discussion
given in section 2.4.

In the fourth row elements, the large exchange energies associated with the
3d%4s! (Cr) and 3d%4s% (Mn) configurations (both with either half-filled or
completely filled orbitals) result in non-aufbau configurations for these ele-
ments when the metallic valence bands are populated. For these non-aufbau
configurations, some electrons are not paired up, leading to magnetic proper-
ties and occupation of antibonding levels in the band. Consequently, there is a
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Table 4.3.4. Melting points [mp (K), upper], boiling points [bp(K), middle], and standard
enthalpies of atomization [AH;’t (kJ mol™ 1 ), bottom] of metallic elements

Li Be

454 1551
1620 3243

135 309

Na Mg Al
371 922 934
1156 1363 2740
89 129 294

K Ca Sec¢ Ti v Cr Mn Fe Co Ni Cu Zn Ga Ge

337 1112 1814 1933 2160 2130 1517 1808 1768 1726 1357 693 303 1211

1047 1757 3104 3560 3650 2945 2235 3023 3143 3005 2840 1180 2676 3103

78 150 305 429 459 349 220 351 382 372 305 115 256 334

Rb Sr Y Zr Nb Mo Tc Ru Rh Pd Ag Cd In Sn Sb

312 1042 1795 2125 2741 2890 2445 2583 2239 1825 1235 594 429 505 904

961 1657 3611 4650 5015 4885 5150 4173 4000 3413 2485 1038 2353 2543 1908

69 139 393 582 697 594 585 568 495 393 255 100 226 290 168

Cs Ba La Hf Ta W Re Os Ir Pt Au Hg TI Pb Bi Po
302 1002 1194 2503 3269 3680 3453 3327 2683 2045 1338 234 577 601 545 527
952 1910 3730 5470 5698 5930 5900 5300 4403 4100 3080 630 1730 2013 1883 1235
66 151 400 661 753 799 707 628 564 510 324 59 162 179 179 101
Fr Ra Ac

300 973 1324

1072 1204 1294 1441 1350 1095 1586 1629 1685 1747 1802 1818 1097 1936
3699 3785 3341 ~3000 2064 1870 3539 3396 2835 2968 3136 2220 1466 3668
314 333 284 — 192 176 312 391 293 251 293 247 159 428

2023 1845 1408 917 913 1444 1173 1323 1173 1133 1800 1100 1100 1900

weakening of the metal-metal bond and Cr and Mn metals have the anomalously
low AHj values listed in Table 4.3.4.

4.4 Van der Waals interactions

The collective term “intermolecular forces” refers to the interactions between
molecules. These interactions are different from the those involved in covalent,
ionic, and metallic bonds. Intermolecular interactions include forces between
ions or charged groups, dipoles or induced dipoles, hydrogen bonds, hydropho-
bic interactions, 7 - - - w overlap, nonbonding repulsions, etc. The energies of
these interactions (usually operative within a range of 0.3—0.5 nm) are generally
below 10 kJ mol~!, or one to two order of magnitude smaller than that of an
ordinary covalent bond. These interactions are briefly described below.

The interaction between charge groups, such as -COO~ - - - TH3N—, gives
rise to an energy which is directly proportional to the charges on the groups and
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inversely proportional to the distance between them. The interactions among
dipoles and induced dipoles are proportional to 7~°, where r is the separation
between the interacting bodies. These interactions are collectively called van
der Waals forces and they will be discussed in some detail later in this section.
Hydrogen bonding is one of the most important intermolecular interactions and
it will be described in some detail in section 11.2.

In protein molecules, hydrophobic side-chain groups such as phenylalanine,
leucine, and isoleucine aggregate together, forming a hydrophobic zone in the
interior of the molecule. The forces that hold these groups together are the
hydrophobic interactions. These interactions include both energetic and entropy
effects. It is of interest to note that these hydrophobic groups unite together not
because they prefer each other’s company, but because all of them are “repelled”
by water.

The 7 - - - w overlap interaction is the force that holds together two or more
aromatic rings that tend to be parallel to each other in molecular packing. The
most well-known example is the interlayer interaction in graphite, where the
distance separating layers measures 335 pm.

Finally, nonbonding repulsion exists in all types of groups. It is a short-range
interacting force and is on the order of 2 to r~!

4.4.1  Physical origins of van der Waals interactions

The interactions between molecules are repulsive at short range and attractive at
long range. When the intermolecular separation is small, the electron clouds of
two adjacent molecules overlap to a significant extent, and the Pauli exclusion
principle prohibits some electrons from occupying the overlap region. As the
electron density in this region is reduced, the positively charged nuclei of the
molecules are incompletely shielded and hence repel each other.

The long-range attractive interaction between molecules, generally known
as van der Waals interaction, becomes significant when the overlap of electron
clouds is small. There are three possible contributions to this long-range inter-
action, depending on the nature of the interacting molecules. These physical
origins are discussed below.

(1) Electrostatic contribution

A polar molecule such as HCI possesses a permanent dipole moment p by virtue
of the non-uniform electric charge distribution within the neutral molecule. The
electrostatic energy U, between two interacting dipoles 11 and 7 is strongly
dependent on their relative orientation. If all relative orientations are equally

probable and each orientation carries the Boltzmann weighting factor e~ /KT |
the following expression is obtained:
20713
U =—— 44.1
ST T G eg) KT 440

This expression shows that the attractive electrostatic interaction, commonly
known as the Keesom energy, is inversely proportional to the sixth power
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of the intermolecular separation, and the temperature dependence arises from
orientational averaging with Boltzmann weighting.

Some non-polar molecules such as CO; possess an electric quadrupole
moment Q which can contribute to the electrostatic energy in a similar manner.
The results for dipole—quadrupole and quadrupole—quadrupole interactions are

1103 + 1308

<Ung>el = =~ s s (4.4.2)
140103

(2) Induction contribution

When a polar molecule and a non-polar molecule approach each other, the
electric field of the polar molecule distorts the electron charge distribution of
the non-polar molecule and produces an induced dipole moment within it. The
interaction of the permanent and induced dipoles then results in an attractive
force. This induction contribution to the electrostatic energy is always present
when two polar molecules interact with each other.

The average induction energy (called Debye energy) between a polar
molecule with dipole moment p and a non-polar molecule with polarizabil-
1ty o 18

nla

~ Grear (4.4.4)

<U,uot>ind=

Note that the induction energy, unlike the electrostatic energy, is not
temperature dependent although both vary as 5.
For two interacting polar molecules, the induction energy averaged over all

orientations is

M%Olz + M%Oll

(@ cg)ir0 (4.4.5)

<Uuu>ind: -

(3) Dispersion contribution
The electrons in a molecule are in constant motion so that at any instant even
a non-polar molecule such as Hy possesses an instantaneous electric dipole
which fluctuates continuously in time and orientation. The instantaneous dipole
in one molecule induces an instantaneous dipole in a second molecule, and
interaction of the two synchronized dipoles produces an attractive dispersion
energy (known as London energy). In the case of interaction between two
neutral, non-polar molecules the dispersion energy is the only contribution to
the long-range energy.

When an instantaneous dipole is treated as a charge of —q oscillating about
a charge of +¢ with frequency vg, the dispersion energy for two identical
molecules in their ground states is

3a2hvg

—W. (4.4.6)

U disp =
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For the most general case of the interaction between two polar molecules,
the total long-range intermolecular energy is

U = Ug + Uing + Udisp- 4.4.7)
For two neutral polar molecules of the same kind that are free to rotate, the
intermolecular energy is

U 1 [2u4 5 3a2hvoi|

SR e M|
@Are)rd |3kr T YT T

= —(Cel + Cind + Caisp)?°. (4.4.8)

Table 4.4.1 lists typical values of dipole moments and polarizabilities of some
simple molecules and the three coefficients of the 7~ term at 300 K. Except
for H,O which is small and highly polar, the dispersion term dominates the
long-range energy. The induction term is always the least significant.

Table 4.4.1. Comparison of contributions to long-range intermolecular energy for like pairs of
molecules at 300 K

Molecule 104 (Cm*) 10¥%a(47eg) ™! (m3) 10%ce A m?) 107¢ing I m?) 10 cqisp (J m?)

Ar 0 1.63 0 0 50
Xe 0 4.0 0 0 209
(60} 0.4 1.95 0.003 0.06 97
HC1 34 2.63 17 6 150
NH3 4.7 2.26 64 9 133
H,O 6.13 1.48 184 10 61

* Dipole moments are usually given in Debye units. In the rationalized SI system, the unit used is Coulomb
meter (C m); 1 Debye = 3.33 x 10730 C m.

The magnitudes of the three attractive components of the intermolecular
energy per mole of gas of some simple molecules are compared in Table 4.4.2,
along with the bond energy of the polyatomic species and the enthalpy of sub-
limation (AH{). The calculation is based on the assumption that the molecules
interact in pairs at a separation § where the total potential energy U (§) = 0.

Table 4.4.2. Intermolecular energies, bond energies and enthalpies of sublimation for some
simple molecules

Molecule 4§ (nm) Attractive energy (kJ mol~1) Single-bond energy ~ AHQ
(kI mol™1) (kJ mol~1)
Uel Uind Udisp
Ar 0.33 0 0 -12 — 7.6
Xe 0.38 0 0 -19 — 16
CO 0.36 —4x107°  —8x107* —14 343 6.9
HClI 0.37 —-0.2 —0.07 —1.8 431 18
NH3 0.260 —6.3 —-0.9 —13.0 389 29

HyO 0.265 —16.0 -0.9 -53 464 47
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Fig. 4.4.1.

Lennard—Jones 12—6 potentials:
Vir)=0atr=46;,V(r) = —c¢at
r=re =21/05.
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Vir

It must be emphasized that the above discussion of long-range attractive
interactions is very much simplified. A rigorous treatment of the subject is
obviously very complicated, or even impossible if the molecules of interest are
large and have complex structures.

4.4.2 Intermolecular potentials and van der Waals radii

A widely used energy function V that describes intermolecular interaction as a
function of intermolecular separation r is the Lennard—Jones 12-6 potential:

V(r) = 4el(8/r)'? — (6/1°1. (4.4.9)

The resulting potential energy curve is shown in Fig. 4.4.1 in which r. is the
equilibrium distance.

Some values for the parameters ¢ (usually given as ¢/k, where k is Boltz-
mann’s constant) and § are given in Table 4.4.3. For simple and slightly polar
substances, & and 8> are approximately proportional to the critical temperature
Tc and the critical volume V, respectively.

Crystal structure data show that intermolecular nonbonded distances between
pairs of atoms vary over a very narrow range. In the absence of hydrogen

Table 4.4.3. Parameters of the Lennard-Jones 12-6 potential
function

Molecule  &/k (K) 108 (am)  Tc (K) Ve (em® mol™!)

Ne 47.0 2.72 44.4 41.7
Ar 141.2 3.336 150.8 74.9
K 191.4 3.575 209.4 91.2
Xe 257.4 3.924 289.7 118

Nj 103.0 3.613 126.2 89.5
(67) 128.8 3.362 154.6 73.4
COy 246.1 3.753 304.2 94

CHy 159.7 3.706 190.5 99
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Table 4.4.4. van der Waals radii of atoms (pm)""Jr

H He
120 140
Li C N o F Ne
182 170 155 152 147 154
Na Mg Si P S Cl Ar
227 173 210 180 180 175 188
K Ni Cu Zn Ga Ge As Se Br Kr
275 163 143 139 187 219 185 190 185 202
Pd Ag Cd In Sn Te I Xe
163 172 162 193 217 206 198 216
U Pt Au Hg Tl Pb CH3
186 175 166 170 196 202 200

* For the methyl group, 200 pm; half thickness of phenyl group, 185 pm.
¥ Taken from A. Bondi, J. Phys. Chem. 68, 441451 (1964); 70, 3006-3007 (1966).

bonding and donor-acceptor bonding, the contact between C, N, and O atoms
is around 370 pm for a wide variety of compounds. This observation leads to the
concept of van der Waals radii (74w ) for atoms, which can be used to calculate
average minimum contacts between atoms belonging to neighboring molecules
in a condensed phase. The ry4y values of some common elements are show in
Table 4.4.4. The van der Waal radius of an atom is close to the § parameter of
the Lennard—Jones 12-6 potential function, and it can also be correlated with
the size of the outermost occupied atomic orbital. For instance, a carbon 2p
orbital enclosing 99% of its electron density extends from the nucleus to about
190 pm, as compared to ryqw = 170 pm for carbon.
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5.1 Introduction

Traditionally chemistry is an experimental science and, for a long time, math-
ematics played only a very minor role. For many decades, in order to justify
doing computational chemistry, it was almost obligatory to start a talk or pref-
ace a book on theoretical chemistry by quoting P. A. M. Dirac (1902-84), one
of the greatest physicists of the last century:

The underlying physical laws necessary for the mathematical theory of a large part of
physics and the whole of chemistry are thus completely known, and the difficulty is only
that the exact application of these laws leads to equations much too complicated to be
soluble.

Dirac made this statement in 1929, when he was only 27 years old. He was at
the University of Cambridge where he was appointed to the chair once occupied
by Sir Isaac Newton. In a way, this statement by Dirac reflects a good news —
bad news situation: The good news is that we know how to do it in theory, and
the bad news is that we cannot do it in practice!

The physical laws and the mathematical theory Dirac referred to in the afore-
mentioned quote were, of course, the essence of quantum theory, which is briefly
described in Chapter 1. As we recall, when we treat a chemical problem com-
putationally, we are usually confronted by the task of solving the Schrodinger
equation

Hy = Ey,

where H, the Hamiltonian operator, is a mathematical entity characteristic of
the system under study. In other words, in this equation, H is aknown quantity,
while i and E are the unknowns to be determined. Once we get E, we know
the electronic energy of the system; once we get ¥, we have an idea of how the
electrons are distributed in a molecule. From these solutions, useful information
regarding the system under study, such as structure, energetics, and reactivity,
may be obtained, or at least inferred.

It is important that the energy E of the system is one of the solutions of the
Schrodinger equation. As we mentioned in Chapter 3, atoms and molecules
are rather “simple-minded” species. Their behavior is entirely dictated by the
energy factor. For instance, two atoms will combine to form a molecule if the for-
mation leads to alowering in energy. Also, areaction will proceed spontaneously
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if again there is a lowering in energy. If a reaction does not take place sponta-
neously, we can still “kick-start” it by supplying energy to it. Hence, energy is
the all important property if we wish to understand or predict the behavior of a
molecular species.

As early as the 1930s, physicists and chemists knew that solving the
Schrddinger equation held the key to understanding the nature of bonding and
the reactivity of molecules. However, the task remained to be mathematically
daunting for more than half of a century. Indeed, at the beginning, drastic
approximations (such as those used in the Hiickel molecular orbital theory
introduced in Chapter 3) were made in order to make the problem solvable.
Consequently, the results obtained in such a manner were at best qualitative.
After decades of work on the development of theoretical models as well as
the related mathematics, along with the concomitant increase in computing
power made possible by faster processors and enormous data storage capacity,
chemists were able to employ calculations to solve meaningful chemical prob-
lems in the latter part of the last century. At the present stage, in many cases
we can obtain computational results almost as accurate as those from experi-
ments, and such findings are clearly useful to experimentalists. As mentioned
in Chapter 1, an indication that theoretical calculations in chemistry have been
receiving increasing attention in the scientific community was the award of
the Nobel Prize to W. Kohn and J. A. Pople for their contributions to quan-
tum chemistry. It is of interest to note that, in his Nobel lecture, Pople made
reference to the Dirac statement mentioned earlier.

The title of this chapter is clearly too ambitious: it can easily be the title of a
series of monographs. In fact, the aim of this chapter is confined to introducing
the kind of results that may be obtained from calculations and in what way
calculations can complement experimental research. Hence, the discussion is
essentially qualitative, with practically all the theoretical and mathematical
details omitted.

5.2 Semi-empirical and ab initio methods

For a molecule composed of n atoms, there should be 31-6 independent struc-
tural parameters (bond lengths, bond angles, and dihedral angles). This number
may be reduced somewhat if symmetry constraint is imposed on the system.
For instance, for H>O, there are three structural parameters (two bond lengths
and one bond angle). But if C,, symmetry (point groups will be introduced
in Chapter 6) is assumed for the molecule, which is entirely reasonable, there
will only be two unique parameters (one bond length and one bond angle). The
electronic energy of the molecule is then a function of these two parameters;
when these parameters take on the values of the equilibrium bond length and
bond angle, the electronic energy is at its minimum. There are many cases
where symmetry reduces the number of structural parameters drastically. Take
benzene as an example. For a 12-atom molecule with no symmetry, there will
be 30 parameters. On the other hand, if we assume the six C—H units form a
regular hexagon, then there will be only two independent parameters, the C—C
and C-H bond lengths. The concepts of symmetry will be discussed in the next
chapter.
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There are two general approaches to solving the Schrodinger equation of a
molecular system: semi-empirical and ab initio methods. The semi-empirical
methods assume an approximate Hamiltonian operator and the calculations are
further simplified by approximating integrals with various experimental data
such as ionization energies, electronic spectral transition energies, and bond
energies. An example of these methods is the Hiickel molecular orbital theory
described in Chapter 3. When applied to conjugated polyenes, this method uses
a one-electron Hamiltonian and treats the Coulomb integral « and resonance
integral B as adjustable parameters.

On the other hand, ab initio (meaning “from the beginning” in Latin) meth-
ods use a “correct” Hamiltonian operator, which includes kinetic energy of
the electrons, attractions between electrons and nuclei, and repulsions between
electrons and those between nuclei, to calculate all integrals without making
use of any experimental data other than the values of the fundamental con-
stants. An example of these methods is the self-consistent field (SCF) method
first introduced by D. R. Hartree and V. Fock in the 1920s. This method was
briefly described in Chapter 2, in connection with the atomic structure calcula-
tions. Before proceeding further, it should be mentioned that ab initio does not
mean “exact” or “totally correct.” This is because, as we have seen in the SCF
treatment, approximations are still made in ab initio methods.

Another approach closely related to the ab initio methods that has gained
increasing prominence in recent years is the density functional theory (DFT).
This method bypasses the determination of the wavefunction . Instead, it
determines the molecular electronic probability density p directly and then
calculates the energy of the system from p.

Ab initio and DFT calculations are now routinely applied to study molecules
of increasing complexity. Sometimes the results of these calculations are valu-
able in their own right. But more often than not these results serve as a guide
or as a complement to experimental work. Clearly computational chemistry is
revolutionizing how chemistry is done. In the remaining part of this chapter,
the discussion will be devoted to ab initio and DFT methods.

An ab initio calculation is defined by two “parameters”: the (atomic) basis
functions (or basis sets) employed and the level of electron correlation adopted.
These two topics will be described in some detail (and qualitatively) in the next
two sections.

5.3 Basis sets

The basis sets used in ab initio calculations are composed of atomic functions.
Pople and co-workers have devised a notation for various basis sets, which will
be used in the following discussion.

5.3.1 Minimal basis set

A minimal basis set consists of just enough functions required to accommodate
all the filled orbitals in an atom. Thus, for hydrogen and helium, there is only
one s-type function; for elements lithium to neon, this basis set has 1s, 2s, and
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2p functions (making a total of five); and so on. The most popular minimal basis
set is called STO-3G, where three Gaussian functions (of the form r”*le*‘”z)
are used to represent one Slater-type orbital (STO, which has the general form
of r~le=ary,

The STO-3G basis set does surprisingly well in predicting molecular geome-
tries, even though it has been found that the success is partly due to a fortuitous
cancellation of errors. On the other hand, not surprisingly, the energetics results
obtained using minimal basis sets are not very good.

5.3.2 Double zeta and split valence basis sets

In order to have a better basis set, we can replace each STO of a minimal basis
set by two STOs with different orbital exponent { (zeta). This is known as a
double zeta basis set. In this basis, there is a linear combination of a “‘contracted”
function (with a larger zeta) and a “diffuse” function (with a smaller zeta) and
the coefficients of these combinations are optimized by the SCF procedure.
Using H>O as an example, a double zeta set has two 1s STOs on each H, two 1s
STOs, two 2s STOs, two 2py, two 2py and two 2p, STOs on oxygen, making a
total of 14 basis functions.

If only valence orbitals are described by double zeta basis, while the inner
shell (or core) orbitals retain their minimal basis character, a split valence basis
setis obtained. In the early days of computational chemistry, the 3-21G basis was
fairly popular. In this basis set, the core orbitals are described by three Gaussian
functions. The valence electrons are also described by three Gaussians: the
inner part by two Gaussians and the outer part by one Gaussian. More recently,
the popularity of this basis set is overtaken by the 6-31G set, where the core
orbitals are a contraction of six Gaussians, the inner part of the valence orbitals
is a contraction of three Gaussians, and the outer part is represented by one
Gaussian.

Similarly, the basis set can be further improved if three STOs (with three
different zetas, of course) are used to describe each orbital in an atom. Such
a basis is called a triple zeta set. Correspondingly, the 6-311G set is a triple-
split valence basis, with the core orbitals still described by six Gaussians and
the valence orbitals split into three functions described by three, one, and one
Gaussians, respectively.

5.3.3 Polarization functions and diffuse functions

The aforementioned split valence (or double zeta) basis sets can be further
improved if polarization functions are added to the mix. The polarization func-
tions have a higher angular momentum number ¢; so they correspond to p
orbitals for hydrogen and helium and d orbitals for elements lithium to neon,
etc. So if we add d orbitals to the split valence 6-31G set of a non-hydrogen
element, the basis now becomes 6-31G(d). If we also include p orbitals to the
hydrogens of the 6-31G(d) set, it is then called 6-31G(d,p).

Why may the inclusion of polarization functions improve the quality of the
basis set? Let us take the hydrogen atom, which has a symmetrical electronic
distribution, as an example. When a hydrogen atom is bonded to another atom,

143



144

Fig. 5.3.1.

The addition of a polarization functions
yields a distorted, but more flexible,
orbital.
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its electronic distribution will be attracted toward the other nucleus. Such a
distortion is similar to mixing a certain amount of p orbital to the hydrogen’s
1s orbital, yielding a kind of sp hybrid, as illustrated in Fig. 5.3.1(a). For a p
orbital of a carbon atom, mixing in some amount of d orbital will also cause
a distortion (or polarization) of its electronic distribution, as shown in Fig.
5.3.1(b). It is not difficult to see that the addition of polarization functions to
a basis set improves its flexibility to describe certain bonding situations. For
example, the 6-31G(d,p) set is found to describe the bonding in systems with
bridging hydrogen atoms particularly well.

The basis sets discussed so far are suitable for systems where electrons are
tightly bound. Hence they are not adequate to describe anions where the extra
electron is usually quite loosely held. Indeed, even the very large basis sets
such as 6-311G(d,p) do not have functions that have significant amplitude far
away from the nucleus. To remedy this situation, diffuse functions are added
to the basis sets. The additional functions are described as diffuse because they
have fairly small (on the order of 1072) zeta values. If we add diffuse functions
to the non-hydrogen atoms of the 6-31G(d,p) set, the basis now becomes 6-
31+G(d,p). If we add diffuse functions to the hydrogens of the 6-31+G(d,p)
set, it is now called 6-31++G(d,p).

With the addition of polarization functions and/or diffuse functions to the
basis sets, the Pople notation can become rather cumbersome. For example,
the 6-311+4-G(3df,2pd) set has a single zeta core and triple zeta valence shell,
diffuse functions for all the atoms. Regarding polarized functions, there are
three sets of d functions and one set of f functions on the non-hydrogens and
two sets of p functions and one set of d orbitals on the hydrogens.

Before leaving this topic, it should be mentioned that, in addition to the
(Pople) basis sets discussed so far, there are others as well. The more popular

ones include the Dunning-Huzinaga basis sets, correlation consistent basis sets,
etc. These functions will not be described here.

5.4 Electron correlation

The SCF method, or the Hartree—-Fock (HF) theory, assumes that each elec-
tron in a molecule moves in an average potential generated by the nuclei and
the remaining electrons. This assumption is flawed in that it ignores electron
correlation. What is electron correlation? Simply put, and as introduced in our
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discussion in the Introduction, it is the tendency for electrons to avoid each
other in an atom or in a molecule. Electrons do not like each other and wish to
stay as far apart as possible in order to lower the energy of the system. Since
the HF theory neglects electron correlation, correlation energy is defined as the
difference between the Hartree—Fock energy and the exact energy.

There are various ways to account for the electron correlation effects. In
the following we will classify these methods into three groups: configuration
interaction, perturbation, and coupled cluster methods.

5.4.1 Conhguration interaction

In our treatment on the hydrogen molecule, we mentioned that the ground
state wavefunction can be improved if the ground configuration alzs function is
admixed with a certain amount of the excited configuration 01*52 wavefunction.
Such a method is called configuration interaction (CI), as these two config-
urations interact with each other (to lower the energy of the system). Note
that another excited configuration, allsal*sl, cannot take part in the interaction
with the two aforementioned configurations. This is because allsal*sl does not
have the proper symmetry properties, even though its energy is lower than
that of o2

Clearly more than one excited configuration can take part in CI. A full CI
is the most complete treatment possible within the limitation of the basis set
chosen. In most cases, a full CI is prohibitively expensive to carry out and we
need to limit the excited states considered. If we consider only those wave-
functions that differ from the HF ground state wavefunction by one single spin
orbital, we are said to be doing a configuration interaction singles (CIS) calcu-
lation. Similarly, there are those calculations that involve double substitutions
(configuration interaction doubles, CID). Sometimes even a full CIS or CID
calculation can be very difficult. In that case, we can restrict the unoccupied
molecular orbitals taking part in the interaction. If we combine CIS and CID,
we will then have configuration interaction singles and doubles (CISD). Still
higher levels of CI treatments include CISDT and CISDTQ methods, where
T and Q denote triple and quadruple excitations, respectively. At this point,
it is convenient to introduce the following notation: a CISD calculation with
the 6-31G(d) basis set is simply written as CISD/6-31G(d). Other types of cal-
culations using different kinds of basis functions may be written in a similar
manner. Furthermore, the longer notation CISD/6-311+4+G(d,p)//HF/6-31G(d)
signifies an energy calculation at the CISD level with the 6-3114+4-G(d,p) basis
set using a molecular geometry optimized at the HF level with the 6-31G(d)
basis. In this example, the computationally expensive geometry optimization
is done at the lower level of theory of HF/6-31G(d), while a “single-point”
calculation at the higher level of theory of CISD/6-311++G(d,p) is carried out
in order to obtain a more reliable energetic value.

In the CI methods mentioned so far, only the mixing coefficients of the excited
configurations are optimized in the variational calculations. If we optimize
both the coefficients of the configurations and those of the basis functions, the
method is called MCSCF, which stands for multiconfiguration self-consistent
field calculation. One popular MCSCEF technique is the complete active-space
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SCF (CASSCF) method, which divides all the molecular orbitals into three
sets: those doubly occupied orbitals which do not take part in the CI calcula-
tions, those vacant orbitals which also do not participate in the CI exercise, and
those occupied orbitals and vacant orbitals that form the “active space.” The
list of configurations that take part in the CI calculation can be generated by
considering all possible substitutions of the active electrons among the active
orbitals.

Finally, it should be stressed again that CI calculations are variational; i.e.,
the energy obtained cannot be lower than the exact energy, as stipulated by the
variational principle.

5.4.2 Perturbation methods

Perturbation theory is a standard approximation method used in quantum
mechanics. Early in 1930s, C. Mgller and M. S. Plesset (MP) applied this
method to treat the electron correlation problem. They found that, using the HF
wavefunction as the zeroth-order wavefunction, the sum of the zeroth-order and
first-order energies correspond to the HF energy. So the electron correlation
energy is the sum of the second-order, third-order, fourth-order, etc., correc-
tions. Even though these methods have long been available in the literature, the
second-order (MP2) energy correction was not routinely calculated until the
1980s. Currently, even third-order (MP3) and fourth-order (MP4) corrections
have become very common.

Because of its computational efficiency and good results for molecular prop-
erties, notably structural parameters, the MP2 level of theory is one of the most
popular methods to include correlation effects on computed molecular proper-
ties. The other widely applied method is the density functional method, which
will be introduced later.

Unlike the CI methods, which are variational, the MP corrections are per-
turbational. That is, they can in practice lead to an energy that is lower than
the exact energy. In addition, an analysis of the trends in the MP2, MP3, and
MP4 energies for many systems indicates that the convergence of perturbation
theory is slow or even oscillatory.

5.4.3 Coupled-cluster and quadratic configuration interaction methods

Another way to improve the HF description is the coupled-cluster (CC)
approach, where the CC wavefunction ¥ is written as an exponential of a
cluster operator 7 working on the HF wavefunction

Yee = el o= (T1 +To + T35+ ..) Y0, (5.4.1)

where ]A“l creates single excitations, f’z creates double excitations, and so on.
Experience shows that the contribution of T; decreases rapidly afteri = 2. Hence
when a CC calculation ends after i = 2, we have the coupled-cluster singles and
doubles (CCSD) method. If we go further to include the f‘g terms, we then have
the CCSDT method, where all the triples are also involved in the calculation.
Note that the CC methods introduced here are not variational.
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Currently the full CCSDT model is far too expensive for routine calculations.
To save time, we first carry out a CCSD calculation, which is then followed
by a computation of a perturbative estimate of the triple excitations. Such an
approximate method is called CCSD(T).

In the 1980s, Pople and co-workers developed the non-variational quadratic
configuration interaction (QCI) method, which is intermediate between CC and
CI'methods. Similar to the CC methods, QCI also has the corresponding QCISD
and QCISD(T) options. Both the CCSD(T) and QCISD(T) have been rated as
the most reliable among the currently computationally affordable methods.

5.5 Density functional theory

As mentioned earlier, density functional theory (DFT) does not yield the wave-
function directly. Instead it first determines the probability density o and
calculates the energy of the system in terms of p. Why is it called density
functional theory and what is a functional anyway? We can define functional
by means of an example. The variational integral E(¢) = [ (pI:I edt / [pedt
is a functional of the trial wavefunction ¢ and it yields a number (with energy
unit) for a given ¢. In other words, a functional is a function of a function. So,
in the DFT theory, the energy of the system is a functional of electron density
p, which itself is a function of electronic coordinates.

In the 1960s, Kohn and co-workers showed that for molecules with a non-
degenerate ground state, the energy and other electronic properties can be
determined in terms of the electronic probability density p of the ground state.
It was later proved this is also true for systems with degenerate ground states.
Soon afterwards, physicists applied the first version of DFT (something called
local spin density approximation, LSDA) to investigate the electronic structure
of solids and it quickly became a popular method for studying solids. However,
chemists were slow to pick up this method, probably because of numerical
difficulties. In the early 1980s, after the numerical difficulties were essentially
resolved, DFT LSDA calculations were applied to molecules and good results
were obtained for molecular species, especially for structural parameters. After
about ten years of advancement on this theory, DFT methods were added to the
popular software packages such as Gaussian, and since then DFT calculations
have experienced an explosive growth.

As in the case of ab initio calculations, which range from the rather crude
HF method to the very sophisticated CCSD(T) or QCISD(T) method, DFT
also offers a variety of functionals for users to opt for. More commonly used
DFT levels of theory include local exchange and correlation functional SVWN
(a synonym for LSDA in the Gaussian package) and its variant SVWN3, as
well as gradient-corrected functional BLYP and hybrid functionals B3LYP and
B3PWO91. Among these functionals, B3LYP appears to be the most popular one.
In addition, it is noted that DFT methods also make use of the kind of basis sets
that have been employed in ab initio calculations. So a typical DFT calculation
has a notation such as B3LYP/6-31G(d).

One important reason for DFT’s ever-increasing popularity is that even the
most elementary calculation includes correlation effects to a certain extent but
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takes roughly the same amount of time as a HF calculation, which does not take
correlation into account. Indeed, there are some DFT advocates who believe
DFT will replace HF as well as those correlation methods based on the HF
wavefunctions (such as MP, CC, and CI), but whether this will come to fruition
remains to be seen.

5.6 Performance of theoretical methods

How good are the ab initio and DFT methods in providing an adequate treatment
of a molecule of interest? Clearly, a proper answer to this and related questions
requires at least a major review article, if not a monograph (or maybe even a
series of monographs). Still, it is useful to have a clear idea of the applicability
and limitation of each chosen method. In this section, we concentrate on the
performance of various theoretical methods in yielding the geometric parame-
ters (bond lengths, bond angles, and dihedral angles) as well as the vibrational
frequencies of a given molecule. In the next section, we shall discuss various
composite methods, i.e., those that approximate the energy of a very high level
of theory with a combination of lower level energetic calculations. In addition,
the (energetic) performance of these methods will be assessed.

The structural parameters and vibrational frequencies of three selected exam-
ples, namely, H,O, O,F>, and BoHg, are summarized in Tables 5.6.1 to 5.6.3,
respectively. Experimental results are also included for easy comparison. In
each table, the structural parameters are optimized at ten theoretical levels,
ranging from the fairly routine HF/6-31G(d) to the relatively sophisticated
QCISD(T)/6-31G(d). In passing, it is noted that, in the last six correlation
methods employed, CISD(FC), CCSD(FC),..., QCISD(T)(FC), “FC” denotes
the “frozen core” approximation. In this approximation, only the correlation
energy associated with the valence electrons is calculated. In other words, exci-
tations out of the inner shell (core) orbitals of the molecule are not considered.
The basis of this approximation is that the most significant chemical changes
occur in the valence orbitals and the core orbitals remain essentially intact. On

Table 5.6.1. Structural parameters (in pm and degrees) and vibrational frequencies (in cm™ 1y of
HO calculated at various ab initio and DFT levels

Level of theory O-H H-O-H vy (Ar) vy (Ay) v3 (Bp)
HF/6-31G(d) 94.7 105.5 1827 4070 4189
MP2(Full)/6-31G(d) 96.9 104.0 1736 3776 3917
MP2(Full)/6-311+G(d.p) 95.9 103.5 1628 3890 4009
B3LYP/6-31G(d) 96.9 103.6 1713 3727 3849
B3LYP/6-311+G(d.p) 96.2 105.1 1603 3817 3922
CISD(FC)/6-31G(d) 96.6 104.2 1756 3807 3926
CCSD(FC)/6-31G(d) 97.0 104.0 1746 3752 3878
QCISD(FC)/6-31G(d) 97.0 104.0 1746 3749 3875
MP4SDTQ(FC)/6-31G(d) 97.0 103.8 1743 3738 3869
CCSD(T)(FC)/6-31G(d) 97.1 103.8 1742 3725 3854
QCISD(T)(FC)/6-31G(d) 97.1 103.8 1742 3724 3853

Experimental 95.8 104.5 1595 3652 3756
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Table 5.6.2. Structural parameters (in pm and degrees) and vibrational frequencies (in em™ 1) of
O, F, calculated at various ab initio and DFT levels

Level of theory 0-0 O-F F-0-O F-O-O-F Vibrational frequencies

HF/6-31G(d) 131.1 136.7 105.8 84.2 210 556 709 1135 1145 1161
MP2(Full)/6-31G(d) 129.1 149.5 106.9 85.9 210 456 566 657 782 1011
MP2(Full)/6-3114+F(d,p) 1129 185.0 114.7 90.2 112 192 354 496 567 2032
B3LYP/6-31G(d) 126.6 149.7 108.3 86.7 215 481 575 732 787 1125
B3LYP/6-311G+(d.p) 121.6 155.1 109.8 88.4 217 443 528 682 691 1233
CISD(FC)/6-31G(d) 131.8 141.5 105.8 84.8 209 522 647 952 992 1080
CCSD(FC)/6-31G(d) 131.4 1472 106.2 85.7 202 481 583 761 837 1009

QCISD(FC)/6-31G(d) 127.5 154.1 107.6 86.7 200 475 578 751 823 1006
MP4SDTQ(FC)/6-31G(d) 131.3 147.6 106.4 85.6 196 391 518 599 693 997
CCSD(T)(FC)/6-31G(d)  127.2 154.7 107.8 86.7 190 392 514 616 690 1065
QCISD(T)(FC)/6-31G(d) 128.8 152.8 107.2 86.7 189 386 510 617 688 1074

Experimental 121.7 1575 109.5 87.5 202 360 466 614 630 1210

the other hand, in one of the methods listed in these tables, MP2(Full), “Full”
indicates that all orbitals, both valence and core, are included in the correlation
calculation.

When these tables are examined, it is found that, for structural parameters,
most theoretical methods yield fair to excellent results when compared to the
experimental data. Also, in general (though not always true), the agreement
between calculated and experimental values improves gradually as we go to
more and more sophisticated methods. On the other hand, it is seen that, for
O,F,, one level of theory, MP2(Full)/6-3114-G(d,p), gives highly unsatisfac-
tory results. In particular, the calculated O-F bond (185.0 pm) is about 28 pm
too long, while the O—O bond (112.9 pm) is about 10 pm too short, giving rise
to an erroneous bonding description of F+ .. .3~0-0% .. . 3FF. Since there
is no way to tell beforehand which method will lead to unacceptable results
for a particular chemical species, it is often advantageous to carry out a series
of calculations to make certain that convergence is attained. In Tables 5.6.1 to
5.6.3, the last five levels of theory give essentially the same results for each
molecule, which lends credence to validity of the calculations. In summary, the
calculated bond lengths can be within £2 pm of the experimental value, while
the corresponding accuracy for bond angles and dihedral angles is about 4-2°.
For some molecules, their energies may not be very sensitive to the change of
some dihedral angles. In such cases, the calculated dihedral angles may be less
reliable.

Let us now turn our attention to the calculated vibrational frequencies of
H,O, O,F;, and BoHg. First of all, it should be mentioned that the calculation of
these frequencies is a computationally “expensive” task. As a result, high-level
calculations of vibrational frequencies are performed only for relatively small
systems. When the calculated frequencies are examined and compared with
experimental data, it is found that the former are often larger than the latter.
Indeed, after an extensive comparison between calculation and experiment,
researchers have arrived at a scaling factor of 0.8929 for the HF/6-31G(d)
frequencies. In other words, vibrational frequencies calculated at this level are



Table 5.6.3. Structural parameters (in pm and degrees) and vibrational frequencies (in cm™ byof B, Hg calculated at various ab initio and DFT levels

Level of theory B-Hf B—H:; H-B-H; Hy-B-Hy Vibrational frequencies
HF/6-31G(d) 118.5 1315 122.1 95.0 409 828 897 900 999 1071 1126 1193 1286
1303 1834 1933 2067 2301 2735 2753 2828 2843
MP2(Full)/6-31G(d) 118.9 1309 121.7 96.2 363 842 878 907 970 999 1017 1083 1240
1248 1817 1970 2112 2277 2693 2707 2793 2805
MP2(Full)/6-3114+-F(d,p) 118.7 1315 122.3 95.7 360 826 869 902 955 981 1010 1081 1218
1230 1766 1932 2039 2214 2643 2659 2741 2755
B3LYP/6-31G(d) 119.1  131.7 121.9 95.6 354 799 851 889 946 977 1000 1054 1206
1211 1732 1864 2022 2205 2640 2653 2732 2745
B3LYP/6-311G+(d,p) 118.6  131.6 121.9 95.8 358 797 849 894 936 949 992 1022 1190
1199 1701 1845 1980 2166 2598 2611 2686 2701
CISD(FC)/6-31G(d) 119.1  131.2 121.6 96.0 377 841 872 898 968 1018 1019 1094 1235
1245 1815 1945 2092 2268 2678 2694 2774 2786
CCSD(FC)/6-31G(d) 1194 1313 121.6 96.1 369 836 862 886 958 1001 1003 1073 1220
1228 1805 1933 2080 2249 2649 2663 2744 2756
QCISD(FC)/6-31G(d) 1194 1314 121.6 96.1 369 835 861 885 957 1000 1001 1072 1219
1227 1801 1929 2076 2246 2646 2661 2742 2753
MP4SDTQ(FC)/6-31G(d)  119.4  131.5 121.7 96.1 362 833 862 885 957 987 999 1063 1218
1225 1798 1935 2077 2242 2650 2664 2748 2759
CCSD(T)(FC)/6-31G(d) 119.5 1315 121.6 96.1 364 830 858 880 953 991 997 1062 1214
1222 1796 1925 2070 2237 2638 2653 2734 2746
QCISD(T)(FC)/6-31G(d)  119.5  131.5 121.6 96.1 363 830 857 880 953 990 997 1062 1214
1222 1795 1924 2069 2236 2637 2652 2733 2745
Experimental 1194 1327 121.7 96.4 368 794 833 850 915 950 973 1012 1177
1180 1602 1768 1915 2104 2524 2525 2591 2612

*H, terminal hydrogen
THy, bridging hydrogen.
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on the average about 10% too large. On the other hand, the scaling factor for
the MP2(Full)/6-31G(d) frequencies is 0.9661. While this scaling factor is very
close to 1, the absolute discrepancy can still be in the range of 100-200 cm ™!, as
some vibrational frequencies, especially those involving the stretching motions
of X—H bonds, have energies of a few thousand wavenumbers.

5.7 Composite methods

It has long been a computational chemist’s goal to have a method at his dis-
posal that would yield energetic values that have “chemical accuracy,” which
translates to an uncertainty of -1 kcal mol~!, or about +4 kJ mol~!. Currently,
high-level methods such as QCISD(T), CCSD(T), or MP6 with very large basis
sets may be able to achieve this. However, such calculations are only possible
for very small systems. To get around this difficulty, composite methods that
would allow calculations on systems with a few non-hydrogen atoms have been
proposed.

Since 1990, Pople and co-workers have been developing a series of Gaussian-
n (Gn) methods: G1 in 1989, G2 in 1990, G3 in 1998, and G4 in 2007. In
addition, a number of variants of the G2 and G3 methods have also been pro-
posed. Since G1 did not last very long, and G4 has not yet been widely used,
only G2 and G3 will be discussed here. The G2 method is an approxima-
tion for the level of theory of QCISD(T)/6-3114+G(3df,2p). In this method,
instead of directly doing such an expensive calculation, a series of less time-
consuming single-points are carried out and the G2 energy is obtained by
applying additivity rules to the single-points and including various corrections
such as zero-point vibrational energy (ZPVE) correction and empirical “higher
level” correction (HLC). On the other hand, the G3 method is an approximation
for QCISD(T)/G3Large, where G3Large is an improved version of the afore-
mentioned 6-3114G(3df,2p) basis set. Once again, for the G3 method, a series
of single-points are performed (which are less expensive than the G2 single-
points) and various corrections such as ZPVE, HLC, and spin—orbit interaction
(newly included for G3) are taken into account.

To test the accuracy of the G2 method, Pople and co-workers used a set of very
accurate experimental data consisting of 55 atomization energies, 38 ionization
energies, 25 electron affinities, and 7 proton affinities of small molecules. Later,
these workers also proposed an extended G2 test set of 148 gas-phase heats of
formation. For this extended set of data, the average absolute errors for G2 and
G3 are 6.7 and 3.8 kJ mol~ 1, respectively. Furthermore, it is noted that G3 is
actually less expensive than G2, which shows the importance of designing a
basis set judiciously. Experience indicates that, for systems of up to 10 non-
hydrogen atoms, the expected absolute uncertainty for G2/G3 is about 10 to 15
kJ mol 1.

In addition to the Gaussian-n methods, there is a variety of CBS (complete
basis set) methods, including CBS-Q, CBS-q, and CBS-4, which have also
enjoyed some popularity among computational chemists. In these methods,
special procedures are designed to estimate the complete-basis-set limit energy
by extrapolation. Similar to the Gn methods, single-point calculations are also
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required in the CBS methods. For the aforementioned extended G2 test set of
148 heats of formation, the absolute errors for the CBS-Q, CBS-q, and CBS-4
models are 6.7, 8.8, and 13.0 kJ mol ™!, respectively.

Another series of composite computational methods, Weizmann-n (Wn), with
n = 1-4, have been recently proposed by Martin and co-workers: W1 and W2
in 1999 and W3 and W4 in 2004. These models are particularly accurate for
thermochemical calculations and they aim at approximating the CBS limit at
the CCSD(T) level of theory. In all Wr methods, the core—valence correlations,
spin—orbit couplings, and relativistic effects are explicitly included. Note that
in G2, for instance, the single-points are performed with the frozen core (FC)
approximation, which was discussed in the previous section. In other words,
there is no core—valence effect in the G2 theory. Meanwhile, in G3, the core—
valence correlation is calculated at the MP2 level with a valence basis set. In
the Wn methods, the core—valence correlation is done at the more advanced
CCSD(T) level with a “specially designed” core—valence basis set.

In the W3 and W4 methodologies, connected triple and quadruple corre-
lations are incorporated in order to correct the imperfection of the CCSD(T)
wavefunction. As a result, the very sophisticated W3 and W4 methods are only
applicable to molecular systems with no more than three non-hydrogen atoms.
For the extended G2 test set, the uncertainty for W1 is +1.98 kJ mol~!. On the
other hand, for the original G2 test set, the absolute errors for the W2 and W3
methods are 1.50 and 0.89 kJ mol~!, respectively. Tested with a very small test
data set consisting of 19 atomization energies, the respective absolute errors for
the W2, W3, W4a, and W4b methods are 0.96, 0.64, 0.60, and 0.71 kJ mol ™1,
where W4a and W4b are two variants of the W4 method.

Before presenting some case examples, we note that ab initio calculations
are usually carried out for individual molecules (or ions or radicals). Hence,
strictly speaking, theoretical results should only be compared with gas-phase
experimental data. Cautions should be taken when computational results are
compared with data obtained from experiments in the solid state, liquid or
solution phase.

5.8 lllustrative examples

In the foregoing discussion, the computational methods currently being used
are very briefly introduced. Indeed, in most cases, only the language and ter-
minology of these methods are described. Despite this, we can now use a few
actual examples found in the literature to see how computations can complement
experiments to arrive at meaningful conclusions.

5.8.1 Astable argon compound: HArF

Up to the year of 2000, no compound of helium, neon, or argon was known.
However, that did not discourage theoretical chemists from nominating can-
didate compounds to the synthetic community. In a conference in London in
August 2000, there were two poster papers with the following intriguing titles:
“Prediction of a stable helium compound: HHeF” by M. W. Wong and “Will
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HATF be the first observed argon compound?” by N. Runeberg and co-workers.
The formal paper by Wong was published in July 2000, which includes the cal-
culated bond lengths of the linear triatomics HHeF, HNeF, and HATrF, as well as
the vibrational frequencies of these molecules. Interestingly, one month later,
Runeberg and co-workers published an experimental article reporting the detec-
tion of HArF. This compound was made by the photolysis of HF in a solid argon
matrix and then characterized by infrared spectroscopy. It was found that the
measured vibrational frequencies were in good agreement with the calculated
ones. One year later, calculations of still higher quality on HArF were reported
by the Runeberg group.

Before discussing the computational results in more details, let us first con-
sider the bonding of HArF in elementary and qualitative terms. In hindsight,
it is perhaps not very surprising that HArF should be a stable molecule, espe-
cially since analogous Kr- and Xe-containing compounds are known to exist. In
any event, the bonding of HArF may be understood in terms of a three-center
four-electron (3c—4e) bond, as shown in Fig. 5.8.1. In this figure, it is seen
that the 1s orbital of H and the 2p orbitals of Ar and F combine to form three
molecular orbitals: o, ", and o *, with bonding, nonbonding, and antibonding
characteristics, respectively. Also, the two lower molecular orbitals are filled
with electrons, leading to a 3c—4e bond for this stable molecule.

Let us now consider the calculated results. The calculated bond lengths
of HArF are summarized in Table 5.8.1, while the calculated vibrational
frequencies, along with the experimental data, are listed in Table 5.8.2.

Examining the results given in these two tables, it is seen that, for this
small molecule, very advanced calculations can be carried out. In the tables,
all the methods employed have been introduced in the previous sections. For
the basis sets, aug-cc-pVnZ stands for augmented correlation consistent polar-
ized valence n zeta, with n = 2-5 referring to double, triple, quadruple, and
quintuple, respectively. Clearly, these basis functions are specially designed for

Table 5.8.1. Calculated structural parameters (in pm) of HArF

Method Basis set H-Ar Ar-F
CCSD cc-pVTZ 133.4 196.7
CCSD(T) aug-cc-pVDZ 136.7 202.8
CCSD(T) aug-cc-pVTZ 133.8 199.2
CCSD(T) aug-cc-pvVQZ 1334 198.0

CCSD(T) aug-cc-pV5Z 132.9 196.9

Fig. 5.8.1.
The 3c—4e bond in HArF.
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Table 5.8.2. Calculated and experimental vibrational frequencies (in cm™!) of HArF

Method Basis set v(Ar-F) 8 (H-Ar-F) v(Ar-H)
MP2 aug-cc-pVDZ 458 706 2220
CCSD cc-pVTZ 488 767 2.60
CCSD(T) aug-cc-pVDZ 461 674 1865
CCSD(T) aug-cc-pVTZ 474 725 2053
CCSD(T) aug-cc-pVQZ 480 729 2097
CCSD(T)* aug-cc-pVQZ 463 686 1925
Experimental 435.7 687.0 1969.5

* Corrected for anharmonicity and matrix effects.

correlated calculations. The bond lengths listed in Table 5.8.1 are very consis-
tent with one another and they should be reliable estimates. Meanwhile, as can
be seen from the results in Table 5.8.2, the only physical data of the molecule,
the vibrational frequencies, are in good accord with the calculated results, thus
leading us to believe that this is indeed a linear molecule. Furthermore, accord-
ing to these calculations, HArF should be stable in the gas phase as well. This
awaits experimental confirmation.

As far as charge distribution is concerned, the charges on H, Ar, and F have
been estimated to be 0.18, 0.66, and —0.74 a.u., respectively. This indicates a
significant charge transfer from the F atom to the ArH moiety. In other words,
the bonding of this molecule may be portrayed by the ionic description of
HArF>~ . The calculations of both groups also report the reaction profile of
the dissociation reaction HArF — Ar + HF. Both calculations agree that the
transition state of this reaction has a bent structure, with H-Ar-F angle of
about 105°. The barriers of dissociation calculated by Wong and Runeberg and
co-workers are 96 and 117 kJ mol~!, respectively. These results indicate that
HATrF is trapped in a fairly deep potential well. Similarly, Wong reported that,
for HHeF, the barrier of dissociation is about 36 kJ mol~!. While this potential
is not as deep as that of HATF, it is still not insignificant. This may provide an
incentive for experimentalists to prepare this compound.

To conclude, HArF represents one of those rare examples for which
calculations preceded experiment. In addition, it nicely demonstrates that com-
putational results can play an indispensable role in the characterization and
understanding of small molecules.

5.8.2  An all-metal aromatic species: Ali_

Benzene (CH)g, of course, is the most prototypal aromatic system. When one
or more of the CH groups are replaced by other atom(s), a heterocyclic aro-
matic system is obtained. Well-known examples include pyridine N(CH)s and
pyrimidine N2(CH)4, while lesser known cases are phosphabenzene P(CH)s
and arsabenzene As(CH)s. There are also systems where the heteroatom is a
heavy transition metal; examples include L,Os(CH)s and L, Ir(CH)s.
However, it is rare when all the atoms in an aromatic species are metals. One
such system was synthesized in 2001 by A. I. Boldyrev and L.-S. Wang and their
colleagues. Using a laser vaporization supersonic cluster source and a Cu/Al
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alloy as the target, these scientists were able to produce the anion CuAl, . Sim-
ilarly, when Al/Li;CO3 and Al/NayCO3 were used as targets, anions LiAl, and
NaAl, were prepared, respectively. After these anions were synthesized, their
vertical detachment energies (VDEs) were measured by photoelectron spec-
troscopy. As its name implies, VDE is simply the energy required to detach an
electron from a bonding orbital of a species and, during the ionization process,
the structure of the species remains unchanged. Subsequently, the VDE data
were analyzed with the aid of ab initio calculations.

Before discussing the computational results, we will attempt to understand
the bonding involved in the synthesized anions, using the elementary theories
introduced in Chapter 3. First of all, it should be noted that the aromatic system
referred to above is not the MAI, anion as a whole. Instead, structurally, the
MALI; anion should be considered as consisting of an M* cation coordinated
to a square-planar Ali_ unit and it is the dianion that has aromatic character.

For Ali_, there are 14 valence electrons and the resonance structures can be
easily written:

A=Al CAl—AI CAI—AL” Al—AlL"
I e A B I B

TAl—/—AL TAl—Al Al=—Al Al—AI |

In other words, for this square-planar dianion, there are four o bonds and one
7 bond, as well as two lone pairs. Hence each Al-Al linkage has a bond order
of about 1'/s. Additionally, there are two 7 electrons in this planar ring system,
satisfying the (4n + 2)-rule for aromatic species.

Now let us turn to the computational results. The structures of the square
planar Alif, and square pyramidal LiAl, , NaAl, and CuAl, are shown in
Fig. 5.8.2. It is noted that the structure of CuAl, has been optimized at the
MP2/6-311+G(d) level, while the theoretical level for the remaining three
species is CCSD(T)/6-311+G(d). When these structures are examined, itis seen
that the four-membered ring does not undergo significant structural change upon
coordination to a M cation. This is especially true when the metal is lithium

Li Na
Cu

244
Al Al Al

260 260 269

283 315

LiAl; NaAl,; CuAl;

HOMO of Al}
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Fig. 5.8.2.

Optimized structures (with bond lengths
in pm) of LiAl, , NaAl,, CuAl, , and
Al;~, and the HOMO of AL} ™.
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Table 5.8.3. Experimental and calculated vertical electron detachment energies (VDEs, in kJ
mol_l) for LiAl, , NaAl, , and CuAl,

Species VDE (experimental) VDE* (calculated) Molecular orbital involved
LiAl, 2074 +£5.8 201.7 3ay
2123 +5.38 209.4 1b;
2721 +£7.7 259.5 2ay
298.1 £ 3.9 286.6 1by
NaAl, 196.8 £ 4.8 185.3 3a;
201.7 £ 4.8 197.8 1bg
260.5 £ 4.8 243.1 2a;
285.6 + 4.8 275.9 1by
CuAl, 2238 +5.8 223.8 2b;
226.7+5.8 230.6 4a;
312.6 £ 8.7 323.2 2b)
370.5 +5.8 352.2 3a;

* VDE’s are calculated at the theoretical level of OVGF/6-311+G(2df), based on the structures shown in
Fig. 5.8.2.

or sodium. When MTis Cu™, there is a change of 0.11 A in the Al-Al bond
lengths. Such a relative large change may be due to the fact that Cu™ is bigger
than LiT or Na™; it may also be due to the fact that the structure of CuAl, is
optimized at a different theoretical level. In any event, the optimized structures
of these four species support the argument that Alff is an aromatic species.
Also shown in Fig. 5.8.2 is the HOMO of AIZ_, which is very similar to the
most stable 7 molecular orbital of benzene shown in Fig. 7.1.12. The only dif-
ference is that benzene is a six-membered ring, while Alif is a four-membered
ring. Also, while benzene has two more filled delocalized = molecular orbitals
(making a total of three to accommodate its six 7 electrons), Alﬁ_ has only one
delocalized w molecular orbital for its two 7 electrons.

The calculated and experimental VDEs of LiAl,, NaAl,, and CuAl, are
summarized in Table 5.8.3. The calculated VDEs have been obtained using the
outer valence Green function (OVGF) method with the 6-311+G(2df) basis,
based on the structures shown in Fig. 5.8.2. The OVGF model is a relatively
new method designed to calculate correlated electron affinities and ionization
energies. As seen from the table, the agreement between the calculated results
and the experimental data is, on the whole, fairly good. Such an agreement is
in support of the proposed square-pyramidal structure for the MAI, anions.
The notation for the molecular orbitals shown in the table will be discussed in
Chapters 6 and 7.

5.8.3  Anovel pentanitrogen cation: N

Even though nitrogen is a very common and abundant element, there are very
few stable polynitrogen species, i.e., those compounds containing only nitrogen
atoms. Among the few known examples, dinitrogen, N», isolated in 1772, is
the most familiar. Another one is the azide anion, N5, which was discovered in
1890. Other species such as N3 and Ny, as well as their corresponding cations,
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N;‘ and NI, have been observed only as free gaseous or matrix-isolated ions
or radicals. The only polynitrogen species synthesized on a macroscopic scale
thus far is the pentanitrogen cation N;r by Christe and co-workers in 1999.

Before discussing N;r, maybe we should ask why polynitrogen species are so
interesting. It is noted that the bond energy of the N=N triple bond (in Nj, 942
kJ mol~1) is much larger than those of the N-N single bond (160 kJ mol~1)
and the N=N double bond (418 kJ mol~!). In other words, any dissociation
of a polynitrogen species to N, molecules will be highly exothermic. Hence,
polynitrogen compounds are potential high-energy density materials (HEDM),
which, by definition, have high ratios between the energy released in a frag-
mentation reaction and the specific weight. Clearly, HEDM have applications
as explosives and in rocket propulsion.

The first synthesis of a N;r compound was accomplished in the following
straightforward manner:

NoF AsFg + HN3 ——— NY AsFg + HF.

In the authors’ words, the product “N;Ang is a highly energetic, strongly
oxidizing material that can detonate violently.” Upon synthesizing the com-
pound, low-temperature Raman (—130°C) and infrared (—196°C) spectra were
recorded, and high-level ab initio calculations were performed in order to
determine the structure of the cation and to make assignments of the spectra.
The structure of the N;” cation, optimized at the CCSD(T)/6-311+G(2d)
level, is shown in Fig. 5.8.3. This structure is V-shaped, having two short termi-
nal bonds and two longer inner bonds. With such a structure, it is not difficult
to visualize a simple bonding description for the cation. In this bonding pic-
ture, which is also shown in the same figure, the hybridization scheme for the
central N atom is sp?, while that for its neighboring nitrogen atoms is sp. For
the central atom, the exo sp> hybrid and the p, orbital are filled by four valence
electrons, while the remaining two sp? hybrids interact with two terminal N,
units to complete the bonding scheme. Based on such a description, we can
quickly write down the following resonance structures for the N; cation:

2 W2 RPN
N N /N/ N

‘z\\
Y

N N

AHpyog = 1463 kJ mol-! A
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Fig. 5.8.3.

Optimized V-shape structure (bond
lengths in pm and bond angles in
degrees) of N5+, and its bonding scheme.
The heat of formation is calculated at the
G3 level.
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Table 5.8.4. Raman and infrared bands (in cm™!) of N;
(in solid N ;"Ang ) and their assignments based on calculated

harmonic frequencies (in cm™ 1) of gaseous N;r

Raman Infrared Assignment Calculated™
2271 2270 Vi(Ay) 2229
2211 2210 v7(B3) 2175
— 1088 vg(B2) 1032
871 872 1 (Ay) 818
672 — 13(A1) 644
— — v5(A3) 475
— 420 v6(B1) 405
— — vg(B3) 399
209 — v4(Ay) 181

* At the theoretical level of CCSD(T)/6-3114+G(2d). The group-
theoretic notation of the vibrational spectra will be made clear in
Chapters 6 and 7.

While the three resonance structures may not be of equal importance, it is safe
to say that the two terminal N-N bonds have a bond order between 2 and 3, and
the remaining two bonds are somewhere between a single bond and a double
bond. The optimized bond lengths are in good accord with this description. If,
for simplicity, we consider only these three resonance structures and assume
they contribute equally, the bond orders of the outer and inner N-N bonds are
2%5 and 1'7, respectively.

Based on the optimized structure, the harmonic vibrational frequencies of N5+
have been calculated at the CCSD(T)/6-3114+G(2d) level, and these results are
listed in Table 5.8.4, along with the experimental data. Comparing the exper-
imental and calculated results, we can see that there is fairly good agreement
between them, bearing in mind that the calculations are done on individual
cations and experimental data are measured in the solid state. Such an agreement
lends credence to the structure optimized by theoretical methods.

Before leaving this novel cation, it is of interest to point out that in the
literature, four more structures (optimized at the MP2/6-31G(d) level) have
been considered for the Ng’ cation, and these are shown in Fig. 5.8.4. However,
as can be seen from the G3 heats of formation listed in Figs. 5.8.3 and 5.8.4
for these five isomers, the V-shaped isomer is by far the most stable. The other
four isomers are much less stable by about 500 to 1,000 kJ mol~!.

5.8.4 Linear triatomics with noble gas—metal bonds

Since the turn of the present century, a series of linear complexes with the
general formula NgMX (Ng = Ar, Kr, Xe; M = Cu, Ag, Au; X =F, Cl, Br) have
been prepared and characterized by physical methods. These complexes were
prepared by laser ablation of the metal from its solid and letting the resulting
plasma react with the appropriate precursor. The complexes formed were then
stabilized in a supersonic jet of argon gas. Characterization of these complexes
was carried out mainly by microwave spectroscopy.
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AHp)gg = 1943 kJ mol-!

ri5=207.2
ry3 =194 =209.4

AH g5 = 2045 kJ mol-!

Ty3 =1y =134 =231.0

rie=126.1

P2 = I3 = Py = 15 = 1017 AHppgg = 2462 kJ mol-!
AHpyg5 = 2118 kJ mol-!

The linear structure of NgMX is found to be rigid with small centrifugal
distortion constants. (A molecule’s centrifugal distortion constant is a measure
of its flexibility, and this quantity may be determined from its microwave spec-
trum.) The Ng—M bond lengths are fairly short, and they range from ~225 pm
for Ar—Cu, ~245 pm for Ar-Au, ~260 pm for Ar—Ag, ~265 pm for Kr-Ag, etc.
In addition, based on the centrifugal distortion constants, the Ng—M stretching
frequencies can be estimated and they are found to be above 100 cm™!. Sum-
marized in Table 5.8.5 are the experimental and calculated Ng—M bond lengths
and stretching frequencies as well as force constants and computed electronic
dissociation energies for the Ng—M bonds in NgMX complexes. The calculated
results were obtained at the MP2 correlated level. The basis set used for F was
6-311G(d,p) and those for the remaining elements were of comparable quality
(such as triple zeta sets). In the following paragraphs we shall discuss these
results in some detail from four different, yet interconnected, perspectives.

(1) Ng-M bond lengths

Comparing the experimental and calculated Ng—M bond lengths tabulated in
Table 5.8.5, it is seen that the ab initio methods adopted do reproduce this
quantity very well. In order to obtain a better understanding of the nature of the
Ng-M bonds, let us compare these bond lengths with values estimated from
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Fig. 5.8.4.

Optimized structures (bond lengths in pm
and bond angles in degrees) and G3 heats
of formation of four other N;r isomers.
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Table 5.8.5. Experimental and calculated (in brackets) Ng—M bond lengths and
stretching frequencies v as well as computed electronic dissociation energies De
for the Ng—M bonds in NgMX complexes

NgMX Ng-M (pm) v(Ng-M) cm™!) v(M-X) em™!) De(kJ mol~!)

ArCuF 222 (219) 204 (228) 621 (674) 44
ArCuCl 227 (224) 197 (190) 418 (456) 33
ArCuBr 230 (226) 170 (164) 313 (350) —
KrCuF 232 (232) (185) - 48
ArAgF 256 (256) 141 (127) 513 (541) 14
ArAgCl 261 (259) 135 (120) 344 (357) 16
KrAgF 259 (260) 125 (113) 513 (544) 17
KrAgCl 264 (263) 117 (105) 344 (352) 15
KrAgBr 266 (269) 106 (89) 247 (255) 17
XeAgF 265 (268) 130 — 43
ArAuF 239 (239) 221 (214) 544 (583) 55
ArAuCl 247 (246) 198 (184) 383 (413) 42
ArAuBr 250 (249) 178 (165) 264 (286) —
KrAuF 246 (245) 176 (184) 544 58
KrAuCl 252 (251) 161 (163) 383 (409) 44
XeAuF 254 (255) 169 (165) — 97

standard parameters such as van der Waals radius (ryqw ), ionic radius (riop ), and
covalent radius (r.oy). For instance, we may take the sums r¢oy (Ng) + reoy (MI)
as a covalent limit and ryqw (Ng) + rjon(M™) as a van der Waals limit.

Among the NgMX complexes, the Ar—Ag bond length is closer to the van
der Waals limit than the covalent limit: the Ar—Ag bond lengths in ArAgX
range from 256 to 264 pm, while the ryqw (Ar) + rjon(Ag™) sum is 269 pm and
the reoy(Ar) + reov (AgI) sum is 226 pm. At the other end of the spectrum, the
Xe—Au bond length (254 pm) in XeAuF is very close to the covalent limit: the
Ieov(Xe) + rCOV(AuI) sum is 257 pm, while the van der Waals limit of ryqw(Xe) +
ion(Au™) is much longer at 295 pm. Summarizing all the results for all the
NgMX complexes, it may be concluded that covalent character increases in the
orders of Ar < Kr < Xe and Ag < Cu < Au.

(2) Stretching frequencies
The small centrifugal distortion constants (4 to 95 kHz) of the NgM X complexes
are consistent with the high rigidity of their linear skeleton. These constants cor-
relate well with the short Ng—M bond lengths, implying strong Ng—M bonding.
They also lead to high Ng—M stretching vibrational frequencies, all of which
exceed 100 cm~!. The Ng-M and M—X frequencies calculated with the MP2
method agree fairly well with the experimental data, as shown in Table 5.8.5.
When the Ng—M stretching force constants of the NgMX complexes listed
in Table 5.8.5 are examined, it is seen that these values are approximately half
of that for the bond stretching vibration of KrFy, ranging from 30 N m~! for
ArAgBr (recall that the Ar—Ag bond length in ArAgX is near the “van der Waals
limit”) to 137 N m~! for XeAuF (whose Xe—Au bond length is essentially at the
“covalent limit”). In comparison, the corresponding value for Ar—NaCl, which
may be considered as a benchmark van der Waals complex, is 0.6 N m~!. Thus
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in this respect the Ng—M bonding in NgMX is considerably stronger than typical
van der Waals interaction.

(3) Electronic dissociation energies

As shown in Table 5.8.5, the calculated Ng—M dissociation energies cover a
rather wide range, from 14 kJ mol~! in Ar—AgF to 97 kJ mol~! in Xe-AuF.
In comparison, for the aforementioned van der Waals complex Ar-NaCl, the
corresponding value for the Ar-Na bond is estimated to be 8 kJ mol~!. Also,
the mean Kr-F and Xe-F bond energies in KrF; and XeF; are 49 and 134 kJ
mol~!, respectively.

Itis instructive to compare the Ng—M bond energies with purely electrostatic
induction energies such as dipole-induced dipole and charge-induced dipole
interactions. Without going into the computational details, we simply note that
the dipole-induced dipole energy is ~35% of the charge-induced dipole interac-
tion. Furthermore, for NgAuF complexes, the charge-induced dipole interaction
is ~10% of the dissociation energy, while the corresponding value for NgCuF
and NgAgF complexes is ~60%. In comparison, for the “typical” van der Waals
complex Ar—NaCl, the charge-induced dipole interaction exceeds its dissocia-
tion energy. Based on these results, it may be concluded that, in NgCuF and
NgAgF complexes, the Ng—M bonds are unlikely to be electrostatic in nature.
For NgAuF complexes, particularly for XeAuF, the Xe—Au bond is almost
certainly not electrostatic.

(4) Electronic distribution of the Ng—M bond

We can also obtain some idea about the nature of the Ng—M bond by studying
the electronic distribution in the complexes. For KrAuF, there is a o-donation
of 0.21 electron from Kr to AuF accompanied by a smaller 7 -donation. A com-
parable result is also found for KrAuCl, while the corresponding values for
ArAuF and ArAuCl are 0.12-0.14 electron. For NgAgX complexes, the calcu-
lated donation from Ng to AgX is significantly less, about 0.06—0.07 electron.
For XeAuF, the complex with the largest dissociation energy so far, the cor-
responding donation is about 0.26 electron. For XeAgF, the donation is ~0.1
electron less than that in XeAuF. So the “interaction strength” in these com-
plexes once again follows the trends mentioned previously: Ar < Kr < Xe and
Ag < Cu < Au.

In summary, the physical properties of the NgMX complexes may vary quan-
titatively, but these properties remain remarkably similar qualitatively as we go
from one complex to the next. For instance, all complexes feature a short,
rigid Ng-M bond with stretching frequency above 100 cm™!. Also, the Ng—
M dissociation energies is relatively large, and there is noticeable electronic
rearrangement upon the formation of the Ng—M bond. Neither the dissociation
energies nor the electronic re-distribution upon bond formation can be fully
accounted for by electrostatic interaction alone. For XeAuF, the complex with
the largest interaction strength, it is fairly certain that the Xe—Au bond is cova-
lent in nature. At the same time, we may also conclude that there is Ng—M
chemical bonding, to a greater or lesser degree, in all the remaining NgMX
complexes.
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Before leaving the NgMX complexes and the compound HArF introduced in
Section 5.8.1, it is noted that a fuller discussion on the chemistry of noble gases
may be found in Section 17.5, including a subsection on gold—xenon complexes
in Section 17.5.6.

With reference to the four examples given in this section, each literature
article describing the preparation of the relevant compound(s) also includes
a computational section reporting the calculated results, which are used to
interpret the experimental data obtained by various physical methods. Clearly,
computation has become a very common tool to the experimentalists, not much
different from an infrared spectrophotometer or a mass spectrometer. Another
point worth noting is that, while high-level calculations can give us a more
detailed bonding description, in the examples shown here, we can make use of
the simple concepts introduced in Chapters 2 and 3, such as Lewis electron-pair,
o and 7 bonds, hybridization schemes, resonance theory, ionic radii, cova-
lent radii, and van der Waals radii, to obtain a qualitative, but useful, bonding
description of the novel molecular species.

5.9 Software packages

Currently there are numerous software packages that perform the ab initio or
DFT calculations introduced in this section. Most of these programs are avail-
able commercially, but there are a few distributed to the scientific community
free of charge. Some popular programs are briefly described below, and the list
is by no means exhaustive.

(1) Gaussian (http://www.gaussian.com): This is probably the most popular
package around. It was first released in 1970 as Gaussian 70 and the latest
version is Gaussian 03, issued in 2003. It does essentially every type
of ab initio, DFT, and semi-empirical methods and it is easy to use. Its
popularity is well earned.

(2) Gamess (http://www.msg.ameslab.gov/GAMESS): This is another pop-
ular package and it is available free of charge. It is able to calculate
molecular properties at various correlated levels, but it requires a good
understanding of the theories.

(3) MOLPRO (http://www.molpro.net): This program is highly optimized for
CCSD calculations and it has a special input format which allows the user
to define sophisticated computational steps.

(4) SPARTAN (http://www.wavefun.com): This is a very user-friendly pro-
gram and it is popular among experimental organic and organometallic
chemists. Most of the calculations beyond HF level are carried out by a
modified Q-Chem (see below) package that comes with SPARTAN.

(5) Q-Chem (http://www.q-chem.com): This commercial package is able to
perform energy calculations and geometry optimizations at ground state
and excited states at various ab initio and DFT levels. It also performs
calculations of NMR chemical shifts, solvation effects, etc.

(6) NWChem (http://www.emsl.pnl.gov/docs/nwchem/newchem.html): This
program is free of charge for faculty members or staff members of
academic institutions.


http://www.gaussian.com
http://www.msg.ameslab.gov/GAMESS
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(7) MQPC (http://www.mqpc.org): This program is also available free of

charge and its source code is accessible for modification by users.

(8) MOPAC 2000 (http://www.schrodinger.com/Products/mopac.html): This

commercial package is mainly for semi-empirical calculations.

(9) AMPAC (http://www.semichem.com/ampac/index.html): This is another

commercial package for semi-empirical calculations.

(10) HyperChem (www.hyper.com): This is an inexpensive PC-based package

for molecular modeling and visualization.
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Symmetry in Chemistry

In the study of the structure and properties of molecules and crystals, the
concept of symmetry is of fundamental importance. Symmetry is an abstract
concept associated with harmony and balance in nature or in social relationship.
Yet in chemistry this ever-evolving concept does have a very practical role to
play.

The main advantage of studying the symmetry characteristics of a chemical
system is that we can apply symmetry arguments to solve physical problems
of chemical interest. Specifically, we utilize a mathematical tool called group
theory to simplify the physical problem and to yield solutions of chemical
significance. The advantage of this method becomes more obvious when the
symmetry of the chemical system increases. Quite often, for highly symmetric
molecules or crystals, very complex problems can have simple and elegant
solutions. Even for less symmetric systems, symmetry arguments can lead to
meaningful results that cannot be easily obtained otherwise.

Before applying group theory, we need to recognize the symmetry properties
of a chemical system. For individual molecules, we only need to consider the
symmetry of the species itself, but not the symmetry that may exist between the
species and its neighbors. In trying to determine the symmetry of a molecule,
we need to see whether it has any symmetry elements, which are defined as
geometrical entities such as an axis, a plane, or a point about which symmetry
operations can be carried out. A symmetry operation on a molecule may be
defined as an exchange of atoms in the molecule about a symmetry element
such that the molecule’s outward appearance, including orientation and loca-
tion, remains the same after the exchange. Chapters 6 and 7 discuss molecular
symmetry and elementary group theory, as well as chemical applications of
group theory. In Chapter 8, the coordination bond is described, again with sym-
metry and group theory playing an important role. Also, the presentation of
group theory in these chapters is informal and includes many illustrations and
examples, while essentially all the mathematical derivations are omitted.

In contrast to discrete molecules, crystals have a lattice structure exhibit-
ing three-dimensional periodicity. As a result, we need to consider additional
symmetry elements that apply to an infinitely extended object, namely the
translations, screw axes, and glide planes. Chapters 9 and 10 introduce the
concept and nomenclature of space groups and their application in describing
the structures of crystals, as well as a survey of the basic inorganic crystalline
materials.
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Symmetry and Elements
of Group Theory

In this chapter, we first discuss the concept of symmetry and the identification
of the point group of any given molecule. Then we present the rudiments of
group theory, focusing mainly on the character tables of point groups and their
use.

6.1 Symmetry elements and symmetry operations

Symmetry is a fundamental concept of paramount importance in art, mathemat-
ics, and all areas of natural science. In the context of chemistry, once we know
the symmetry characteristics (i.e., point group) of a molecule, it is often possible
for us to draw qualitative inferences about its electronic structure, its vibrational
spectra, as well as other properties such as dipole moment and optical activity.

To determine the symmetry of a molecule, we first need to identify the sym-
metry elements it may possess and the symmetry operations generated by these
elements. The twin concepts of symmetry operation and symmetry element are
intricately connected and it is easy to confuse one with the other. In the follow-
ing discussion, we first give definitions and then use examples to illustrate their
distinction.

A symmetry operation is an atom-exchange operation (or more precisely, a
coordinate transformation) performed on a molecule such that, after the inter-
change, the equivalent molecular configuration is attained; in other words, the
shape and orientation of the molecule are not altered, although the position of
some or all of the atoms may be moved to their equivalent sites. On the other
hand, a symmetry element is a geometrical entity such as a point, an axis, or
a plane, with respect to which the symmetry operations can be carried out. We
shall now discuss symmetry elements and symmetry operations of each type in
more detail.

6.1.1  Proper rotation axis C,

This denotes an axis through the molecule about which a rotation of 360°/n
can be carried out. For example, in HyO the C, axis is a symmetry element
(Fig. 6.1.1), which gives rise to the symmetry operation C. (In this book all
symmetry operations will be indicated in bold font.) Meanwhile, NH3 has a
symmetry element C3 (Fig. 6.1.2), but now there are two symmetry operations

C2
>
(6]
a Ny
(C2)

Fig. 6.1.1.
The C, axis in HyO.

Fig. 6.1.2.
The C3 axis in NH3.
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Fig. 6.1.3.
Two orientations of CH4 showing the
directions of the C3 and C; axes.

Fig. 6.1.4.

Two views of SFg showing the C4 and
C3 axes. In the figure on the right, the C3
axis is perpendicular to the paper and
passes through the S atom. In both
figures, a secondary C; axis (the same
one!) is also shown.

Fig. 6.1.5.

Two views of cyclohexane showing the
principal C3 axis (perpendicular to the
paper in the figure on the right) and three
secondary C; axes. In the figure on the
right, the + and — signs label the C
atoms lying above and below the mean
plane of the molecule, respectively.
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generated by this element: a rotation of 120° and another of 240°. Sometimes it
is easy to identify the C, axis in a molecule (as in the cases of H,O and NH3),
and sometimes it is not. To clearly see one particular rotational axis, often it is
advantageous to draw the molecule in a certain orientation. Figure 6.1.3 shows
CH4 in two orientations; for one it is easy to see the C3 axis, and for the other
the C; axis. Similarly, Fig. 6.1.4 shows SF¢ in two orientations, one for the Cy4
axis and the other for the C3 axis. Cyclohexane has one C3 axis and three C»
axes perpendicular to it; these are clearly shown in Fig. 6.1.5. In this molecule,
the C3 axis is called the principal symmetry axis.

G

6.1.2  Symmetry plane o

This denotes a plane through the molecule, about which a reflection operation
may be carried out. The symbol ¢ originates from the German word Spiegel,
which means a mirror. In H>O (Fig. 6.1.1), when one of the hydrogen atoms is
substituted by its isotope D, the C; axis no longer exists. However, the molecular
plane is still a symmetry plane.

Symmetry (or mirror) planes may be further classified into three types. First,
there are the vertical planes o, whose common intersection constitutes the rota-
tion axis C,,. For example, it is obvious that there are two o, ’s in H> O (Fig. 6.1.1)
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and three o’s in NH3 (Fig. 6.1.2). Generally speaking, for a molecule with a
rotational axis C,, the identification of one oy necessarily implies the presence
of noy’s.

Secondly, there is the horizontal plane oy, which lies perpendicular to the
principal axis C,. Examples are given in Figs. 6.1.6 and 6.1.7. Note that some
highly symmetric molecules have more than one oy,; for instance, octahedral
SFg has three oy,’s that are mutually orthogonal to one another.

Lastly, in molecules with a principal rotational axis C,, and n secondary C;
axes perpendicular to it, sometimes there are additionally n vertical planes which
bisect the angles formed between the C, axes. These vertical planes are called
o4, or dihedral planes. In cyclohexane, there are three o4’s, each lying between
a pair of C, axes (Fig. 6.1.5). It should be noted that sometimes o’s and oq’s
cannot be differentiated unambiguously. For example, in BrF, (Fig. 6.1.8), in
addition to the principal Cy axis, there are four C; axes perpendicular to Cy,
and four vertical planes containing the C4 axis. By convention, the two C>
axes passing through the F atoms are called C}, while those which do not pass
through the F atoms are the C/) axes. Furthermore, the vertical planes containing
the C} axes are called o ’s, while those containing the CJ axes are oq’s. In group
theory, it can be shown that the C), axes form a class of symmetry operations.
Other distinct classes are composed of the C)) axes, the oy’s, and the oy¢’s.
6.1.3

Inversion center i

The inversion operation is carried out by joining a point to the inversion cen-
ter (or center of symmetry) and extending it an equal distance to arrive at
an equivalent point. Molecules which possess an inversion center are termed
centrosymmetric. Among the eight examples given so far, SFg¢ (Fig. 6.1.4),
cyclohexane (Fig. 6.1.5), trans-NoF, (Fig. 6.1.6), and BrF, (Fig. 6.1.8) are
centrosymmetric systems. Molecules lacking an inversion center are called
non-centrosymmetric.

6.1.4

Improper rotation axis S,

This denotes an axis about which a rotation-reflection (or improper rotation)
operation may be carried out. The rotation-reflection operation S, involves a

,
G0,

/
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F
(Con)

Fig. 6.1.6.
The molecular plane in trans-NoF is a
Oh-

=
(Csp)

Fig. 6.1.7.
The plane containing all carbon atoms in
all-trans-1,5,9-cyclododecatriene is a oy,.

Fig. 6.1.8.

The C} and CJ symmetry axes in BrF, .
By convention, the symmetry planes
containing the Cé axes are designated as
oy’s, while those containing Cé/ are the
O'd’S.
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Fig. 6.1.9.
The S¢ operation in ethane.

Symmetry in Chemistry

rotation of the molecule by 360°/n about the improper rotation axis S,, which
is followed by a reflection of all atoms through a plane perpendicular to the S,
axis. Note that the rotation-reflection operation S, can be carried out in either
order, i.e., S, = C,0 = 0C,. An example of the S¢ operation in ethane is
shown in Fig. 6.1.9. Now it is obvious that the three C; axes in CH4 (Fig. 6.1.3)
coincide with the corresponding Sy axes, the C4 and C3 axes in SF¢ (Fig. 6.1.4)
are S4 and S¢ axes, respectively, and the C3 axis in cyclohexane (Fig. 6.1.5) is
also an S¢ axis. Finally, it is pointed out that operation S is the same as ¢ (e.g.,
HOD), and the operation S» is equivalent to the inversion i (e.g., trans-NyF,
in Fig. 6.1.6).

6.1.5 Identity element E

The symbol E comes from the German word Einheit meaning unity. This ele-
ment generates an operation E which leaves the molecule unchanged. All
molecules possess such an element or operation. The need for this seemingly
trivial “do nothing” or “leave it alone” operation arises from the mathematical
requirements of group theory, as we shall see in Chapter 7. Note that in some
books the symbol 7 (for identity) is used in place of E.

6.2 Molecular point groups
6.2.1 Classification of point groups

When we say a molecule belongs to a certain point group, it is meant that the
molecule possesses a specific, self-consistent set of symmetry elements. The
most common point groups are described below with illustrative examples.

(1) Point group Cy

This group has only one symmetry element: identity element E; i.e., the
molecule concerned is asymmetric. Examples include methane derivatives with
the central carbon atom bonded to four different groups, e.g., CHFCIBr.



Symmetry and Elements of Group Theory

(2) Point group Cg

This group has only two symmetry elements: E and o. The aforementioned
HOD belongs to this group. Other examples include thionyl halide SOX; and
secondary amines RoNH (Fig. 6.2.1).

(3) Point group C;
This group has only two symmetry elements: E and i. There are not many
molecules with this kind of symmetry. Two examples are given in Fig. 6.2.2.

(4) Point group C,
This group has only symmetry elements E and C,. Examples for the C,, group
are shown in Fig. 6.2.3.

Note that the term “dissymmetric” is reserved for describing a molecule
not superimposable on its own mirror image. Accordingly, an object with no
improper rotation (rotation-reflection) axis must be dissymmetric. All asymmet-
ric objects are dissymmetric, but the converse is not necessarily true. In fact,
those molecules that possess one or more rotational axes of any order as the only
symmetry elements are dissymmetric; for instance, the 1,3,5-triphenylbenzene
molecule in the three-leaved propeller configuration (point group C3) and the
[Co(en)3]>* cation (point group D3) are dissymmetric species. Note that the
term “asymmetric unit” has a special meaning in crystallography, as explained
in Section 9.3.6.

(&)

(5) Point group Cpy

This group has symmetry elements E, a rotational axis C,, and n oy planes. The
H,O (Fig. 6.1.1) and NH3 (Fig. 6.1.2) molecules have C», and C3, symmetry,
respectively. Other examples are given in Fig. 6.2.4.
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Fig. 6.2.1.

Examples of molecules with Cy
symmetry: thionyl halide (SOX>) and
secondary amines RyNH.

Fig. 6.2.2.
Examples of molecules with C;
symmetry.

Fig. 6.2.3.

Examples of molecules with C,
symmetry. The fragment N~N
represents the bidentate chelating ligand
ethylenediamine HyNCH,CH,;NH>,
while A—~B represents a bidentate
chelating ligand with different
coordinating sites such as
Me,NCH,CH,NHj;.
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Fig. 6.2.4.

Examples of molecules with Cyy
symmetry: (a) BrFs, (b)

o -C5H;5)Ni(NO) with the NO group
linearly coordinated to the Ni center, and
() (n%-CHg)Cr(n®-CgF).

Fig. 6.2.5.

Representative example of tris-chelated
metal complexes with D3 symmetry:
[Cr(en)3]*. The bidentate ligand

ethylenediamine is represented by N—~N.

Symmetry in Chemistry
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(6) Point group Cyn

This group has symmetry element E, a rotational axis C,, and a horizontal plane
oy, perpendicular to C,,. Note that S, also exists as a consequence of the elements
already present (C, and oy,). Also, when n is even, the presence of i is again
a necessary consequence. Examples include trans-NoF;, (Cop; Fig. 6.1.6), all-
trans-1,5,9-cyclododecatriene (Csp; Fig. 6.1.7), and boric acid B(OH)3 (Csp;
Fig. 13.5.1).

(7) Point group D,

This group has a principal C, axis with n secondary C, axes perpendicular to
it. The symbol D arises from the German Diedergruppe, which means dihedral
group. Examples of this group are uncommon, as the presence of D,, is usually
accompanied by other symmetry elements. An organic molecule of this type
is cycloocta-1,5-diene (D). The most important as well as interesting inor-
ganic examples are the chiral tris-chelated transition metal complexes such as
Mn(acac)s (acac = acetylacetonate) and tris(ethylenediamine)chromium(III),
which is illustrated in Fig. 6.2.5.

(8) Point group D,

This group has symmetry element E, a principal C, axis, n secondary C, axes
perpendicular to C,,, and a oy, also perpendicular to C,,. The necessary conse-
quences of such combination of elements are a S, axis coincident with the C,
axis and a set of n oy ’s containing the C, axes. Also, when 7 is even, symmetry
center i is necessarily present. The BrF, molecule has point group symmetry
Dyn, as shown in Fig. 6.1.8. Examples of other molecules belonging to point
groups Djy, D3y, Dsp and Dgy, are given in Fig. 6.2.6.

(9) Point group D,q
This group consists of E, a principal C,, axis, n Cy’s perpendicular to C,,, and
n oq’s between the C, axes. A necessary consequence of such a combination
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(a) (®) (©) ()

(Dap)

(D3n) (D) (Dsn)

is the presence of symmetry element S»,. The cyclohexane molecule shown in
Fig. 6.1.5 has D3q symmetry. Two other D,q examples are given in Fig. 6.2.7.

(a)

S ;
S . (0]
1 ’ i o
' S C g o
! , Q _
H\ I,|IH 2 S V. H ! | ,|I|C \ '_Q
C=C=C, = ! ,'__C_;_C_;_C_i__;__H OC—Mn Mn —CO
/ Nn : C <7 | 4=
H ' v C OO OO
L 1 (0}
& v
(Dyq)
Fig. 6.2.7.

Examples of molecules with D, symmetry: (a) allene and (b) Mn,(CO) .

A general geometrical relationship holds for any molecule that can be repre-
sented as two regular polygons of n vertices (n-gons) separated by a distance
along the principal C, rotation axis. In the fully eclipsed conformation, i.e.,
when the two polygons exactly overlap when viewed along C,,, the point group is
D, In the perfectly staggered conformation, the point group is D,q. In the skew
(or gauche) conformation, the point group is D,,. Common examples illustrating
such patterns are ethane and sandwich-type metallocenes (n-C,H;)2M.

(10)
This point group has only two symmetry elements: E and S,. Since carrying
out the S, operation n times should generate the identity operation E, integer n
must be even. Also, n > 4. Examples of this point group are rare; two are given
in Fig. 6.2.8. Molecules belonging to §,, with n> 6 are quite uncommon. In
hexakis(pyridine N-oxide)coblalt(Il) perchlorate [Fig. 6.2.8(d)], the pyridine
N-oxide ligand is coordinated to the metal center at a Co—O-N bond angle of
119.5(2)°; the dihedral angle between the plane containing these three atoms
and the pyridine ring is 72.2°.

Point group S,

(11) Point groups Dsoh and Cooy

Symmetric linear molecules such as Hy, CO;, and HC=CH have D, symme-
try, while unsymmetric linear molecules such as CO, HCN, and FCCH belong
to the Coy point group.

Fig. 6.2.6.
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Examples of molecules with D,
symmetry: (a) [Cu(en)2]2+, the
bidentate chelating ligand
ethylenediamine is represented by N—~N;
(b) triprismane CgHg; (c) ruthenocene
(n5—C5H5)2Ru; and (d) benzene CgHg.

(Dya)

0
Oo___(f___oo
N
0C— Mn -CO
C:z_r_x
o c %)
0
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(a)
E
S
,N/ SN
P \S‘F
N N/
\S/
F
top view
(Sy)
(©)
(Se)
Fig. 6.2.8.

Examples of molecules with S,, symmetry: (a)
[(CsH5NO)sCol>*.
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(b) S
STUNNL7 s
side view
(S4)
d

(Se)

N4(SF)4, (b) 2,3,7,8-tetramethylspiro[4.4]nonane, (c) Cq(CMe=CH, )¢, and (d)

(12) High-symmetry point groups T4, Oy, and Iy

Tetrahedral molecules such as CHy (Fig. 6.1.3) have 24 symmetry operations
(E, 8C3, 3C,, 684 and 60 4) and belong to the Ty point group. In comparison,
octahedral molecules such as SFg (Fig. 6.1.4) have 48 symmetry operations
(E, 8C3, 6C,, 6Cy4, 3C, = 3Cﬁ, i, 684, 8S¢, 301, and 60 4) and belong
to the Oy, point group. It would be instructive for students to examine all the
operations for these two important high-symmetry point groups with the aid of
molecular models.

Among organic molecules, cubane CgHg (O},) and adamantane (CH)4(CH» )¢
(Ty) stand out distinctly by virtue of their highly symmetric cage structures.
In contrast to the scarcity of organic analogs such as hexamethylenetetramine
N4(CH3)¢ and hexathiaadamantane (CH)4Se, there exists an impressive diver-
sity of inorganic and organometallic compounds containing cubane-like and
adamantane-like molecular skeletons. In current usage, the term cubane-like
(cubanoid) generally refers to a M4Y4 core composed of two interpenetrating
tetrahedra of separate atom types, resulting in a distorted cubic framework of
idealized symmetry Ty (Fig. 6.2.9(a)). Similarly, the adamantane-like (adaman-
toid) M4Yg skeleton consists of a My tetrahedron and a Yg octahedron which
interpenetrate, giving rise to a fused system of four chair-shaped rings with
overall symmetry 7y (Fig. 6.2.9 (b)). If M stands for a metal atom, the com-
pound is often described as tetranuclear or tetrameric. In either structural type
additional ligand atoms or groups L and L' may be symmetrically appended
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to core atoms M and Y, respectively. The two families of cubane-like and
adamantane-like cage compounds may be formulated as (L,,M)4(YL})4 (with
m=0,1,3; n=0,1) and (LmM)4(YL;)6 (with m=0,1; n=0,1,2), respec-
tively. Not included in these two categories are structurally related compounds
such as the oligomeric silasesquioxane MegSigO1» and basic beryllium acetate
Be4O(CH3COO)g, in which the core atoms are bridged by oxygen atoms.

Table 6.2.1. Relations between bond angles Y-M-Y () and M—Y-M(f) in M4Y4 and M4Y§q cores
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Fig. 6.2.9.

(a) Cubane-like M4Y4 core referred to a
Cartesian frame. (b) Adamantane-like
MY core referred to a Cartesian frame.

The reference cube is outlined by broken

lines. Atoms of type M and Y are

represented by open and solid circles,

respectively.

MyY4 core, see Fig. 6.2.9(a) MyYg core, see Fig. 6.2.9(b)

Atom positions Ma (uuu) Yy, (vv) Mg (uuu)  Yo(00 v)

expressed in

terms of u and v

My(ititu) Yp(Fvv) My (izitu) Yu(0%0)

dsin(a/2) = V(Z)% v/ (2)%
dsin(B/2) = u(Z)% u(Z)%
d? = 3u? — 2uv + 32 3u? — 2uy + 12
sin(e/2) = [sin(B/2) + {6 — 8sin®(8/2)}21/3 (1) [sin(B/2) + (2)% cos(B/2)1/2
sin(8/2) = [sin(a/2) + {6 — 8sin®(x/2)}21/3 (2) [2sin(a/2)+{6—8sin?(x /2)}%] /3

(ST

3
@

Equations (1) to (4) may be recast in the following forms:
cos @ =[4—7cos f—4(1+cos B —2cos? B)21/9
cos p=[4—Tcosa—4(+cosa —2cosza)%]/9
cos & = (1 — cos B)/4 — sin B/(2)?
cos B =[1—4cosa—8(l+cosaw — 2coszoc)%]/9

In describing the idealized T3 cage structure of either the cubane or adaman-
tane type, it is customary to give the bond length d, the Y-M-Y angle «,
and the M-Y-M angle S. While the parameter d readily conveys an appre-
ciation of molecular size, it is not generally appreciated that only one bond
angle suffices to define the molecular geometry uniquely. Derivation of the
bond-angle relationship between « and g for both structural types are out-
lined in Table 6.2.1. If an external ligand atom L is bound to core atom M,
the bond angle L-M-Y (y) may be calculated from o« using the equation
sin(r —y) =2 sin(e/2)/(3)'/2 for local C3y symmetry. For the M4Y¢ core,
if a pair of ligand atoms L’ are symmetrically attached to atom Y to attain local
C,y symmetry, the bond angle L'-Y-L' (§) may be calculated from 8 using the
equation cot>(8/2) 4+ cot>(8/2) =1.

a)
@)
@)
@)



176

Symmetry in Chemistry

Table 6.2.2. Application of bond-angle relationships to cubane-like and adamantane-like compounds

Complex Core Crystallographic site Bong angles (°) S
symmetry
Experimental values o calculated
from g

[(7°-Cs5Hs)4Fe4 (CO)4] FeqCy 1(Cy) B =788, omax = 0.3 100.2 22
(EtgN)»[(PhCH,S*)4FeqS4] FeqS4 1(Cy) B =173.81, 0max = 0.06 104.09 5.7
[(7°-C5Hs)4Co454] Co4S4 2(Cy) B =9531,0max = 0.06 84.43 37
(MegN)7[Cuy OClyg] CuyOClg 23 (T) B=8150max =12 119.1 0

4(23) B =813,0max = 0.9 119.1 1.1
(EtyNHCH;,CH,NHEt5)2[CusOClyg] CuyOClg 2(Cy) B =815, omax = 0.3 119.1 18
K4[CuygOClyg] CuyOClg 2(Cy) B =811, omax = 0.3 119.2 23
(Et;NH3)4CusOCly CuyOClg 1(Cy) B =804, omax =0.1 119.3 103

If either @ or B is known for a given structure, eqs. (1)—(4) in Table 6.2.1
can be used to evaluate the remaining angle. Another possible use of these
equations is in assessing the extent to which the cores of related compounds
deviate from idealized T4 symmetry. For this purpose we assume that there
is no systematic variation in the observed M—Y bond distances and define a
goodness-of-fit index S by the equation:

_ oy e a8y - B)/ng)?

Omax

N )

iy

where n, and ng are, respectively, the numbers of independently measured
angles o; and B;, B is the average of Bj, a is calculated from B with equation (1)
or (1’) for cubane-like and (3) or (3') for adamantane-like systems, and oy
is the maximum value of the estimated standard deviations of individual bond
angles. In Table 6.2.2, the computed S values of 2.2, 5.7, and 37 for the cubane-
like Fe4C4, Fe4S4, and Co4S4 cores, respectively, indicate increasing deviations
from idealized T4 symmetry. This is in accord with the assignment of the core
symmetries in the literature as T4, Dyq, and lower than Djgq, respectively. In
the case of the adamantane-like [CusOCl;0]*~ anion (Cu coordinated by three
bridging Cl, an external Cl, and the O atom at the center), which occupies
sites of different symmetry in four reported crystal structures, consideration
of the relative S values in Table 6.2.2 leads to the conclusion that it conforms
to Tq symmetry in its tetramethylammonium salt, and becomes increasingly
more distorted in the N, N, N’, N’ -tetraecthylenediammonium, potassium, and
diethylammonium salts. The present procedure, when applied to a series of
related molecules, yields a set of numbers which allow one to spot a trend and
distinguish between clear-cut cases.

The most characteristic feature of point group I, is the presence of six fivefold
rotation axes, ten threefold rotation axes, and 15 twofold rotation axes. A o
plane lies perpendicular to each C; axis. Group I, has 120 symmetry operations
(E, 12Cs, 12C2, 20C3,15C3, i, 12810, 1283, 20S6, and 150). Well-known

cage-like molecules that belong to this point group are icosahedral B 12H?2_ and
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dodecahedrane CygH,(. Fullerene Cg is a truncated icosahedron that exhibits
I, symmetry, and the C, C3, and Cs axes of this cage system are shown in
Fig. 6.2.10.

The point groups T4 and Oy, together with their subgroups T, Ty, and O, are
known as cubic groups because they are geometrically related to the cube.
The point groups I, and I are known as icosahedral groups. These seven
point groups reflect part or all of the symmetry properties of the five Platonic
solids: the tetrahedron, the cube, the octahedron, the pentagonal dodecahedron,
and the icosahedron. Note that the eight-coordinate dodecahedral complexes
such as [Mo(CN)g]*~, [ZrFg]*~, and [Zr4(OH)g(H20)6]%" are based on the
triangulated dodecahedron, which has D4 symmetry.

(a) (b) ©

| N
/ :
C\N\ I\ll/N\\; O ; 4muuu
S50 =
o\ / o WY | R b
A i
9

(13) Rarely occurring point groups O, T, Ty, I, and Ky

Point groups O is derived from Oy, by removing all symmetry elements except
the rotational axes. A rare example is octamethylcubane, Cg(CH3z)g, in which
the CH3 group is rotated about an exo-polyhedral C—C bond to destroy the
oq plane; note that this simultaneously eliminates symmetry elements i, oy,
S4, and Sg. Similarly, point group 7 is derived from T4 by leaving out the og
planes. Examples of molecules that possess point symmetry T are tetrahedral
Pt(PF3)4 and Si(SiMes)y4, in which the two sets of substituents attached to
atoms forming the corresponding Pt—P or Si-Si single bond take the gauche
conformation.

Point group Ty, has 24 symmetry operations (E, 4C3, 4C %, 3C,, i,
484, 484, and 30p). Inorganic complexes that belong to this point group
are [Fe(CsHsN)g]>* and [M(NO»)6]" M = Co, n = 3; M = Ni, n =
4), as shown in Figs. 6.2.11(a) and (b), respectively. In each complex,
three pairs of monodentate ligands lie on mutually orthogonal mirror planes
(Fig. 6.2.11(c)).

177

Fig. 6.2.10.
Perspective views of Cgq along its C»,
C3 and Cs axes (I, symmetry).

Fig. 6.2.11.

Examples of molecules with T,
symmetry: (a) [Fe(CsHsN)g]*t and (b)
[M(NO»)g]"~ viewed along a C3 axis.
In (c), the three pairs of bars (each bar
representing a planar ligand) lying on the
faces of a reference cube exhibit the
same symmetry.
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Point group [ is derived from I, by deleting the o planes normal to the 15
C; axes. It is inconceivable that any molecule having symmetry / can ever be
constructed.

A finite object that exhibits the highest possible symmetry is the sphere,
whose point group symbol K}, is derived form the German word Kugel. It has
an infinite number of rotation axes of any order in every direction, all passing
through the center, as well as an infinite number of o}, planes each perpendicular
to a Coo axis. Obviously, Ky is merely of theoretical interest as no chemical
molecule can possess such symmetry.

6.2.2  Identifying point groups

To help students to determine the symmetry point group of a molecule, various
flow charts have been devised. One such flow chart is shown in Table 6.2.3.
However, experience indicates that, once we are familiar with the various oper-
ations and with visualizing objects from different orientations, we will dispense
with this kind of device.

Often it is difficult to recognize the symmetry elements present in a molecule
from a perspective drawing. A useful technique is to sketch a projection of
the molecule along its principal axis. Plus and negative signs may be used
to indicate the relative locations of atoms lying above and below the mean
plane, respectively. Cyclohexane has been used as an example in Fig. 6.1.5.
The identification of the point groups of some other non-planar cyclic molecules
with the aid of projection diagrams is illustrated in Table 6.2.4.

Table 6.2.3. Flow chart for systematic identification of the point group of
a molecule

Coops Dopy Ty, Opy Iy, Cy, Gy, C, Dy, Dy, Dy, Cpp, Ciy, G, Sy

Linear molecules l l Special symmetries Proper 3’_“5‘ C,
n = maximum
Coys Deopy Tq, Op, Iy
«CyL Cyp Yes No

Doy Dyps Dy Copy Cps Cops Sy €, G G
S5, (alone with i)

Yes No
No Yes

Dy D nd» Dy, Cots Cor Cy Sn

(n=even)

Doty Dy, Dy Couts Cois Cy

rr,,l n(r‘.l P l (r,,l mrrl _l
D, C,

Dy D Cuh w Ca

nd
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Table 6.2.4. Point group identification of some cyclic molecules

Compound Perspective diagram Projection diagram Point group
E F
C'S \57
Ny N NN
/ +/
N, (SF); F o F F S (F
\N N/ \ / >
\s/ - _N\S — N++
z A
F F

S
S D
R AN '
S/ \S/
CgHg + + DZd
+ +
S{ """"""" S\ N\g/
SuN N / N \ E /
o S I N Day
~ A
> N—5—

6.2.3 Dipole moment and optical activity

The existence of a dipole moment tells us something about the molecular geom-
etry or symmetry, and vice versa. For example, the existence of a dipole moment
for H,O and NHj3 implies that the former cannot be linear and the latter cannot
be trigonal planar. Indeed, it is not difficult to show that molecules that possess
dipole moments belong only to point groups C,, Cs, or Cyy.

For a molecule to be optically active, it and its mirror image cannot be
superimposed on each other; i.e., they are dissymmetric (see Section 6.1.3).
In the language of symmetry operations, this means that an optically active
molecule cannot have any S, element. In particular, since S is ¢ and S is i,
any molecule that possesses a symmetry plane or a center of inversion cannot
be optically active.
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6.3 Character tables

In the next chapter, we will present various chemical applications of group
theory, including molecular orbital and hybridization theories, spectroscopic
selection rules, and molecular vibrations. Before proceeding to these topics, we
first need to introduce the character tables of symmetry groups. It should be
emphasized that the following treatment is in no way mathematically rigorous.
Rather, the presentation is example- and application-oriented.

According to group theory, for a molecule belonging to a certain symmetry
point group, each electronic or vibrational wavefunction of this molecule must
have the symmetry of one of the irreducible representations of the point group.
For simplicity, we sometimes replace the mathematical term “irreducible repre-
sentation” with the simple name “symmetry species.” For a given point group,
there are only a limited number of symmetry species, and the properties of each
symmetry species are contained in the characters of the species. The characters
of all the irreducible representations of a point group are summarized in the
character table of this group. A typical character table, that of the Cy, group,
will now be examined in detail.

As shown in Table 6.3.1, we can see that the Cyy character table is divided
into four parts: Areas I to IV. We now discuss these four areas one by one.

Areal. In this area, we see that the four symmetry operations of the C,y group,
E, C,y,0,(xz), 0% (y2), constitute four classes of operations; i.e., each class has
one operation. According to group theory, for any point group, the number of
irreducible representations is equal to the number of (symmetry operation)
classes. Here, for C,y, there are four irreducible representations and the char-
acters of the representations are given in this area. For the first representation,
called Ay, all the characters are 1, which signifies that any wavefunction with
A1 symmetry is symmetric (with character 1) with respect to all four symmetry
operations. (Examples will be given later.) On the other hand, representation
A, is symmetric with respect to operation E and Cj, but antisymmetric (with
character —1) with respect to the two mirror reflections. For the remaining two
representations, B; and B, they are antisymmetric with respect to C, and to
one of the mirror reflections.

Additionally, it is noted that, mathematically, each irreducible representation
is a square matrix and the character of the representation is the sum of the
diagonal matrix elements. In the simple example of the C;, character table,
all the irreducible representations are one-dimensional; i.e., the characters are
simply the lone elements of the matrices. For one-dimensional representations,
the character for operation R, x (R), is either 1 or —1.

Table 6.3.1. Character table of point group Cpy,

Coy E C; ov(xz) o0,(x2)

A 1 11 1 z x2,y2, 22
Ay 1 1 -1 —1 R; Xy
By -1 1 -1 xRy  xz
By 1 -1 -1 1 v, Ry vz

Area I1 Area Arealll ArealV
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A
O O o>
}/ \H\ \H/ *\H/ /H/ \\H

v, =3652 cm! v, = 1559 cm! vy =3756 cm!

Before leaving the discussion of this area, let us consider a specific chemical
example. The water molecule has Cp, symmetry, hence its normal vibrational
modes have A1, Az, By, or By symmetry. The three normal modes of H,O are
pictorially depicted in Fig. 6.3.1. From these illustrations, it can be readily seen
that the atomic motions of the symmetric stretching mode, v{, are symmetric
with respect to Ca, o(xz) and o/, (yz); thus v; has A; symmetry. Similarly,
it is obvious that the bending mode, v, also has A; symmetry. Finally, the
atomic motions of the asymmetric stretching mode, v3, is antisymmetric with
respectto C and o'y (xz), but symmetric with respect to o, (yz). Hence v3 has By
symmetry. This example demonstrates all vibrational modes of a molecule must
have the symmetry of one of the irreducible representations of the point group
to which this molecule belongs. As will be shown later, molecular electronic
wavefunctions may be also classified in this manner.

Area II. In this area, we have the Mulliken symbols for the representations.
The meaning of these symbols carry is summarized in Table 6.3.2.

Referring to the Cy, character table and the nomenclature rules in Table 6.3.2,
we can see that all symmetry species of the Cpy group are one-dimensional;
i.e., they are either A or B representations. The first two symmetry species,
with x(C2) = 1, are clearly A representations, while the remaining two are B
representations. To these representations, subscripts 1 or 2 can be easily added,
according to the rules laid down in Table 6.3.2. (It is noted that the classification
of By and B, cannot be unambiguously assigned.) Also, the first representation,
with all characters equal to 1, is called the totally symmetric representation
(sometimes denoted as I'rs). Such a representation exists for all groups, even
though Irg is not called A in all instances.

Before concluding the discussion on the notation of the irreducible represen-
tations, we use C,, point group as an example to repeat what we mentioned
previously: since this point group has only four symmetry species, A1, Az, By,
and B», the electronic or vibrational wavefunctions of all C,y molecules (such
as H>O, H>S) must have the symmetry of one of these four representations.
In addition, since this group has only one-dimensional representations, we
will discuss degenerate representations such as E and 7 in subsequent
examples.

Area III. In this part of the table, there will always be six symbols: x, y, z, Ry,
Ry, R;, which may be taken as the three components of the translational vector
(x, y, z) and the three rotations around the x, y, z axes (Ry, Ry, R;). For the Cyy
character table, z appears in the row of Aj. This means that the z component
of the translational vector has A; symmetry. Similarly, the x and y components
have By and B; symmetry, respectively. The symmetries of rotations Ry, Ry,
and R, can be seen from this table accordingly.
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Fig. 6.3.1.

Normal vibrational modes of the water
molecule; v; (symmetric stretch) and vy
(bending) have A| symmetry, while v3
(asymmetric stretch) has B, symmetry.
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Table 6.3.2. Mulliken symbols for irreducible representations

Dimensionality

A: One-dimensional, i.e., x (E) = 1; symmetric with respect to C, i.e., x (Cy) =1
B: One-dimensional, i.e., x (E) = 1; antisymmetric with respect to Cp, i.e., x(Cp) = —1
E: Two-dimensional, i.e., x (E) =2
T: Three-dimensional, i.e., x (E) = 3
G: Four-dimensional, i.e., x (E) = 4
H: Five-dimensional, i.e., x (E) =5
Superscript
/: Symmetric with respect to o, i.e., x (o) =1
”’: Antisymmetric with respect to o}, i.e., x (o) = —1
Subscript
@) g: Symmetric with respect to i, i.e., x (i) =1
u : Antisymmetric with respect to i, i.e., x (i) = —1
(i)  For A and B representations,
1 : Symmetric with respect to Cp or gy, i.e., x(Cp) or x(oy) =1
2 : Antisymmetric with respect to Co or av, i.e., x(Cp) or x(oy) = —1
(iii)  For E and T representations, numerical subscripts 1, 2, .. ., are also employed in a general
way which does not always indicate symmetry relative to C5 or oy.
For linear molecules with Cooy and Doy, Symmetry

=+  One-dimensional, symmetric with respect to oy or Cy, i.e., x(E) = 1, x(ay) or

x(Cy) =1
¥~ One-dimensional, antisymmetric with respect to oy or Cp, i.e., x(E) =1, x(ovy)
or x(C) = —1

IT Two-dimensional,i.e., x (E) =2
A Two-dimensional, i.e., x (E) =2
® Two-dimensional, i.e., x(E) =2

Lower case letters (a, b, e, t, o, 7, ...) are used for the symmetries of individual orbitals;
capital letters (A, B, E, T, X, I, .. .) for the symmetries of the overall states.

Another way of rationalizing these results is to treat x, y, z as py, py, p; orbitals
of central atom A in an AH,, molecule. A molecule with Cp, symmetry is H;S.
A convention to set up the Cartesian coordinates for this molecule is as follows.
Take the principle axis (C; in this case) as the z axis. Since H»S is planar, we
take the x axis to be perpendicular to the molecular plane. Finally, the y axis is
taken so as to form a right-handed system. Following this convention, the py,
Py, P; orbitals on sulfur in a H>S molecule are shown in Fig. 6.3.2. When the
orientations of these orbitals are examined, it is obvious that the p, orbital is
symmetric with respect to all four operations of the Cy, point group: E, C»,
0(xz), 0, (yz). Thus the p, orbital has A; symmetry. On the other hand, the
px orbital is symmetric with respect to E and o (xz), but antisymmetric with
respect to Co and 0", (yz); hence p, has B symmetry.

Now it can be easily deduced that the py orbital has B, symmetry.

Area IV. This area contains the quadratic terms x2, yz, Z2, Xy, ¥z, xz or their
linear combinations. Sometimes, instead of x?and y2, we use their combinations
x% +y? and x* — y?. Following the discussion on Area III for the H,S molecule,
one might be inclined to consider these six entities as possible d functions of
central atom A in an AH, molecule, as shown in Fig. 6.3.3. Noting that there
exist only five independent d orbitals each possessing two nodes, the x> + y?
function can be ruled out as it is devoid of nodal property. Furthermore, the
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presence of x> — yZ implies that we can write down the equivalent terms y* — z2

and z2 — x2; however, these three functions are not linearly independent. If
x% — y? is chosen, the sum of y?> — z? and z> — x? gives y*> — x%, which is the
same as x> — y> except for a reversal in sign, but the difference of y> — z% and
72 — x? gives the new function 272 — x> — y2, which can be simplified to 3z — 1
since x*> + y? + z2 = 1 (polar coordinate r with unit length). In practice, it is
conventional to denote the 3z — 1 function simply as z2. The five d orbitals
are therefore labelled z2, x> — y, xy, yz, and xz.

Examining the six quadratic functions displayed in Fig. 6.3.3, it is clear that
x% 4+ y2, x2 — y?, and z2 are symmetric with respect to all four operations
of the Cy, point group. Hence they belong to the totally symmetric species
Ay, as do x? and y? since they are merely linear combinations of x> 4+ y? and
x% — y2. Similarly, the xy function is symmetric with respect to E and C, and
antisymmetric with respect to the reflection operations, and hence it has Aj
symmetry. The symmetries of the xz and yz functions can be determined easily
in an analogous manner.

The character tables of most familiar point groups are listed in Appendix 6.1 at
the end of this chapter. It is noted that some collections of character tables, such
as those given in Appendix 6.1, also include an “Area V,” where the symmetry
species of the seven f orbitals (on the central atom) is indicated. Since the f
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Fig. 6.3.2.
The three p orbitals of sulfur in a HyS
molecule, which lies in the yz plane.

Fig. 6.3.3.

The quadratic functions x4 yz,

X2 — y2, zz (more correctly 3z2 — 1), xy,
xz, and yz. The x4 y2 function cannot
represent a d orbital because it does not
have a node. The remaining five are
taken as pictorial representations of the
five d orbitals of central atom A in the
AHj molecule. Note that xy, xz, yz, and
X% - y2 each has two nodal planes,
whereas the nodes of z2 are the curved
surfaces of two co-axial cones sharing a
common vertex.
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orbitals are treated in Section 8.11 of this book, we will ignore this area in this
initial discussion on the character tables.

Before we leave the Cyy character table, it is noted that the characters of all
groups satisfy the “orthonormal” relation:

1 1 wheni=j
ZZij,(R)x,-(R)—&;;—{O whoni 7 * (63.1)

where & is the order of the group (the number of operations in the group; for
Cay, h = 4) and y;(R) is the character of operation R for the irreducible
representation [I;, etc. The relation can be illustrated by the following two
examples:

When I'; = I} = A3, eq. (6.3.1) becomes

1
OO+ DM+ EDED+EDEDI= 1 (6.3.2)

When I'; = A and I} = By, eq. (6.3.1) now has the form

1
OO+ DOED+EDM + EDEDI=0. (6.3.3)

After a fairly lengthy discussion on the character table of the Cy, group, we
will proceed to those for the C3, and Cay point groups. The character tables
of these two groups are shown in Tables 6.3.3 and 6.3.4, respectively. When
Table 6.3.3 is examined, it is seen that the six operations of the C3, group are
divided into three classes: E; C3,and C 3 ! ; the three oy ’s. Hence there are three
symmetry species for this group. According to group theory, if the dimensions
of the irreducible representations of a group are called ¢1, 5, ..., then we have

Z e =h, 6.3.4)

Table 6.3.3. Character table of point group Csy

Cw E 203 3oy

A 1 1 1z X242, 22
4 1 1 -1 R
E 2 -1 0 (YRR (2 —y%xy) Gz y2)

Table 6.3.4. Character table of point group Cyy

Cyqy E 2C4 Cr 20y 204

A1 1 1 1 1z 2 +y2, 2
Ay 1 1 1 -1 -1 R

By 1 -1 1 - x2—y?
By 1 —1 1 -1 1 Xy

E 2 0 -2 0 0 (YRR (7,2
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where, once again, / is the order of the group. So, for the C3, group, with 7 =06,
31 = 1, 322 1, and€3 =2.

When examining Table 6.3.3, the first one-dimensional (totally symmetric)
representation is again called A;. The second one-dimensional representation,
which is symmetric with respect to the C3 and Cy ! operations and antisym-
metric with respect to the three oy operations, is called A;. From these results,
it is now obvious that, for a given representation, operations belonging to the
same class have the same character. Also, the A; and A; representations are
“orthogonal” to each other, as stipulated by eq. (6.3.1):

1 1
7 XR: xA; (R) x4, (R) = (g) (DD +2((A) +3(D)(=D]=0. (6.3.5)

The last symmetry species of the C3, group is a two-dimensional E represen-
tation. If we consider the p orbitals of phosphorus in PF3, a C3, molecule, we
can see that the p, orbital has A; symmetry. On the other hand, the p, and p,
orbitals form an inseparable set with E symmetry. In other words, no single
function can have E symmetry and it takes two functions to form an E set. It
is straightforward to show that the E representation is orthogonal to both A
and Aj. Similarly, the x> — y? and xy functions for an E set and the xz and yz
functions constitute yet another E set. In passing, it is pointed that the nota-
tion of representation E originates from the German word entartet, meaning
degenerate or abnormal. It should not be confused with the identity operation
E, which, as already mentioned, is from Einheit meaning unity.

A similar situation exists for the C4y group, as shown in Table 6.3.4. Now there
are five classes of operations and hence five irreducible representations. With
h =8, there are four one-dimensional and one two-dimensional representations
[cf. eq. (6.3.4)]. For a hypothetical AX4 (or AX5) molecule with C4, symmetry,
the p, orbital on A has A| symmetry (note that the Cy axis is taken as the z axis),
while the p, and p, functions form an E pair. Regarding the d orbitals on A, the
d,2 orbital has A| symmetry, the d,2_ > orbital has B symmetry, the dy, orbital
has B, symmetry, while the d,; and d,, orbitals form an E set.

6.4 The direct product and its use
6.4.1  The direct product

In this section we discuss the direct product of two irreducible representations.
The concept of direct product may seem abstract initially. But it should become
easily acceptable once its applications are discussed in subsequent sections.

When we obtain the direct product I'j; of two irreducible representations I
and I3, ie.,

I'; x I'; = I'jj (sometimes written as 1; ® 7). (6.4.1)

I';j has the following properties:

(1) The dimension of Ij; is the product of the dimensions of I; and I7;
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Table 6.4.1. Direct products of the representations of the C3, group

Csy E 2C3 30y

A 1 1 1

Ay 1 1 -1

E 2 -1 0

Al ><A1 1 1 1 EA[

Aq x Ay 1 1 ~1 =4,

Al X E 2 -1 0 =E

Ay X Ay 1 1 1 = A

Ay X E 2 -1 0 =E

ExE 4 1 0 = A + Ay + E*

* (A = 1/6)@ D) + 2 (D) + 30D = 1;
n(Az) = (1/6)[(4) (1) +2(H (1) +3(0)(—DI = 1;
n(E) = (1/6)[(H(2) +2(H (=) + 3(0)(O)] = 1.

(2) The character of I';; for operation R is equal to the product of the characters
of I; and [} for the same operation:

Xij(R) = xi(R) x;(R). (6.4.2)

(3) In general, I}; is a reducible representation, i.e., a combination of irre-
ducible representations. The number of times the irreducible representation
Iy occurs in the direct product I'}; can be determined by:

1
me= 3 Xi(R) xk(R). (6.4.3)
R

Now let us apply these formulas to some examples. All the direct products
formed by the three irreducible representations of the C3, group are summarized
in Table 6.4.1. These results show that the direct product of two irreducible
representations is sometimes also an irreducible representation. When it is not,
its constitution can be readily determined using eq. (6.4.3).

When eq. (6.4.3) is examined more closely, it is seen that, the division by
h, the group order, makes the equation untenable for groups with an infinite
order, namely, Cwoy and Dop. Fortunately, in most cases the decomposition of
a reducible representation for such groups can be achieved by inspection. Also,
a work-around method is available in the literature (see references 19 and 20
listed at the end of the chapter). In any event, examples will be given later.

Based on the rather limited examples of direct products involving the rep-
resentations of the Cs, group, we can draw the following conclusions (or
guidelines) regarding the totally symmetric representation Irs:

(1) The direct product of any representation I; with I'rg is simply I7;.

(2) The direct product of any representation [; with itself, i.e., I x I3, is or
contains I'ts. In fact, only the direct product of a representation with itself
is or contains ITs.

These results are useful in identifying non-zero integrals involving in various
applications of quantum mechanics to molecular systems. This is the subject to
be taken up in the next section.
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6.4.2  Identifying non-zero integrals and selection rules in spectroscopy

The importance of direct products becomes more obvious when we consider
some of the integrals we encounter in quantum chemistry. Take the simple
case of

I wailﬁjdf. (6.4.4)

Anexample of /1 is the overlap integral with v; being an orbital on one atom and
Y; an orbital on a different atom. Integral /; will vanish unless the integrand
is invariant under all symmetry operations of the point group to which the
molecule belongs. This condition is a generalization of the simple case of

L = /OO ydx = fwf(x)dx. (6.4.5)

When f (x) is an odd function, i.e., f (—x) = —f (x), I = 0. Integral I; vanishes
because the integrand is not invariant to the inversion operation.

Returning to integral /1, when we say that integrand ;3 is invariant to all
symmetry operations, it means, in group theory language, the representation
for ¥;v; (denoted I7;) is or contains I°rs. In order for I to be or contain I'rs,
I'; (representation for ;) and I (representation for ;) must be one and the
same. In chemical bonding language, for two atomic orbitals to have non-zero
overlap, they must have the same symmetry.

Another integral that appears often in quantum chemistry is the energy
interaction integral between orbitals 1; and

I = / YiH yidr, (6.4.6)

where H is the Hamiltonian operator. Since H is the operator for the energy
of the molecule, it must be invariant to all symmetry operations; i.e., it has the
symmetry of I'rs. It follows that the symmetry of the integrand of I3 is simply
It x I'rs x I; =15 x 1.

For I'; x I’ to be or to contain I'ts, I'; = [7}. In non-mathematical language,
only orbitals of the same symmetry will interact with each other.

Integrals of the form

Iy = / YiAy;de, (6.4.7)

where A is a certain quantum mechanical operator, are also common in quantum
chemistry. For these integrals to be non-vanishing, I x I'4 x [} is or contains
I'rs . For such condition to hold, I'; x I must be or contain I4. (So /3 is a
special case of 14.) In the following, we consider a special case of I4.

In spectroscopy, for an electronic transition between the ith state with wave-
function ¥; and the jth state with wavefunction s, its intensity in the x, y, or
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Fig. 6.4.1.
Polarization of all electric dipole
transitions for a Cp,, molecule.
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z direction (denoted as Iy, Iy, and I, respectively) is proportional to the square
of an integral similar to I4:

2

Ix X /Iﬂiij'd‘[ . (6.4.8)
2

I, /I/Iiyl/fjd‘f , (6.4.9)
2

I, x /wiztﬂjdr . (6.4.10)

Stating the conditions for Iy, Iy, and I, to be non-zero amounts to laying down
the selection rule for the electric dipole transitions. Based on the foregoing
discussion, it is now obvious that, for a transition between states with wave-
functions ; and v; to be allowed, direct product I x I must be or contain
I, Iy, orI7.

Let us now apply this method to see whether the electron transition between
states A, and B, is allowed for a molecule with C,, symmetry (such as H,S):

Iy =As =BT
Iy =As 1y =By, I
I=A T = ALT

B, : Ay xB1 xBy = Ay, allowed in the x direction;

By : Ay xByxBy = A, forbidden in the y direction;

By : Ay xA| xBy = B, forbidden in the z direction.

So the transition A, <> B is allowed in the x direction, or x-polarized. The
polarization of other transitions can be determined in a similar manner. The
polarization of the allowed transitions for a C,, molecule is summarized in
Fig. 6.4.1.

Awell-known selection rule concerning centrosymmetric systems (those with
a center of inversion) is the Laporte’s rule. For such systems, states are either
g (even) or u (odd). Laporte’s rule states that only transitions between g and
u states are allowed; i.e., transitions between two g states and those between
two u states are forbidden. With the foregoing discussion, this rule can now
be easily proved. For centrosymmetric molecules, the three components of the
dipole moment vector are all u. For g <> g transitions, the overall symmetry

A, Ay

z—polarize(& /z—polarized
A, forbidden 4

x-polarized y-polarized x-polarized
-
B <forvidaen” 22
z—polarize;d/‘ ‘\:polarized

B B,
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of the transition dipole moment is g X u X g = u (antisymmetric) and hence
the transition is not allowed. For u <> u transitions, we haveu X u x u = u
and the transitions are again forbidden. Foru <> gones, wegetu xuxg=g
(symmetric) and they are allowed.

In this section, we have shown that, by determining the symmetry of the
integrand, we can identify the non-zero integrals and, in turn, derive the various
selection rules in electronic spectroscopy.

6.4.3  Molecular term symbols

In our treatment on the bonding in linear molecules, we called the molecular
orbitals of these systems either o or  orbitals. We now know that o and 7 are
actually irreducible representations of the Cooy Or Do, groups. For nonlinear
molecules, names such as ¢ and w no longer apply. Instead, we should use
the symbols of the irreducible representations of the symmetry group to which
the molecule belongs. So for the Cpy molecules such as H>S and H»O, the
molecular orbitals are ay, ap, by, or by orbitals. (Again we note that we use
lower case letters for individual orbitals and capital letters for the overall states.
This is a convention we also use for atoms: we have s, p, d, . .. atomic orbitals
and S, P, D, . .. atomic states.) If the molecular orbitals have the symmetries of
the irreducible representations, so do the states, or the molecular term symbols,
arising from the electronic configurations. This is the subject to be taken up in
this section.

When the electronic configuration has only filled orbitals, there is only one
state: ! I'rg , where I is the totally symmetric representation. If the configura-
tion has only one open shell (having symmetry I';) with one electron, we again
have only one state: 2I;. When there are two open shells (having symmetries
I'; and I}) each with one electron, the symmetry of the state is 17 x I; = I
and the overall states (including spin) are *I}; and ! I};.

Let us now apply this method to a specific example. Consider the ethylene
molecule with Do, symmetry. As can be seen from the character table of the
Dy, point group (Table 6.4.2), this group has eight symmetry species. Hence
the molecular orbitals of ethylene must have the symmetry of one of these eight
representations. In fact, the ground electronic configuration for ethylene is

(Lag)*(1b1y)? (2ag)? 2b1y)* (1b24)* (3ag)? (1b3g)* (1b34)* (1b2g)°.

Table 6.4.2. Character table of point group Dy

Dyy E Crx) G Co(x) i oxy) o(xz) o(yz)

Ag 1 1 1 1 11 1 1 x2,y2, 22
Bjg | 1 —1 ~1 11 -1 -1 R, xy
By 1 -1 1 -1 1 -1 1 -1 R xz
By 1 -1 -1 1 1 -1 -l 1 R 2
Aw 1 1 1 1 S e B
B, 1 1 —1 —1 -1 -1 1 1z
By 1 -1 1 -1 O | 1y

1

By, —1 -1 1 -1 1 -1 -1 x
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Fig. 6.4.2.

Some molecular orbitals of ethylene
(point group D»y,). All are completely
filled except 1b2 in the ground state.
The x axis points into the paper.
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25 B8 §T 58

X 2b,, 1by, 3a,
y
i ; i ; X
Z
13, 1bs, 1y,

So the eight pairs of electrons of this molecule occupy delocalized molecular
orbitals lag to 13y, while the first vacant orbital is 1b2,. Note that the names of
these orbitals are simply the symmetry species of the Doy, point group. In other
words, molecular orbitals are labeled by the irreducible representations of the
point group to which the molecule belongs. So for ethylene there are three filled
orbitals with A, symmetry; the one with the lowest energy is called 1ag, the next
one is 2ag, etc. Similarly, there are two orbitals with By, symmetry and they
are called 11, and 2b1,. All the molecular orbitals listed above, except the first
two, are illustrated pictorially in Fig. 6.4.2. By checking the D,y character table
with reference to the chosen coordinate system shown in Fig. 6.4.2, it can be
readily confirmed that these orbitals do have the labeled symmetry. In passing,
it is noted that the two filled molecular orbitals of ethylene not displayed in Fig.
6.4.2, 1ag and 1by,, are simply the sum and difference, respectively, of the two
carbon 1s orbitals.

So for the ethylene molecule, with an electronic configuration having only
filled orbitals, the ground state is simply 1Ag, where Ay is the totally symmetric
species of the Djn point group. For the ethylene cation, with configura-
tion ...(1b3y) I the electronic state is 2Bs,. For ethylene with the excited
configuration .. .(1b3u)1(1b2g)1, the electronic states are 'Bj, and 3Bjy, as
B3y x Bag = Bry.

If, in the configuration, there are a number of completely filled orbitals and
one open (degenerate) shell with two (equivalent) electrons, there will be singlet
as well as triplet states. To determine the spatial symmetry of these states, we
make use of the formulas:

n=2: x(R,singlet) = 12[x*(R) + x (R*)], (6.4.11)
x (R, triplet) = 112[x2(R) — x (R?)]. (6.4.12)

In egs. (6.4.11) and (6.4.12), x*>(R) is the square of x (R), while x (R?) is the
character of operation R?, which, according to group theory, must also be an
operation of the group.
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Table 6.4.3. Derivation of the electronic states arising from configuration
(€)? of a molecule with C3y symmetry

Czy E 2C3 3oy
Ay 1 1 1
As 1 1 -1
E 2 -1 0
R E C3 Oy
R? E C; E
x (R) in E representation 2 -1 0
XZ(R) in E representation 4 1 0
X(Rz) in E representation 2 -1 2
x (R, singlet) = 12[x2(R) + x(R®)] 3 0 1 =lE+1a
X (R, triplet) = 12[x2(R) — x(R®)] 1 1 -1 =34

For a molecule with C3, symmetry, when there are two electrons in an
e orbital; i.e., when we have a configuration of (e)? (note that it takes four
electrons to completely fill the doubly degenerate e orbital), we can use eqs.
(6.4.11) and (6.4.12) to derive the electronic states of this configuration, as
shown in Table 6.4.3.

According to Hund’s rule, among the three electronic states derived, A>
should have the lowest energy. So for a molecule with C3, symmetry, config-
urations involving e orbitals will lead to the following electronic states: (e)!,
2E; (€)2, 3A5 (lowest energy), LE, TA1; ()3, 2E; (e)*, 1A;. Note that (e)! and
()3, being conjugate configurations, have the same state(s), analogous to the
p! and p° configurations for atomic systems.

Now let us turn to a three-dimensional irreducible representation for the
first time. Take the T, representation of a molecule with Oy symmetry as an
example. For configurations (tzg)l and (lzg)s, the only electronic state is 2T2g.
(Note that a £, orbital can accommodate up to six electrons.) For configurations
(tzg)2 and (tzg)4, the states are 3T1g (lowest energy), szg, 1Eg, and lAlg. The
detailed derivation of these states is summarized in Table 6.4.4. For (tzg)f‘, a
closed-shell configuration, the only term is 'A; g» a singlet state with totally
symmetric spatial wavefunction. For the only remaining configuration, (lzg)3,
there will be doublet and quartet states. To derive these states, we require the
following formulas:

n=3: x(R, doublet) = %[x3(R) — x(R®), (6.4.13)

1
x (R, quartet) = (5) [X3(R) — 3x(R)x (R*) + 2x(R)].
(6.4.14)

In egs. (6.4.13) and (6.4.14), x (R?) is the character of operation R3 which of
course is also one of the operations in the group. Applying these equations,
we can derive the following states for the (tzg)3 configuration: 4A2g (lowest
energy), 2T1g, 2T2g, and 2Eg, as shown in Table 6.4.4.
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Table 6.4.4. Derivation of the electronic states arising from the configurations (tzg)2 and (tzg)3

of a coordination complex with Oy, symmetry

On E 8C3; 6Cy 6Cs 3C3 i 6Ss 8S¢ 30n 604
Alg 1 1 1 1 | S U U SR R
Azg 1 1 -1 -1 11 -1 1 -1
E, 2 -1 0 0 2 2 0 -1 2 0
Tig 3 0 -1 1 -1 3 1 0 -1 -1
Tog 3 o 1 -1 -1 3 -1 0 -1 1
A 1 1 1 1 1 -1 -1 -1 -1 -1
A 1 1 -1 -1 1 -1 1 -1 -1 1
Ey 2 -1 2 -2 0 1 =2 0
Thy 3 0 -1 1 -1 -3 -1 0 1 1
Toy 3 o 1 -1 -1 -3 1 0 1 1
R E C3 C Cs C¥ i Si S¢ on o4
R? E C; E (3 E E C; ¢ E E
R} E E C Cs C* i S i on o4
X(R)inTp 3 0o 1 -1 -1 3 -1 0 -1 1
X(RHinT,, 3 0 3 -1 303 -1 0 3 3
X(R)inT, 3 3 1 -1 -1 3 -1 3 -1 1

x (R, singlet)

x (R, triplet)

x (R, doublet)
x (R, quartet)

w o
o o
|
—_ N
- o
|
— N
w o
- o
o o
|
—
|
—
i
w
e

Ll

2Eg + g + Tog
4A2g

— oo
|
_—
|
=
|
- o
- o
— o0
|
- o
|
_
- o
|
=
[

For the

sake of completeness, we give below the formulas for open-shell

systems with four or five equivalent electrons:

n=4:

n=>5: x(R, doublet) :(

1
x (R, singlet) = (

12) [x*(R) — 4x(R)x (R + 3x*(RH)],

(6.4.15)
X (R, triplet) = ( ) [x*(R) — 2x*(R)x (R?)

+2x(RY — x*(RH)], (6.4.16)
1

R, tet) =
x (R, quintet) (24

) [x*(R) — 6x*(R)x(R*) + 8x (R)x (R?)

—6x(RY 4 3x2(RY)]. (6.4.17)
1

> 4> X3 (R) —2x3(R)x (R*) — 4x*(R) x (R®)

+ 63 (R) X (R +3x(R)x*(R?)
— 4 (RHx (RY)], (6.4.18)

1 5 3 2 2 3
x (R, quartet) = (%> [x"(R) = 5x (R)x(R") + 5x"(R)x (R”)

+5x(RH)x(R?) — 6x(R)], (6.4.19)
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Table 6.4.5. The direct product of IT x IT or a molecule
with Cooy symmetry

Coov E 202 . 00Oy
zt 11 1
D 1 1 oo =1
I 2  2cos¢ 0
A 2 2cos2¢ 0
0] 2 2cos3¢ 0
raaxrm 4 4cosz¢=2+2c052¢ 0

1 5 3 2 2 3
x (R, sextet) = (ﬁ) [ (R) — 10" (R) x (R”) +20x~“(R) x (R”)

—30x(R)x(R*) + 15x(R) x*(R?)
—20x(R®) x (R?) + 24x(R)). (6.4.20)

Equations (6.4.15) to (6.4.20) may be of use for systems with I, symmetry.
For such systems, we may be dealing with orbitals with G or H symmetry,
which have four- and five-fold degeneracy, respectively.

To conclude this section, we discuss an example involving a linear molecule,
for which eq. (6.4.3) is not applicable. Consider configuration (177)! (27)! for
linear molecule XYZ with Csoy symmetry. As shown in Table 6.4.5, we can
decompose the direct product IT x IT into the symmetry species of the Cooy
group, without using eq. (6.4.3) explicitly.

To decompose I" (IT x IT), by inspecting x (Cffo), we can see that I"(TT x IT)
must contain A once. Elimination of A from I"(IT x IT) yields characters (2,
2, ..., 0), which is simply the sum of >+ and . Hence, after considering
the spin part, it can be readily seen that the states arising from configuration
amr@em)tare3A, A3+, 15+ 3%~ and '=-.

In addition to the derivation of selection rules in electronic spectroscopy
and electronic states from a given configuration, there are many other fruitful
applications of group theory to chemical problems, some of which will be
discussed in the next chapter.
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Appendix 6.1 Character tables of point groups

1. The non-axial groups

G| E

A |1

CS E Oh

Al 1 |y R | X%,y 22 xy | x2?, y2% x(6 =3y, y(3x? —y?)
A" |1 =1 |z Ry, Ry | yz, xz 23, xyz, z(x? — y?)

Ag |1 =1 | Ry, Ry, R, | X%, ¥, 22, xy, xz, ¥z

Ay |1 =1 | x, 9,2

all cubic functions

2. The C, groups

C | EC,

22, xyz, z(x? —y?)

Al 1|z R X2, 2, 22 xy
xz2, yz2, x(x2 = 3y?), y(3x2 — y?)

B I =1 | x, 9, R, Ry | ¥z, xz

C;| E C; C% € = exp(2mi/3)

A 1 1 1 Z, R, x?+y2, 22 23, x(x* = 3y?), y(3x% —y?)
1 *

E {1 oo } (6 ) Res B | 02 =32 ), 0z, x2) | (122, y22, Loz, 262 = y2)]




Cy | E csy Co Ci |
Al 1 11 1 |z R 4y |2
B 1 -1 1 -1 X2 —y2, xy | xyz, z(x% — y?)
1 i -1 =i
E {1 IV } @, ¥, Ry, Ry) | (2, y2) | (@22, y2%), [ = 3y%), y(3a? —y?)]
Cs | E Cs C% Cg C‘5t € = exp(2wi/s)
A 11 1 1 1 z R, 2y 2|8
1 € €2 € e*
L R P } @ ¥), (Re, Ry) | (2, x2) (xz, y2)
1 e e e e 22 22 2 2 22
Ex |11 o o 2 (= =y% xy) | Doz, 2 = y9)], [x(e” = 3y7), y(3x= — y7)]
Co | E C¢ C3; C, €3 C3 € exp(27i/6)
A 1 1 1 1 1 Z, R; x> +y2, 72 23
B 1 -1 1 -1 1 -1 x(x% — 3y2), y(3x% —y?)
1 € —e* -1 —e €* 2 2
El {1 6* —€ _1 _6* € } (-x7 y)’ (RX7 Ry) (.XZ, yZ) (XZ > yZ )
1 —e* —€ 1 —€* —e s 9 2 9
E2 {] S _6* 1 —€ _E* (-x -y ,x)’) [xyZ, Z(-x -y )]




G|E ¢ ¢ ¢ i ¢ C € =exp(2mi/7)
A 1 1 1 1 Z R, X2y 2 | P
1 2 3 3% 2% * ) )
El 1 * Dk Bk 3 2 } (-x7 )’)» (R)ﬁ Ry) (-xZa yZ) (xZ b} yZ )
1 62 63* e* 3 E2>x<
Ex| i, > o5 . . o2 (o2 —y% xy) | [xyz, 26 = yD)]
1 63 * 2 2% 63* ) ) ) )
E3 1 3+ 2 2 % &3 } [x(x= — 3y7), y(3x~ — y7)]
G|E €3 €y €y €3 €3 €3 C} € = exp(2mi/8)
A 1 1 1 1 1 1 1 1 7, R, P S
B 1 -1 1 1 1 -1 -1 -1
1 € i -1 —i —e€ —€ €* 2 9
El 1 E* _l _1 l —€ —€ € } (x’ Y), (Rx, Ry) (xZ’ YZ) (xZ ) )’Z )
1 1 _1 1 —1 —i i —i 2 .2 2 .2
By, 1 1 _1 ; i ; } = =y% xy) | [xyz, z(x® — y9)]
1 —€ i -1 —i e* —e* 5 5 5 5
Es [\ e+ i ; B . [x(x® = 3y%), y(3x~ —y7)]




3. The D,, groups

Dy |E Ca(z) Ci(y) Ca(n) |

A 1 1 1 1 X2, yz, Z2 xyz

By | 1 1 —1 —1 |z, R, | xy 2, z2(x*> —y?)

B, |1 -1 1 —1 |y Ry |xz yz2, y(3x% —y?)

B; |1 —1 —1 1 X, Ry | yz xz%, x(x% — 3y2)

D3 | E 2C3 3C, | (x axis coincident with C3)

ALl 1 x4 y2, 22 x(x? — 3y?)

A1l 1 -1z R 2, y(3x2 —y?)

E |2 -1 0|@&y, ReR)| &=y x), 0z, y2) | (122 y22), [xyz, 22 — y2)]

Dy | E 2C4s Cy(=C3 20, 2C (x axis coincident with C3)

Arl1 1 1 1 1 x> +y% 22

A |11 1 -1 -1 |z R, z

B |1 — 1 1 —1 x> —y? xyz

B |1 — 1 1 1 xy 2 —y?)

E |2 -2 0 0 |y RuRy | (xz,y2) (22, y22), [x(x* — 3y%), y(Gx? —y?)]
Ds | E 2Cs 2C2 5C, | (x axis coincident with Cy)

Ar |1 1 1 1 422

A |1 1 1 —1 |z R, z

Ei |2 2cos72° 2cos144° 0 | (x,y), (Re, R)) | (xz, y2) (2%, yz2)

Ey |2 2cos144° 2cos72° 0 2 =y, xy) | oz, 262 — yH)], [x(x2 = 3y?), y(3x? —y?)]



D¢ | E 2Cs 2C3 C, 3C, 3C) (x axis coincident with C%)

A1 1 1 1 -1 1 x> +y% 2

A1 1 1 1 -1 —1 |z R z

B |1 -1 1 -1 | x(x% — 3y?)

B, |1 —1 1 -1 -1 1 y(3x2 — y?)

Ei |2 -1 -1 =2 0 0 |@®y, R, R | Gz y2) (xz2, yz%)

E |2 -1 -1 =2 0 0 2 =2, xy) | [ryz, z(x% —y?)]

4. The Cpy groups

Cy |E Cr oy(x2) 0,(y2) |

Ay |11 1 1 |z X232, 22| 28, 26—y

As 1 1 —1 -1 R, Xy xyz

B, 1 -1 1 —1 X, Ry | xz xzz, x(x2 — 3y2)

B |1 -1 ~—1 1 v, Ry | vz yz2, y(3x? —y?)

Cy | E 2C3 3oy |

A |11 1 |z x?+y% 2 2, x(x? — 3y?)

A |1 1 —1 |R, y(3x2 — y?)

E |2 -1 0 |y, ReR)| &=y xy), Oz, y2) | 022, y22), [xyz, 22 —yD)]



Cyqy | E 2C4 Cp 20y 204

A |11 11 1 |z 4y 2|2

A, |1 1 1 -1 =1 |R,

By |1 -1 1 1 -1 x% —y? z(x2 —y?)

B> 1 -1 1 -1 1 Xy xyz

E |2 0 =2 0 0 |y, R.R) |Gz y2) (2%, yz3), [x(x? = 3y%), y(3x? = y?)]
Csy | E - 2Cs 2€2 5o,

Al 1 1 z X+ y2, z2 2

Ay |1 1 — R.

Ei |2 2c0s72° 2cosl44® 0 | (x,y), (R, R | (xz, y2) (xz%, yz%)

Er | 2 2cosl44® 2cos72° 0 o2 =y, 1) | Boyz, 26 — yH], e = 3y?), y(3x? —yH)]
Cov | E 2C¢ 2C3 2Cp 30y 04

A |11 1 1 1 1 |z Py 2 |2

A |11 1 1 -1 -1 |R,

By |1 —1 1 -1 1 -1 x(x? —3y?)

B, |1 —1 1 -1 -1 1 y(3x? —y?)

Er |2 1 -1 =2 0 0 |y, R,R |z y2) (xz%, yz%)

E, |2 -1 -1 2 0 0 &2 =32, 1) | Bz, 262 = y)]




5. The C,, groups

C2h E C2 i Oh |

Ag |11 1 1 |R 2, y% 2 xy

By 1 —1 1 —1 Ry, Ry | xz, y2

Ac |1 1 =1 =1 |z 3, xzy, z2(x? —y?)

By I =1 -1 1 |x, xz2, yzz, x(x2 — 3y2), y(3x2 —y2)

Caw | E Cs C3 on S3 S3 € = exp(2mi/3)

Al 1 1 1 11 1 R, 2432 22 | x(x® =3y?), y(3x% —y?)
1 € €* 1 € €*

/ 2.2 2 .2

E {1 o . 1 e c } oy | 7=y, xy) | (25, yz7)

A" |1 1 1 -1 -1 -1 z 7
1 € €* -1 —e —e*

E" {1 o . 1 et e } (Rx, Ry) | (xz, y2) [xyz, z(x* — y%)]

Caw| E Cy C, C3 i S5 on Sa

Ag | 1 11 1 1 11 R, x4y

B, 1 -1 1 -1 1 -1 1 -1 x> —y%, xy
1 i -1 —-i 1 i =1 —i

Eg {1 _l _1 l 1 _l _1 . (RXs Ry) (xZ, yZ)

Ad | 1 1 1 1 -1 -1 -1 -1 |z z

By 1 -1 1 -1 -1 1 -=1 xyz, z(x% — y?)
1 i -1 —i -1 —i 1

u {1 _l _1 l _1 i 1 _l Xy (-xzza yZZ), [-x(-x2 - 3}’2), )’(3x2 - )’2)]




—_
A~
S
y
|
~
A
—
N
= &
- -
A~
SN |
N
al & 0 3
o = | Y]
= P N -
am N, RS N
— = = o W/.
p N— _— N .
5 2
%% =
w - SN
N £ w
| -~
F o 5
L Na) Na)
=
~ R
-~ -
NP
x = v B
e e, r—
*
o * & « * A
A I R R
% *
* SIS *
2&3126266616666
[T A
¥ *
* N A%
~M\_UJ‘IAZ,_LZ,_.\66166éé
[ O
%166664%%%%
= 111111111
o™ [ T O A
* *
<) * SIS ow A
Ol v Y vuw— vow
* *

SIS * SIS *
@1666616666
* *

N A ¥ SIS

7031666616666
e} * o & * o &
Ol vvww— VvV y v
E1111111111
=

| ~ — s X N T
Olt R RN o< R &3]

~~
[q\]
>
|
%
—
< &
- >
~ |
7.y\|/ (o'}
(o]
S AU CRs
= | N w2
= N
B ST ne
S SN
= R 2 &
5 2
(o]
Il :
L o
I B e
+ |
NN
N
= s B
=
X ~
- -~
. -
< x - Na?
r— —
gl * * *
511666611666*6
Frr (.
N=) *
Slleeeél_:l_AE* RV
[ N v
%111111111111
[ | |
N= * * * *
GTTRY YT e
* * ¥
%1%66%%41%%66
| T e e e e e e =
[
I \O * * * *
11_A€66611_A€€66
[ |
o o) * * %
A R e VAR VR VR )
[ I [
Qllllllllllll
[ [
o * * * *
Olm— v vuevuv——vuwvuwuy
[ I [
=) * % * %
Ol W~ vvuevuev—"uvuwvuuwuuwuw
_ I _ _
Ellllllllllll
G| w w2 & == 2 a
Ol < K RN <A K 53|



6. The D}, groups

Dy | E Ce(z) Cao(y) Cox) i oxy) o(xz) o(yz)

Ag |1 1 1 1 1 1 1 1 X%, y2, 22

By, |1 1 -1 —1 1 1 -1 -1 |R |x

By, |1 —1 1 -1 1 -1 1 -1 |R|x

By, |1 -1 -1 1 1 -1 -1 1 | R:|yz

A |1 1 1 1 -1 -1 -1 -1 xyz

By | 1 1 -1 -1 -1 -1 1 1 z 23, 2(x* —y?)
Buw |1 -1 1 -1 -1 1 -1 1 |y yz2, y(3x% —y?)
Baw |1 —1 -1 1 -1 1 1 -1 |x xz2, x(x* — 3y?)
Dy, | E 2C3 3C, op 283 3oy (x axis coincident with C,)

Ayl o111 11 X2y 2| x(? = 3yY)

A, 11— 1 1 —1 |R. y(3x2 — y?)

E |2 -1 0 2 -1 0 |y |62=y4x|&d vy

AT 1 1 -1 -1 -1

A1 1 -1 1 -1 1 |z 2

E’ |2 —1 0 —2 1 0 | (R, R | (xz, y2) [xyz, z(x? — y?)]




Dy | E 2C4 Cyo 2C, 2C; i 2S84 on 20y 204 (x axis coincident with C%)

A1 1 1 1 1 1 1 1 1 1 xt+y?, 2

Ag |1 1 1 -1 -1 1 1 1 -1 -1 |R,

Big |1 -1 1 1 -1 1 -1 1 1 -1 x2—y?

By |1 -1 1 -1 1 1 -1 1 -1 1 xy

Es |2 0 -2 0 0 2 0 -2 0 0 |®R.R)]| Gz y2)

A |1 1 1 1 1 -1 -1 -1 -1 -1

Aw |1 1 1 -1 -1 -1 -1 -1 1 1 |z 2

Bu|l1 -1 1 1 -1 -1 1 =1 -1 1 xyz

By |1 —1 1 -1 1 =1 1 -1 1 -1 (2 —y?)

E. |2 0 =2 0 0 -2 0 2 0 0 |@&y (xz2, yz2), [x(x* = 3y?), y(3x% — y)]
Dsy | E 2Cs 2C3 5C, on 285 283 20y (x axis coincident with C})

Ay |1 1 1 11 1 1 x? 432,22

A, |1 1 1 -1 1 1 1 —1 | R,

E/ |2 2cos72° 2cosldd® 0 2 2cos72° 2 cos 144° 0 | (x,y) (xz2, yz?)

E) |2 2cosl44® 2cos72° 0 2 2cosl44° 2cos 72° 0 (2 =y, xy) | [x(x2 = 3y?), y(3x2 — y?)]
AT |1 1 1 1 -1 -1 —1 -1

Ay 1 1 -1 -1 ~1 ~1 1]z 22

Ei/ 2 2cos72° 2cosl44® 0 =2 —2co0s72° —2cos 144° 0 | (Rw,Ry) | (xz,¥2)

E] | 2 2cosl44° 2cos72° 0 -2 —2cosl44® —2cos72° 0 [xyz, z(x* — y?)]




Deh | E 2C¢ 2C3 C» 3C, 3C) i 283 2S¢ on 304 30y (x axis coincident with C})

A | 1 1 1 1 1 1 1 1 1 1 1 1 x?+y? 22

Ay | 1 1 1 1 -1 -1 1 1 1 1 -1 -1 |R,

Bg | 1 ~—1 1 -1 1 -1 1 -1 1 -1 1 -1

By | 1 —1 1 -1 -1 1 1 -1 1 -1 -1 1

Eig | 2 1 -1 -2 0 0 2 1 -1 -2 0 0 | RuRy | (xz,y2)

Ep | 2 -1 -1 2 0 0 2 -1 -1 =2 0 0 (2 =2, xy)

A | 1 1 1 1 1 1 -1 -1 -1 -1 -1 -1

Aw | 1 1 1 1 -1 -1 -1 -1 -1 -1 1 1 |z z3

Biu 1 -1 1 -1 1 -1 -1 1 -1 1 -1 1 x(x? — 3y?)
Bou 1 -1 1 -1 -1 1 -1 1 -1 1 1 -1 y(3x2 — y?)
Ewn | 2 1 -1 =2 0 0 -2 -1 1 20 0| (xy (xz%, yz%)
Ew | 2 -1 -1 2 0 0o -2 1 1 =2 0 0 [xyz, z(x? — yH)]
Dgn |[E 2Cs  2C3 2C4 CL4CL4C5 i 283  2Sg 284 opdoy 4oy (x axis coincident with C})
Al 1 1 111 1 11 1 1111 2 4y2 2

Agg | 1 1 1 1 1 -1-1 1 1 1 1 1 -1 —1|R;

Big|1 —1 —1 1 1 1 -1 1 -1 —1 1 1 1 -1

By |1 —1 -1 1 1-1 1 1 -1 -1 1 1 -1 1

Eg|2 OV —@Y2 0-2 0 0 2 @72 —@Y 0-2 0 0|(RR)|Gz, y2)

Ex|2 0 0 -2 2 0 0 2 0 0 -2 2 0 0 (2 —y?%, xy)

Ex|2 -2 @2 0-2 0 0 2 -2 @2 0-2 0 0

A | 1 1 1 1 1 1 1 -1 -1 -1 -1 -1 -1 -1

A | 1 1 1 1 1 -1-1-1 -1 -1 -1 -1 1 1|z z?

B |1 -1 —1 1 1 1 -1 -1 1 1 -1 -1 -1 1

Bul|1l —1 -1 1 1 -1 1-1 1 1 -1 -1 1-1

Enl|l2 @2 —@72 02 0 0-=2 —-@72 @72 0 2 0 0|y (xz2, yz?)

Epn |2 0 0 -2 2 0 0-=2 0 0 2 -2 0 0 [xyz, z(x? — y?)]
Ea |2 =2 2 02 0 0-2 @72 —@Y2 0 2 0 o0 x(x? = 3y%), y(3x* —y?)]




7. The D,q groups

Dy | E 284 C; 2C) 204 (x axis coincident with C%)

Al o1 1 11 x* 432, 22 | xyz

A |1 1 1 =1 —1|R, z(x2 —y?)

Bi |1 -1 1 1 -1 x> —y?

B | 1 -1 1 -1 1]z x, y) (22, yz2), [x(x* = 3y%), y(3x* — y?)]
E|2 0 -2 0 0|@@»ReR) |0z | 6z2 yD), x(2 —3y2), y3x2 — )]

D3 | E 2C3 3C; i 28¢ 304 (x axis coincident with Cy)

A 1 1 1 1 1 1 X2 +y2, 22

A | 1 1 =1 1 1 —1|R,

Eg | 2 =1 0 2 =1 0 |@®.Ry|&—y% )0z, y2)

A | 1 1 1 =1 =1 -1 x(x? — 3y?)

Aw | 1 1 =1 -1 -1 1|z yGx2 —y9), 2

Ea| 2 -1 0 =2 1 0]@y (22, yz2), [xyz, 2(x* — y)]

Dy | E 28 2C4 25% C, 4C) 4o} (x axis coincident with C})

A |1 1 1 1 1 1 1 x2+y% 2

Ay | 1 1 1 1 1 -1 —1 |R,

B |1 -1 1 —1 1 1 -1

By | 1 —1 1 -1 1 =1 -1 |z 2

El |2 @V 0 -@7 -2 0 0|y (xz2, yz2)

E |2 0 -2 0 2 0 0 (o2 —y% xy) | [xyz, 26 = yD)]

Ez |2 —@Y* 0 @7 =2 0 0 |(®R.R)| Gz y2) [x(x? = 3y%), y(3x* — y?)]




Dsq | E 2C5 2C§ 5C, i ZS?O 2810 S04 (x axis coincident with C3)

A | 1 1 11 1 1 1 ¥ +y? 22

Ay | 1 1 -1 1 1 1 —1 | R,

Eig | 2 2c0s72° 2cosld44° O 2 2cos72° 2 cos 144° 0 | (Re,Ry) | (xz,¥2)

Ex | 2 2cosl44° 2cos72° 0 2 2cosl44®  2c0s72° 0 (2 = y2,xy)

Aw | 1 1 1 -1 -1 -1 -1

A | 1 1 -1 -1 —1 -1 1|z 7

Eiw| 2 2cos72° 2cosl44® 0 -2 —2cos72° —2cosld44® 0 | (x,y) (xzz, yzz)

Eryy | 2 2cos144° 2cos72° 0 —2 —2cosl44® —2cos72° 0 [xyz, z(x2 — y2)],
[x(x? = 3y%), y(3x* — y?)]

Deq | E 2812 2Cq¢ 284 2C3 C, 6C, 504 604 (x axis coincident with C,)

A |1 1 1 1 1 1 1 1 1 X2 +y2,22

A |1 1 1 1 1 1 1 -1 —1 |R;

Bi |1 -1 1 -1 1 -1 1 1 -1

B, |1 —1 1 -1 1 -1 1 -1 1|z 7

El |2 (3)1/2 1 0 -1 -2 2 0 0|y (xz%,y7%)

E |2 1 -1 =2 -1 1 2 0 0 (2 —y2,xy)

Ez |2 0 -2 0 2 0 -2 0 0 [x(x? = 3y%), y(3x* — y?)]

Es | 2 -1 -1 2 -1 -1 2 0 0 [xyz, z(x% — y?)]

Es | 2 -®»72 1 0 -1 @®Y2 =2 0 0| (R.Ry | (xz,52)




8. The S, groups

Se| E S4 €y ST |

A 11 1 1 | R x2 432, 22 | xyz, 22 —y?)
B 1 - 1 —1 z X2 = yz, Xy &
1 i -1 —i
E { A : } (V) Rey Ry) | (2, y2) | (2 y2))x(x? = 3y?), y(3a® — )]
Ss| E €3 €3 i S} Se € = exp(2i/3)
Al 11 1 1 1 1 R, D
1 € e* 1 € €* 2 9
Eq { 1 ¢ e 1 e . } (Rys Ry) | (x7 = y7, xy)(xz, y2)
Ad|l 11 1 -1 -1 -1 z 22, x(x2 = 3y?), y(3x2 — y?)
1 € G* —1 —€ — G* 2 2 2 2
Ey { 1 —e* € 1 —e e } x, ¥) (27, y2%), [xyz, z(x” = y7)]
Ss| E Ss Ciy Si C» S; €3 S} € = exp(2mi/8)
A 11 11 11 1 1 R, ¥ +y2, 72
B 1 -1 1 -1 1 -1 1 -1 z 2
1 € i —€e -1 —e —i €* 2 9
Er 1 € —-i —e -1 —€* i € } x ) 2%, y2%)
1 1 —1 —1 1 l —1 —1 2 .2 2 2
Ex |y, i 1 1 —i —1 ; } 7 =y% ) | Lz, 2 = y7)]
1 —e* — 1 € -1 6* i — € 2 2 2.2
Es | —e P e i et } Ry, Ry) | (xz,y2) [x(x* — 3y9), y(3x* — y9)]




9. The cubic groups

T| E 4C; 4C3 3C, | € = exp(27i/3)
A 1 1 1 1 x4y 472 xyz
*
E } i* i } (222 —x* —y2 32 —yh)
T| 3 0 0 -1 |(R.R,R)(xY.2) | (xy,x2,y2) (@3, y%, 29, [x(22 = ).y — ¥, z(x* — )]
Tw | E  4C3 4C% 3C, i  4Se 4S; 3oy € = exp(2i/3)
Ag | 1 1 1 1 1 11 422
* *
T, 30 0 -1 3 0 0 -1 (Re, Ry, R;) | (xy,xz,y2)
Ay 11 1 1 -1 -1 -1 -1 xyz
E { 1 € €* 1 -1 —e —e* —1 }
u 1 €* € 1 -1 —e* — -1
T, 30 0 -1 =3 0 0 1 (x,y,2) (3,53, 2%), [x (@ — %), y(@* — x%), 2(x* — y?)]
Tq | E 8C3 3Cy 684 604
Al 1 1 1 1 1 X2 4+y*+ 72 xyz
Al 1 1 1 -1 =1
E| 2 -1 2 0 0 (2722 = x* —y%,x% —y?)
Ti| 3 0 -1 1 —1|(@R.R.R) [x(22 = ). y(2* — ¥, 2(x* — y)]
o 3 0 -1 =1 1 |@®y2) 3,y%,2%)




10} E 6Cy 3Cy(=C? 8C; 6C,

A 1 1 1 1 X2 432 + 72

Ar 1 — 1 1 —1 xyz

E 2 2 -1 0 (722 —x* =y, x* —y?)

T 3 ~1 0 -1 (R, Ry, R,) 3,y%.2%)

T 3 - -1 0 1 (xy, x2,y2) [x(z* = 3D,y = y), 2 — y7)]
Oy E 8C3 6C» 6C4 3CH(= Ci) i 684 8S6 3o 60 4

Arg 1 1 1 1 1 1 1 1 1 1 x4y 422

Adg 1 1 -1 -1 1 1 -1 1 1 -1

Eg 2 -1 0 0 2 2 0o -1 2 0 Q2 —x2—y2, 32—y}

Tig 3 0o -1 1 -1 3 1 o -1 -1

Tae 3 0 1 -1 -1 30 -1 0o -1 1 | (ReRy,R)

Ay 1 1 1 1 1 —1 —1 —1 -1 —1 (xy, xz,¥2)

Aoy 1 1 -1 -l 1 -1 1 -1 -1 1 xyz

Eu 2 -1 0 0 2 -2 0 1 =2 0

T 3 0o -1 1 -1 -3 -1 0 1 1| Gy2) (3,y3.23)

Ty 3 0 1 -l -1 -3 1 0 1 -1 (2% =) (% — %), 2% = y)]




10. The groups Cooy and Doy, for linear molecules

Coov E ZC;Z -.000 y
A=t | 1 1 1|z 4y |2
Ay=X" |1 1 -1 | R,
E;=1II | 2 2cos® 0 | G,y)(Ry,Ry) | (x2,¥2) (XZZ,yZZ)
Er=A | 2 2cos2d 0 o2 —y%xy) | [xyz, 2% — y?)]
Es=® | 2 2cos3d 0 [x(x? — 3y%), y(3x* — y?)]
Dooh E 202 000y 282 -.00C>
Ag=3F | 1 1 11 1 e X2 432,22
Ap=3g | 1 1 -1 1 1 oo =1 | R,
Eig=Tg | 2 2cos® 0 2 —2cos® -+ 0 |(Ry,R) | (xz,y2)
Exy=Ag | 2 2c0s2® 0 2 2cos2® -+ 0 (% =y, x)
Ap=3t| 1 1 1 -1 -1 =1z 2
Ap=3; | 1 1 -1 -1 -1 1
Enw=Ily | 2 2cos® 0 -2 2cos ® 0| (x,y) (xz%,yz2)
Exn=Ay | 2 2cos2d 0 —2 —2cos2d 0 [xyz, z(x? — y?)]
Esa=®y | 2 2cos3® 0 —2 2cos3d 0 [x(x? — 3y%),y(3x? — y?)]




11. The Icosahedral groups

I | E 12¢s 1202 20C; 15C, nt = 1/2[1 + (5)Y/%)
A |1 1 1 1 1 x4y 472
Ty | 3 nt n- 0 —1 (x,5,2)(Ry, Ry, R;)
T, |3 n° nt 0 -1 o3, y3,2%)
G 4 -1 -1 1 0 (22 — ), y(z%2 — x2), z(x* — y?), xyz]
H | S5 0 0 -1 1 (2z% — x> —y%,x* —y?,
Xy, XZ,yZ)

I | E 12Cs 12€% 20C;3 15C, i 128y 1283, 20S¢ 150 nE =1/2[1+ (5]
Ag |1 1 1 1 1 1 1 1 1 1 X +y?+ 72
Tig |3 nt n- 0 -1 3 5 nt 0 —1|R.Ry.R)
T |3 0~ nt 0 -1 3 5t n- 0 -1
Gy |4 -1 -1 1 0 4 -1 -1 1 0
He |5 0 0o -1 1 5 0 0o -1 1 (222 — x* — y?, x?

—y2, Xy, x2,y2)
Ay |1 1 1 1 1 -1 =1 -1 -1 -1
Tw|3 0ot~ o -1 =3 —n -t 0 1| (xy,2)
Tw |3 0=t 0 -1 =3 -t - 0o 1 o,y 2%)
Ga |4 -1 -1 1 0 —4 1 1 -1 0 [x(z> — ¥,y — x?),

z(x2 — y?), xyz]

H, |5 0 0o -1 1 -5 0 0 1 -1
Note: In these groups and others containing Cs, the following relationships may be useful:
nt =1n[1+ (51?1 =1.61803... = —2cos 144°
n~ = 15[l —(5)?]=—-0.61803... = —2cos 72°

ntxnt =149, n”xn =14n", nTxn~ =-1



Application of Group
Theory to Molecular
Systems

In this chapter, we discuss the various applications of group theory to chemical
problems. These include the description of structure and bonding based on
hybridization and molecular orbital theories, selection rules in infrared and
Raman spectroscopy, and symmetry of molecular vibrations. As will be seen,
even though most of the arguments used are qualitative in nature, meaningful
results and conclusions can be obtained.

7.1 Molecular orbital theory

As mentioned previously in Chapter 3, when we treat the bonding of a molecule
by applying molecular orbital theory, we need to solve the secular determinant

Hy —ES1 Hip—ESy2, ... Hi,,—ES,,
Hy,—ES;, Hy—ESy» ... Hy —ES),

, , , —0. (7.1.1)
Hln - ESln H2n - ES2n cee Hnn - ESnn

In eq. (7.1.1), energy E is the only unknown, while energy interaction inte-
grals H;j (= fqbiI:I(bjdr) and overlap integrals S;; (= [ ¢i¢;d ) are calculated
with known atomic orbitals @1, ¢2, . .. ¢,. After solving for E (n of them in all),
we can substitute each E in the following secular equations to determine the
values of coefficients c;:

(Hi1 — ESt)er + (Hip — ES12)ep + ...+ (Hyy — ES10)cn =0
(Hi2 — ES12)cr + (Hyp — ES»)cr + ...+ (Hyy — ES2p)c, =0

(Hin — ES1p)c1 + (Hyy — ESop)co + ...+ (Hpp — ESpp)c, =0
(7.1.2)

In molecular orbital theory, the molecular orbitals are expressed as linear
combinations of atomic orbitals:

Y=Y cigi=cip1+ a2+ ... + Cad- (7.1.3)

i=1
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Fig. 7.1.1.

Coordinate system for the H,O
molecule. Note that the x axis points
toward the reader.

Symmetry in Chemistry

So we have n E’s from eq. (7.1.1), and each E value leads to a set of coef-
ficients, or to one molecular orbital. In other words, n atomic orbitals form n
molecular orbitals; i.e., the number of orbitals is conserved.

The solution of eq. (7.1.1) is made easier if the secular determinant can be
put in block-diagonal form, or block-factored:

/S
kX k zeroes

n = kX kX [1x % x|mxm|=0,
zeroes mXm withk + [+ ... +m=n. (7.1.4)
We will then be solving several small determinants (k X k; [ X [;...; m X m)

instead of a very large one (n x n). By taking advantage of the symmetry
property of the system, group theory can do just that. In this section, we illustrate
the reduction of the secular determinant by studying several representative
molecular systems.

7.1.1  AH, (n = 2-6) molecules

As mentioned in Chapter 3, to construct the molecular orbitals for an AX,,
molecule, we need to combine the atomic orbitals on X and then match the
resultant combinations with the atomic orbitals on the central atom A. With
group theory, we can derive the linear combinations systematically.

Let us use the simple molecule H>O as the first example. The coordinate
system we adopt for this molecule is shown in Fig. 7.1.1. The orientation of the
adopted set of axes is similar to that for H,S in Fig. 6.4.2.

If we assume that the 2s and 2p orbitals of oxygen and the 1s orbitals of the
hydrogen atoms take part in the bonding, the secular determinant to be solved
has the dimensions 6 x 6. Now we proceed to determine the symmetries of
the participating atomic orbitals. From the Cy, character table, it can be seen
that the 2py, 2py, and 2p, orbitals on oxygen have Bj, B, and A; symme-
tries, respectively, while the oxygen 2s orbital, being totally symmetric, has
A1 symmetry. To determine the characters of the representation generated by
the hydrogen 1s orbitals, we make use of this simple rule: the character (of an
operation) is equal to the number of objects (vectors or orbitals) unshifted by
the operation. So, for the hydrogen 1s orbitals:

Cy | E Cy oy(x2) o,(2)
'm |2 0 0 2 =A1+B

In other words, the two 1s orbitals will form two linear combinations, one
with A symmetry and the other with B, symmetry. To deduce these two linear
combinations, we need to employ the projection operator, which is defined as

h
Pl = ZX"(R]-)R-, (7.1.5)
j=1
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where P’ is the projection operator for representation I7, Xi(Rj) is the char-
acter of the representation /7 for operation R;, and the summation is over all
the symmetry operations (% in total). To derive the linear combinations of the
hydrogen 1s orbitals with A; symmetry, we apply PA! on, say, the 1s orbital on
H, (denoted as 1s,). So we need to know the result of applying every symmetry
operation in the Cpy group to 1s,:

C | E C> oy (x2) 0,(v2)
Isq | Isq Isp Isp Is,

Now we apply PA1 to 1sg:

PY(Is) =[1-E+1-Cy+1-0,(x2)+1 0, (y2)1s,
= Is, + Isp + 1sp + 1s, = 2(1s,) + 2(1sp)

= (2)_1/2(1sa + 1sp) (after normalization). (7.1.6)
To obtain the combination with B, symmetry:

PB2(1s,)) = [1- E + (=1)Ca + (= Doy (x2) + 1 - 0/, (y2)]154
= 1s; — Isp — Isp + 1s, = 2(1s4) — 2(1sp)

= (2)"'/%(1s, — 1s,) (after normalization). (7.1.7)

In Table 7.1.1 we summarize the way in which the molecular orbitals are
formed in HyO. From these results, we can see that the original 6x6 secu-
lar determinant is now block-factored into three smaller ones: one 3x3 for
functions with A symmetry, one 2x2 with B, symmetry, and one 1 x 1 with By
symmetry. A schematic energy diagram for this molecule is shown in Fig. 7.1.2.
From this diagram, we can see that there are two bonding orbtals (1a; and 1b3),
two other orbitals essentially nonbonding (2a; and 1b7), and two antibonding
orbitals (2b, and 3ay). Also, all the bonding and nonbonding orbitals are filled,
giving rise to a ground electronic configuration of (la D2(102)%(2a1)%(1b)>
and an electronic state of 'A;. This bonding picture indicates that HO has
two o bonds and two filled nonbonding orbitals. Such a result is in qualitative
agreement with the familiar valence bond description for this molecule.

In passing, it is of interest to note that, according to Fig. 7.1.2, the first
excited electronic configuration is (1a; V2(162)2(2a)2 (1) 2b) !, giving rise
to states >A, and 'A,. It is easy to show that electronic transition A; — A» is
not allowed for a molecule with C, symmetry. In other words, 'A; — 14,

Table 7.1.1. Formation of the molecular orbitals in HyO

Symmetry Orbital on O  Orbitals on H Molecular orbitals
Ay 28 @OY2(1sq +1sp)  lay,2a;,3a;

2p;
By 2px — 15

By 2py V2 (1sq = 1sp)  1bp,2by

215
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Fig. 7.1.2.
A schematic energy level diagram for
H,O0.

y
H,
O—> ~
B H,
H(‘
Fig. 7.1.3.

Coordinate system for BH3.
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is spin-allowed and symmetry-forbidden, while 'A; —3A; is both spin- and
symmetry-forbidden.

Now let us turn to a slightly more complicated system, that of BH3 with D3y,
symmetry. Note that BH3 is not a stable species: it dimerizes spontaneously
to form diborane, ByHg. A convenient coordinate system for BH3 is shown in
Fig. 7.1.3.

From the D3y, character table, it is readily seen that boron 2s and 2p, orbitals
have A} and A} symmetry, respectively, while the 2p, and 2p, orbitals form an E’
set. To determine the symmetry species of the hydrogen 1s orbital combinations,
we perform the operations

Dsy, | E 2C; 3C, o, 283 3oy
I'y | 3 0 1 3 0 1 EA/]-I—E/

So, among the three linear combinations of hydrogen 1s orbitals, one has
A’} symmetry, while the remaining two form an E’ set. To obtain the explicit
functions, we require the symmetry operation results

Dsp | E 2C3 3C, oh 283 30y
Is, | Isq  Isp, Ise  1sg, Isp, 1s.  1s,  Isp, Is.  1sg, 1sp, s,

Now, it is straightforward to obtain the linear combinations

PA/l(lsa) = 1(Isy) + 1(1sp + 1sc) + 1(Is, + 1sp + 1se) + 1(1sy)
+ 1(1sp + Ise) + 1(1sg + 1sp, + 1s¢)
=4(1sg + 1Isp + 1s¢)
= (3)’1/2(1sa + 1sp + 1s.) (after normalization); (7.1.8)
PE (155) = 2(150) — 1(Isp, + 15¢) + 2(1sg) — 1(Isp + Ise)
= 4(1sg) — 2(1sp + 1s¢)

= (6)"1/?[2(1s,) — 1sp — 1s.] (after normalization). (7.1.9)
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Still one more combination is required to complete the E” set. It is not difficult
4
to see that when we operate PX on 1s;, and 1s., we get

PE (1s;) = (6) ' /2[2(1sp) — 15,4 — 1s¢], (7.1.10)
PE (1) = (6)"Y2[2(1s,) — 154 — 1sp]. (7.1.11)

Since the two combinations of an E’ set must be linearly independent, and sum-
mation of egs. (7.1.10) and (7.1.11) yield eq. (7.1.9) (aside from a normalization
factor), we need to take the difference of eqs. (7.1.10) and (7.1.11) to obtain the
remaining combination:

[2(18p) — 184 — 18c] — [2(1se) — Isg — 1sp] = 3(1sp — 1se)

= (2)_1/2(151, — 1s.) [after normalization]. (7.1.12)

Obviously, there are different ways to choose the combination of an E’ set.
We choose the ones given by eqs. (7.1.9) and (7.1.12) because these func-
tions overlap with the boron 2p, and 2p, orbitals, respectively, as shown in
Fig. 7.1.4.

Table 7.1.2 summarizes how the molecular orbitals in BH3 are formed.
From these results, we can see that the original 7x7 secular determinant
(four orbitals from B and three from the H’s) is block-factored into three
2x2 and one 1x1 determinants. The 1x1 has A7 symmetry, one 2x2 has
A/ symmetry, while the remaining two 2x2 form an E’ set. It is important
to note that the two 2x2 determinants that form the E’ pair have the same
pair of roots; i.e., we only need to solve one of these two determinants! A
schematic energy level diagram for BH3 is shown in Fig. 7.1.5. According to
this diagram, the ground configuration for BH3 is (14| )2(1¢')* and the ground
state is 'A].

\ Y
()

)
(W)
@
\\
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<

Table 7.1.2. Summary of the formation of the molecular orbitals in BH3

Symmetry  Orbital on B Orbitals on H Molecular orbitals
A 2s (32 (Usq + s, + 1se) ld}, 2d,
& 2py ©) PR20s)) —1sp =lsel -y,

2py @2 (1sp = )

Ay 2p: — 1d}
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Fig. 7.1.4.

(a) Overlap between the boron 2pyx
orbital with combination

6)V2[2(1sg) — 1sp — 1sc].

(b) Overlap between the boron 2py
orbital with the combination
(2)_1/2[1Sb — 1s¢]. By symmetry, the
total overlaps in (a) and (b) are the same.
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Fig. 7.1.5.
A schematic energy level diagram for
BHj3.

Fig. 7.1.6.
Coordinate system for CHy.
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B BH, H

Next we turn to the highly symmetric molecule CH4, which belongs to point
group T4. A coordinate system for this molecule is shown in Fig. 7.1.6. For
this molecule, there are eight valence atomic orbitals: 2s and 2p orbitals of
carbon and the 1s orbitals of the hydrogens. Regarding the carbon orbitals,
2s has Ay symmetry, while the 2p,, 2p,, and 2p, orbitals form a T, set. The
irreducible representations spanned by the hydrogen 1s orbitals can be readily
determined:

T, |E 8C3 3C, 684 604
FH|4 1 0 0 2 =A1+T1T,

So the four hydrogen 1s orbitals form one linear combination with A; sym-
metry and three other combinations that make up a 7, set. To obtain these
combinations, we make use of the symmetry operation results

Tq | E 8C3 3C, 68,4 604
Isq | Isq  2(1sq), 2(1sp), lIsp, Isc,  2(1sp), 2(1s.), 3(1sy), Isp, 1sc,
2(1s0), 2(1s4) sy 2(1s4) 1sg

Now the linear combination can be obtained readily:

PA1(1s,) = 1(184) + 1[2(18,) + 2(1sp) + 2(1s) + 2(154)]
+ 1(1sp + Isc + 1sg) + 1[2(1sp) + 2(1s.) + 2(1sy)]
+ 1[3(1s,) + 1sp + 1s. + 1s4]

= %(lsa + 1sp + 1se + 1s4)  (after normalization).
(7.1.13)
P2(1s,) = 3(1sy) — L(Isp + 1se + 1sg) — 1[2(1sp) + 2(1s.) + 2(1s4)]
+ 1[3(1sg) + 1sp + 1sc + 1s4]
= 6(1sy) — 2(1sp) — 2(1sc) — 2(1sy). (7.1.14)
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Similarly, when we operate P2 on 1sp, 1s., 1s4, we obtain

P2 (1sp) = 6(1sp) — 2(1s4) — 2(1s0) — 2(1s4), (7.1.15)
P2 (1s.) = 6(1s.) — 2(1s4) — 2(1sp) — 2(1sy), (7.1.16)
P2 (1sy) = 6(1s4) — 2(1s,) — 2(1sp) — 2(1s,). (7.1.17)

To obtain the three linear combinations of the 7, set, we combine eqs. (7.1.14)
to (7.1.17) in the following manner:
Sum of egs. (7.1.14) and (7.1.15):

1
4(1sy) +4(1sp) — 4(1se) — 4(1sy) = E(lsa + 1sp — 1s. — 1sy)

(after normalization). (7.1.18)
1

Sum of egs. (7.1.14) and (7.1.16): E(lsa —1sp + 1s. — 1sy).  (7.1.19)
1

Sum of egs. (7.1.14) and (7.1.17): 5(1Sa —1sp — Isc + 1s4).  (7.1.20)

There are many ways of combining eqs. (7.1.14) to (7.1.17) to arrive at the
three combinations that form the 7, set. We choose those ones given by egs.
(7.1.18) to (7.1.20) as these functions overlap effectively with the 2p,, 2p,, and
2p, orbitals, respectively, as shown in Fig. 7.1.7.

Table 7.1.3 summarizes the formation of the molecular orbitals in CHy. For
this molecule, the original 8 x8 secular determinants is reduced to four 2x2
ones, one with A; symmetry, while the other three form a 7, set. In other
words, we only need to solve the A; 2x2 determinant as well as one of the
three determinants that form the 7> set. By symmetry, the three determinants

Table 7.1.3. Formation of the molecular orbitals in CHy

Symmetry Orbital on C Orbitals on H Molecular orbitals
Al 2s %(lsa—i-lsb—)—lsc—i-lsd) lay, 2a;

2pse $(Isq — s + Ise — 1sy)
T, [ 2py %(lsa — Isp — 1Is¢ + 1sy) 11, 2ty

2p;

$(Isq + sy — Ise — 1sy)
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Fig. 7.1.7.

The overlap between 2py, 2p;, and 2py
orbitals of carbon with the 1s orbitals of
the hydrogens in CHy
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Fig. 7.1.8.

A schematic energy level diagram for
CHy.

Fig. 7.1.9.
Coordinate system for AHs.

Fig. 7.1.10.
Coordinate system for AHg.
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Table 7.1.4. Formation of the molecular orbitals in AHs

Symmetry Orbital on A Orbitals on H Molecular Orbitals

@)~ YV2(1sq + 1sp)

)2 (1se + 1sg + 1s¢)

£ npx (6)1/2[2(1s) — 154 — 1se)]
npy @215y — 1se)

’ . ’ ’ ’
Al ns lal,2al,3al

1/, 2¢
Al np;

)72 (154 — 1sp) lay, 24}

forming the 75 set have the same roots. A schematic energy level diagram for
CHy is shown in Fig. 7.1.8. According to this diagram, the ground configuration
is simply (1a1)*(1£2)% and the ground state is 'A;.

So far we have illustrated the method for constructing the linear combina-
tions of atomic orbitals, using H,O, BH3, and CHy4 as examples. In these simple
systems, all the ligand orbitals are equivalent to each other. For molecules with
non-equivalent ligand sites, we first linearly combine the orbitals on the equiv-
alent atoms. Then, if the need arises, we can further combine the combinations
that have the same symmetry. Take a hypothetical molecule AHs with trigo-
nal bipyramidal structure (D3 symmetry) as an example. Figure 7.1.9 shows a
convenient coordinate system for this molecule. It is clear that these are two sets
of hydrogen atoms: equatorial hydrogens H., Hy, and H, and axial hydrogens
H, and H,,.

When we linearly combine the orbitals on H, and Hp, two (un-normalized)
combinations are obtained: 1s, + Is; (A} symmetry), Ls, — 1s;, (A}). On the
other hand, the combinations for the orbitals on the equatorial hydrogens are
Isc + Isq + s, (A)); 2(Isc) — 1sq — 1s. and 1sg — s, (E' symmetry). If
we assume central atom A contributes ns and np orbitals to bonding, we can
easily arrive at the results summarized in Table 7.1.4. Note that we can further
combine the two ligand linear combinations with A| symmetry by taking their
sum and difference.

Finally, we treat the highly symmetrical octahedral molecule AHg with Oy
symmetry. A coordinate system for this molecule is shown in Fig. 7.1.10. If we
assume that central atom A contributes ns, np, and nd orbitals to bonding, the
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Table 7.1.5. Formation of the molecular orbitals in AHg

Symmetry Orbital on A Orbitals on H Molecular Orbitals
Atg ns (6)"V2(Isq + Isp + Isc + Isy + Ise + 1sy)  lay, 24
E nd > (1221:/2_[(12s(1§8) raly)ha leg, 2¢
g ndo_ o ] ¢~ 154 g> ~€g
K j(lsa-i-lsb—lsc—lsd)
ndyy —
Ty ndy; — 11yg
ndy; -
npx @)~ (Usq — 1sp)
T, npy @) Y2(1se — 1sy) 114,210
np; @~ 12(1se — 1sf)

secular determinant has the dimensions 15x15. To obtain the symmetries of
the six 1s orbital linear combinations:

on | E 8C3 6C; 6C4 3C;=CF i 6S4 8S¢ 30, 604
w6 0 0 2 2 0 0 0 4 2 =AgtE+Thy

To derive the combinations, we need the following tabulation listing the effect
of various symmetry operations of Oy on the 1s orbital on hydrogen atom H,:

Oh | E 8C3 6C2 6C4 3C2 = Cﬁ i 6S4 SSG 3dh 6‘7(1

Isq Isq 2(Is¢),  2(1sp), 2(1sq), Isq, Isp 2(1sp),  2(1se), 2(1sq),  2(1sq),
2(1sg), lsc,sg, lIsc,Isz,  2(1sp) Isc,Isg,  2(1sy), 1s Is¢,Isy,
2(1se), lsg,lsf 1se,lsf lse,lsf 2(1se), lsg,lsf
2(1sf) 2(1sp)

Now it is straightforward to derive the results summarized in Table 7.1.5.
It is clear that the 15x 15 secular determinant is block-factored into three 1x 1
determinants that form a T set, one 2x2 with Ajg symmetry, two 2x2 that
forman Ej set, and three 2 x 2 that form a T, set. In other words, we only need to
solve one 1x 1 and three 2x2 secular determinants for this highly symmetrical
molecule. This example shows the great simplification that group theory brings
to the solution of a large secular determinant.

7.1.2  Hickel theory for cyclic conjugated polyenes

Previously in Chapter 3 we introduced the Hiickel molecular orbital the-
ory and applied it to the m system of a number of conjugated polyene
chains. In this section we will apply this approximation to cyclic conjugated
polyenes, taking advantage of the symmetry properties of these systems in the
process.

Now let us take benzene as an example. The six 2p atomic orbitals taking
part in the m bonding are labeled in the manner shown in Fig. 7.1.11. In the
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G, (o)

G, (o)

Fig. 7.1.11.

Labeling of the 2p orbitals taking part in
the 7 bonding of benzene. Also shown
are the locations of the symmetry
elements Cé, Cé/ , oy and oy.
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Hiickel approximation, the 6 x6 secular determinant has the form

o

=0. (7.1.21)

If we consider the Dg, symmetry of the system, we can determine the
symmetries of the six = molecular orbitals:

D()hlE 206 2C3 Cp 3C, 3CY i 283 2S¢ o 304 3oy

Ir]6 0 0 0 2 0 00 0 60 2 =Ay+By+Eg+Ey

Recall that the character of an operation is equal to the number of vectors
unshifted by that operation. Previously, for AH,, molecules, in determining
I, the 1s orbitals on the hydrogen atoms are spherically symmetric. In the
present case, however, the 2p orbitals have directional properties. Take oy, as
an example. Upon reflection, the direction of the 2p orbitals is reversed. Hence
x(on) = —6.

Upon decomposing I, we can conclude that the secular determinant in
eq. (7.1.21) can be factored into six 1x 1 blocks: one with Ay, symmetry, one
with By, symmetry, two others composing an E1 set (with the same root), and
the remaining two forming an E», set (also with the same root). To derive the
six linear combinations, we make use of the following results:

Dgn | E 2Cq 203 Cp 3¢ 3¢y i 283 284 o 304 3oy

Pa Pa Pp.Pf Pc:Pe P4 —Pa>—Pc» —Pp»—Pd» —Pqd —Pc»—Pe —Pp.—Pf —Pa Pp:-Pq. PaPcs
—Pe —pr pf pe

The derivation of the non-degenerate linear combinations are straightforward:

P22 (py) = (6) "2 (pa + pb + Pe + pa + pe + ps) (after normalization).

(7.1.22)
pBa (pa) = 6~V z(pa —DPb +Pc —Pd +Ppe —pf) (after normalization).

(7.1.23)

The first component of the £ set can also be derived easily:

E) _ -1/2
P™¢(pa) = (12)” /“[2(pa) + Pp — Pc — 2(Pa) — Pe + Pyl
(after normalization). (7.1.24)
For the second component, we operate PEiz on Py an p¢:

PP (py) = py + 2(pp) + pe — Pa — 2(Pe) — Py, (7.1.25)

PEie(p.) = —pg + pp + 2(pe) + Pa — Pe — 2(pp). (7.1.26)
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Since subtracting eq. (7.1.26) from eq. (7.1.25) yields eq. (7.1.24) (aside from
a normalization constant), we need to take the sum of these two equations:

1
Eq. (7.1.25) + Eq. (7.1.26): E(pb +Pe —Pe —pr) (after normalization).
(7.1.27)

Similar manipulation leads to the following two linear combinations forming
the Ey, set:

E { (12)"Y2[2(pa) — pp — Pe +2(Pa) —Pe —Psl,  (7.1.28)
"1 Sp — pe +pe —pp) (7.1.29)

The energy of the six molecular orbitals can now be calculated, using the
Hiickel approximation as discussed in Chapter 3:

E(ayu) = o + 28, (7.1.30)
E(elg) = a+ B, (7.1.31)
E(en) = — B, (7.1.32)
E(by) =a — 28 (7.1.33)

The 7 energy levels, along with the molecular orbital wavefunctions, are pic-
torially displayed in Fig. 7.1.12. Since there are six 7 electrons in benzene,
orbitals as, and ey, are filled, giving rise to a 1A1g ground state with the total
7T energy

E. = 6a + 88. (7.1.34)
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Fig. 7.1.12.

The energy level diagram and the
wavefunctions of the six 77 molecular
orbitals in benzene.
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Fig. 7.1.13.

Labelling of the 2p orbitals taking part in
the 7 bonding of naphthalene. The z axis
points outward.

Symmetry in Chemistry
If the three = bonds in benzene were independent of each other, i.e., localized,

they would have energy 32« + 28) = 6« + 68. Hence the delocalization
energy (DE) for benzene is

DE = 60 + 88 — 6a — 68 = 2. (7.1.35)

Calculation of B from first principles is a fairly complicated task. On the other
hand, it can be approximated from experimental data:

|B] ~ 18 kecal mol ™! = 75 kJ mol ™. (7.1.36)

Another example of a cyclic conjugated polyene system is naphthalene. A
coordinate system for this molecule, along with the labeling of the 7 atomic
orbitals, is shown in Fig. 7.1.13. The 10x 10 secular determinant has the form:

<]

R
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&)
R
cocoocococo™ | ™o
[v5]
R
oo ococoo | ™o o
&
R
™o oco™ | oo oo
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o5}
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co™ | mo oo oo
&
R
o™ | mooococoo
o]
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R
=™ | moococoocoo™

o]
coo™ |l moooo
|l T cocoom™m™mo o O

ocwmwmooococooo™ |

E

S]

(7.1.37)

With the aid of the Dyy, character table, we can determine the symmetries of
the ten molecular orbitals of this system:

Dy | E @ Gy W i @) o) o)
rr |10 0 0 -2 0 -10 2 0 =24y +3B)g + 2B34 + 3Byy

In other words, the secular determinant in eq. (7.1.37) can be factored into two
2x2 and two 3 x 3 blocks. To obtain the explicit forms of these ten combinations,
we need the results of each of the eight symmetry operations. Also, since the
system now has three types of (structurally non-equivalent) carbon atoms, we
need the operation results on the 2p orbitals of these three kinds of atoms:

Dy | E Ciz) Ca(y) Cox) i oy o(x2) o(yz)

Pa Pa Pe —Pda —Prn —Pe —Pa Pn Pd
P» Po Pr —Pc —Pg —Pr Db Pg Pc
pi pi pj —Pj —pPi —Pj —Pi pi Pj

The resultant combinations can be obtained easily:

1

Ayt 1= z(pa — Pd + Pe — Ph)» (7.1.38)
1

¢2 = =(Pp — Pc +Pr — Pg)s (7.1.39)

2
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1
B%1¢3=§@a—m‘ﬂ%+Pm,

1
m=5m—m—w+mx
o5 = (22 (pi — p));

1
B3g: ¢6 = E(pa +Pd — Pe — Pn)>

1
%=§m+m—w—mﬁ

1
&mm=§m+w+m+m,

1
@=§m+m+w+mx

d10=2)""*(p;i +p)).

(7.1.40)

(7.1.41)
(7.1.42)

(7.1.43)

(7.1.44)

(7.1.45)

(7.1.46)

(7.1.47)

Next we need to set up the four smaller secular determinants. Take the one

with A, symmetry as an example:

Hi = [p1HpidT

1 .
=;ﬁm—m+m—mﬁ@fmwwwmwh=m (7.1.48)

Hi = [ ¢1Hgodr

1 n
=;ﬂm—m+m—mﬂ@r¢ﬁmwmﬂh=& (7.1.49)

Hy = [ ¢poH$odr

1 A
:Z/(pb_pc+pf_pg)H(Pb—Pc-l-pf—pg)dr:a_lg'

Thus the A, secular determinant has the form

Ay a—E B

The other three determinants can be obtained in a similar manner:

oa—E B
Bog: B a—B—E
)'2p 0 a—p—E
| ae—E B
Bag: B a+B—E
oa—FE B
Biu: B a+pB—E
(PRES: 0 a+B—E

B a—B—E |~

0.

(7.1.50)

(7.1.51)

(7.1.52)

(7.1.53)

(7.1.54)
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Table 7.1.6. The Hiickel energies and wavefunctions of the 7 molecular orbitals in
naphthalene

Orbital ~ Energy Wavefunction

3bag o —23038  0.3006(pa — pg — pe +Pp) — 0.2307(pp — pc — Py + pg) — 0.4614(p; — pj)

2ay a— 16188  0.2629(pa — pq + pe — Pp) — 0.4253(pp — Pc + Pr — Pg)

3b1y @—13038  0.3996(ps + pg + Pe + pp) — 0.1735(py, + pe + pr + Pg) — 0.3470(p; + p))
T 2by a—p 0.4082(p, — pc — pr + pg) — 0.4082(p; — p;)
E  2b3g «-0.6188  0.4253(pa + pg — Pe — Pp) — 0.2629(pp, + Pc — Py — Pg)

lay a+0.6188  0.4253(py — pg + Pe — pp) + 0.2629(pp, — pc + pr— pg)

2b1y a+p 0.4082(pp, + pe + pf + Pg) — 0.4082(p; — p;)

1bag a+1.3038  0.3996(pa — pg — pe + Pp) +0.1735(pp — pc — Py + pg) + 0.3470(p; — pj)
1b3g a+1.6188  0.2629(pa + Py — pe — Pp) + 0.4253(pp + Pc — Pf — Pg)
1b1y a+23038  0.3006(pa + pg + pe + pp) +0.2307(pp + pc + Py + pg) + 0.4614(p; + pj)

The solving of these determinants may be facilitated by the substitution x =
(¢ — E)/B. In any event, the energies of the ten molecular orbitals can be
obtained readily. With the energies we can then solve the corresponding secular
equations for the coefficients. The energies and the wavefunctions of the ten &
molecular orbitals for naphthalene are summarized in Table 7.1.6. From these
results, we can arrive at the following ground electronic configuration and state:

(161)*(1b3¢)* (1b29)* 2b1a)* (1aw)?, 'Ag.
By adding up the energies for all ten 7 electrons, we get
E; = 100 + 13.6848, (7.1.55)
and
DE = 3.6848. (7.1.56)
In addition, we can obtain the following allowed electronic transitions:

"4, = [...(1ay)' 2b3g)'], 'B3u,  x-polarized;
lAg - [... (lau)l(szg)l], leu, y-polarized;
"4y = [... 2b1) ' (1ay)*(2b3g)' 1, 'Bay,  y-polarized.

Note that all three transitions are g <> u, in accordance with Laporte’s rule.

In the previous section, we discussed the construction of the o molecular
orbitals in AH,, systems. In this section, we confine our treatment to the 7
molecular orbitals in cyclic conjugated polyenes. In most molecules, there are
o bonds as well as 7w bonds, and these systems can be treated by the methods
introduced in these two sections.

Before concluding this section, it is noted that a fairly user-friendly SHMO
(simple Hiickel molecular orbital) calculator is now available on the Internet,
http://www.chem.ucalgary.ca/shmo/. With this calculator, the Hiickel energies
and wavefunctions of planar conjugated molecules can be obtained “on the fly.”
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Table 7.1.7. Some useful steps in the derivation of the linear combinations of atomic
orbitals for the 7 system of (NPX5)3.

Dsp, E 2C3 3C, oh 283 3oy

Ip 3 0 -1 -3 0 1 = A/2/ +E"
Iy 3 0 1 -3 0 —1 = A/l/ +E"
c c —a,—e a,—c,e —c a,e —a,c,—e

d d —b,—f —b,d,—f —d b.f b,—d.f

7.1.3  Cyclic systems involving d orbitals

Sometimes a cyclic 7 system also involves d orbitals. An example of such a
system is the inorganic phosphonitrilic halide (NPX3)3, which has D3}, sym-
metry with a pair of out-of-plane halide groups o -bonded to each phosphorous
atom. Now the six atomic orbitals taking part in the 7 bonding are the three p
orbitals on nitrogen and the three d orbitals on phosphorus. These orbitals and
their signed lobes above the molecular plane are shown in Fig. 7.1.14. Note that
the overlap of the six orbitals is not as efficient as that found in benzene. There
is an inevitable “mismatch” of symmetry, here occurring between orbitals a
and f, among the six atomic orbitals.

The incorporation of the d orbitals complicates the group theoretic procedure
to some extent. Table 7.1.7 gives some useful steps in the derivation of the linear
combinations of six atomic orbitals. With the results in Table 7.1.7, the linear
combination of the atomic orbitals can be readily derived:

P2 = 3) Y2(a—c+e) (after normalization). (7.1.57)
For the degenerate E” pair, we have
PE'q =2a+c—e
PE'le=a+2c+e

PE'e = _q + ¢ + 2e.

Since the first expression is the difference of the last two expressions, we can
select the first expression as well as the sum of the last two:

b [ ©72atc—
E": {EZ;UZEC‘;@C 2 (7.1.58)

Similarly, for the phosphorus 3d orbitals, we have:

PAb = 3 V2b—d+ f) (after normalization). (7.1.59)
v | ©TV2(b+2d +f)
E { -2 — 1) . (7.1.60)

It is not difficult to show that, when we form the 2x2 secular determinants
with E” symmetry, the first component of (7.1.58) interacts with the second
component of (7.1.60). Analogously, the second component of (7.1.58) interacts
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Fig. 7.1.14.

Labeling of the N 2p orbitals and P 3d
orbitals taking part in the 7 bonding of
(NPX3)3. Note that only the signed lobes
above the molecular plane are shown.
Also, a “mismatch,” in this case
occurring between orbitals a and f, is
inevitable.
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Fig. 7.1.15.
The six pi molecular orbitals of (NPX»)3.

) ’ | |

la,’ la,’ 2e"

with the first component of (7.1.60). Without further quantitative treatment, it
is apparent that the six 7 golecular orbitals have the energy ordering and nodal
characters shown in Fig. 7.1.15.

Molecular orbitals 1e” and 2¢” may be classified as bonding and antibonding,
respectively, while 1a) and la] may be considered as nonbonding orbitals.
The ground configuration for this system is (le” )4(1a’2’)2. It is clear that the
delocalization of the six 7 electrons of this compound is not as extensive as
that in benzene. As a result, the P3N3 cycle is not as rigid as the benzene ring.
Furthermore, it should be noted that the phosphorus d oribital participation in
the bonding of this type of compounds has played an important role in the
development of inorganic chemistry. Indeed, the phosphorus d orbitals can
participate in the bonding of the (NPX3)3 molecule in a variety of ways, as
discussed in Chapter 15. The presentation here is mainly concerned with the
symmetry properties of the 7 molecular orbitals.

7.1.4  Linear combinations of ligand orbitals for ALy molecules with Ty
symmetry

In previous discussion, we constructed the symmetry-adapted linear combina-
tions of the hydrogen 1s orbitals for AH,, molecules. In this section, we consider
AL, molecules, where L is a ligand capable of both o and = bonding. For such
systems, the procedure to derive the linear combinations of ligand orbitals can
become fairly complicated. As an illustration, we take an AL4 molecule with
T4 symmetry as an example.
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The coordinate systems for all five atoms in AL4 are shown in Fig. 7.1.16.
Note that all of them are right-handed. Also, x; and x4 lie in the AL;L4 plane,
while x, and x3 lie in the AL,L3 plane.

The four linear combinations with A; and 7> symmetries of the four vectors
Z1, . ..,24 forming o bonds with orbitals on atom A may be easily obtained
by the technique of projection operators. Therefore, only the results are given
in Table 7.1.8, where all linear combinations of ligand orbitals will be listed.
It is noted that the four combinations of the z; vectors are identical to the
combinations of hydrogen 1s orbitals obtained for methane.

The remaining eight vectors, xi, ..., x4 and yq, ..., y4, will form eight linear
combinations having symmetries E, T, and T>. In order to see how these ligand
vectors transform under the 24 symmetry operations of the 74 point group, the
direction numbers of all the ligand vectors are required. They are

x(=1,-12) x»(-1,12) x(,-12) x(l,1,2)
yl(ls_l’o) )72(1’1,0) )’3(—1,—1,0) }’4(_1»170)

Among these, the direction numbers of the four z vectors are obvious. From
these four vectors, any other vector may be generated by doing the cross
product between an appropriate pair of vectors. For instance, y; = z1 X z4,
X1 =Yy1 X 21, etc.

Next we write down the transformation matrices for all the operations:

C3(i): A threefold axis passing through atoms A and L;

0 0 1 0o 0 -1 0o 0 -1
C32)=| -1 0 0|C33)=|-1 0 0 [C3H=|1 0 0

0 0
C3(D=|1 0
0 1 0o -1 0 0 1 0 0 -1 0

(=

Note that the matrix for C5 ! (i), or C%(i), is simply the transpose of C3 (7).
C>(q): A twofold axis which coincides with axis g on atom A

0 0 -1 0 0 -1 0 O
CX)=|0 -1 O C,Y)=| 0 1 0 C,Z)=| 0 -1 O
0o 0 -1 0o 0 -1 0 0 1
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Fig. 7.1.16.
Coordinate system for a tetrahedral ALy
molecule.
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S4(gq): Again, the axis of this operation coincides with axis g on atom A

-1 0 0 0 0 0 -1 0
S4X)=| 0 0 -1 S4¥)y=| 0 -1 0 S4Z)y=11 0 0
0 1 0 -1 0 O 0 0

Note that the matrix for S;l (q), or Si(q), is also simply the transpose of S4(q).
o (ij): A symmetry plane passing through atoms A, L;, and L

00 1 1 00 010

6(12)=[0 1 0| o(13)=|[0 0 1| o(14=|1 0
100 010 00 1
0 -1 0 1 0 0 0 0 -1

c@)=|-1 0 0|oc@H=|0 0 —1|c@)=|0 1 0
0 0 1 0 -1 0 “1 0 0

So now we have the transformation matrices of all the symmetry operations
in the T4 point group, except the identity operation E, which is simply a unit
matrix with the dimensions 3 x 3.

When we carry out mathematically a symmetry operation on a ligand vector,
we perform a matrix multiplication between the symmetry operation matrix and
the vector composed of its directional numbers. For instance, when we operate
C3(1) on x1, we do the following:

0 0 1 -1 2
Ci(h)xy=|1 0 O -1 =] -1
010 2 —1
Since operation C3(1) does not change the position of ligand L, the above

resultant new vector (2, —1, —1) may be resolved along the x| and y; directions
by taking the dot products

©72@-1L-1-©(-1.-1.2) = —%xl
© 22 -L-1- @ (1 -1,0)= %<3>“2y1.

In other words, C3(1)x; = —%xl + l(?))l/zy]. Note that when we resolve
the new vector along the x; and y; directions, all vectors involved need to be
normalized first.

Similarly, when we operate C3(2) on x1, we get C3(2)x; = (2,1, 1). Since
operation C3(2) on ligand L; yields L3, the resultant vector (2, 1, 1) is to be
resolved along the x3 and y3 directions. Now it is easy to show C3(2)x; =

1 1
3%~ 5(3)1/2)’&
When we carry out all 24 symmetry operations in the 74 point group on
vector x1, we get
1 1 1 1
C3(): — =xi + =3y, €71 — sx — (32
3D =50+ 50" 3 (D =230 =20)7

1 1 1 1
C32): =x3—=(3)"?y;, €712 — x4 —=(3)'/?
3()2X3 2()Y3 3 2) R 2())74
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O3 — sxit 2Py €510 it 23 Py
) 2 >3 ) 2
Cs(@): 2 — 2P €7 @) a4 (3P,
2 2 3 2772 :
After summing up, 8C3x; = —x1 + x3 + X3 — X4.

CoX): —x3, Co(Y): —x2, C2(2): x4.
After summing up, 3C2x; = —x2 — x3 + Xx4.
SaX): — b 2 ST tm+ L@,
2 2 2 2
T I P A T R OO

2
S42): —x2, S$;N2): — x5

1 1 1 1
After summing up, 6S4x| = _§x2 — §x3 — x4 + 5(3)1/2)12 — 5(3)1/2)13.

R S Y R SV Y .
o(12): 2x1+2(3) yi, o(13): %1 2(3) yvi,0(14): x1

o(23): x 24): Ly 1+ L3yl 1o Loie
D x4, 0 ( )-2X3+2(3) y3,o(34).2x2 2(3) y2.

. 1 1 L in L in
After summing up, 60 4x1 = Exz + §x3 + x4 — 5(3) / v2 + 5(3) / y3.
Finally, for the identity operation E, we have E, Ex| = x1.

If we carry out the same 24 symmetry operations on vector yj, we get
Ey; =y1.
8C3y1 = —y1 +y2+y3 — y4.
3Coy1 = —y2—y3+ s

1 1 1 1
68S4y1 = ~y2 + = ~(3)'"%x — = (3)" .
ayL = 5yatoystyat 2( ) Txp 2( ) 7x3
1 1 1 1
604y1 = —=y2 — =y3 — ya — =(3) 20y + =(3)2x3.
04yl FY2 53— ya— 53) T+ 5(3) 7

Now we are in a position to apply the projection operator to obtain the linear
combinations of ligand orbitals with the desired symmetry. For instance, for
the two linear combinations that form the degenerate set with E symmetry, we
carry out the operations

1
PExl =3x1 —3x0 — 3x3 +3x4, or E(x] — X2 — X3 + Xx4).

1
Similarly, PE ¥1 = =(y1 —y2—y3+ya). All linear combinations may be obtained

in an analogous manner. Table 7.1.8 lists the 16 linear combinations of ligand
orbitals for an AL4 molecule with T4 symmetry.
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Table 7.1.8. The symmetry-adapted linear combinations of ligand orbitals for an AL4 molecule
with Ty symmetry

Symmetry Orbital on A Orbitals on ligands Molecular orbitals
Ay 8 %(51 + 5 453 +54); %(m +2+23+24) lay, 2ay, 3a;
d Loy —xy —
E 22 %(xl X3 — X3 +2x4) le, 2¢
da_2 501 =2 = ¥3+y4)
1 1
32 Gy +xp —x3 —xa) + O1 +y2 —y3 —ya)]
T 1 11
! 12 —xp +x3—x4) + 01 —y2 433 — )] L
%@1 +y2+y3+y4)
Px %(Sl —8p +53 —s4) %(11 —22+z23—z4)
T Py %(51 +52 =83 —s4) %(zl +20—23 —24) 11y, 21y, 31, 41y, 5tp
Pz %(51—52—S3+54) %(zl—zz—zg+14)
1
dyz $L01 +x0 —x3 —x) + 32 (—y1 —y2 +y3 +ya)]
1
diz Mo —x+x3 —x) + 3201 —y2 +33 — )]
duy %(xl +x2 +x3 +2x4)

For an AL4 molecule with T4 symmetry, if we assume that nine atomic
orbitals on A and four atomic orbitals on each L participate in bonding, there
will be 25 molecular orbitals in total. Based on symmetry arguments, as shown
in Table 7.1.8, among the molecular orbitals formed, there will be three with a;
symmetry, two doubly degenerate sets with £ symmetry, one triply degenerate
set with 71 symmetry (which is nonbonding, i.e., localized on the ligands), and
five triply degenerate set with 7> symmetry. Clearly, for such a complex system,
it is not straightforward to come up with a qualitative energy level diagram.

7.2 Construction of hybrid orbitals

As introduced in Chapter 3, for AX,, systems, the hybrid orbitals are the linear
combinations of atomic orbitals on central atom A that point toward the X
atoms. In addition, the construction of the sp” hybrids was demonstrated. In
this section, we will consider hybrids that have d—orbital contributions, as well
as the relationship between the hybrid orbital coefficient matrix and that of the
molecular orbitals, all from the viewpoint of group theory.

7.2.1  Hybridization schemes

As is well known, if we construct four equivalent hybrid orbitals using one s
and three p atomic orbitals, the hybrids would point toward the four corners of
a tetrahedron. However, is this the only way to construct four such hybrids? If
not, what other atomic orbitals can be used to form such hybrid orbitals? To
answer these questions, we need to determine the representations spanned by
the four hybrid orbitals that point toward the corners of a tetrahedron:

T4 |E 8C3 3C, 684 60y
L4 1 0 0 2 =A+D
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This result implies that, among the four required atomic orbitals (on the
central atom), one must have A| symmetry and the other three must form a 7>
set. From Areas III and IV of the T4 character table, we know that the s orbital
has Ay symmetry, while the three p orbitals, or the dyy, dy,, and d,; orbitals,
collectively form a 7> set. In other words, the hybridization scheme can be
either the well-known sp> or the less familiar sd3, or a combination of these
two schemes.

On symmetry grounds, the sp> and sd? schemes are entirely equivalent to
each other. However, for a particular molecule, we can readily see that one
scheme is favored over the other. For instance, in CH4, carbon can use the 2s
and three 2p orbitals to form a set of sp> hybrids. It is also clear that carbon is
unlikely to use its 2s orbital and three 3d orbitals (which lie above the 2p orbitals
by about 950 kJ mol~!) to form the hybrids. On the other hand, for tetrahedral
transition metal ions such as MnQ,, it is likely that Mn would use three 3d
orbitals, instead of the three higher energy 4p orbitals, for the formation of the
hybrids.

We now list the possible hybridization schemes for several important
molecular types.

(1) AX3, trigonal planar, D3 symmetry:

Dy | E 2C3 3C; oy 283 3oy
ry |3 0 13 0 1 =A{(s5d2)+ By (dy,da_2)]

Hence the possible schemes include spz, sd?, dpz, and d3.
(2) AX4, square planar, D4, symmetry:

Dy | E 2€4 €3 20y 2Cyn i 284 o 20y 204

Iy |4 0o o0 2 o 0 0 4 2 0 =Alg(sd ) +Blg@n  2)+Eu(x.py)

Hence the possible schemes include dsp? and d?p?.

(3) AXs, trigonal bipyramidal, D3, symmetry:

Dy, | E 203 3C, o 253 3oy
|5 2 1 3 0 3 =2A{sd2)+ 4500+ EAprpy)iy.dp_0)]

Hence the possible schemes include dsp® and d3sp.
(4) AXeg, octahedral, O symmetry:
Oy | E 8C3 6Cy 6C4 3C, i 6S4 8S¢ 30, 60y
= | 6 0 0 2 2 0 0 0 4 2 =A1g() +Eg@a.da_ 2)+T1y(Px.py.2)

So the only possible scheme is d?sp>.

Once we have determined the atomic orbitals taking part in the formation
of the hybrids, we can employ the method outlined in Chapter 3 to obtain the
explicit expressions of the hybrid orbitals.

7.2.2 Relationship between the coefficient matrices for the hybrid and
molecular orbital wavefunctions

As has been mentioned more than once already, to construct the hybrid orbitals
for an AX,, molecule, we linearly combine the atomic orbitals on A so that the
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resultant hybrid orbitals point toward the X ligands. On the other hand, to form
the molecular orbitals for the AX,, molecule, we linearly combine the orbitals
on the ligands such that the combinations match in symmetry with the orbitals
on A. Upon studying these two statements, we would not be surprised to find
that the coefficient matrices for the hybrid orbitals and for the ligand orbital
linear combinations are related to each other. The basis for this relationship is
that both matrices are derived by considering the symmetry properties of the
molecule. Indeed, this relationship is obvious if we take up a specific example.

From eq. (3.4.31), the sp2 hybrids for an AX3 (or AH3) molecule with D3y,
symmetry is:

hy 312 (2/3)1/? 0 s
hh |=| 372 —©72 @712 || p . (7.2.1)
hs @2 @712~ || py

From Table 7.1.2, the linear combinations of ligand orbitals for BH3 have the
form

()R ) RE N ©) e Isy
/)2 -2~ ] 1s, |. (7.2.2)
0 @72 -7 ] s

It is now obvious that the matrix in eq. (7.2.1) is simply the transpose of
the matrix in expression (7.2.2), and vice versa. In addition, it can be easily
checked that the coefficient matrix for the sp® hybrids given in eq. (3.4.35)
and the coefficient matrix for the linear combinations of ligand orbitals in CHy
(Table 7.1.3) have the same relationship.

To conclude, there are two ways to determine the explicit expressions of
a set of hybrid orbitals. The first one is that outlined in Chapter 3, taking
advantage of the orthonormality relationship among the hybrids as well as
the geometry and symmetry of the system. The second method is to apply
the appropriate projection operators to the ligand orbitals, which are placed
at the ends of the hybrids, to obtain the linear combinations of the ligand
orbitals. The coefficient matrix for the hybrids is simply the transpose of the
coefficient matrix for the linear combinations. These two methods are nat-
urally closely related to one another. The only difference is that the latter
formally makes use of group theory techniques, such as projection operator
application and decomposition of areducible representation, whereas the former
does not.

7.2.3  Hybrids with d-orbital participation

In Section 7.2.1, we have seen that many hybridization schemes involve d
orbitals. In fact, we do not anticipate any technical difficulty in the construction
of hybrids that have d orbital participation. Let us take octahedral d?sp> hybrids,
directed along Cartesian axes (Fig. 7.1.10), as an example. From Table 7.1.5,
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we have the coefficient matrix for the linear combinations of ligand orbitals:

(6)~1/2 O (©6)~1/2 O O Ok Isq
—(12)~'2 —a~2 —a72 —a72 202712 2012)7172 Isp
172 1/2 —1/2 —1/2 0 0 Ise
@)~ —@)~12 0 0 0 0 Isg
0 0 )12 —)~12 0 0 1se
0 0 0 0 @~z @2 Isy

With these results, we can easily obtain the hybrid wavefunctions

ha ©~12 —a~'2 a2 @12 0 0 s

hy, ©~12  —a712 12 =@ 0 0 d.»

he | | ®©7VF -7V —172 0 @12 0 do_2

ha | T | ©7V2 —ap7? 12 0 -2 0 Pr

he ©)~12 2012712 0 0 0 )12 Py

hy ©~12 2012712 0 0 0 —2)~172 P2
(7.2.3)

Ineq. (7.2.3), hybrids hq, hyp, ..., by point toward orbitals 1s,, 1sp, ..., sy,
respectively (Fig. 7.1.10).

Lastly, we consider a system with non-equivalent positions. An example of
such a system is the trigonal bipyramidal molecule AXs with D3, symmetry.
As discussed previously, one possible scheme is the dsp3 hybridization, where
d,2 is the only d orbital participating.

If we use the d,> and p; orbitals for the construction of axial hybrids 4, and
hp, and the s, py, and p, orbitals for the equatorial hybrids A, hy, and h, (Fig.
7.1.8), we can readily write down the wavefunctions of these hybrids:

ha @12 @712 0 0 0 de
hy @~ -2 0 0 0 Pz
he | = 0 0 3"z 26712 0 s
hy 0 0 (I (OB ) e Px
he 0 0 G2 —©72 —@7 2 ] py
(7.2.4)

However, there is no reason at all to assume %, and #; are made up of only
p; and d 2 orbitals: The d > orbital can also contribute to the equatorial hybrids,
and the s orbital can also contribute to the axial hybrids. In fact, if we use
only the s and p, orbitals for the axial hybrids, and the d.2, py, and py for the
equatorial hybrids, we then have

ha 0 @~z @12 0 0 d.»
hy 0 -7 @72 0 0 Pz
he | =] =)~/ 0 0 2(6)"1/2 0 S
ha —(3)712 0 0 —© 1 @712 Px
he -(3)712 0 0 —© 2 -7 2] p

(7.2.5)
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Obviously, both of the matrices in eqgs. (7.2.4) and (7.2.5) are limiting cases.
A general expression encompassing these two cases is

Iy )~ Y2sina @~V @ 2cosa 0 0] do

hy @)~ 2sine —@2)"2 2 2cosa 0 0| p.

he |=| =3)"2cosa 0 3)"2sina 2(6)~1/2 0 N

hq —(3)"2cosa 0 B Y2sine  —(6)"1/2(2)"1/2 Px

he —-(3)2cosa 0 B)2sine  —(6)"12(@2)"1/2 Py
(7.2.6)

To obtain eqs. (7.2.4) and (7.2.5) from eq. (7.2.6), we only need to set angle «
to be 90° and 0°, respectively. It is not difficult to show that the five hybrids
form an orthonormal set of wavefunctions. The parameter « in the coefficient
matrix in eq. (7.2.6) may be determined in a number of ways, such as by the
maximization of overlap between the hybrids and the ligand orbitals, or by the
minimization of the energy of the system. In any event, such procedures are
clearly beyond the scope of this chapter (or this book) and we will not deal with
them any further.

7.3 Molecular vibrations

Molecular vibrations, as detected in infrared and Raman spectroscopy, provide
useful information on the geometric and electronic structures of a molecule.
As mentioned earlier, each vibrational wavefunction of a molecule must have
the symmetry of an irreducible representation of that molecule’s point group.
Hence the vibrational motion of a molecule is another topic that may be fruitfully
treated by group theory.

7.3.1  The symmetries and activities of the normal modes

A molecule composed of N atoms has in general 3N degrees of freedom, which
include three each for translational and rotational motions, and (3N — 6) for
the normal vibrations. During a normal vibration, all atoms execute simple
harmonic motion at a characteristic frequency about their equilibrium positions.
For a linear molecule, there are only two rotational degrees of freedom, and
hence (3N — 5) vibrations. Note that normal vibrations that have the same
symmetry and frequency constitute the equivalent components of a degenerate
normal mode; hence the number of normal modes is always equal to or less
than the number of normal vibrations. In the following discussion, we shall
demonstrate how to determine the symmetries and activities of the normal
modes of a molecule, using NH3 as an example.

Step 1. For a molecule belonging to a certain point group, we first deter-
mine the representation /" (Ng) whose characters are the number of atoms that
are unshifted by the operations in the group. Taking the NH3 molecule as an
example,

C3V | E 2C3 3UV
TNy | 4 I )
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Step 2. Multiply each character of I"(Np) by the appropriate factor f (R) to
obtain I3y. Now we show how to determine factor f (R) for operation R. When
R is arotation of angle ¢, Cy, we use

f(Cy) =1+ 2cos . (7.3.1)

Thus, f(E) = 3;f(C2) = —1:£(C3) = f(C3) = 0:f(C4) =f(C = 1,
f(Ce) :f(Cg) = 2; etc. When R is an improper rotation of angle ¢, Sy, we
have

f(Sg) = —1+2cos¢. (7.3.2)

Thus, f(S1) =f(0) = 1:f(82) = (i) = =3:£(S3) = —2: £ (S4) =f(5}) =
—1;£(Se) =f(83) = 0; etc. So, for NH;,

Csy | E 2C; 30,
J(R) 3 0 I
sy =f(R) x I'(No) 12 0 2

Note that the values of f (R) can also be obtained from the characters of the
symmetry species Iy, (representation based on x, y, and z). For point group
Csy, I'yy; = I'yy (based on x and y) + I (based on z) = E + A;.

Upon decomposing I3y using e.g. (6.4.3), we get

I3y (NH3) = 3A1 + Ay +4E.

Step 3. From I3y subtract the symmetry species Irans(= Iyy;) for the trans-
lation of the molecule as a whole and I, (based on Ry, Ry, and R;) for the
rotational motion to obtain the representation for molecular vibration, Iyip:

Ivib = 38 — Tirans — Lot (7.3.3)
For NHj3, we have

Iin(NH3) = 3A1 + A2 +4E) — (A1 + E) — (A2 + E)
=2A| + 2E.

In other words, among the six normal vibrations of NH3, two have A| symmetry,
two others form a degenerate E set, and the remaining two form another E set.

Step 4. For a vibrational mode to be infrared (IR) active, it must bring about
a change in the molecule’s dipole moment. Since the symmetry species of the
dipole moment’s components are the same as Iy, Iy, and I, a normal mode
having the same symmetry as Iy, I'y, or I'; will be infrared active. The argument
employed here is very similar to that used in the derivation of the selection
rules for electric dipole transitions (Section 7.1.3). So, of the six vibrations of
NH3;, all are infrared active, and they comprise four normal modes with distinct
fundamental frequencies.
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Fig. 7.3.1.

The vibrational modes of NH3 and
observed frequencies. Note that only one
component is shown for the £ modes.

Symmetry in Chemistry

NN NS

vi(Ay) vy(Ay) V3l(E) Vao(E)
3337 cm™! ~950 cm™ 3414 cm™! 1627 cm™

On the other hand, for a vibrational mode to be Raman (R) active, it must
bring about a change in the polarizability of the molecule. As the components
of the polarizability tensor (based on the quadratic products of the coordinates)
have the symmetry of I'2, Fyz, I'2, Iy, I'y;, and I'y;, anormal mode having one
of these symmetries will be Raman active. So, for NH3, we again will observe
four fundamentals in its Raman spectrum. In other words,

I'yi(NH3) = 2A1(R/IR) + 2E(R/IR).

The four observed frequencies and the pictorial representations of the nor-
mal modes for NH3 are displayed in Fig. 7.3.1. From this figure, we can see
that vy and v3 are stretching modes, while v, and v4 are bending modes.
Note that the number of stretching vibrations is equal to the number of
bonds. Also, the stretching modes have higher frequencies than the bending
ones.

Before discussing other examples, we note here that, for a centrosymmet-
ric molecule (one with an inversion center), Iy, Iy, and I are “u” (from the
German word ungerade, meaning odd) species, while binary products of x, y,
and z have “g” (gerade, meaning even) symmetry. Thus infrared active modes
will be Raman forbidden, and Raman active modes will be infrared forbid-
den. In other words, there are no coincident infrared and Raman bands for a
centrosymmetric molecule. This relationship is known as the rule of mutual
exclusion.

Another useful relationship: As the totally symmetric irreducible representa-
tion I'rs in every group is always associated with one or more binary products
of x, y, and z and it follows that totally symmetric vibrational modes are always
Raman active.

Besides being always Raman active, the totally symmetric vibrational modes
can also be readily identified in the spectrum. As shown in Fig. 7.3.2, the
scattered Raman radiation can be resolved into two intensity components,
I, and Ij. The ratio of these two intensities is called the depolarization
ratio p:

P :IJ_/IH. (7.3.4)

If the incident radiation is plane-polarized, such as that produced by lasers in
Raman spectroscopy, scattering theory predicts that totally symmetric modes
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will have 0 < p < 3/4 and all other (non-totally symmetric) modes will have
p = 3/4. A vibrational band with 0 < p < 3/4 is said to be polarized, and
one with p = 3/4 is said to be depolarized. In fact, for highly symmetric
molecules, the polarized bands often have p ~ 0, which makes identifying
totally symmetric modes relatively simple. For the NH3 molecule, the two A
modes are polarized.

Figure 7.3.2 shows the intensities /, and /| for the v{ (A1) and v2(E) Raman
bands of CCly. It is seen that /| of vi(A}) is essentially zero. Precise measure-
ments yield p = 0.005 £ 0.002 for vi(A;) and p = 0.72 £ 0.002 for v>(E).
These results are consistent with scattering theory.

7.3.2  Some illustrative examples

In this section, we will attempt to illustrate the various principles and tech-
niques introduced in the previous section with several simple examples. Special
emphasis will be on the stretching modes of a molecule.

(1) trans-NyF,

The molecule N, F> can exist in two geometrical forms, namely, cis and trans.
Here we are only concerned with the frans isomer with Cop symmetry. The
methodical derivation of the symmetry species of the vibrational modes is best
conducted in tabular form, as shown below.

Con E C, i op Remark

I" (No) 4 0 0 4 rowl (atoms not moved by R)
I3y 12 0 0 4  row 2 =row |l x row 3

Iians =f(R) | 3 —1 =3 1 10w 3, I{rans based on (x,y,2)
Tiot 3 =1 3 —1 row4, Iy based on (Ry,Ry,R;)
iy 6 2 0 4 row5 =row?2 —row3 —row4

Hence I3y (N2F2) = 4Ag + 2Bg + 2Ay + 4By, and
Iib(N2F2) = 345 (R) + Ay (IR) + 2By (IR).

So trans-N,F; has three bands in both its infrared spectrum and its Raman
spectrum. However, none of the bands are coincident, as this is a centrosym-
metric molecule. The normal modes, as well as their observed frequencies, of
trans-NoF, are shown in Fig. 7.3.3. Note that this molecule has three bonds and
hence has three stretching modes: vq(Ag) is the symmetric stretch of two N-F
bonds, v2(Ay) is the N=N stretching, while v4(By) is the asymmetric stretch of
the two N-F bonds. As the symmetric N-F stretch and N=N stretch have the
same symmetry (Ag), v1 and v, are both mixtures of these two types of stretch
motion. Among the three modes, v2(A,) has the highest energy, as N=Nis a
double bond and N-F is a single bond.
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Fig. 7.3.2.

Raman band intensities /| and I} of

CCly for vi(Ay) (top) and v, (E)

(bottom). The splitting in the v band is
due to the isotopic effect of Cl.
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Fig. 7.3.3.

The vibrational modes and the
corresponding frequencies of
trans-NoFy. Note that only vy, vp,
and vy are stretching modes.

Fig. 7.3.4.

The vibrational modes and their
frequencies of CF4. Note that only one
component is shown for the degenerate
modes.

Symmetry in Chemistry

vl(Ag) (R,pol) vz(Ag) (R,pol) v3(Ag) (R,pol)
1010 cm-! 1522 cm-! 600 cm-!
O—
Q}Q—O/
)\
v4(By) (IR) vs(By) (IR) ve(Ay) (IR)
990 cm-! 423 cm! 364 cm-!
viAp (R) v(E) (R) v3(T) (IR/R) vy(T>) (IR/R)
908 cm! 435 cm! 1283 cm! 631 cm!

2) CFE4
This is a tetrahedral molecule with Tq symmetry. The derivation of the
vibrational modes is summarized below.

Tq | E 8Cz 3C, 684 60y

I'(Ng) | 5 2 1 1 3

f(R) 3 0 -1 -1 1

I3y 15 0 -1 -1 3 =A+E+T1+31

Iin(CFy) = A1(R) + E(R) +2T2(IR/R)

So CF4 has two infrared bands and four Raman bands, and there are two
coincident absorptions. The normal modes and their respective frequencies are
given in Fig. 7.3.4. Note that v (A1) and v3(73) are the stretching bands. Also,
this is an example that illustrates the “rule” that a highly symmetrical molecule
has very few infrared active vibrations. The basis of the “rule” is that, in a point
group with very high symmetry, x, y, and z often combine to form degenerate
representations.

3 Py
The atoms in the P4 molecule occupy the corners of a regular tetrahedron. In
point group Ty, following the previous procedure, we have

Tq | E 8Cz 3C, 681 604
I'(Ng) | 4 1 0 0 2
f(R) 3 0 -1 -1 1
I3y 12 0 0 0 2 =A+E4+T1 421

Hin(Ps, Tg) = A1(R) + ERR) + T2 (IR, R).
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\ 4

Vi(A}), 606 cm ! Vo(E), 363 cm’ ! vi(T»), 465 cm™!

If the molecule were to adopt a hypothetical square-planar structure in point
group Dyy,, the normal modes would be

v (P4, Dap) = Alg(R) +Blg(R) + BZg(R) + By, + Ey(IR).

Both models have the same numbers of infrared, Raman, and polarized
Raman bands. However, they can be distinguished by the fact that the 7> mode in
the Ty structure is both IR and Raman active (there is one coincidence), whereas
the rule of mutual exclusion holds for the centrosymmetric Dg4y, structure.

The normal modes of P4 and their observed Raman frequencies are shown
in Fig. 7.3.5. Here A; is called the breathing mode, since all P-P bonds are
stretching and contracting in unison. In the v>(E) mode, two bonds are con-
tracting while the other four are lengthening; in the v3(7%) mode, three bonds
are contracting while the other three are lengthening. It is of interest to note
that all six vibrations of P4 are stretching motions.

4 XeF,

This molecule has a square-planar structure with Dy, symmetry. With reference
to the coordinate system displayed in Fig. 7.3.6, the symmetry of the vibrational
modes may be derived in the following manner:

Dyp | E 2C4y C, 2C/2 2C/2/ i 284 o 20y 204
I'(Ng) | 5 1 1 3 1 1 1 5 3 1
FR) |3 1 -1 -1 -1 =3 -1 1 1 1
Dy |15 1 -1 -3 -1 -3 -1 5 3 1
I3y (XeFy) = A1y + Agg + Big + Bog + Eg + 2A2y + Bay + 3E,.

Iip(XeFy4) = A1g(R) + B1g(R) + B2 (R) + A2y (IR) + Byy + 2E,(IR).
(7.3.5)

So XeF4 has three bands in its infrared spectrum as well as in its Raman
spectrum. None of the bands are coincident, as this molecule is centrosymmet-
ric. In addition, there is a “silent” mode, with By, symmetry, which does not
show up in either spectrum. The normal modes and their frequencies are given
in Fig. 7.3.6.
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Fig. 7.3.5.

The normal modes and Raman
frequencies of P4. Only one component
is shown for the degenerate modes.
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Fig. 7.3.6.

Normal modes and vibrational
frequencies of XeF,. Note that the x and
y axes are equivalent, and only one
component is shown for the degenerate
modes. The coordinate system of
locations of secondary twofold axes and
mirror planes are shown in the lower part
of the figure.
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+ +
V3(Ayy) (IR)

Vi(Aje) (R)
554 cm-! 524 cm-!

Vi(Brg) R)
218 cm-!

ve(E,) (IR)
586 cm-!

v4(Ey) (R)
161 cm-!

C2n o4

X sz

N\

Oy

Among the normal modes shown in Fig. 7.3.6, v1(A1g), v2(B1g), and ve (Ey),
are the stretching modes. It is appropriate here to note that it is straightforward
to come up with these pictorial representations. If we call the four Xe—F bonds
a, b, ¢, and d, the vi(Ajg) mode may be denoted as a + b + ¢ + d, with
“+” indicating contracting motion and “~" indicating stretching motion. The
combination a+b+c+d is what we will get if we apply the projection operator
PAie to a. Similarly, if we apply P51z to a, we will get a — b 4 ¢ — d, which
translates to v2(B1g) in Fig. 7.3.6. If we apply PEuto a, we get a — c; similarly,
applying PEv to b will yield b — d. When we combine these combination
further, (a — ¢) £ (b — d) are the results. One of these combinations is shown
in Fig. 7.3.6, while the other is not. The stretching motions of a molecule can
usually be derived in this manner.

If the x and y axes are chosen to bisect the F~Xe—F bond angles, the symmetry
of the normal modes is expressed as

Iy (XeFs) = A1g(R) + B1g(R) + Bog(R) + A2 (IR) + Byy + 2Ey(IR).
(7.3.6)
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As compared to eq. (7.3.5), the only difference is that the silent mode By, in
that expression is converted to By here, and now v, has By, symmetry and
v4 has B1g symmetry. All deductions concerning infrared and Raman activities
remain unchanged.

Given the illustrations of the normal modes of a molecule, it is possible to
identify their symmetry species from the character table. Each non-degenerate
normal mode can be regarded as a basis, and the effects of all symmetry oper-
ations of the molecular point group on it are to be considered. For instance, the
v1 mode of XeF; is invariant to all symmetry operations, i.e. R(vy) = (1)v; for
all values of R. Since the characters are all equal to 1, v; belongs to symmetry
species Ayg. For v2, the symmetry operation Cy4 leads to a character of —1, as
shown below:

Working through all symmetry operations in the various classes by inspection,
we can readily identify the symmetry species of v as Byg.

For a doubly degenerate normal mode, both components must be used
together as the basis of a two-dimensional irreducible representation. For exam-
ple, the operations C, and ¢y on the two normal vibrations that constitute the vg
mode lead to the character (sum of the diagonal elements of the corresponding
2x 2 matrix) of —2 and 0, respectively, as illustrated below. Working through the
remaining symmetry operations, the symmetry species of vg can be identified
as Ey.

(5) SF4
As shown below, this molecule has C,, symmetry with two types of S—F bonds,
equatorial and axial. The vibrational modes can be derived in the following way:

Cy | E Cr oy(x2) 0,02
™o |5 1 3 3
R |3 -1 1 1
Oy |15 -1 3 3
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Fig. 7.3.7.

Normal modes of SF,4 and observed
frequencies. The + and - symbols refer to
motions of “coming out” and “going
into” the paper, respectively.

Symmetry in Chemistry

1= 5

v; (A}) (IR/R) v, (A}) (IR/R) vy (A}) (IR/R)
892 cm! 559 cm-! 464 cm-!
% €]
v4 (A} R/R) vs (Ay) (R) ve (B)) (IR/R)
226 cm-! 414 cm! 730 cm-!
©]
° €]
©
€]
v, (B,) (IR/R) vg (By) (IR/R) vy (By) (IR/R)
532 cm-! 867 cm-! 353 cm!
X
F,

I3y (SF4) = 5A1 4+ 2A, + 4B + 4Bs.
I'yin(SF4) = 4A1(IR/R) + A2(R) + 2B1(IR/R) 4 2B, (IR /R).

So there are nine Raman lines and eight infrared lines. All eight infrared bands
may be found in the Raman spectrum. The normal modes and their frequen-
cies for SF4 are shown in Fig. 7.3.7. From this figure, it may be seen that
stretching modes include v; (symmetric stretch for equatorial bonds), vy (sym-
metric stretch for axial bonds), ve (asymmetric stretch for axial bonds), and vg
(asymmetric stretch for equatorial bonds).

It is worth noting that we have so far discussed the vibrational spectra of
three five-atom molecules: CF4, XeF4, and SF4, with T4, D4y, and Cpy sym-
metry, respectively. In their infrared spectra, two, three, and eight bands are
observed, respectively. These results are consistent with the expectation that
more symmetrical molecules have less infrared bands.

(6) PFs

This well-known molecule assumes a trigonal bipyramidal structure with D3y,
symmetry. As in the case of SF4, PF5 also has two types of bonds, equatorial and
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vi(A;") (R)
817 cm-!

(A" (R)
640 cm-!

v3(A,") (IR)
944 cm-!

v4(A,") (IR)
575 cmr!

vs(E") (IR/R)
1026 cm-!

ve(E") (IR/R)
532 cm-!

v7(E") (IR/R)
300 cm-!

vg(E") (IR/R)
514 cm-!

axial P-F bonds. The vibrational modes for this molecule can be determined in
the following way:

Dsy, | E 2C3 3Cy op 283 30y
I'No)| 6 3 2 4 1 4
f(R) |13 0 -1 1 -2 1
I3y 8 0 -2 4 -2 4

=2A| + A} +4E' 4 3A5 + 2E"
Lip(PFs) = 24| (R) + 3E'(IR/R) 4 2A7(IR) + E"(R).

So there are five infrared and six Raman bands, three of which are coincident.
The normal modes and their frequencies are shown in Fig. 7.3.8. From this
figure, itis seen that v; (A’l) and vs5(E’) are the stretching modes for the equatorial
bonds, while v, (A/l) and v3 (A/z’) are the symmetric and asymmetric stretches
for the axial bonds. Recall that in the derivation of the linear combinations for
three equivalent functions a, b, and c, the results are a + b + ¢; 2a — b — c,
and b — ¢, with the last two being degenerate. Mode vl(A’l) in Fig. 7.3.8 is
equivalent to a + b + ¢, while v5(E’) is 2a — b — c. The remaining combination,
b — c, is not shown in this figure.

(7) SFs

This highly symmetrical molecule has an octahedral structure with O, symme-
try. Contrary to SF4 and PFs, where there are two types of bonds, all six bonds
in SFg are equivalent to each other. The vibrational modes of this molecule can
be determined in the following manner:

On | E 8C3 6C, 6C4 3C,=C% i 684 8S¢ 30 604

TNy | 7 1 1 3 3 1 1 1 5 3
fR |3 0 -1 1 -1 -3 -1 0 1 1
Dy |21 0 -1 3 -3 -3 -1 0 5 3

I’3n (SFe) = Alg + Eg + Tlg + T2g + 3Ty + Toy.
Iin(SFe) = A1g(R) + Eg(R) + 2T1u(IR) 4 T2 (R) + Tau.

Fig. 7.3.8.
Normal modes of PF5 and their
frequencies. Note that only one
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component is shown for each degenerate

mode.
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Fig. 7.3.9.

Normal modes of SFg and their
frequencies. Note that only one
component is shown for each degenerate
mode.
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vy(Ey) (R)
774 cm-! 642 cm-! 939 cm-!

v3(Ty)

vy (T, (IR)
< 347 cm—l(estimated)

614 cm-!

So there are three Raman and two infrared bands, none of which are coincident.
Also, the T, mode is silent. The normal modes and their frequencies are shown
in Fig. 7.3.9. It is clear now that v1(A1g), v2(Eg), and v3(T1y) are the stretching
modes.

If we call the six bonds a, b, .. .,f, with a and b colinear, and so are ¢ and
d, as well as e and f, then v (A1g) is equivalent to a+b+c+d+e+f; va(Ey) is
equivalent to 2e+2f-a—b—c—d; v3(T1y) is equivalent to e — f. The ones not
shown in Fig. 7.3.9 are the remaining component of E,, a + b — ¢ — d, and
the last two components of 71y, @ — b and ¢ — d. These six combinations
are identical to those listed in Table 7.1.5, the combinations of ligand orbitals
in AHg.

7.3.3  COstretch in metal carbonyl complexes

In the previous examples for molecules with relatively few atoms, we studied
and presented the results of all 3N —6 vibrations of the molecules. However,
for molecules composed of a large number of atoms, often it is convenient to
concentrate on a certain type of vibration. The prime example of this kind of
investigation is the enumeration of the CO stretching modes in metal carbonyl
complexes.

Most metal carbonyl complexes exhibit sharp and intense CO bands in the
range 1800-2100 cm™". Since the CO stretch motions are rarely coupled with
other modes and CO absorption bands are not obscured by other vibrations,
measurement of the CO stretch bands alone often provides valuable information
about the geometric and electronic structures of the carbonyl complexes. As we
may recall, free CO absorbs strongly at 2155 cm™!, which corresponds to
the stretching motion of a C=O0 triple bond. On the other hand, most ketones
and aldehyde exhibit bands near 1715 cm™!, which corresponds formally to
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the stretching of a C=0 double bond. In other words, the CO bonds in metal
carbonyls have a bond order somewhere between 2 and 3. This observation
may be rationalized by the simple bonding model illustrated in Fig. 7.3.10.

The M-C o bond is formed by donating the lone electrons on C to the empty
d,> orbital on M (upper portion of Fig. 7.3.10). The & bond is formed by back
donation of the metal dsr electrons to the 7 * orbital (introduced in Chapter 3) of
CO. Populating the r* orbital of CO tends to decrease the CO bond order, thus
lowering the CO stretch frequency (lower portion of Fig. 7.3.10). These two
components of metal-carbonyl bonding may be expressed by the two resonance
structures

n-bond

"M—C=0" <—> M—C=—0

) an

Thus structure (I), with higher CO frequencies, tends to build up electron density
on M and is thus favored by systems with positive charges accumulated on the
metal. On the other hand, structure (II), with lower CO frequencies, is favored
by those with negative charge (which enhances back donation) on metal. In
other words, net charges on carbonyl compounds have a profound effect on the
CO stretch frequencies, as illustrated by the following two isoelectronic series:

Importance of resonance structure “M-C=0" —

v(@nem™') V(CO); Cr(CO)  Mn(CO)F
V(A1g) 2020 2119 2192
V(Eq) 1895 2027 2125
V(T1) 1858 2000 2095
Fe(CO22~ Co(CO);  Ni(CO)
v(A}) 1788 2002 2125
w(T») 1786 1888 2045

<«— Importance of resonance structure M=C=0

The identification of the symmetries of the CO stretching modes and the
determination of their activities may be accomplished by the usual group theory
techniques. Take the trigonal bipyramidal Fe(CO)s (with D3, symmetry) as an
example. The representation spanned by the five CO stretching motions, I'co,
is once again derived by counting the number of CO groups unshifted by each
operation in the D3y, point group.

247

Fig. 7.3.10.

The o and 7 bonding in metal carbonyls.
Note that electrons flow from the shaded
orbital to the unshaded orbital in both
instances.
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Fig. 7.3.11.

Carbony] stretching modes and their
frequencies for Fe(CO)5. Note that only
one component is shown for vjo(E’).

Symmetry in Chemistry

+c|> +c|>
C x C Vs
e e
e Fer P
<9 —(; le\g\ - —g 49 Te\c\
~
e 0 e o
Yo YO
vi(Ap (R) vy(AD (R)
2116 cm™! 2030 cm™!
i i
V4
YC c
| /C/O | /)E /O
—C — Fe — C—
O0—C | \C <(_) _C» ITe\C\
c o ~o"
Vi T°
Y6} o)
vs(Ay) (IR) vo(E') (IR/R)
2002 cm-! 1979 cm-! (IR); 1989 cm-! (R)
0
-y
c C
‘ Prad 10)
c—
o C Fe <
a ‘ e
¢ o
4]
0

Dsp |E 2C3 3C, o 283 3oy
FC0| 5 2 1 3 0 3

T'co[Fe(CO)s] = 24)(R) + A(IR) + E'(IR/R).

So there are two and three CO stretch bands in the infrared and Raman spec-
tra, respectively. The CO stretching modes and their frequencies are given in
Fig. 7.3.11.

The CO stretching modes shown in Fig. 7.3.11 may be easily obtained using
the standard group theory technique. If we call the equatorial CO groups a, b, and
¢, and the axial groups d and e, the combinations for these five entities are simply
Al,a+b+c; E',2a—b—c and b—c; A, d +-e; A7, d—e; where + denotes stretching
and — denotes contracting. Since there are two A} combinations, we can combine
them further to form k(a+b-+c)+d +e and k' (—a—b—c) +d +e, where k and
k' are the combination coefficients. The stretching modes shown in Fig. 7.3.11
are simply graphical representations of these five linear combinations, except
that one component of the E’ mode, b — ¢, is not shown. Again, vy (A’l) is called
the breathing mode, since all carbonyl groups are stretching and contracting
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in unison. For metal-carbonyl complexes, the breathing mode often has the
highest energy, as in the case of Fe(CO)s.

Now it is straightforward to show that, for tetrahedral carbonyl complexes
M(CO)4 with Tq symmetry,

I'co[M(CO)4] = A1 (R) + T2 (IR/R).
For octahedral carbonyl complexes M(CO)¢ with Oy, symmetry,
I'co[M(CO)g]l = A1g(R) + Eg(R) + T1u(IR).

Since there is a direct relationship between the structure of a metal-carbonyl
complex and the number of CO stretching bands, it is often possible to deduce
the arrangement of the CO groups in a complex when we compare its spectrum
with the number of CO stretch bands predicted for each of the possible structures
using group theory techniques. As an illustrative example, consider the cis and
trans isomers of an octahedral M(CO)4L; complex. For the trans isomer, with
Dgy symmetry, we have

Tcoltrans-M(CO)4La] = Ajg(R) 4 Big(R) + Ey(IR).

So there are two CO stretching bands in the Raman spectrum and only one
in infrared. Also, there are no coincident bands. For the cis isomer, with C»y
symmetry, we have

I'colcis-M(CO)4L2] = 2A1(IR/R) 4 B1(IR/R) + B2 (IR/R).

So there are four infrared/Raman coincident lines for the cis isomer. When M
is Mo and L is PCl3, the trans isomer has indeed only one infrared CO stretch
band, while there are four for the cis isomer. These results are summarized in
Fig. 7.3.12, along with the pictorial illustrations of the CO stretching modes. It
appears that the two A modes of the cis isomer do not couple strongly. Also,
this is another example for the general rule that a more symmetrical molecule
will have fewer infrared bands.

In some cases, two isomers may have the same number of CO stretching
bands, yet they may still be distinguished by the relative intensities of the
bands. Take the cis- and trans-[(nS-C5H5)M0(CO)2PPh3C4H60]+ and their
spectra as an example. The structural formulas of these complex ions and their
infrared spectra are shown in Fig. 7.3.13. In both spectra, the two bands are
the symmetric and asymmetric CO stretch modes. As shown in the previous
example of cis-[Mo(CO)4(PCl3),], the symmetric modes has a slightly higher
energy. Also, as shown below, the intensity ratio is related to the angle formed
by the two groups.

Referring to Fig. 7.3.14, the dipole vector R for a stretching mode is simply
the sum or difference of the two individual CO group dipoles. Since the inten-

sities of the symmetric and asymmetric stretches are proportional to Rszym and
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Rgsym, respectively, the ratio of these two intensities is simply

I()/12) = R, /Ra,

asym
= (2rcos6?)/(2rsin)?

= cot? 0,

where 26 is the angle formed by the two CO groups. For the left spectrum in
Fig. 7.3.13,1(1)/I1(2) = 1.44, and 20 is 79°, indicating this spectrum is that of
the cis isomer. For the spectrum on the right, /(1) /1(2) = 0.32, and 26 is 121°,
signifying this spectrum is that of the trans isomer.

In polynuclear carbonyls, i.e., those carbonyl complexes with two or more
metal atoms, the CO ligands may bond to the metal(s) in different ways. In
addition to the terminal carbonyl groups, those we have studied so far, we may
also have w, bridging carbonyls, which bond to » metal atoms. In the case
of w, bridging, it may be assumed that a CO group donates one electron to
each metal. Also, both metals back-donate to the CO ligand, thus leading to
vibrational frequencies lower than those of terminal COs. Indeed, most 1t2-
bridging CO groups absorb in the range of 1700-1860 cm™!. In the following
we consider the dinulclear complex Co,(CO)g which, in the solid state, has the
following structure with Co, symmetry:

oce’”’

oC
x

To derive the CO stretching modes, we may consider the bridging and terminal
groups separately.

Coy |E C, oy(x2) o,(y2)
(Icodvrid | 2 O 0 2
(FCO)term 6 0 2 0

(I'co)bria[Co(CO)g] = A1 (IR/R) + By (IR/R),
(I'co)term[Co(CO)g] = 241 (IR/R) + A2(R) + 2B (IR/R) + B2(IR/R).

So there are seven CO stretching bands in the infrared spectrum, as found
experimentally. The terminal CO stretching frequencies are at 2075, 2064, 2047,
2035, and 2028 cm™!, and the two bridging CO stretch peaks are at 1867 and
1859 cm™!.
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As another example, consider the highly symmetrical Fe,(CO)g, with D3y
symmetry, as shown above. The symmetries of the CO stretching modes can
be determined readily:

D3h | E 2C3 302 Oh 253 3(TV
(Icodoria | 3 O 1 3 0 1
(Ico)term | 6 O 0 0 0 2

(I'co)bria[Fe2(CO)9] = A|(R) + E'(IR/R),
(I'co)erm[Fe2(CO)9] = A1 (R) + A5 (IR) + E'(IR/R) + E"(R).

So there are three infrared absorption bands: 2066 (A7), 2038 (E’, terminal),
and 1855 (E’, bridging) cm™!.

In this section, using purely qualitative symmetry arguments, we have dis-
cussed the kind of information regarding structure and bonding we can obtain
from vibrational spectroscopy. Obviously, treatments of this kind have their
limitations, such as their failure to make reliable assignments for the observed
vibrational bands. To carry out this type of tasks with confidence, we need to
make use of quantitative methods, which are beyond the scope of this book.

7.3.4 Llinear molecules

In this section, we examine the vibrational spectra of a few linear molecules to
illustrate the principles we have discussed.

(1) Hydrogen cyanide and carbon dioxide

Both HCN and CO», with Cnoy and Do, Symmetry, respectively, have two
bonds and, hence, have two stretching modes and one (doubly degenerate)
bending mode. In CO;, the two bonds are equivalent and they may couple in a
symmetric and an antisymmetric way, giving rise to symmetric and asymmetric
stretching modes. However, for HCN, we simply have the C-H and C=N
stretching modes. The observed frequencies and their assignments for these
two triatomic molecules are summarized in Tables 7.3.1 and 7.3.2.

Table 7.3.1. The normal modes of HCN and their observed
frequencies

Symmetry cm Normal mode  Activity Description

1 1
I 712 H—C=N IRR bending
{
<~ <~ —
=t 2089 g—c=N [RR  C=Nstretch

<« - -
=+ 3312 g—c=N IR/R  C-Hstretch

(2) Cyanogen
Cyanogen, N=C-C=N, is a symmetric linear molecule. It has three stretching
modes and two (doubly degenerate) bending modes. Just as in the case of CO»,
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Table 7.3.2. The normal modes of CO; and their observed frequencies

-1

Symmetry cm Normal mode Activity Description
T t _
Iy 667 O0O—C—/O0 IR bending
{

" <« — .
Yg 1388 0—C—0 R symmetric stretch

+ - <« — .
%y 2349 0o—C—o0 IR asymmetric stretch

there are no coincident bands. Hence, the assignments are fairly straightforward,
as summarized in Table 7.3.3.

Table 7.3.3. The normal modes of cyanogen and their observed frequencies

1

Symmetry cm™ "  Normal mode Activity  Description
t t
Iy 226 N=—C—C=N 1R asymmetric C—-C-N bending
Voo
T )
Mg 506 N=C—C=N R symmetric bending
! !
4 « « 5> >
Eg 848 N=C—C=N R C—C stretch
+ <« — - <« .
Zy 21499 N=c—c=N R asymmetric C=N stretch
4 “—~ >« > .
g 2322 N=—c—c=N R symmetric C=N stretch

(3) Carbon suboxide

Carbon suboxide, O=C=C=C=0, has four stretching modes and three (doubly
degenerate) bending modes. The spectral assignments can be made in a similar
manner, as summarized in Table 7.3.4.

While most of the assignments given in Tables 7.3.1 to 7.3.4 may be made
by qualitative arguments, it should be stressed that quantitative treatments are
indispensable in making certain that the assignments are correct.

Finally, it is useful to mention here a “systematic” way to derive the sym-
metries of the vibrational modes for a linear molecule. Even though formally
carbon suboxide has Dy, symmetry, its vibrational modes may be derived by
using the Dy, character table. The procedure is illustrated below for the carbon
suboxide molecule:

Dy | E Ci2) Cay) Cox) i o(xy) o(xz) o(y2)
Ny | 5 5 1 1 1 1 5 5
fR |3 -1 -1 -1 =3 1 1 1
Dy |15 -5 -1 -1 =3 1 5 5
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Table 7.3.4. The normal modes of carbon suboxide and their observed frequencies

-1

Symmetry cm Normal mode Activity  Description
L
Iy 557 O0=—C=—=C=—=C=—=0 IR asymmetric C—C-0 bending
{ {
T t
g 586 O—C—=C=—=C=—0 R symmetric bending
{ V
T T
Ty 637 O—C—C—C—/0 IR asymmetric C—-C-C bending
{ b {
- - “«— o«
Eg— 843 O0—C—C—C—/O0 R symmetric C=C stretch
4 «— o« - <« <«
PN 1570 o—Cc—c—c—0 IR asymmetric C=C stretch
i - <« - o«
Eg 2200 O—C—C—Cc—0 R symmetric C=0 stretch

“— 5> > >«

ELJ{ 2290 o—Cc—c—c—0 IR asymmetric C=0 stretch

I3y = 2Ag + 2Bog + 2B3g + 3B1y + 3B2u + 3B3y.
[in(C302, Dop) = 2A4 + Bog + B3g + 2By + 2By + 2B3y.

Note that in deriving these results, we have considered I, (C303,Dyp) =
I3N — Irans — I'(Ry) — I'(Ry), which gives rise to a total of 10 vibrations for
this linear molecule. There is no need to take rotation R, (with B, symmetry)
into account here as we have assigned the molecular axis to be the z axis.

To convert the symmetry species in point group Djy, to those of Dyop, We
make use of the correlation diagram shown below, which can be easily deduced
from the pair of character tables:

DZh Doch

2 +
Ag z zg

By, X~ -

By, o — ¢
By z ¢
By, Y ~_ -
B, x — "

So, in terms of the symmetry species of point group Do}, we have

Lin(C302) =285 + M + 2% + 21,

7.3.5 Benzene and related molecules

In the final section of this chapter, we discuss the vibrational spectra of benzene,
its isostructural species C6O§7 (rhodizonate dianion), and dibenzene metal
complexes.
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(1) Benzene

Historically, the cyclic structure of benzene with Dgy, symmetry, as shown in
Fig. 7.3.15, was deduced by enumerating the derivatives formed in the mono-,
di-, tri-substitution reactions of benzene. The structure can also be established
directly using physical methods such as X-ray and neutron diffraction, NMR,
and vibrational spectroscopy. We now discuss the infrared and Raman spectral
data of benzene.

The symmetries of the 30 normal vibrations can be derived in the usual
way. The symmetry elements Cé, Cé/ , 04, and oy are taken as those shown in
Fig. 7.3.15.

Degp | E 2Cq 2C3 C 3C/2 3C/2/ i 283 2S¢ op 304 30y
I'Nog) (12 0 0 0 4 0 0 0 0o 12 0 4
f(R) 3 2 o -1 -1 -1 -3 =2 0 1 1 1
I3y 36 0 0 0O -4 0 0 0 0O 12 0 4

I3y = 2A1g + 242y + 2Bog + 2E1 + 4Ene + 2A2y + 2By + 2By
+4Ey + 2Ey,.
in(CeHe) = 2415 (R) + Agg + 2B2y + E1g (R) + 4E25 (R) + A (IR)
+ 2By + 2Boy + 3E1,(IR) + 2Ey,.

So four bands are expected in the IR spectrum (one with Ay, symmetry and
three sets with Eq, symmetry), while there should be seven bands in the Raman
spectrum (two with Ay, symmetry, one set having £, symmetry, and four sets
with Eg symmetry).

The 20 vibrational modes of benzene are pictorially illustrated in Fig. 7.3.16.
Also shown are the observed frequencies. In this figure, v(CH) and v(CC)
represent C—H and C—C stretching modes, respectively, while § and 7 denote
in-plane and out-of-plane bending modes, respectively. For each £ mode, only
one component is shown.

The 20 vibrational modes illustrated in Fig. 7.3.16 may be broken down
into various types of vibrations. In the following tabulation, the representation
generated by the 12 vibrations of the carbon ring skeleton is denoted by I'ce,
and I'c-c and I'c-y are the representations for the stretching motions of C-C
and C-H bonds, respectively.

Degp, E 2C¢ 2C3 C, 3C, 3C, i 283 2S¢ on 304 30y
I'(No)(C6) [ 6 O o 0 2 0o o o0 0 6 O 2
f(R) 3 2 O -1 -1 -1 -3 =2 0 1 1 1
I3y (C6) 18 0 o 0 -2 0 O O 0 6 O 2
I'cc 6 0 0O 0 O 2 0 0 0 6 2 O
I'c-H 6 0 0o 0 2 0O 0 0 0 6 O 2

3N (C6) = Ayg + Azg + Bog + Erg + 2E25 + Aoy + By
+ By + 2E1, + Eoy.

255

Fig. 7.3.15.

Symmetry elements of the benzene
molecule. The x axis is chosen to pass
through a pair of carbon atoms, and the
Z axis points toward the reader.
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Fig. 7.3.16.

1 V(CH)
3062(R)

B, M(CC)

(R

E,,, 8(CH)
1178(R)
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Ay, 8(CH) By, M(CH)
E}y, m(CC) E,g, v(CH) Ey,y, (CO)
846(R) 3047(R) 1585(R)

Es,, 8(CC) Ay, I(CH) By, v(CH)
606(R) 671(IR)

R

By, v(CC)

IL R

E,,, v(CC)
1485(IR)

By, 8(CH) By, v(CC) Eyy. v(CH)
3099(IR)

E,,, 3(CH) E,,, i(CH) E,,, I(CC)
1037(IR)

Vibrational modes and their observed frequencies (in cm™ 1) of benzene.
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Now,
I'ce (vibration of the carbon ring)
= I3y (C6) — I'(translation) — I (rotation)
= Alg +A2g +32g +Elg + 2E2g + Aoy + By + By
+2E1 + Exy — (Aoy + Ery) — (AZg + Elg)
= Ayg + Byg + 2E3s + Bry + Boy + Equ + Eoy.
Also,

I'c—c = A1g + Eog + Boy + Equ,  which are the C-C stretching modes;
I'c—y = A1z + Epg + By + E1y,  which are the C-H stretching modes.

The vibrations that involve the distortion of the carbon ring are therefore
I'ce — I'c—c = Bag + Ezg + Biu + Eu.

Another way to analyse I'yip(CgHg) is to separate the in-plane vibration repre-
sentation Iy, (x,y) from the out-of-plane vibration representation Iy, (z). To do
this, we need to first derive the representation based on the x and y coordinates
of all 12 atoms, Iy (x,y):

Den | E 2C¢ 2C3 €y 3C, 3C5 i 283 2S¢ oy 304 30y
Doy (x,) 24 0 0 0 O 0 0 0 0 24 0 0
Frey=Eu|2 1 -1 -2 0 0 -2 -1 1 2 0 0

R, = Agg 1 1 1 1 -1 -1 1 1 1 1 -1 -1

Now, the representation of the in-plane vibrations of benzene is simply
Doy (x,y) — E1u — Azg, which is

ip(x,y) = 2A15 + Agg + 4Eps + 2By + 2By, + 3Ey,.

The dimension of I (x, y) is 24 (total number of degrees of freedom for motion
in the xy-plane) — 2 (translation of the molecule in the x and y directions)
— 1 (rotation of the molecule about the z axis, R;) = 21. Furthermore, the
representation of the out-of-plane vibrations of benzene can be easily obtained:

i (2) = Iin(CeHe) — Tyip(x,y) = 2Bag + Eig + Aoy + 2E0y.

The infrared and Raman spectra of benzene are shown in Fig. 7.3.17. It is
seen that the Raman lines at 991 and 3062 cm™! represent A1, vibrations, with
p =11 /I < 3/4 while all remaining lines have p = 3/4. Note that there are
also weak bands arising from 2v; (first harmonic or overtone), v; —v; (difference
band), or v; + v; (combination band) frequencies. These are not to be discussed
here.
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Fig. 7.3.17.
Infrared (upper) and Raman (lower)
spectra of benzene.
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(2) Rhodizonate dianion

Benzene and the rhodizonate dianion (C(,OGz_ , structure shown above; also see
Section 20.4.4) are isostructural species. Hence all the symmetry arguments and
results given in the previous section for benzene are applicable here. The results
for C¢Og2~ are summarized in Table 7.3.5.

(3) Dibenzene metal complexes
Dibenzene chromium, [Cr(CgHg)>], has an eclipsed sandwich structure with
Dgn symmetry. It has 3 x 25 — 6 = 69 normal vibrations:

Iib[Cr(CgHe)2] = 4A1g(R) + Azg + 2B1g + 4Bog + 5SE1g(R) + 6E24(R)
+2A14 +4A2(IR) + 4By + 2By, + 6E1,(IR) + 6E,.

So it is anticipated that there are 15 Raman and 10 infrared spectral lines for
complexes of this type. Listed in Table 7.3.6 are the 10 infrared frequencies for
some group VIA dibenzene complexes.

In Table 7.3.6, the term “ring slant” describes a vibration that causes the rings
to be inclined (non-parallel) to each other, v(M-ring) is a vibration that changes
the distance between the metal and the rings, while §(ring-M-ring) is a twisting
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Table 7.3.5. The normal modes of the rhodizonate dianion and observed frequencies

Symmetry Normal em™! Activity Description

Mode IR Raman Calculated

Alg v(CO) 1669 1594 R(pol)  symmetric CO stretch
Alg v(CC) 553 580 R(pol)  breathing mode of the carbon ring
Apg 8(CO) 854 — in-plane CO bending

Byg 7(CO) — — ring bending

82g 7 (CC) — — out-of-plane CO bending
Ejg 7 (CC) unobs — R out-of-plane ring bending
Epg v(CO) 1546 1562 R CO stretch

Eng v(CC) 1252 1222 R CC stretch

Epg 3(CO) 436 420 R in-plane CO bending

Epg 3(CC) 346 339 R in-plane ring bending
Aoy 7(CO) 235 — IR out-of-plane CO bending
By v(CO) 1551 — CO stretch

By v(CC) 489 — in-plane ring bending
By, 8(CO) 451 — in-plane CO bending

Boy v(CC) 1320 — CC stretch

Ey v(CO) 1449 1589 IR CO stretch

Ey v(CC) 1051 1031 IR CC stretch

Ely 8(CO) 386 340 IR in-plane CO bending

Eyy 7(CO) - - out-of-plane CO bending
E>y 7 (CC) - - out-of-plane ring bending

Table 7.3.6. Observed infrared frequencies (cm_l) for some dibenzene metal complexes

Complex v(CH) v(CC) §(CH) 8(CC) n(CH) Ring v )
slant (M-ring) (ring-M-ring)

[Cr(CeHe)a] 3037 — 1426 999 971 833 794 490 459 140
[Cr(CeHg)22t 3040 — 1430 1000 972 857 795 466 415 144
[Mo(C¢He)2] 3030 2916 1425 995 966 811 773 424 362 —
[W(CeHe)2] 3012 2898 1412 985 963 882 798 386 331 —

motion that changes the symmetry of the molecule from Dgj, to Dgg and then
back to Dgp.
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Bonding in Coordination
Compounds

Coordination compounds are often referred to as metal complexes. They
consist of one or more coordination centers (metal atom or ion), each of which
is surrounded by a number of anions (monatomic or polyatomic) or neutral
molecules called ligands. The set of ligands L constitutes the coordination
sphere around a metal center M. The term coordination geometry is used to
describe the spatial arrangement of the ligands, and the number of ligand atoms
directly bonded to M is called its coordination number. If all ligands are of the
same type, the complex is homoleptic; otherwise it is heteroleptic. A metal com-
plex may be cationic, anionic, or neutral, depending on the sum of the charges
on the metal centers and the ligands. It may take the form of a discrete mononu-
clear, dinuclear, or polynuclear molecule, or exist as a coordination polymer of
the chain, layer, or network type. Dinuclear and polynuclear complexes stabi-
lized by bonding interactions between metal centers (i.e., metal-metal bonds)
are covered in Chapter 19, and some examples of coordination polymers are
described in Chapter 20.

In this chapter, we discuss mostly the bonding in mononuclear homoleptic
complexes ML, using two simple models. The first, called crystal field theory
(CFT), assumes that the bonding is ionic; i.e., it treats the interaction between
the metal ion (or atom) and ligands to be purely electrostatic. In contrast, the
second model, namely the molecular orbital theory, assumes the bonding to be
covalent. A comparison between these models will be made.

8.1 Crystal field theory: d-orbital splitting in octahedral
and tetrahedral complexes

By considering the electrostatic interaction between the central atom and the
surrounding ligands, the CFT shows how the electronic state of a metal atom is
affected by the presence of the ligands. Let us first consider the highly symmet-
rical case of a metal ion M™™ surrounded by six octahedrally arranged ligands,
as shown in Fig. 8.1.1. If the metal ion has one lone d electron, this electron
is equally likely to occupy any of the five degenerate d orbitals, in the absence
of the ligands. However, in the presence of the ligands, the d orbitals are no
longer degenerate, or equivalent. Specifically, as Fig. 8.1.2 shows, the d > and
d,2_ 2 orbitals have lobes pointing directly at the ligands, while the lobes of the
dyy, dy;, and dy; are pointing between the ligands. As the ligands are negatively

Fig. 8.1.1.
The octahedral arrangement of six
ligands surrounding a central metal ion.
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Fig. 8.1.2.

The electron density functions of the five
d orbitals relative to the ligand positions
in an octahedral complex. The gray and
white regions in each orbital bear
positive and negative signs, respectively.

Y s )

Y

X

L

Fig. 8.1.3.
Arrangement of the four ligands in a
tetrahedral complex.

Fig. 8.1.4.
Orientations of the dx27

2 and dyy
orbitals with respect to the four ligands in
a tetrahedral complex, looking down the
z axis. Both d orbitals lie in the xy plane.
Filled and open circles represent ligands
that lie above and below the xy plane,
respectively. It is obvious that the d > _

y

2
Y
orbital is more favored for electron

occupation in a tetrahedral complex.
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charged (or at least have the negative end of the dipole moment pointing at the
metal), the d,y, dy;, and dy; orbitals should be more favored for electron occu-
pation than the other two. Moreover, the d,y, dy,, and d,; orbitals are equally
likely for electron occupation and hence are degenerate orbitals. On the other
hand, the d > and d,>_,» are less likely to accommodate the single d electron.
Furthermore, as pointed out in Chapter 6, itis easy to show that the d,> is simply
the sum of d,2_,2 and dz2—y2 functions (aside from a constant), each of which
is clearly equivalent to the d,> -2 orbital, i.e.,
22472 —y2 =322 = r2(3 cos’> 6 — 1) ocdp.
(8.1.1)

dz2,x2 + d22,y2 X Z

Similarly, when a metal ion is surrounded by four tetrahedrally arranged
ligands, as shown in Figs. 8.1.3 and 8.1.4, it is not difficult to see that in
this case the electrons tend to occupy the d» and d,>_,» orbitals in prefer-
ence to the other three orbitals, dyy, dy;, and dy,. The splitting patterns for a
set of d orbitals in octahedral and tetrahedral complexes are summarized in
Fig. 8.1.5.

In Fig. 8.1.5(a), it is seen that, in an octahedral complex, the pair of d > and
d,2_ > orbitals are grouped together and called the e orbitals, while the dyy, d,-,
and d; orbitals are called the 7, orbitals. The energy difference between these
two sets of orbitals is denoted as Ao, where the subscript o is the abbreviation
for octahedral. In order to retain the “center of gravity” of the d orbitals before
and after splitting, i.e., the gain in energy by one set of orbitals (2, in this
case) is offset by the loss in stability by the other set (e, here), the 7, orbitals
lie (2/5)A, below the set of unsplit d orbitals and the ey orbitals lie (3/5)A,
above it. Finally, it is noted that #;, and e, are simply two of the irreducible
representations in the Oy, group.

In Fig. 8.1.5(b), for tetrahedral complexes, the d > and d,>_,» pair is now
called the e orbitals, and the dyy, dy,, and dy; trio is called the 7, orbitals. Once
again, e and 1, are two of the irreducible representations of the T4 point group.
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The energy difference between these two sets of orbitals is Ay (t for tetrahedral).
Also, due to the “center of gravity” condition, the #, orbitals lie (2/5)A; above
the unperturbed d orbitals and e orbitals lie (3/5)A¢ below. When the metal ion,
the ligands, and the metal-ligand distance are the same for both the octahedral
and tetrahedral systems, it can be shown that

A 4 A
t— § o-
However, since CFT is a rather crude model, such an exact relationship is
seldom of use. Instead, it is instructive and convenient to realize that, with all
conditions being equal, the crystal field splitting for a tetrahedral complex is
about half of that for an octahedral complex.
Finally, it is of interest to note that, in the purturbative treatment of CFT, A,
has a quantum mechanical origin:

A, = 10Dg, (8.1.2)
where
3572
= 8.1.3
4a’ (8.13)
2 [~ Rpar*Ryar*d (8.1.4)
= — r r-ar. ..
q 105 0 nd nd

In the above expressions for D and ¢, Z is the charge on each ligand, a is the
metal-ligand distance, R,q is the radial function for the nd orbital on the metal.
The crystal field splittings, A, and A (or in terms of Dg), are seldom determined
by direct calculations. Rather, they are usually deduced from spectroscopic
measurements.

8.2 Spectrochemical series, high spin and low spin
complexes

We now briefly examine the factors that influence the magnitude of the crystal
field splitting A, (or 10Dg). In general, A, increases for similar transition met-
als as we go down the Periodic Table, i.e., first row < second row < third row.
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Fig. 8.1.5.
The d orbitals splitting patterns in (a)
octahedral and (b) tetrahedral complexes.
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Fig. 8.2.1.

JAt
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Also, A, increases with the charge on the metal ion, i.e., M2t < M3+, etc. As
far as the ligands are concerned, A, increases according to the spectrochemical
series

I <Br <S> <SCN™ <CI” < NO; <F~ <OH™ < CQOE_ <H;0 <
NCS™ < CH3CN < NH3 < en(H;NCH,CH;NH)») < bipy(2, 2'-bipyridine
or 2,2 dipyridine) < phen(o-phenanthroline) < NO%_ <CN™ <CO.

It is not easy to rationalize this series with the point charge model. For instance,
on the basis of ionic bonding, it is difficult to see that a neutral ligand, CO,
yields the largest (or at least one of the largest) A,. However, this point may be
readily understood once we consider covalent bonding between the metal ion
and the ligands.

With the aid of the aufbau principle and Hund’s rule, we are now in position
to determine the ground electronic configuration of a given octahedral complex.
As shown in Fig. 8.2.1 there is only one electronic assignment for d'—d> and
d8-d'% complexes, which have the ground configurations

10 .
t2g g’ d g g'

a': tég; d: tgg; a: tgg; at: t2g pH 2. 4%
However, for d* to d’ complexes, there are high-spin and low-spin configura-
tions. In the high-spin complexes, we have A, smaller than the pairing energy;
i.e., electrons avoid pairing by occupying both the 725 and e orbitals. For low-
spin complexes, A, is greater than the pairing energy; i.e., electrons prefer
pairing in the #,, orbitals to occupying the less stable e, orbitals.

For a first transition series octahedral complex, whether it has a high-spin or
low-spin configuration depends largely on the nature of the ligand or the charge
on the metal ion. For second- or third-row complexes, low-spin configuration
is favored, since now A, is larger and pairing energy becomes smaller. In the
larger 4d and 5d orbitals, the electronic repulsion, which contributes to pairing
energy, is less than that for the smaller 3d orbital.

For tetrahedral complexes, with their crystal field splitting A being only
about half of A, the high-spin configuration is heavily favored. Indeed, low-

spin tetrahedral complexes are rarely observed.

Eg—— Kg_L_ Eg__ Eg_Li eg__

GDALL A W A4 AA L A M
a3 d*(HS) a*@s) a3 (HS) 3 (@LS)

AL A A4k WA KN

p A AL M A L MM Y ﬂﬁﬂ ﬂﬂﬂ LA A N

do(LS)

d’(HS) d’(LS) a°

Electronic configurations of octahedral complexes for d! — d'9 metals ions. The hi gh-spin (HS) complexes have A, smaller than pairing energy,
while the low-spin (LS) complexes have A, larger than pairing energy.
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8.3 Jahn-Teller distortion and other crystal fields

Among the 14 configurations for octahedral complexes shown in Fig. 8.3.1,
only five actually exist in the strictest sense. The non-existence of the other
nine configurations is due to Jahn—Teller distortion. According to the theory put
forth by physicists H. A. Jahn and E. Teller in 1937, any non-linear molecule
with a degenerate electronic state, i.e., with orbital degeneracy, will undergo
distortion to remove the degeneracy. Furthermore, if the “original” system is
centrosymmetric, the center of symmetry will be retained after the distortion.
When the 14 configurations shown in Fig. 8.2.1 are examined, it can be readily
seen that only those of a3, high spin, d® low spin, d8, and d!° have non-
degenerate ground state and hence are not subjected to Jahn—Teller distortion.
On the other hand, the remaining nine systems will distort from its octahedral
geometry in order to remove the orbital degeneracy.

In octahedral complexes, the Jahn—Teller distortion is small when #,; orbitals
are involved; this distortion becomes larger when there is uneven electronic
occupancy in the e, orbitals. Let us take a d® octahedral complex as an exam-
ple: for configuration tggeg, the orbital degeneracy occurs in the e orbitals. In
order to preserve the center of symmetry, the complex will undergo a tetragonal
distortion: the two ligands lying along the z axis will be either compressed or
pulled away from the metal, while the four ligands on the xy plane retain their
original positions, as shown in Fig. 8.3.1. The crystal field splitting pattern of
a tetragonal distortion on an octahedral complex, deformed by either stretch-
ing or compressing two ligands along the z axis, is summarized in Fig. 8.3.2.
From this figure, it is clear that either configuration egbgga%gb} . (for an axially

%gegb%ga%g (for an axially compressed complex) will

be energetically more favorable than the tggeg configuration of an octahedral
complex. It is this energy stabilization that leads to the Jahn—Teller distortion.
Well-known examples of axial elongation are found in Cu(II) halides. In these
systems, each Cu®* ion is surrounded by six halide ions, four of them lying
closer to the cation and the remaining two farther away. The structural data for
these halides are summarized in Fig. 8.3.3.

Referring to the orbital splitting pattern for an axially elongated tetrago-

nal complex shown in Fig. 8.3.2, if we continue the elongation, the splittings

elongated complex) or b
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Fig. 8.3.1.

Two examples of tetragonal distortion
for an octahedral complex: (a) axial
elongation and (b) axial compression.
Note that the center of symmetry of the
octahedral system is preserved after the
distortion.
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Dy, Oy Dy,
a d72 b,,(d 2
1ed2) 8,12 5,2 1g(de-y)
8,2 Ny 5,2
bigd_ ) — ¢ : apg(dy2)
AO
byo(dy,
(didy) S~V 75,13 2(d)
Fig. 8.3.2. 353 == e 573
2 by 03
Crystal field splitting pattern of a bag(dyy) 2 eg(dydy2)
. . . . 5,>6,
tetragonal distortion, either by stretching
or compressing two ligands along the Increasing Increasing
z axis. Note that §; is appreciably larger <— compressing stretching —>
than ;. along z along z

denoted by §; and &, will become larger and larger. Eventually this will lead
to the removal of two ligands, forming a square-planar complex in the process.
The orbital splitting pattern of such a complex is shown in Fig. 8.3.4.

X'
Xo-f---= X
o, 8.3.3 PN Cu—X Cu—X’
ig. 6.9.9. ) ) I\, X=C1 230 pm 295 pm
Examples of Jahn—Teller distortion: Xs=---1-- X X =Br 240 318
Cu(II) halides with two long bonds and g X=F 193 227

four short ones.

Most square-planar complexes have the d® configuration, and there are also
some with the d° configuration. Practically all d® square-planar complexes are
diamagnetic, with a vacant b, level (cf. Fig. 8.3.4). Also, most d® square-planar
complexes with first-row transition metals have strong field ligands. Since the
energy gap between the b1, and by, levels is (exactly) A,, strong field ligands
would produce a large A,, favoring a low-spin, i.e., diamagnetic, configura-
tion. For example, Ni>* ion forms square-planar complexes with strong field
ligands (e.g., [Ni(CN)4]>7), and it forms tetrahedral, paramagnetic complexes
with weak field ligands (e.g., [NiCl4]2’). For second- and third-row transi-
tion metals, the A, splittings are much larger and square-planar complexes are
formed even with relatively weak field ligands (e.g., [PtCl4]%7).

- b, g(dxzfyz)
e
£ T Ag(exactly)
A, Y
° A b2g<dxy)
~2A,/5
i A Y ay,(d2)

. he=——x '
Fig. 8.3.4. N 12
Correlation between the orbital splitting Oe g(d d,.)
XYz

patterns of octahedral MLg and

square-planar MLy complexes. ML¢ (Op) ML, (Dyp)
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Table 8.4.1. The character table of the group O

0 E 6Cy 3Cy(=C%H 8C3|6C;

A 11 1 1] o1 2ty

Ay 1 -1 1 1| -1

E 2 0 2 ~1 0 222 =22 =y 52 —y?)
T, 3 1 -1 0 | =1 (Rx, Ry, Ry) (x,y,2)

T, 3 -1 -1 0 1 (xy, xz,yz)

8.4 Octahedral crystal field splitting of spectroscopic
terms

As shown in previous sections, under an octahedral crystal field, the five d
orbitals are split into two sets of orbitals, #, and eg. In terms of spectroscopic
states, we can readily see that the 2D term arising from configuration d' will split
into 2T2g and 2Eg states, arising from configurations t2lg and eé, respectively.
But what about the spectroscopic terms such as F and G arising from other d”
configurations? In this section, we will see how these terms splitin an octahedral
crystal field.

Octahedral complex MLg has O symmetry. However, for simplicity, we
may work with the O point group, which has only rotations as its symmetry
operations and five irreducible representations, A1, Ao, ..., T2. The character
table for this group is shown in Table 8.4.1. It is seen that the main difference
between the Oy and O groups is that the former has inversion center i, while
the latter does not. As a result, the Oy group has ten symmetry species: Ajg,
A, Azg, Aoy, - .., Tog, Tou.

To see how an octahedral crystal field reduces the (2L+1)-fold degeneracy
of a spectroscopic term, we first need to determine the character of a rotation
operating on an atomic state defined by the orbital angular momentum quantum
number L. It can be shown that the character x for a rotation of angle « about

the z axis is simply
. 1 Lo
x () = |:sm <L+ 5) aj| /sm oh (8.4.1)

In particular, for the identity operation, i.e., when o = 0, we have
x(a=0)=2L+1. (8.4.2)

With these formulas, it is now straightforward to obtain the x values for all
the rotations in the O group and for any L value. Furthermore, we can then
reduce the representations with these y values as characters into the irreducible
representations of the O group. All these results are summarized in Table 8.4.2.

To illustrate how the results are obtained, let us take the F' term, with L = 3,
as an example. With eq. (8.4.2), we get

x(E)=1. (8.4.3)
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Table 8.4.2. Representations of atomic terms in the O point group and the states
these terms generate

Term L E 6Cy; 3Ch(= Cﬁ) 8C3 6C, States generated

S 0 1 1 1 1 1 Al

P 1 3 1 —1 0 -1 T

D 2 5 -1 1 -1 1 E+T)

F 3 7 —1 —1 1 -1 A +T+T,

G 4 9 1 1 0 1 A +E+T +T

H 5 11 1 —1 -1 -1 E+2T+ T

1 6 13 -1 1 1 1 Al +A+E+T) +21

With eq. (8.4.1), we have
[ . 1 .
x(Cy4) = |[sin (3 + E) (90°)i| /sm 45° = —1. (8.4.4)

x(C2) = |[sin (3 + %) (180°)] /sin 90° = —1. (8.4.5)

x(C3) = |sin (3 + %) (1200)] /sin 60° = 1. (8.4.6)

Combining the results of eqgs. (8.4.3) to (8.4.6), we obtain the following
representation for the F' term:

O | E 6C;y 3C(=C} 8C3 6C,
F,L=3]7 -1 —1 I -1

This representation can be easily reduced to the irreducible representations
A +T1 + T>. Note that if this F' term arises from a configuration with electrons
occupying d orbitals, which are even functions, the electronic states split from
this term in an octahedral crystal field are then Aag, T'g, and T2g. (On the other
hand, if the F term comes from a configuration with f electron(s) such as f!,
the electronic states in an octahedral crystal field will then be Ay, T1y, and Toy,.
This is because f orbitals are odd functions.) All the results given in Table 8.4.2
can be obtained in a similar fashion.

8.5 Energy level diagrams for octahedral complexes

After determining what levels are present for an octahedral complex with a
given electronic configuration, we are now ready to discuss the energy level
diagrams for these spectroscopic terms.

8.5.1 Orgel diagrams

Let us first consider an octahedral complex MLg with one single d electron.
Configuration d' has only one term, 2D, which splits into 2E, and 2T», levels in
acrystal field with Oy, symmetry. Levels 2Eg and 2T2g arise from configurations
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eé and t%g, respectively. Also, from Fig. 8.1.5(a), we see that the energy of the
ey orbitals are higher than that of the d orbitals by (3/5)A, (or 6Dg), and the
energy of the 75, orbitals is lower than that of the d orbitals by (2/5)A, (or 4Dg).
Combining these results we can readily arrive at the energy level diagram shown
in Fig. 8.5.1. In this diagram, we plot the energies of the spectroscopic levels
against Dg, one tenth of the octahedral crystal field splitting A,. Furthermore,
the energy difference between the 2Eg and 2T2g level is always 10Dg. Such
a diagram is called an Orgel diagram, named after chemist L. E. Orgel, who
popularized these diagrams in the 1950’s.

For the d® configuration, the ground term is D, which splits into 5Eg and
5T2g in an Oy, field. For a high-spin d® complex, the only quintet term arising
from configuration tggeé is 3 T and that arising from tggeg is 5Eg. These states

correspond exactly to the d! case, except now the states are spin quintets.
In other words, for such a complex there is only one spin-allowed transition,
5T2g — 5Eg. Hence the d! and high spin d® octahedral complexes have the
same Orgel diagram. (Note that the d® configuration has a total of 16 terms, and
3D is the only quintet term. The remaining 15 terms are triplets and singlets
and they are ignored in the current discussion.)

As mentioned in Chapter 2, both d” and d' configurations have only one
term, 2D. For a d° octahedral complex, the 2D term once again splits into
szg and 2Eg states, with the energy difference between them being 10Dg.
However, for the d° configuration, which is equivalent to the one-hole, or
one-positron, case, the energy ordering is just the opposite of that for the d'
configuration. In other words, for the d® octahedral complex, we have the 2Eg
state lower than the 2T2g state, and the energy difference between the states is
again 10Dgq.

Similarly, d* is the hole-counterpart of d®, both of which have the ground
term °D. As have been mentioned many times already, this term splits into
5T2g and > E, states in an Oy, crystal field. For the d* case, these quintet states

arise from the high-spin configurations tggeé and tggeé, respectively. As may

be surmised by the configurations from which they arise, the 5Eg state is now
lower than the > T, state for a d* complex, which is just the opposite for a
high-spin d° octahedral complex. The energy difference between the states is
once again 10Dgq.

The foregoing results for d', high-spin d* and d®, as well as d° octahedral
complexes can be summarized by the fairly simple Orgel diagram shown in
Fig. 8.5.2.

Additionally, we note that octahedral and tetrahedral complexes have oppo-
site energy orderings (Fig. 8.1.5). Hence d' octahedral and d° tetrahedral have
the same Orgel diagram; the same is true for d® octahedral and d* tetrahedral
complexes. In other words, the Orgel diagram in Fig. 8.5.2 is also applicable to
d!, d*, d®, and d° tetrahedral complexes. Since tetrahedral complexes are not
centrosymmetric, their states do not have g or u designations. States in Fig. 8.5.2
do not carry subscripts; they should be put back on for octahedral complexes.

Now we turn our attention to the d? octahedral complexes. For this config-
uration, there are two triplet terms, 3F (ground term) and 3P. In an octahedral

crystal field, there are three configurations: tgg < t%geé < eé, in increasing
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Dg — strong field
configuration
Fig. 8.5.1.

Orgel diagram for a d! octahedral
complex.
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Fig. 8.5.2.
Orgel diagrams for dl, high-spin d* and
d6, and d° complex.

Fig. 8.5.3.

Energy level diagram for a d2 octahedral
complex, ignoring second-order crystal
field interaction.

3T)(F)

Dg———

Fig. 8.5.4.

Energy level diagram for a d2 octahedral
complex, including the second-order
crystal field interaction.

Symmetry in Chemistry

T,

E

~«— Dg

d!, d° tetrahedral
d*, d° octahedral

Dg—>
dl, d° octahedral
d?*, d° tetrahedral

energy order. From Table 8.4.2, it is clear that P becomes 3T1g(P) in an octa-
hedral field, with no change in energy, while the 3F term splits into 3T1g(F )
3T2g, and 3A2g states. (Since there are two 37 ¢ States in this system, we call
one 3T} ¢(P) and the other 3T ¢(F).) Upon treating the crystal field splitting
perturbationally, it is found that the 37 ¢ (F) state lies 6Dg below the energy of
3F, while the 3ng and 3A2g states are 2Dg and 12Dq above 3F, respectively.
(It is seen that the “center of gravity” is also preserved here.) These results
are shown in Fig. 8.5.3. Note that the splittings shown in this figure are due
to interactions among the components of the same term; these interactions are
sometimes called first-order crystal field interactions. In addition to first-order
interactions, there are also interactions among components from different terms
with the same symmetry, the so-called second-order crystal field interactions.
Take the energy levels in Fig. 8.5.3 as an example. Among the four states shown,
only 3T1g(P) and 3T1g(F ) have the same symmetry and hence they will interact
with each other. In quantum mechanics, when two states of the same symmetry
interact, the upper level will go still higher and the lower level further below.
The results of such a second-order interaction are shown in Fig. 8.5.4. In this
figure, it is seen that the (upper) 37 ¢(P) level bends upward, while the (lower)
3T14(F) bends downward.

As we have seen for the d! and d° systems (Fig. 8.5.2), the d> Orgel diagram
in Fig. 8.5.4 is also applicable to d” octahedral, d> and d® tetrahedral complexes.
Furthermore, the reverse splitting pattern applies to d* and d® octahedral, as
well as to d® and d’ tetrahedral complexes. These results are summarized in
Fig. 8.5.5.

The two Orgel diagrams shown in Figs. 8.5.2 and 8.5.5 deal with the
spin-allowed transitions for all d” systems except d°, d°, and d'°. Let us con-
fine our attention to octahedral complexes. Only one transition is expected
for d!' Ty —2E,) and d° CE, — 2Ty,) complexes. For the d' com-
plex of [Ti(H20)6]? ™, this band is observed at 20,300 cm™~!. This absorption
shows a shoulder at ~17,500 cm™!, due to the Jahn-Teller distortion of
the excited state 2Eg (arised from configuration eé). For a d? complex, the
ground state is 3T1g(F ) and three transitions are expected: 3T1g(F ) — 3T2g,
3T1g(F) — 3T14(P), and *T1g(F) — 3Ase. For [V(H,0)6]*", these Transi-
tions are observed at 17,000, 25,000, and 37,000 cm ™! (obscured somewhat by
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Ay
T\(P)

B S— Dq B —
d?, d tetrahedral d?, d” octahedral
d3, d8 octahedral d3, d8 tetrahedral

charge transfer transitions), respectively. For a d® system, the ground state is
4A2g and again three transitions are expected: 4A2g — 4T2g, 4A2g — 4T1g(F ),
4Aze — 4Tog(P). For [Cr(H20)6]**, they are observed at ~17,500, 24,700,
and 37,000 cm™!, respectively.

Finally, regarding the aforementioned omissions of d°, d3, and d'0 sys-
tems, it is noted that d° and d'° complexes exhibit no d—d band, and there
are no spin-allowd transitions for high-spin d> complexes. But we shall dis-
cuss the electronic spectrum of a d complex, [Mn(HzO)(,]Z“‘, in the next
section.

8.5.2 Intensities and band widths of d—d spectral lines

Crystal field, or d—d, transitions are defined as transitions from levels that are
exclusively perturbed d orbitals to levels of the same type. In other words,
the electron is originally localized at the central metal ion and remains so in
the excited state. When the system has Oy, symmetry, Laporte’s rule says that
an electric-dipole allowed transition must be between a “g” state and an “u”
state, i.e., u <> g. Since all the crystal field electronic states are gerade (“g”),
no electric-dipole allowed transitions are possible. In short, all d—d transitions
are symmetry forbidden and hence have low intensities. The fact that the d—d
transitions are observed at all is due to the interaction between the electronic
motion and the molecular vibration. We will discuss this (vibronic) interaction
later (Section 8.10).

In addition to the symmetry selection rule, there is also another selection
rule on spin: AS = 0, i.e., only the transitions between states with the same
spin are allowed. The fact that we sometimes do observe spin-forbidden d—d
transitions is mainly due to spin—orbit coupling, which will be discussed later
in this section.

Spin-forbidden (say, AS = +1) transitions, when observed, are usually about
1% as strong as the spin-allowed ones. For the octahedral complexes of the first
transition series, the molar extinction coefficients ¢ (in L mol~'em™!) of the
transitions range from ~0.01 in Mn(I) complexes (see below) to as high as
~25-30 of some non-chelate Co(III) and Ni(II) complexes. The tetrahedral

271

Fig. 8.5.5.

Orgel diagram for d2, d3, as well as
high-spin d” and ad complexes. Note
that, in the figure on the left, the T states
are more bent (than those on the right)
because they are closer in energy.
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Fig. 8.5.6.
The Orgel diagram for a high-spin ad
octahedral complex.

Fig. 8.5.7.

Electronic spectrum of [Mn(H20)6]2+.

Note that the intensities of all the
transitions are very low, since they are
both symmetry- and spin-forbidden.
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complexes have more intense transitions (by a factor of about 50 to 200) due
to their lack of center of symmetry. For examples, the ¢ value for the 2ng —
2E, transition of [Ti(H,0)6]** is ~5, while those for the d—d transitions of
[V(H20)6]2+ also have similar intensity.

We now turn to the d—d transitions of the complex [Mn(H20)6]2+. For this
dd configuration, the ground state is 65 which becomes 6A1 ¢ in an octahedral
crystal field. This is the only sextet state for this configuration; the remaining
states are either quartets or doublets. An Orgel diagram covering the sextet
ground state and the four quartet excited states are shown in Fig 8.5.6. The
electronic spectrum of [Mn(H20)6]2+ is shown in Fig. 8.5.7.

Note that all transitions for this system are both symmetry- and spin-
forbidden and hence have very low ¢ values, which are responsible for the
very pale pink color of this cation. (As a comparison, tetrahedral complexes of
Mn(II) are yellow-green, and the color is more intense. The molar absorbance
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values for these complexes are in the range of 1.0-4.0). The assignment for the
spectrum of [Mn(H20)6]2+ shown in Fig. 8.5.7 is as follows:
Transition cm™~!

A1, *T1,(G) 18,800
4T (G) 23,000
*E,(G) 24,900
*A15(G) 25,100
4T (D) 28,000
*Ey(D) 29,700
T1e(P) 32,400
*A2e(F) 35,400
T1o(F) 36,900
4Te(F) 40,600

R 2R 2 2R IR AR

Another feature of the [Mn(H>0)s]>* spectrum shown in Fig. 8.5.7 is its
variation of bandwidths of the spectral lines. Theoretical considerations indicate
that the widths of spectral lines is dependent on the relative slopes of the two
states involved in the transition. As the ligands vibrate, the value of Dg changes
as a result [cf. eqs. (8.1.3) and (8.1.4)]. If the energy of the excited state is a
sensitive function of Dg, while that of the ground state is not, the spectral band
will be broad. This argument is pictorially illustrated in Fig. 8.5.8. Referring
to the Orgel diagram for d> complexes shown in Fig. 8.5.6, it is seen that the
energies of the ground state 64, ¢ and the excited states 44, :(G), 4E, ¢(G), and
4Eg (D) all happen to be independent of Dg. Hence the spectral bands for the
transitions from the ground state to these three excited states should be narrow,
as are indeed found to be the case.

Before concluding this section, we briefly discuss how formally spin-
forbidden transitions gain their intensity. The mechanism through which this is
achieved is the spin—orbit interaction. Here we use the two most stable terms, 6g
and *G, of the d° configuration for illustration. After spin—orbit (L-S) coupling
among the components for each term, S becomes °S,1/,, while G splits into
4Gsip, *Gy1pyy *G31y,, and *Gyyy,. Such “intra-term” coupling may be considered
as first-order spin—orbit interaction. Additionally, states with the same J value,
namely, ©S,1,, and *G,, in the present example, will further interact. Such
inter-term coupling is called second-order spin—orbit interaction. As a result of
the interaction, the 6§ term gains some quartet character; also the *G term gains
some sextet character. Mathematically, if we call the wavefunctions before and
after spin—orbit interaction ¥ and ¥, respectively, then we have

W' 68) = ay ®S) + by (*G), a > b; (8.5.1)
' ¢G) = cy(*G) +dy (®S), c¢>d. (8.5.2)

This minute amount of mixing of the quartet and sextet states leads to a very
small intensity for the sextet—quartet transition, as, strictly speaking, the AS =0
selection rule is no longer violated. A more detailed discussion on the spin—orbit
interaction in complexes is given in Section 8.7.
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Fig. 8.5.8.

Diagram showing how bandwidth varies
with the ratio of the slopes of the ground
and excited states. In the present
example, the ground state (A) energy is
independent of Dg, while excited states
B and C have energies which change as
Dg changes. Here §Dq is the range of
variation of Dq due to ligand vibrations,
and dvp and §vc are the bandwidths for
transitions A—B and A—C, respectively.
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8.5.3 Tanabe—Sugano diagrams

The Orgel diagrams shown in Figs. 8.5.2 and 8.5.5 have the distracting fea-
ture of decreasing ground state energy with increasing A, or Dq. To remedy
this “deficiency,” Japanese scientists Y. Tanabe and S. Sugano represented the
energy of the ground state of a complex as a horizontal line. The Tanabe—Sugano
diagrams for d?, d*, and d® octahedral complexes are shown in Fig. 8.5.9.

In these figures, states with spin multiplicities different from that of the
ground state are also included. Thus, using these diagrams, spin-forbidden tran-
sitions may also be considered. The coordinates of the diagrams are E/B and
Ao/B, both of which are dimensionless (i.e., scalar quantities). Here B is one of
the Racah parameters in terms of which the energy of each (free) atomic term is
expressed. Hence the diagrams shown can be used for various metal ions with
the same d" configuration and with different ligands.

The Tanabe—Sugano diagrams for d*~d” octahedral complexes are shown in
Fig. 8.5.10. In this figure, each diagram has two parts separated by a vertical
line. The left part applies to high-spin (or weak field) complexes and the right
side to low spin (or strong field) cases. Take the d® diagram as an example.
For high-spin d® complexes, the ground state is 5T2g, while that for a low-spin
complex is lAlg. This is in agreement with the result shown in Fig. 8.2.1, which
indicates that a high-spin d® complex has four unpaired electrons (or a quintet
spin state) and a low-spin d® complex is diamagnetic (or a singlet state).

8.5.4 Electronic spectra of selected metal complexes

In this section, we present some additional spectra in order to illustrate the
principles discussed in the previous sections.

(1) [Co(H,0)s]* and [CoCl4]*~
These are d’ complexes and their spectra are shown in Fig. 8.5.11. From the
positions and the intensities of the spectral band, we can readily deduce that
[Co(H20)s]>" is pale purple, while [CoCl4]*~ is deep blue. With the help of
the Orgel diagram shown in Fig. 8.5.5, and some quantitative results, the only
band in each spectrum may be assigned to the following transition: A, —
4T1(P) in [CoCly*~ and *T14(F) — *T14(P) in [Co(H20)6]**, while the
other spin-allowed transitions are not clearly seen.

For the octahedral complex, the 4T1g(F ) — 4A2g should have compara-
ble energy with the observed band. But 4T1g(F ) arises from configuration
tggeé, while Az, is from tggeg. So this is a two-electron process and hence

the transition is weak. Meanwhile, the 4T} g(F) — 4T2g transition occurs in the
near-infrared region. For the tetrahedral complex, the %Ay — 4T\ (F) transition
also takes place in the near infrared region, while A, — *T> occurs in a region
of even lower energy.

(2) trans-[Cr(en),F,]"

This is a d> complex with a tetragonal structure with Dgy, symmetry. (Strictly
speaking, this system has Dj;, symmetry.) Hence the Orgel diagram shown in
Fig. 8.5.5 nolonger applies. If we assume this cation has an elongated octahedral
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Tanabe—Sugano diagrams for d2,d3, and d8 octahedral complexes. Quantities B and C are Racah parameters, in terms of which the energy of a
spectroscopic term is expressed. Hence both E/B and Dg/B are dimensionless.
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Fig. 8.5.10.
Tanabe—Sugano diagrams for d*—d’ octahedral complexes. Both E/B and Dg/B are dimensionless.

geometry, the “original” triply degenerate T states will split into two terms (£
with A or B). This splitting pattern is shown in Fig. 8.5.12. With this energy
level diagram, the spectral bands of this complex, shown in Fig. 8.5.13, can be
assigned in a fairly straightforward manner:

Transition cm™!

“Big — “E, 18,500
— “By, 21,700
— 4E, 25,300
— *Az, 29,300
— “Age  41,000(shoulder)
— 4E,  43,700(calculated)
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Fig. 8.5.11.

Visible spectra of [CO(H20)6]2+ (curve
A) and [C0C14]2* (curve B). The ¢ scale
on the left side applies to
[CO(H20)6]2+; the one on the right
applies to [C0C14]2_. As expected, the
bands of the tetrahedral complex are
much more intense than those of the
octahedral complex.

Fig. 8.5.12.

Energy level splitting for a d3 jon as its
crystal field environment changes form
octahedral (O}, symmetry) to tetragonal
(Dgp)-

Fig. 8.5.13.
Electronic spectrum of
trans-[Cr(en)Fp ] +.
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Fig. 8.5.15.
Electronic spectra of [Ni(H20)6]2+ (—)
and [Ni(en)3]2T (= — ).
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Fig. 8.5.14.

The visible spectrum of cis- and trans- [Co(en),F5]T. The broken line si gnifies that the most
intense band actually consists of two overlapping transitions. The asymmetry of this band is
caused by the slight splitting of 1 T)g state in the cis isomer. For the trans isomer, the splitting is
much more pronounced, and two separate bands are observed. The schematic diagram on the
right shows the energy levels involved in these two electronic spectra.
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(3) cis-[Co(en),F,]" and trans-[Co(en),F,]"

These are low-spin d® complexes with a lAlg ground state. According to the
Tanabe-Sugano diagram shown in Fig. 8.5.10, the two lowest energy singlet
excited states for a d® octahedral complex are ! T gand ! T>,. When the symmetry
of the complex is lowered by substitution to form cis- or trans-[CoX4Y2]T,
both of the triply degenerate excited states will split. Also, the splitting of the
' ¢ state will be more prominent if the ligands X and Y are far apart in the
spectrochemical series; understandably this is especially so for the trans isomer.
These results are summarized schematically in Fig. 8.5.14. Note that, in this
figure, the splitting of the 1ng is so small that it is completely ignored. These
expected electronic transitions are observed in the respective spectra. Finally, it
is noted that, since the cis isomer has no center of symmetry, its spectral bands
have higher intensities.

(4) [Ni(H20)6]** and [Ni(en);]**

These are d® complexes and we may once again employ the Orgel diagram
shown in Fig. 8.5.5 to interpret their spectra, which are displayed in Fig. 8.5.15.
Three spin-allowed transitions are expected and observed:

Transition [Ni(H,0)6]*t  [Ni(en)3]*+
3y — 3Ty 9.000em=! 11,000 cm™!
— 3T14(F) 14,000 18,500

— 3Tig(P) 25,000 30,000
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Since ethylenediamine (en) is a stronger ligand than water, all the transi-
tions for [Ni(en)3]** have higher energies than the corresponding ones for
[Ni(H20)6]2+. Also, since [Ni(H20)6]2+ is centrosymmetric, its spectral bands
have lower intensities. From these spectra, it may be deduced that [Ni(en);]*+
is purple, while [Ni(H,0)g]** is green.

Finally, it is noted that the splitting of the middle band in the [Ni(H20)6]2+
spectrum arises from spin—orbit interaction between the 3 Ty (F) and 'E o states
(cf. Fig. 8.5.9). These two states are close in energy at the A, value generated
by six HyO molecules. But they are far apart at the stronger field of three en
molecules. As a result, no splitting is observed in the spectrum of [Ni(en);]*t.

With the sample spectra discussed in this section, it is clear that the Orgel
diagrams and/or Tanabe—Sugano diagrams are useful in making qualitative anal-
ysis for the spectra. However, there are also cases where quantitative treatments
are indispensable in order to make definitive assignments and interpretations.

8.6 Correlation of weak and strong field approximations

In the Tanabe-Sugano diagrams for d> complexes shown in Fig. 8.5.9, it is
seen that the 3T}, ground state is identified as derived from the #3_ strong field
configuration. Actually, such an identification can be made for all states shown.
To do that, let us first give a more formal definition for weak and strong field
approximations.

For the weak field case, we have the situation where the crystal field inter-
action is much weaker than the electronic repulsion. In this approximation, the
Russell-Saunders terms 3F, 3P, 'G, 'D, and 'S for the d2 configuration are
good basis functions. When the crystal field is “turned on,” these terms split
according to the results given in Table 8.4.2:

3F

3 g §A2g + 3Tlg + T2ga

P — Tlga

lG g 1A1g+1Eg+lT1g+ T2g’
'D - 1E;+ 1Ty,

1S — lAlg.

These are the states arising from the weak field approximation.

For the strong field case, we have the reverse situation: the electronic repul-
sion is much smaller than the crystal field interaction. Now, for a system with
two d electrons, we need to consider three crystal field configurations: tgg, té o eé,
and eé (in the order of increasing energy). The states derived from these config-
urations can be obtained with the standard group theoretical methods described
in Section 6.4.3. Now it is straightforward to arrive at the following results:

15, > "Tig+ 'Arg + 'Eg + ' Tog,
tzlgeé g 3T1g + 3T2g + lT]g + 1T2gv

Eé — 3A2g + lAlg + lEg.

279
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Fig. 8.6.1.

Correlation diagram for a d2 octahedral
complex. The g subscript is omitted in all
the state or orbital designations. Note
that the lines connecting the triplet states
constitute the Orgel diagram shown in
Fig. 8.5.4 or Fig. 8.5.5.
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Of course, these are the same states obtained in the weak field approximation.
The way these two sets of states is correlated is shown in Fig. 8.6.1. In drawing
the connection lines, we minimize crossing, even for species with different
symmetry. Note that the four lines connecting the triplet states constitute the
Orgel diagram for d> complexes (Fig. 8.5.4 or Fig. 8.5.8).

8.7 Spin-orbit interaction in complexes: the double
group

Previously we stated that, for a state with orbital angular momentum L, the
character for a rotation of angle « is given by
x (o) = [sin(L 4 '»)a]/ sina /2 (8.4.1.)
When we use this formula to derive crystal field states of a complex, we have
made the assumption that spin—orbit interaction is weak and hence is ignored.
When spin—orbit interaction is significant, the quantum number that defines
a state is total angular momentum J, instead of L. Quantum number J can be
an integer or a half-integer. When J is an integer, we can again make use of eq.
(8.4.1) and replace L with J. However, when J is a half-integer, a complication
arises: x (o + 2m) no longer equals to x (), as it should. Mathematically

X (o +2m) = sin[(J + ') (o + 27)]/ sin['2(o + 277)]
— sin[27 + (J + e/ sin (n + a/2)

— sin[(J + '/2)0!]/( — sin a/2) = —x (). (8.7.1)
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Table 8.7.1. The character table of double group O’

o E R 4c3  4C: 30, 3Cy 3C3 6C),
(h=48) (@ =47) (@=27) 4C2R 4C3R 3C;R 3C3R 3C4R  6CLR
noA 1 1 1 1 1 1 1 1
D A 1 1 1 1 1 -1 -1 -l
r; E 2 2 -1 -l 2 0 0 0
T 3 3 0 o -1 1 1 -1
rs 1 3 3 0 o -1 -1 -1 1
rs E, 2 -2 1 -1 o @" - o
r E 2 -2 1 -1 o -@" " o
x G 4 —4 -1 1 0 0 0 0

To get around this difficulty, H. A. Bethe introduced a rotation by 27, called R,
which is different from the identity operation E. To add this operation to any
rotation group such as O, we need to expand the group by taking the product of R
with all existing rotations; these are now the operations of the new group called
the double group. For example, the O group has rotations E, 8C3,3C>,6C4
and 6C’, (Table 8.4.1) and its corresponding double group O’ has operations
E(=R%, R, (4C3,4C3R), (4C3,4C3R), (3C2,3C1R), (3C4,3C3R), (3C3,
3C4R), and (6C,,6C5R), ie., a total of 48 symmetry operations forming
eight classes. The character table of the O’ group is shown in Table 8.7.1.
Upon examining this table, it is seen that:

(1) The O’ group has eight irreducible representations, with the first five iden-
tical to those of the O group (Table 8.4.1). The last three representations of
the O’ group are new.

(2) There are two systems of notation for the representations. The first one,
I, I, ..., Iy, is due to Bethe. The other one, A}, A}, ..., etc. is due to
Mulliken, who put the primes in to signify that these are the representations
of the double group.

We may now use Table 8.7.1 to determine the representations, under O sym-
metry, spanned by a state with half-integer quantum number J. These results
are summarized in Table 8.7.2. Those for states with integral J are included
for convenience and completeness. In other words, this table contains all the
results listed in Table 8.4.2, in addition to those for half-integer J states.

To illustrate how to obtain the characters for rotation operations listed in
Table 8.7.2, we take x (¢ = 2m) for J = '/ as an example:

1 1 1
o) = i (L1 1
X (a ) al)rrzlﬂ |:sm (2 + 2) oe] / sin 2a
1
= lim 2 |:cos o/ cos —ai| = —-2. (8.7.2)
a—2m 2

Now we consider the D term (an excited state) of a d> octahedral complex
as an example. If spin—orbit interaction is ignored, this term splits into * I3 and
45 states (Table 8.7.2) ina crystal field with Op symmetry. When we “turn on”
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Table 8.7.2. Representations, under O or O’ symmetry, spanned by a state characterized by an
integral or a half-integral J value

J E R acy  4ck 3C, 3Cy 33 6C,  Representations in O or O’
=R? 4C3R  4C3R  3C,R 3C3R 3C4R 6CLR

0 1 n

1 2 2 1 - 0 @ —@" o g

1 3 Iy

12 4 —4 -1 1 0 0 0 0 Iy

2 5 I3+ Ts

2 6 -6 0 0 0o - @ 0 Ih+ly

3 7 I+ Ty+1T5

3, 8 -8 1 -1 0 0 0 0 e+ 17+ 1y

4 9 N+ 13+ 14+ 15

4 10 -0 -1 1 0 o' —@" o o+

5 11 3420y + T

52 12 -12 0 0 0 0 0 0 T+ Iy +2Ig

6 13 I+ + I3+ 1y +2l5

62 14 —14 1 - 0o - @ 0 Te+2@y+20%

the spin—orbit interaction, these states will further split. To do this, it is seen
that spin quantum number S is 1Y for the present case; this spin state has Iy
symmetry (Table 8.7.2). When this spin state interacts with the orbitals parts
(I'z and I5), the resultant states are

I3 x Ig=1I¢+ 17+ 1TI5%;
Isx Ig=1Tg+ I7+21%.

This means that 4T splits into three states and 4T into four. Note that now
spin quantum number S is no longer used to define the resultant states.

On the other hand, if spin—orbit coupling is larger than crystal field inter-
action, J is the quantum number that defines a state before the crystal field is
“turned on.” For *D, we have J values of ', 112, 21>, and 3'%>. In an octahedral
crystal field, with the aid of Table 8.6.2, we can readily see that these states
split into

J =" I%;
J=1n Tg;
J=2n I7+1Ty;
J=3n TIg+TIT7+T3.
The way these two sets of states are correlated is shown in Fig. 8.7.1. It is

important to note that, whenever we are dealing with spin—orbit interaction in
a system with half-integral J values, we should employ the double group.

8.8 Molecular orbital theory for octahedral complexes

In the crystal field treatment of complexes, the interaction between the central
metal ion and the ligands is taken to be purely electrostatic, i.e., ionic bonding. If
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we wish to take the overlap between the metal and ligand orbitals, i.e., covalent
bonding, into account, we need to turn to molecular orbital theory. The basic
concepts of this theory have already been discussed in Chapters 3 and 7.

8.8.1 o bondingin octahedral complexes

We first treat those complexes that have only o metal-ligand bonding. Examples
of this type of complexes include [M(H,0)g]"" and [M(NH3)6]"", where M+
is a first transition series metal ion and a typical n value is either 2 or 3. A
coordinate system for such a complex is shown in Fig. 8.8.1. The representation
generated by the six ligand orbitals is

On | E 8C3 6Cy 6Cy 3C, i 6Sy 8Ss 30, 604
I,|]6 0 0 2 2 00 0 4 2
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Fig. 8.7.1.

Relative effects of spin-orbit coupling
and octahedral crystal field interaction on
the electronic state 4D.

Fig. 8.8.1.

A coordinate system for MLg, where the
ligands have only o to bond with the
metal ion.
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Fig. 8.8.2.

Linear combinations of o ligand orbitals
matching symmetry with the atomic
orbitals on the central metal ion in MLg.
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Table 8.8.1. Summary of the formation of o molecular orbitals (Fig. 8.8.2) in MLg

Symmetry Metal orbitals Ligand o orbitals Molecular orbitals

1
(6) 2(01 + 02 +03 + 04 + 05 + 06)

Alg s 1 layg, 2ajg
do_ 5(01 —02+03 —04)
E, o7 2 leg, 2¢,
) (12)" 2 (205 + 206 — 01 — 03 — 03 — 04)
_1
Px (@) ?(01 —03)
Ty Py (2)"2(0p — 04) L1y, 2t
_1
be ()" 2 (05 — %)
dyy
ng dyz — 1t2g
dex

z z
Y
A1g><>< éw “5 x y y
X x
(6)%(6'“’2“"*“4*"5*"6) P, L (o509
@
‘ Z z
o ., , y
7%4 SEac ™ * Qs
1
~G|~0~03~ P — (6,-C
E, dz2 5 (3)1/(205+206 G|—-0,—03-0,) » (2)%( 1-03)
4 Z
Z é s ]
= y X ﬂx
x x Vo
1
— (0,—0C.
dy2y2 %(01—0#63—64) Py (2)'/;( 204)

which reduces as I'; = Ag + Eg + Ty The six linear combinations of ligand
orbitals can be readily generated, and they match in symmetry with the suitable
metal orbitals. These are summarized in Table 8.8.1 and illustrated in Fig. 8.8.2.
The molecular orbital energy level diagram for an octahedral MLg complex with
only o bonding is shown in Fig. 8.8.3.

Examining the energy level diagram shown in Fig. 8.8.3, we see that the
electron pairs from the six ligands enter into the 1t1y, lajg, and leg orbitals,
thus leaving 1#,¢ and 2e, orbitals to accommodate the d electrons from the metal
ion. Also note that the 1#,, orbitals are more stable than the 2e, orbitals and the
energy gap between them is once again called A,. This is in total agreement
with the results of crystal field theory (Fig. 8.1.5). But the two theories arrive
at their results in different ways. In crystal field theory, the #,, orbitals are more
stable than the ey orbitals because the former have lobes pointing between the
ligands and the latter have lobes pointing at the ligands. On the other hand, in
molecular orbital theory, the 1#, orbital are more stable than the 2eg orbitals
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because the former are nonbonding orbitals, while the latter are antibonding o *
orbitals.

8.8.2 Octahedral complexes with 7 bonding

When the ligands in complex MLg also have 7 orbitals available for interaction,
the bonding picture becomes more complicated. If the ligand 7 orbitals are
oriented in the manner depicted in Fig. 8.8.4, it can be readily shown that the
representation generated by the twelve ligand 7 orbitals is

On| E 8C; 6Cy 6Cy 3C2=C}) i 65y 8Ss 30, 604
|12 0 0 o0 -4 0 0 0 0 0

This reduces to Iy = T1g + T1u + T2g + Tou. The twelve linear combina-
tions with the proper symmetry are listed in Table 8.8.2. Since there are no
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Fig. 8.8.3.

The molecular orbital energy level
diagram for an octahedral complex with
only o bonding between the metal and
the ligands.

Fig. 8.8.4.

A coordinate system for MLg, showing
the orientations of the twelve 7 ligand
orbitals.
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Fig. 8.8.5.

Comparison of the overlaps between the
T1yo and 7 ligand combinations with
the same np; orbital on the metal. Note
that the o type overlap will lead to more
significant interaction between the
ligands and the metal.

Fig. 8.8.6.
The 7-type overlap with 7o, symmetry
between the ligands and the metal.

Symmetry in Chemistry

Table 8.8.2. The symmetry-adapted linear combinations of ligand 7 orbitals
for MLg complexes (Fig. 8.8.4) with Oy, symmetry

Symmetry Combination Symmetry Combination
Tg %(m +y4 — x5 — ¥6) Ty FO1 — X3+ X5 — y6)
5 (X1 +y3 —¥5 — x6) 5 (=y2 + x4 +y5 — x6)
3 (=y1 +y2 —x3+x4) 7 (1 —x2 —y3+y4)
Ty 52 +y4 + x5+ y6 Tay ?()’] —x3 — x5+ Y6)
?(xl+)’3 +y5 + x6) ?(—y2+x4—y5 + x6)
1 +y2+x3+x4) 5 (=x1 —x2 +y3+y4)
z z
y
X
np, with ¥2 (x;—xy—x3+x4) np,_ with (2)*2(65—6¢)

metal orbitals with either T or T2, symmetry, the combinations of ligand
orbitals with these symmetries given in Table 8.8.2 are essentially nonbonding
orbitals. Also, the linear combinations of ligand n orbitals with 77, symmetry
will have less effective overlap with the metal np oritals than the o combina-
tions (Table 8.8.1) of the same symmetry. The comparison of these two types
of overlap is illustrated in Fig. 8.8.5. In other words, the molecular orbitals
consisting mostly of the ligand 7 orbitals with 77, symmetry is essentially
nonbonding or at most weakly bonding. So the most important ligand orbitals
participating in 7 bonding are the combinations of T, symmetry. Figure 8.8.6
shows how these combinations overlap with the metal d orbitals.
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Fig. 8.8.7.

Schematic energy level diagram for an

octahedral MLg complex in which the

ligands have filled 7 orbitals for

lajgtlestlry, bonding. Compared to complexes with
only o bonding, the present system has a

ML, L smaller Ao. See also Fig. 8.8.8(a).

When the ligands have filled 7 orbitals to bond with the metal, examples
of which include F~, CI~, OH™, .. ., etc., the schematic energy level diagram
for such complexes is shown in Fig. 8.8.7. Note that the orbitals up to and
including 1#1g and 1z, are filled by electrons from ligands, and we fill in the
metal d electrons starting from 25, Now the 2eg orbitals remain antibonding
o* in nature, while the 25, orbitals have become antibonding 7 * (recalling that
these orbitals, called 1z, in Fig. 8.8.3, are nonbonding in a complex with only
o bonding). As a result, compared to the complexes with only ¢ bonding, the
present system has a smaller A,. As illustrated in Fig. 8.8.8(a), such a decrease
in A, implies an electron flow from ligands to metal (L—M).

J———
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Sohe N
,'I ,'I Iag
Se e Ce  Jemply
i A, N ,' / ligand
r=——= o |/ ! orbitals
- TN o, Fig. 8.8.8.
S hg T ' Comparison of the effects of 7 bonding
.4UUL: ./ bonding P = using (a) filled 7 ligand orbitals for
f ﬁ%cf»' A \‘\JUL I  only M—E L 7 bonding L—M donation and (b) empty 7 ligand
ligand t2e ) Apincreased orbitals for M— L donation. Note that,
orbitals IA‘ ‘(;M T bOéldlng compared to complexes with only o
o decrease bonding, the former leads to a smaller
() (b) A, and the latter to a larger one.

Conversely, when the ligands have low-lying empty 7 orbitals for bonding,
examples of which include CO, CN™, PR3, .. ., etc., the originally nonbonding
te orbitals now become 7 bonding in nature, while the e, orbitals remain



288

Symmetry in Chemistry

o* antibonding. As a result, compared to complexes with only o bonding, A,
becomes larger. As we feed electrons into these 7 bonding #,, orbitals, electrons
appear to flow from metal to ligands (M—L). This is illustrated in Fig. 8.8.8(b).

To conclude this section, we once again compare and contrast the crystal
field theory and molecular orbital theory for metal complexes. Both theories
lead to an orbital energy ordering of ey above 2. Crystal field theory arrives
at these results by arguing that the e, orbitals point at the ligands and the 7,
orbitals point between the ligands. In other words, only electrostatic interaction
is considered in this model. In molecular orbital theory, the overlap between
the metal and ligand orbitals is taken into account. In complexes with only o
bonding, the e, orbitals are antibonding o* and #,, orbitals are nonbonding. In
complexes with ligands having filled v orbitals, the e, orbitals remain antibond-
ing o™ and 1, orbitals have become antibonding 77, leading to a smaller A,. In
complexes with ligands having empty 7* orbitals for bonding, the ey orbitals
are still antibonding o * and #,, orbitals have become 7 bonding, thus yielding a
larger Ag.

8.8.3 The eighteen-electron rule

In studying the compounds of representative elements, we often speak of the
octetrule, which ascribes special stability to an electronic configuration of arare
gas atom, i.e., with eight valence electrons. Since transition metals have five d
orbitals in their valence shell, in addition to one s and three p orbitals, their sta-
ble electronic configuration would have eighteen valence electrons, giving rise
to the eighteen-electron rule for transition metal complexes. However, while
this rule is often found useful, it is by no means rigorously followed. Indeed,
in reference to the eighteen-electron rule, complexes may be broadly classi-
fied into three types: (1) those with electronic configurations entirely unrelated
to this rule, (2) those with eighteen or less valence electrons, and (3) those
with exactly eighteen valence electrons. Employing the energy level diagram
shown in Fig. 8.8.3, we will see how these three types of behavior can be
accounted for.

For case (1) complexes, examples of which include many first transition
series compounds (Table 8.8.3), the 1, orbitals are essentially nonbonding
and A, is small. In other words, the 2e, orbitals are only slightly antibonding
and they may be occupied without much energy cost. Hence, there is little or
no restriction on the number of d electrons and the eighteen-electron rule has
no influence on these complexes.

For case (2) complexes, examples of which include many second- or
third-row transition metal complexes (Table 8.8.3), the 1z, orbitals are still
nonbonding and A, is large. In other words, the 2e, orbitals are strongly anti-
bonding and there is a strong tendency not to fill them. But there is still no
restriction on the number of electrons that occupy the 1#,, orbitals. Hence,
there are eighteen or less valence electrons for these complexes.

For case (3) complexes, examples of which include many metal carbonyls
and their derivatives (Table 8.8.3), the 1, orbitals are strongly bonding due
to back donation and the 2eg orbitals are strongly antibonding. Thus, while it
is still imperative not to have electrons occupying the 2e, orbitals, it is equally
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Table 8.8.3. Three types of complexes in relation to the eighteen-electron rule

Type (1) Number of Type (2) Number of Type (3) Number of
yp yp yp
complex valence complex valence complex valence
electrons electrons electrons
[Cr(NCS)e]*~ 15 [WClg]?~ 13 [V(CO)6]1~ 18
[Mn(CN)6I3~ 16 [WClg]3~ 14 [Mo(CO)3(PF3)3] 18
[Fe(C,04)313~ 17 [TcFg 12~ 15 [HMn(CO)s] 18
[Co(NH3)¢]3+ 18 [OsClg]>~ 16 [(C5Hs)Mn(CO)3] 18
[Co(H,0)6]2* 19 [PtFg] 16 [Cr(CO)¢] 18
[Ni(en)3]%* 20 [PtFg]™ 17 [Mo(CO)s] 18
[Cu(NH3)e]2+ 21 [PtFg]*~ 18 [W(CO)s] 18
z
Uz
y
hy /
U3 v
1 hl
s
O3 M Fig. 8.9.1.
o X Coordinate system for a square-planar
h vy { complex MLy, where the ligand o
3 4 orbitals are labelled as o1, ..., 04, and
@ L the ligand = orbitals as vy, ..., vq and
4
hi, ..., hy.

important to have the 15, orbitals fully filled. Removal of electrons from the
completely occupied 175, orbitals would destabilize the complex due to loss of
bond energy. Hence these molecules tend to have exactly eighteen electrons.

8.9 Electronic spectra of square planar complexes

In this section, we use the square-planar complex MLy as an example to discuss
the various types of electronic transitions observed in coordination compounds.

8.9.1 Energy level scheme for square-planar complexes

A coordinate system for a square-planar complex MLy (D4, symmetry) is dis-
played in Fig. 8.9.1. The linear combinations of ligand orbitals, matched in
symmetry with the metal orbitals, and the molecular orbitals they form, are
summarized in Table 8.9.1. A schematic energy level diagram for this type of
complexes is given in Fig. 8.9.2.

Examining Fig. 8.9.2, we can see that the most stable molecular orbitals are
bonding o orbitals with symmetries B1g, A1g, and Ey; they are mainly located on
the ligands. Above them are the bonding and nonbonding 7 orbitals, also located
on the ligands. All these orbitals are fully filled. After these two sets of levels,
we come to the five orbitals (in four levels) that are essentially antibonding o *
and 7 * in nature and are located mainly on the metal’s d orbitals. The ordering
of these four levels may vary from ligand to ligand, but it is well established
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Fig. 8.9.2.

Schematic energy level diagram for a
square-planar complex ML,4. Note the
block of levels labelled 7 * is present
only for ligands with low-lying =
orbitals such as CO, CN™, and PR3.
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Table 8.9.1. Summary of the formation of molecular orbitals in square-

planar complexes MLy

Symmetry Metal orbital

Ligand orbitals

Molecular orbitals

Alg s %(01 +oy+o03+04) layg, 2aig, 3arg
az
Agg — %(h] +hy+h3+hy)  lagg
Ay Pz st tu3t+og)  lagy, 2ay
Big do_2 y(o1 —oy+ 03 —04) 1byg, by,
Bog dyy J(hy—hy+h3—hg)  1byg, 2b),
By — (v —vp+uv3—vg) 1byy
1
L _
Ey { sz 2 1 (v1 —v3) leg. 2eq
¥ (2)72(vy —vg)
1
1
Ey { Px (2) 1 (01 —03) lew, 2e0. 3¢
Py )2 (02— 04)
_1
)] ?(h4 — )
@ 2(hy —h3)
that the b1g(d,2_2) orbital is the most unstable one. In any event, the ordering

of these four levels is consistent with the results found for square-planar halides
and cyanides. Interestingly, this ordering is also identical to that obtained by
crystal field theory (Fig. 8.3.4). So once again we find consistency between the
results of crystal field theory and molecular orbital theory, even though these
two theories arrive at their results in different manners.

(r*
¥ PO
P K o
—(n+ Dp (if any)
e biy(dey)
(n+D)s Ao
T by(dyy)
alg(dzz)
E e,(d,.d,)
nd g\Hxz, Yz,
Bonding,
nonbonding T | ¢ T
Bonding o 4 o
M ML, L

As mentioned in Section 8.3, many square-planar complexes have the d® con-
figuration. This observation is consistent with the energy level scheme shown
in Fig. 8.9.2, with eight electrons occupying the relatively more stable ey, ag,
and by orbitals, and leaving the highly unstable b;¢ level vacant.
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Based on the energy level scheme shown in Fig. 8.9.2, we can expect three
types of electronic transitions: d—d, ligand to metal (L—M), and metal to lig-
and (M— L) charge transfers. For d® square-planar complexes, there should be
three spin-allowed d—d transitions: electron promoted to the by orbital from
the byg, a1g, and e, orbitals. In addition, L—M charge transfer bands originate
from symmetry-allowed transitions promoting an electron to the b1y orbital
from either the o or 7 bonding orbitals. On the other hand, for complexes with
m-acceptor ligands, M— L charge transfer bands are due to the promotion of
an electron from the three filled “metal” levels to the lowest energy “ligand”
orbitals. It is useful to recall here that a charge transfer is an electronic transition
from an orbital mostly localized on one atom or group to another orbital mostly
localized on another atom or group. The majority of these charge transfer tran-
sitions take place in the ultraviolet region; they usually have higher energies,
as well as higher intensities, than the d—d transitions. In passing, it is noted that
crystal field theory can be employed to make assignments for the d—d transi-
tions. But we need to make use of molecular orbital theory to treat the M—L
and L—M charge transfers.

3e,
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8.9.2

Electronic spectra of square-planar halides and cyanides

With the energy level scheme shown in Fig. 8.9.2, we can easily derive two
types of energy level diagrams: those for halides, as shown in Fig. 8.9.3, and
those for cyanides, as shown in Fig. 8.9.4. We will make use of these results to
interpret some spectral data for square-planar ML4 complexes.

Fig. 8.9.3.
Schematic energy level diagram for
square-planar halides.
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Fig. 8.9.4.
Schematic energy level diagram for
square-planar cyanides.

Fig. 8.9.5.
Aqueous solution d—d spectrum of
[PtCl4 12,

Symmetry in Chemistry

(1) d-d bands

The d—d spectrum of [PtCl4]*~ in solution is shown in Fig. 8.9.5. Note that the
bands are relatively weak, signifying that they are due to symmetry-forbidden
transitions. As mentioned previously, three d—d bands are expected; indeed,
three are observed. Hence the assignment is relatively straightforward:

A1 = YAsg(2bag — 2b1g) 21,000cm ™
— 'Big(2a1g — 2b1g) 25,500
— 1E,(2e; — 2b1g) 30,200,

The labeling of the orbitals refers to those given in Fig. 8.9.3.

&/dm3 mol-! cm-!

V/eml ——
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(2) L—M charge transfers 4 ¥ = 44000
Two intense bands are observed in the spectrum of [PtCl4]?>~, as shown in TE &= 30000
Fig 8.9.6. They are charge transfer bands, as characterized by their energies -
and intensities. Compared to the d—d transitions shown in Fig. 8.9.5, the charge g
transfer bands are seen at much higher energy and are more intense by a factor of =
nearly 103. Hence these transitions must be symmetry allowed. With the aid of g
Fig. 8.9.3, as well as some computational treatments, the following assignments P
have been made:
Fig. 8.9.6.
lAlg — 1Eu ey — 2b1g) 1 Charge transfer spectrum of [PtC14]%~ in
_ 1A2 (1b2y — 2b1,) 36,0000 cm aqueous solution containing excess C1™.
" " & Note that these bands are much more
> lEu (le, — Zblg) 44, 900. intense than the d—d bands observed in

[PtCl4]%~ (see Fig. 8.9.5).

(3) M-—L charge transfers

Figure 8.9.7 shows that there are three closely spaced bands in the electronic
spectrum of [Ni(CN)4]*~. Since CN~ has vacant low-lying 7* orbitals, these
three bands have been assigned as the transitions from three closely spaced
filled metal d levels (2eg, 2a1g, and 2by; in Fig. 8.9.4) to the first available
ligand level, 2ay,. Apparently, the 2ay, level, mostly localized on the four
CN™ groups, has been significantly stabilized by the 4p, orbital on the metal.
In any event, these three bands have been assigned as

Aty — 'Blu@byg — 2ax) 32,300 cm™!
— 'AQajg — 2a2) 35,200
— 1Ey(2eg — 2a2y) 37, 600.

Itis noted that the 'Aj, — !By, transition is formally symmetry forbidden, even
though it is Laporte allowed (g <> u). Hence the intensity of this transition is
somewhere between a d—d band and a symmetry-allowed charge transfer band.

v = 37600
e= l(+)600

Fig. 8.9.7.

Charge transfer spectrum of
[Ni(CN)4]2_ in aqueous solution. Note
that these bands are also much more
v/em! ———- intense than the d—d bands (Fig. 8.9.5).

&/dm3 mol-! cm~! —>-
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Fig. 8.10.1.

Two vibrational modes in an octahedral
complex MLg that do not preserve the
center of symmetry of the molecule.
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u u

8.10 Vibronic interaction in transition metal complexes

As mentioned earlier, in a centrosymmetric complex, d—d transitions are Laporte
forbidden. The fact that they are observed at all is due to a mechanism called
vibronic interaction, which is a mixing of the vibrational and electronic wave-
functions. Qualitatively, we may imagine that an electronic transition occurs at
the very moment some vibrational modes of the complex distort the molecule
in such a way that the center of symmetry is destroyed. When such a vibration
takes place, the “g” character of the state is lost and the transition becomes (very
slightly) allowed. Figure 8.10.1 shows two vibrations, with “u” symmetry, of
an octahedral complex which remove the inversion center.

When the vibrational and electronic motions are coupled, the intensity inte-
gral for the transition between ¥’ (ground state) and ¥ (excited state) has the
form

SWLDxWlydT,  (x may also be y or z),

where Y. and ¥, are the electronic and vibrational wavefunctions for a given
state, respectively. To evaluate this integral by symmetry arguments, we first
note that v, is totally symmetric and can thus be ignored. (This is because all
vibrational modes are in their ground state, which is totally symmetric.) Now
we need to determine whether there exists a vibration (with symmetry I7)
such that, even though the product representation of ¥/xy., I' (W[ xyl), does
not contain the totally symmetric representation /s, the product representation
I (Ylxyl) x I, does. When I' (Y. x) x I'y contains I'rs, the aforementioned
intensity integral would not vanish. Also, for I" (¥ xy() x I, to contain I'rs,
we need I' (Y xy!) to contain I.

An example will illustrate the above arguments. The ground state of a d!
octahedral complex MLg is 2T2g and the only excited state for this complex is
2Eg. In the Oy, point group, I,y is T1y. Also, this complex has the vibrational
modes

Liiy = A1g + Eg + 2Ty + Tog + Toy.
For the transition 27>y — 2E,, we have

Tog x Ty X Eg = Ay + Ay + 2Ey + 2Ty + 2T3y.
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Therefore, for this electronic transition to have any intensity, it must be
accompanied by a vibration of either 77, or T2, symmetry.

We now employ one final example to conclude this discussion. The planar
complex [Cu(3-Ph-acac);] has Djy symmetry and its structure is shown in
Fig. 8.10.2. In its crystal spectrum four y-polarized bands are observed and
they have been assigned to the transitions 2Bj, — 2A, (twice), 2B1g — 2B,
and By — 2Bs,. Given that the “u” vibrational modes of a MA;B, complex
belonging to the Dy point group are of symmetries Ay, Biy, Boy, and B3, we
can readily determine the vibrations responsible for the forbidden transitions
to gain intensity.

In the Doy, group, Iy = Byy. So for the 2B1g — 2Ag transition, we have
B1g X By x Ag = B3y; i.e., the B3, vibrational mode is needed. For the 2B1g —
2B2g transition Big X Byy X Bpg = By, or the By, vibrational mode is required.
Finally, for 231g — 2B3g, B1g X Byy X B3g = Ay i.e., the Ay mode of vibration
accompanies this electronic transition.

8.11 The 4f orbitals and their crystal field splitting
patterns

To conclude this chapter, we discuss the shapes of the 4f orbitals as well as their
splitting patterns in octahedral and tetrahedral crystal fields. The results are of
use in studying the complexes of the rare-earth elements.

8.11.1  The shapes of the 4f orbitals

The are seven 4f orbitals that correspond to m, values of 0, 1, +2, and £3
in their angular parts. Of these the one with m; = 0 is real, but the other
six are complex, and their linear combinations lead to real functions. However,
there is not a unique or conventional way to express the angular functions of the
sevenfold degenerate 4f orbitals, all of which have three nodes and ungerade (u)
symmetry. If simple linear combinations of the m, = +1, £2, and £3 functions
are taken in pairs, the resulting six Cartesian functions (with abbreviated labels
enclosed in square brackets) are x(4z% — x% —y?) [x22]; y (422 — x* —y?) vz
xyz; z(x* — y?); x(x* — 3y?); and y(3x* — y?). These six orbitals, together with
2272 — 3x2 — 3y2) 23] arising from m,; = 0, constitute the general set of 4f
orbitals as displayed in Table 2.1.2, and they are also listed in Table 8.11.1.
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Fig. 8.10.2.
Molecular structure of planar complex
[Cu(3-Ph-acac), ] with Dy}, symmetry.
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Fig. 8.11.1.
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Table 8.11.1. Angular functions of the 4f orbitals

Orbital* The general set The cubic set
3 L(7/m)% (5cos> 6 — 3cos6) 1(7/m)% (5cos> 6 — 3cos6)
202 —y?) L(105/7)? sin® 0 cos 6 cos 2¢ L(105/7)* sin® 6 cos 6 cos 2¢
Xz L(105/7)* sin” 6 cos 0 sin 2¢ iqosm)% sin® 6 cos O sin 2¢
X3 — 1(7/m)7 sin 6 cos (5 sin® 6 cos®  — 3)
x(2% —y?) — %(105/71)% sin 6 cos ¢ (cos? 6 — sin” 6 sin” ¢)
xz2 é(42/7!)% sinf — (5cos26 — 1) cos ¢ —
x(x? — 3y2) %(70/7[)% sin’ 6 cos 3¢ —
¥ — %(7/:1)1% sin @ sin ¢ (5 sin’ 6 sin” ¢ — 3)
V(% —x?) — 1(105/7) sin 6 sin ¢ (cos & — sin® 6 cos” ¢)
y22 %(42/71)% sin 91(5 cos?6 — 1)sin¢ —
y(3x% —y%) $(70/7)2 sin® 0 sin 3¢ —

# 73 denotes the f3 orbital, etc.

The shapes of the seven 4f orbitals in the general set are illustrated in
Fig. 8.11.1, and their nodal characteristics are shown in Fig. 8.11.2. The number
of vertical nodal planes varies from O to 3. The 2, yzz, and xz2 orbitals each
has two nodes that are the curved surfaces of a pair of cones with a common
vertex at the origin.

P2(23) 3 yz2
z z

xyz 2(x2—y?) y(3x2—2) x(x2-3y2)

Zz Z Z z
y Y y y
X X X x

The general set of the seven 4f orbitals. The gray and white regions in each orbital bear positive and negative signs, respectively. Placed to the
left of the z3 orbital is a cross section of w2(13), in which dots indicate the “electron-density” maxima, and contour lines are drawn for

V2 /Vihax = 0.1.

For systems of cubic symmetry, it is convenient to choose an alternative set
of combinations known as the cubic set. Their abbreviated Cartesian labels and
symmetry species in point group Oy, are xyz(Azy); X3, v3, 23 (Thw); 26> — y2),
x(z2 — yz), y(z2 — x%) (T3,). These functions are particularly useful when
octahedral and tetrahedral crystal field splitting patterns are considered. The
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Reference axes 23 yz2 xz2
i i
J\ y
x é %
xz 2(x2y?) y(3x2—2) x(x2-3y2)

& & O

orbitals x> and y° have the same shape as z, but they lie along the x and y axis,
respectively. The orbital xyz has eight lobes pointing toward the corners of a
cube. The orbitals x(z2 — y?), y(z% — x?), and z(x% — y?) are shaped like xyz,
but they are rotated by 45° about the x, y, and z axis, respectively.

The two sets of angular functions of the 4f orbitals are compared in Table
8.11.1; it is noted that three of them, namely 23, z(x2 — y2), and xyz, are common
to both sets. The remaining four members of the two sets are related by linear
transformation. Specifically,

fa= —%[(6)%&2 — (10)2 32 (8.11.1)
= —%[(6) i+ (10)2fy 3012 (8.11.2)
Fuoyry = %[(10) o+ (6) a2 (8.11.3)
Froy = i[(loﬁfﬂz — ()2 f, a2 (8.11.4)

8.11.2  Crystal field splitting patterns of the 4f orbitals

In an octahedral crystal field, the seven 4f orbitals should split into two groups
of triply degenerate sets and one non-degenerate orbital. This information can
be readily obtained when we examine the character table of the Oy, group, where
it is seen that the x>, y3, and z3 orbitals form a Ty set, the z(x2 — yz), y(z2 —xz),
and x(z2 — y2) functions constitute a 7, set, while the remaining orbital, xyz,
has Aj, symmetry. In the following, we discuss the energy ordering of these
three sets of orbitals.

If we place six ligands at the centers of the faces of a cube, as shown in
Fig. 8.11.3, it can be readily seen that the #,, orbitals 3, y3, z3) have lobes
pointing directly toward the ligands. Hence they have the highest energy. Also,
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Fig. 8.11.2.

Nodal characteristics of the general set of
4f orbitals. The positive and negative
lobes in each orbital are shaded and
un-shaded, respectively.
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Fig. 8.11.3.
Splitting of the f orbitals in an octahedral
crystal field.

Fig. 8.11.4.
Splitting pattern of the 4f orbitals in a
tetrahedral crystal field.
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— 1t [2022), y(22-x2), X(22-y?)]
12Dg’
L ay, (xyz)

the eight lobes of the ay, orbital (xyz) point directly at the corners of the cube. In
other words, the eight lobes of the xyz orbitals are as far away from the ligands
as possible. Hence, this orbital should have the lowest energy. Finally, the #1,
orbitals have lobes pointing toward the midpoints of the edges of the cube.
Hence, they have energy lower than that for the #,,, orbitals, but higher than that
for the ay, orbital. When this problem is treated quantitatively by perturbation
theory, we find that the 7, orbitals are destabilized by 6Dq’, while the 71, and
ap, orbitals are stabilized by 2Dq’ and 12Dq’, respectively. These results are
summarized in Fig. 8.11.3. It should be noted in the crystal field parameter
Dq’ given in Fig. 8.11.3 is not the same as that for transition metal complexes
[egs. (8.1.3) and (8.1.4)], as f orbitals, rather than d orbitals, are involved here.
Also, examining the splitting pattern shown in Fig. 8.11.3, we can see that the
center of gravity is once again preserved, as the energy lost by the 1, orbitals
is balanced by the energy gained by the #1, and ay, orbitals.

|

. ay (xyz)
OB 1 [2(x2=y?), y(z22-x?), x(z2-?)]

---—>Y f

| A 1 (13,33, 23)

The splitting pattern of the 4f orbitals in a tetrahedral crystal field can be
deduced in a similar manner. If we adopt the coordinate system shown in Fig.
8.11.4, we can obtain the splitting pattern shown in the same figure. As expected
the 1:3:3 pattern for the tetrahedral crystal field is just the reverse of the 3:3:1
pattern of the octahedral field. Also, the symmetry classification of the orbitals
in a tetrahedral complex can be readily obtained from the character table of the
Tq group.
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Symmetry in Crystals

A single crystal is a homogeneous solid, which means that all parts within it
have identical properties. However, it is not in general isotropic, so that physical
properties such as thermal and electrical conductivity, refractive index, and
non-linear optical effect generally vary in different directions.

9.1 The crystal as a geometrical entity

The majority of pure compounds can be obtained in crystalline form, although
the individual specimens may often be very small or imperfectly formed. A
well-developed crystal takes the shape of a polyhedron with planar faces, linear
edges, and sharp vertices. In the simplest terms, a crystal may be defined as a
homogeneous, anisotropic solid having the natural shape of a polyhedron.

9.1.1 Interfacial angles

In 1669, Steno discovered that, for a given crystalline material, despite varia-
tions in size and shape (i.e., its habit), the angles between corresponding faces
of individual crystals are equal. This is known as the Law of Constancy of
Interfacial Angles. The geometrical properties (the form) of a crystal may be
better visualized by considering an origin inside it from which perpendiculars
are drawn to all faces. This radiating set of normals is independent of the size
and shape of individual specimens, and is thus an invariant representation of the
crystal form. In Fig. 9.1.1, a perfectly developed hexagonal plate-like crystal
is shown in part (a), and a set of normals are drawn to its vertical faces from an
interior point in part (b). Two other crystal specimens that look very different

(a) (b) (© (@

Fig. 9.1.1.
Representation of vertical crystal faces of a hexagonal by a system of radiating normals from a
point inside it. The broken lines indicate extensions of the planar faces.
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are shown in parts (c) and (d), and they are seen to possess the same set of
radiating normals.

9.1.2 Miller indices

For a mathematical description of crystal faces, take any three non-parallel faces
(chosen to be mutually orthogonal, if possible) and take their intersections as
reference axes, which are labeled OA, OB, and OC with the origin at O, as
shown in Fig. 9.1.2(a). Let another face (the standard face or parametral face
A'B’C’) meet these axes at A’, B/, and C’, making intercepts OA’ = a, OB’ = b
and OC’ = c, respectively. The ratios a:b:c are called the axial ratios.

If now any face on the crystal makes intercepts of a/h,b/k, and c¢/¢ on
the axes OA, OB, and OC, respectively, it is said to have the Miller indices
(hkt), which have no common divisor. The Miller indices of any face are thus
calculated by dividing its intercepts on the axes by a, b, c, respectively, taking
the reciprocals, and clearing them of fractions if necessary. If a plane is parallel
to an axis, the intercept is at infinity and the corresponding Miller index is zero.
The Miller indices of the standard face are (111), and the plane outlined by
the dotted lines in Fig. 9.1.2(a) has intercepts a/3, b, ¢/2, which correspond to
the Miller indices (312). In Fig. 9.1.2(b) another plane is drawn parallel to the
aforesaid plane, making intercepts a, 3b, 3¢/2; it is obvious that both planes
outlined by dotted lines in Fig 9.1.2 have the same orientation as described by
the same Miller indices (312).

In 1784, Haily formulated the Law of Rational Indices, which states that all
faces of a crystal can be described by Miller indices (hkf), and for those faces
that commonly occur, A, k, and £ are all small integers. The eight faces of an
octahedron are (111), (111), (111), (111), (111), (111), (111), and (111). The
form symbol that represents this set of eight faces is {111}. The form symbol
for the six faces of a cube is {100}. Some examples in the cubic system are
shown in Figs. 9.1.3. and 9.1.4.

9.1.3  Thirty-two crystal classes (crystallographic point groups)

The Hermann-Mauguin notation for the description of point group symmetry
(in contrast to the Schonflies system used in Chapter 6) is widely adopted in
crystallography. An n-fold rotation axis is simply designated as n. An object is
said to possess an n-fold inversion axis 7 if it can be brought into an equivalent
configuration by a rotation of 360° /n in combination with inversion through a
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Fig. 9.1.2.
Parametral face, intercepts, and Miller
indices.
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Fig. 9.1.3.

Idealized shapes of cubic crystals with
well-developed faces described by form
symbols (a) p{100}, (b) g{111}, (¢)
r{110}, and various combinations

(d)—(h).

Fig. 9.1.4.

Some cubic crystals with faces indexed
by Miller indices. (a) Cubic unit cell and
labels of axes and angles; (b) and (c) two
habits of pyrites FeSy, class m3; (d)
tetrahedrite Cu3SbSs, class Zf3m; (e)
spinel MgAl, Oy, class m3m; and (f)
almandine (garnet) Fe3Al,(SiOy4)3, class
m3m.
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point on the axis. Note that 1 is an inversion center, and 2 is the same as mirror
plane m. The symbol 2/m means a twofold axis with a mirror plane m lying
perpendicular to it.

(e)

A single crystal, considered as a finite object, may possess a certain combi-
nation of point symmetry elements in different directions, and the symmetry
operations derived from them constitute a group in the mathematical sense.
The self-consistent set of symmetry elements possessed by a crystal is known
as a crystal class (or crystallographic point group). Hessel showed in 1830 that
there are thirty-two self-consistent combinations of symmetry elements n and
nm = 1,2,3,4, and 6), namely the thirty-two crystal classes, applicable to
the description of the external forms of crystalline compounds. This important
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result is a natural consequence of the Law of Rational Indices, and the deduction
proceeds in the following way.

Consider a crystal having a n-fold rotation axis, often simply referred to
as an n-axis. In Fig. 9.1.5, OE, OE/, OE” represent the horizontal projections
of three vertical planes generated by successive rotations of 2w /n about the
symmetry axis, which passes through point O. As reference axes, we adopt the
n-axis, OE’, and OE”, and the latter two are assigned unit length. Next, we
consider a plane E'F which is drawn parallel to OE. The intercepts of E'F on
the three axes are 0o, 1, and (sec 27t /n) /2. The Miller indices of plane E'F are
therefore (0, 1,2 cos 27 /n) which must be integers. Since | cos 2 /n| < 1, the
only possible values of 2 cos 2 /n are £2, 1, and 0. Hence

cos2m/n=1,1/2,0,—1/2,—1, leading ton = 1, 6,4, 3,2, respectively.

Therefore, in compliance with the Law of Rational Indices, only n-axes with
n = 1,2,3,4 and 6 are allowed in crystals. The occurrence of the inversion
center means that the rotation-inversion axes 1, Q(: m), 3, 4 and 6 are also
possible.

9.1.4  Stereographic projection

The thirty-two crystal classes are usually represented by stereographic pro-
jections of a system of equivalent points. The stereographic projection of a
particular crystal class is derived in the manner illustrated in Fig. 9.1.6. Con-
sider an idealized crystal whose planar faces exhibit the full symmetry 4 of
its crystallographic point group. Enclose the crystal by a sphere and draw per-
pendiculars to all faces from a point inside the crystal. The radiating normals
intersect the sphere to give a set of points A, B, C and D. From the south pole S
of the sphere, draw lines to the points A and B lying in the northern hemisphere,
and their intersection in the equatorial plane gives points A’ and B’ denoted by
the small open circles. Similarly, lines are drawn from the north pole N to points
C and D in the southern hemisphere to intersect the equatorial plane, yielding
points C’' and D’ denoted by the filled dots. The set of equivalent points A’,
B’, C/, and D’ in the equatorial circle is a faithful representation of the crystal
class 4.
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Fig. 9.1.5.
Vertical planes related by a n-fold
rotation axis.

Fig. 9.1.6.
Stereographic projection of crystal class
(point group) 4.
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Fig. 9.1.7.
Symmetry elements and stereographic
projection of crystal class 43m.
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The stereographic projection of a crystal class consists of all intersected
equivalent points in the equatorial circle and associated symmetry symbols.
The location of the symmetry elements and the stereographic projection of point
group 43m is shown in Fig. 9.1.7. The graphic symbols indicate three 4-axes
along the principal axes of the cube, four 3-axes along the body diagonals, and
six mirror planes normal to the face diagonals.

All thirty-two crystal classes in stereographic projection are tabulated in
Fig. 9.1.8. For each crystal class, two diagrams showing the equipoints and
symmetry elements are displayed side by side. Note that the thicker lines indi-
cate mirror planes, and the meaning of the graphic symbols of the symmetry
elements are given in Table 9.3.2.

9.1.5  Acentric crystalline materials

Of the thirty-two crystal classes, twenty-two lack an inversion center and
are therefore known as non-centrosymmetric, or acentric. Crystalline and
polycrystalline bulk materials that belong to acentric crystal classes can
exhibit a variety of technologically important physical properties, including
optical activity, pyroelectricity, piezoelectricity, and second-harmonic gen-
eration (SHG, or frequency doubling). The relationships between acentric
crystal classes and physical properties of bulk materials are summarized in
Table 9.1.1.

Eleven acentric crystal classes are chiral, i.e., they exist in enantiomorphic
forms, whereas ten are polar, i.e., they exhibit a dipole moment. Only five (1, 2,
3, 4, and 6) have both chiral and polar symmetry. All acentric crystal classes
except 432 possess the same symmetry requirements for materials to display
piezoelectric and SHG properties. Both ferroelectricity and pyroelectricity are
related to polarity: a ferroelectric material crystallizes in one of ten polar crystal
classes (1, 2, 3, 4, 6, m, mm2, 3m, 4mm, and 6mm) and possesses a permanent
dipole moment that can be reversed by an applied voltage, but the sponta-
neous polarization (as a function of temperature) of a pyroelectric material is
not. Thus all ferroelectric materials are pyroelectric, but the converse is not
true.
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Fig. 9.1.8. (continued)

Stereographic projections showing the general equivalent positions (left figure) and symmetry elements (right figure) of the thirty-two crystal
classes (crystallographic point groups). The z axis is normal to the paper in all drawings. Note that the dots and open circles can overlap, and the
thick lines represent mirror planes. For each point group, the Hermann—-Mauguin symbol is given in parentheses after the Schonflies symbol.
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Table 9.1.1. Physical properties of materials found in acentric crystal classes

Crystal Crystal Chiral Optical activity Polar Piezoelectric,
system class  (enantiomorphism) (circular dichroism) (pyroelectric) SHG
Triclinic 1 + + + +
Monoclinic 2 + + + +
m + + +
Orthorhombic 222 + + +
mm?2 + + +
Tetragonal 4 + + + +
4 + +
422 + + +
4mm + +
42m + +
Trigonal 3 + + + +
32 + + +
3m + +
Hexagonal 6 + + + +
6 +
622 + + +
6mm + +
6m2 +
Cubic 23 + + +
432 + +
43m +

9.2 The crystal as a lattice
9.2.1 The lattice concept

A study of the external symmetry of crystals naturally leads to the idea that a
single crystal is a three-dimensional periodic structure; i.e., it is built of a basic
structural unit that is repeated with regular periodicity in three-dimensional
space. Such an infinite periodic structure can be conveniently and completely
described in terms of a lattice (or space lattice), which consists of a set of points
(mathematical points that are dimensionless) that have identical environments.

An infinitely extended, linear, and regular system of points is called a row,
and it is completely described by its repeat distance a. A planar regular array of
points is called a net, which can be specified by two repeat distances a and b and
the angle y between them. The analogous system of regularly distributed points
in three dimensions constitute a lattice (or space lattice), which is described by a
set of three non-coplanar vectors (a, b, ¢) or six parameters: the repeat intervals
a, b, c and the angles o, 8, y between the vectors. As far as possible, the angles
are chosen to be obtuse, particularly 90° or 120°, and lattices in one, two, and
three dimensions are illustrated in Fig. 9.2.1.

9.2.2  Unitcell

Rather than having to visualize an infinitely extended lattice, we can focus our
attention on a small portion of it, namely a unit cell, which is a parallelopiped
(or box) with lattice points located at its eight corners. The entire lattice can
then be re-generated by stacking identical unit cells in three dimensions. A unit
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Fig. 9.2.1.
Row, net and lattice.

Fig. 9.2.2.

(a) Two-dimensional lattice showing
different choices of the unit cell. (b) A
primitive unit cell for a
three-dimensional lattice.
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cell with lattice points only at the corners is described as primitive, as it contains
only one structural motif (one lattice point). Alternatively, it is also possible to
choose a centered unit cell that contains more than one lattice point.

Figure 9.2.2(a) shows a net with differently chosen unit cells. The unit cells
having sides (ay, b1), (a2, b1), and (az, by) are primitive, and the one with sides
(a1, b7) is C-centered. Note that the unit cell outlined by dotted lines is also a
legitimate one, although it is not a good choice.

b,

. GID a b2' . ‘
L] L]
R o
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In general, the size and shape of a unit cell is specified by six parameters:
the axial lengths a, b, ¢ and the interaxial angles «, 8, y [Fig.9.2.2(b)]. The
volume of a triclinic unit cell is calculated by the formula V = abc(1 —cos? o —
cos? B — cos? y + 2 cosa cos B cos y)!/2, which reduces to simpler forms for
the other crystal systems.

The choice of a unit cell depends on the best description of the symmetry
elements present in the crystal structure. In practice, as far as it is possible, the
unit cell is chosen such that some or all of the angles are 90° or 120°. Repetition
of the unit cell by translations in three non-coplanar directions regenerates the
whole space lattice.

The unit cell is the smallest volume that contains the most essential structural
information required to describe the crystal structure. For a particular crystalline
compound, each lattice point is associated with a basic structural unit, which
may be an atom, a number of atoms, a molecule, or a number of molecules. In
other words, if the coordinates of all atoms within the unit cell are known, com-
plete information is obtained on the atomic arrangement, molecular packing,
and derived parameters such as interatomic distances and bond angles.
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9.2.3 Fourteen Bravais lattices

Bravais showed in 1850 that all three-dimensional lattices can be classified
into 14 distinct types, namely the fourteen Bravais lattices, the unit cells of
which are displayed in Fig. 9.2.3. Primitive lattices are given the symbol P.
The symbol C denotes a C face centered lattice which has additional lattice
points at the centers of a pair of opposite faces defined by the a and b axes;
likewise the symbol A or B describes a lattice centered at the corresponding A
or B face. When the lattice has all faces centered, the symbol F is used. The
symbol [ is applicable when an additional lattice point is located at the center
of the unit cell. The symbol R is used for a rhombohedral lattice, which is based
on a rhombohedral unit cell (witha = b =canda = 8 = y # 90°) in
the older literature. Nowadays the rhombohedral lattice is generally referred
to as a hexagonal unit cell that has additional lattice points at (%3, 173, 1/3) and
(173,213,23) in the conventional obverse setting, or (113,23, 1/3) and (3, 1/3,213)
in the alternative reverse setting. In Fig. 9.2.3 both the primitive rhombohedral
(R) and obverse triple hexagonal (AR) unit cells are shown for the rhombohedral
lattice.

9.2.4 Seven crystal systems

The fourteen Bravais lattices are divided into seven crystal systems. The term
“system” indicates reference to a suitable set of axes that bear specific rela-
tionships, as illustrated in Table 9.2.1. For example, if the axial lengths take
arbitrary values and the interaxial angles are all right angles, the crystal system

Fig. 9.2.3.
The fourteen Bravais lattices.
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Fig. 9.2.4.
Face-centered and primitive unit cells
described by two sets of vectors.
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Table 9.2.1. Characteristics of the seven crystal systems

System Crystal classes Unit cell Standard axes
Triclinic 1, 1 a#b#c a, b, ¢ not coplanar
a#tp#y
Monoclinic 2, m, 2/m a#b#c principal axis b parallel to 2-axis or
a=y=90° perpendicular to m;
a, ¢ smallest lattice vectors
perpendicular to b
Orthorhombic 222, mm2, mmm a #b #c a, b, ¢ each oriented along a 2-axis,
a=B=y=90° or perpendicular to a mirror plane
Tetragonal 4,4, 4/m, 422, a=b#c ¢ oriented parallel to 4- or 4-axis;
dmm, Z12m, a=B=y =90° a, b smallest lattice vectors
4/mmm perpendicular to ¢
Trigonal 3,3,32,3m, 3m
a=b=c, a, b, ¢ selected to be the smallest
Rhombohedral a=pB=y #90° non-coplanar lattice vectors
setting and < 120° related by 3- or 3-axis
Hexagonal a=b#c, ¢ parallel to 3- or 3-axis;
setting a=pg=90° a, b smallest lattice vectors
y = 120° perpendicular to ¢
Hexagonal 6, 6, 6/m, 622, a=b#c ¢ parallel to 6- or 6-axis;
6mm, 6m2, a=pg=90° a, b smallest lattice vectors
6/mmm y = 120° perpendicular to ¢
Cubic 23, m3, 432, a=b=c a, b, ¢ each parallel to a 2-axis (23
43m, m3m a=B=y =90° and m3), or to a 4-axis (43m), or a

4-axis (432, m3m)

is orthorhombic; if only one angle is a right angle, the crystal system is mon-
oclinic (meaning one inclined axis). The crystal system is triclinic (meaning
three inclined axes) if all six parameters a, b, ¢, «, 8, and y take on unrestricted
values. It should be emphasized that the crystal system is determined by the
characteristic symmetry elements present in the crystal lattice, and not by the
unit-cell parameters.

The thirty-two crystal classes (crystallographic point groups) described in
Section 9.1.4 can also be classified into the same seven crystal systems,
depending on the most convenient coordinate system used to indicate the loc-
ation and orientation of their characteristic symmetry elements, as shown in
Table 9.2.1.

9.2.5 Unitcell transformation

Consider two different choices of unit cells: a F'-centered unit cell with axes
(a1, b1, c1) and a primitive one with axes (a2, b2, ¢3), as shown in Fig. 9.2.4.
We can write

a = lpa; + e aj= a+b—c

b, =lpa; +12b; and by =-a;+by+c

¢ = by + e cg= a—-b+c
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These relationships may be expressed in the form of square matrices:

h kL hy ke b

rVal b ¢ — a b o
hy a |1, hy
kb ki
L ¢ I

The hk( indices of a reflection referred to these two unit cells are transformed
in the same manner, i.e., iy = 12k + 0k + 1/2€, etc. The volume ratio is equal
to the modulus of the determinant of the transformation matrix; if we take the
left matrix, V,/V] is equal to 1/4.

As a concrete example, consider a rhombohedral lattice and the relation-
ship between the primitive rhombohedral unit cell (in the conventional obverse
setting) and the associated triple-sized hexagonal unit cell, as indicated in
Fig.9.2.5.

The triply primitive hexagonal unit cell has lattice points at (0 0 0),
(33,113,113), and (1/3,%3,%3). From Fig. 9.2.5, it can be seen that the rhom-
bohedral and hexagonal axes, labeled by subscripts “r” and “h” respectively,
are related by vector addition:

a, = Z3ay + 3by + 3¢y a,=a,—b

b, = —!;3a, + '3by, + 3¢, and by =b; —¢;

¢, = —lnay — 23by + 3¢y ¢y =ar+ b +c.
+zp,
-------- $--b-------g
Ty —"}'t__._?ﬁ‘-“
: i/ | 1 o o o
i [
1 | : 0] (0] (o] (0]
| ! 1
1 J !
1 g !
| 1 2 (o]
1 ; !
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Fig. 9.2.5.

Relationship between rhombohedral (obverse setting) and hexagonal unit cells for a rhombohedral lattice. Note that in the right figure, lattice
points at z = 0, 1/3, and 2/3 are differentiated by circles of increasingly darker circumferences, and the lattice point at z = 1 is indicated by a
filled circle, which obscures the lattice point at the origin.
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Fig. 9.3.1. B
Equipoints related by a 4-, 4-, 4;-, 42-,
and 43-axis.
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The pair of matrices can be written down easily, and the volume ratio V;/Vj
worked out to be 1/3.

In the alternative reverse setting (seldom used), the rhombohedral axes are
rotated by 60° in an anti-clockwise sense about the c axis of the hexagonal unit
cell. The equivalent lattice points are then (0 0 0), ('3, %5, '3), and (%, '/, %3). The
reader can readily deduce the vectorial and matrix relationships for the two sets
of axes and verify that V;/V}, remains unchanged at 1/3.

9.3 Space groups

An infinitely extended periodic structure can be brought into self-coincidence
by point symmetry operations or translations £a+mb+ ne, where a, b, ¢ are the
lattice vectors and ¢, m, n are arbitrary positive and negative integers, including
zero. In particular, any symmetry operation that moves a lattice one transla-
tion forward (or backward) along an axis leaves it unchanged. This means that,
in addition to the point symmetry operations, new types of symmetry opera-
tions are also applicable to the periodic arrangement of structural units in a
crystal. Such symmetry operations, which are carried out with respect to new
symmetry elements called screw axes and glide planes, are obtained by com-
bining rotations and reflections, respectively, with translations along the lattice
directions.

9.3.1 Screw axes and glide planes

The symmetry operation performed by a screw axis n,, is equivalent to a com-
bination of rotation of 27 /n radians (or 360°/n) followed by a translation of
m/n in the direction of the n-fold axis, where n = 1,2,3,4, or 6 is the order
of the axis and the subscript m is an integer less than n. There exist totally
eleven screw axes: 21, 31, 32, 41, 42, 43, 61, 62, 63, 64, and 65 in the crystal
lattices. Figure 9.3.1 shows the positions of the equivalent points (also called

equipoints for simplicity) around the individual 4-, 4-, 41-, 4,-, and 43-axes.

O+
O+
O+
+0O
4
O+ O1+ O3+
O3+ O+ O+
O+ O+ O+
++0 140 7+0
4y 4 4
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The small circle represents any object (an atom, a group of atoms, a molecule,
a group of several molecules, etc.) and the positive sign indicates that it lies
above the plane containing the reference axes (x horizontal, y vertical). In the
diagram showing a 4-axis, the comma inside the circle emphasizes that the
original object has been converted to its mirror image, and the negative sign
indicates that it lies below the plane.

The combination of reflection and translation gives a glide plane. If the gliding
direction is parallel to the a axis, the symbol for the axial glide plane is a and
the operation is “reflection in the plane followed by translation parallel to the
a axis by a/2”. Similar axial glide planes b and ¢ have translation components
of b/2 and ¢/2, respectively.

A screw axis and a glide plane generate equivalent objects in fundamentally
different ways. Consider an asymmetric object (such as a chiral molecule, which
may be represented by a left hand) located at (x,y,z) close to the origin of
the unit cell. The 2;-axis along b rotates the left hand about the line (x =
0,z = 0) to generate the equivalent left hand at (%, !/2 + y,Z), as shown in
Fig. 9.3.2(a). In contrast, starting with a left hand at (x, y, z), reflection across
the b glide plane at x = O generates a right hand at (, !/2 4+ y, 7), as shown in
Fig. 9.3.2(b).

If the translation is parallel to a face diagonal by 22(a + b), 12(b + ¢), or
12(¢c + a), then the glide plane is called a diagonal glide and denoted by n. Less
commonly, the n glide operation may involve a translation of 1/2(a + b+ ¢) in
the tetragonal, rhombohedral, and cubic systems. A third type is the diamond
glide plane d which has translations of /4(a & b), 1/4(b £ ¢), or Y4(c = a) in the
orthogonal and tetragonal systems, and also 1/4(a & b & ¢) in the cubic system.
The recently introduced double glide plane has two coexisting 1/2 translations
parallel to it; this type of e glide appears in seven orthorhombic A-, C-, and F-
centered space groups, five tetragonal /-centered space groups, and five cubic
I- and F-centered space groups.

9.3.2  Graphic symbols for symmetry elements

Different graphic symbols are used to label symmetry axes normal to the plane
of projection, symmetry axes in the plane of the figure, symmetry axes inclined
to the plane of projection, symmetry planes normal to the plane of projection,
and symmetry planes parallel to the plane of projection. These symbols are
illustrated in Tables 9.3.1 to 9.3.5, respectively.
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Fig. 9.3.2.

Comparison of the effect of (a) a twofold
screw axis and (b) a glide plane on an
asymmetric object represented by a left
hand. The plus and minus signs indicate
that the object lies above and below the
plane (001), respectively.
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Table 9.3.1. Symbols of symmetry axes normal to the plane of projection and inversion center

in the plane of the figure

Symmetry element (screw Graphic  Translation in units of the  Printed
rotation is right-handed) symbol  shortest lattice vector symbol
parallel to the axis

Identity none none 1
Twofold rotation axis ‘ none 2
Twofold screw axis: “2 sub 1” ’ 1/2 21
Threefold rotation axis A none 3
Threefold screw axis: “3 sub 17 . 1/3 3
Threefold screw axis: “3 sub 2” ‘ 2/3 3
Fourfold rotation axis . none 4
Fourfold screw axis: “4 sub 1” & 1/4 4q
Fourfold screw axis: “4 sub 2” ‘ 1/2 4y
Fourfold screw axis: “4 sub 3” § 3/3 43
Sixfold rotation axis ‘ none 6
Sixfold screw axis: “6 sub 17 ‘ 1/6 61
Sixfold screw axis: “6 sub 2” ‘ 1/3 69
Sixfold screw axis: “6 sub 3” ‘ 1/2 63
Sixfold screw axis: “6 sub 4” ‘ 2/3 64
Sixfold screw axis: “6 sub 5” ‘ 5/6 65
Center of symmetry, inversion center: “bar 1” (o] none 1
Inversion axis: “bar 3” A none 3
Inversion axis: “bar 4” @ none 4
Inversion axis: “bar 6” @ none 6
Twofold rotation axis with center of symmetry ° none 2/m
Twofold screw axis with center of symmetry § 1/2 21/m
Fourfold rotation axis with center of symmetry o none 4/m
“4 sub 2” screw axis with center of symmetry § 1/2 47/m
Sixfold rotation axis with center of symmetry o none 6/m
“6 sub 3” screw axis with center of symmetry a 1/2 63/m




Table 9.3.2. Symmetry axes parallel to the plane of projection
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Symmetry axis

Graphic symbol

Symmetry axis

Graphic symbol

Twofold rotaion
2

Twofold screw
21

Fourfold rotation
4

Inversion axis 4

Fourfold screw
4

Fourfold screw
4,

Fourfold screw
43

S S
-9 T4
T .

Table 9.3.3. Symmetry axes inclined to the plane of projection (cubic space groups only)

Symmetry axis

Graphic symbol

Symmetry axis

Graphic symbol

Twofold rotaion 2

Twofold screw 2

Threefold rotation 3 }‘ |

Threefold screw 3

Threefold screw 3,

Inversion axis 3

A
o

N

o

QK \;\'_'?(

Table 9.3.4. Symmetry planes normal to the plane of projection

Symmetry plane or
symmetry line

Graphic  Glide vector in units of lattice
symbol translation vectors parallel and normal symbol
to the projection plane

Printed

Reflection plane,
mirror plane

“Axial” glide plane

“Axial” glide plane

“Digonal” glide plane

“Diamond” glide
plane* (pair of
planes; in centred
cells only)

(pair of planes; in

centered cells only)

- None

______ 1/2 lattice vector along line in projection plane a,b,orc

1/2 lattice vector normal to projection plane a,b,orc
One glide vector with two components: 1/2 n

along line parallel to projection plane, and 1/2

normal to projection plane
——e— 1/4 along line parallel to projection plane, d

combined with 1/4 normal to projection plane

(arrow indicates direction parallel to the

projection plane for which the normal
component is positive)
“Double” glide plane —..—..—  Two coexisting glides of 1/2 (related by a e
centering translation) parallel to and
perpendicular to the projection plane

* Glide planes d occur only in orthorhombic F space groups, in tetragonal / space groups, and in cubic /
and F' space groups. They always occur in pairs with alternating glide vectors, for instance %(a +b) and

4l(a — b). The second power of a glide reflection d is a centering vector.
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Table 9.3.5. Symmetry planes parallel to the plane of projection

Symmetry plane Graphic symbol*  Glide vector in units of Printed
lattice translation vectors parallel symbol
to the projection plane

Reflection plane, Y, None m
mirror plane I_ /
“Axial” glide plane r |—> 1/2 lattice vector in the direction of a, b,orc
the axis
“Diagonal” glide F Latttice vector in the direction of the n
plane arrow (glide vector with two 1/2
components)
“Diamond” glide 1/4 lattice vector in the direction of d
plane o ; the arrow (glide vector with two or
Yl 1'% three components)
“Double” glide plane A pair of 1/2 lattice vectors in the e
direction of the two arrows

* The symbols are given at the upper corner of the space group diagrams. A fraction /4 attached to a
symbol indicates two symmetry planes with “height” & and i 4 1/2 above the plane of projection; e.g.
1/8 stands for 4 = 1/8 and 5/8. No fraction means 4 = 0 and 1/2.

9.3.3 Hermann—Mauguin space—group symbols

The term space-group indicates a self-consistent set of symmetry operations,
constituting a group in the mathematical sense, that bring an infinitely extended,
three-dimensional periodic structure into self-coincidence. Between the years
1885 and 1894, Fedorow, Schonflies, and Barlow independently showed that
there are 230 space groups. The Hermann—Mauguin notation for space groups
includes a set of symbols sufficient to completely specify all the symmetry
elements and their orientation with respect to the unit-cell axes. It consists of
two parts. The first part is a symbol for the type of lattice: P, C (or A or B), I,
F, or R (formerly H was also sometimes used for the hexagonal lattice). The
second part is a set of symbols for symmetry elements sufficient to fully reflect
the space group symmetry without listing other symmetry elements that must
necessarily be present. These are written in an order that indicates the orientation
of the symmetry elements, in the same manner as for the point groups. In this
system a symmetry element associated with a plane has the orientation of the
normal to the plane. The symbols 1 and 1 are usually omitted unless they are the
only ones or unless they are needed as spacers. When two symmetry elements
have the same orientation and both are necessary, their symbols are separated
with a slash, for example, 2/m indicates a twofold axis with a mirror plane
normal to it.

9.3.4 International Tables for Crystallography

The 230 space groups are described in Volume A: Space-Group Symmetry of the
International Tables for Crystallography. Detailed graphic projections along
the axial directions showing the symmetry elements present in the unit cell, a
list of general and special equivalent positions designated by Wyckoff letters
(or positions), multiciplicities, and the symmetry of each local site are given for
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each space group. This volume is an expanded and updated version of Volume
I: Symmetry Groups of the International Tables for X-Ray Crystallography,
which contains a simplified presentation. The 230 space groups are listed in
Table 9.3.6.

9.3.5 Coordinates of equipoints

In crystallography the coordinates of the equipoints are each expressed as a
fraction of the distance along the corresponding unit-cell edge, and they are
therefore actually fractional coordinates. For any space group referred to a
specific choice of origin (generally at 1, if possible), the coordinates of all
equipoints can be derived. Table 9.3.7 shows the derivation of points from
those of one prototype with fractional coordinates (x, y, z) by carrying out
symmetry operations with respect to various symmetry elements. Note that the
coordinates (x, y, z) of a molecule composed of n atoms represent the set of 3n
atomic coordinates (x;, y;, zi; i = 1,2,...,n).

Figure 9.3.3 illustrates the derivation of coordinates for equipoints related
by a 4-, 3, and 6-axis along c through the origin. Coordinates related by a 4-,
3-, and 6-axis can be readily written down using this information. If a different
choice of origin is made, a different set of coordinates will be obtained.

Given the fractional coordinates of all atoms in the unit cell, bond lengths
£;; and bond angles 0; can be calculated from their differences (Ax; = x; —
Xj, Ay = yi — ¥j, Azijj = z; — z;) and the lattice parameters. In the general
triclinic case, the interatomic distance between two atoms labeled 1 and 2 is
given by

63, = (aAx12)?> + (bAy12)> + (cAz12)? — 2abAxAycos y

— 2acAxAzcos B — 2bcAyAzcosa.

The 6123 angle at atom 2, which forms bonds with 1 and 3, is calculated from
the cosine law

cosfip3 = (4%2 + 3%3 — 553)/2€12£13.

For a linear sequence of four bonded atoms A—-B—C-D, the torsion angle 7 is
defined as the angle between the projections of the bond B—A and C—D when
viewed along the direction of B—C.

A

D
\ O 6c / ’\m“‘“\\ P
B

C B

The torsion angle 7 an be calculated from the equation
cost = (AB x BC)-(BC x CD)/AB(BC)ZCD sin 6 sin Oc,

where AB is the vector from A to B, AB is magnitude of AB, the symbols
- and x indicate scalar and vector products, respectively, and g is the bond
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Table 9.3.6. The 230 three-dimensional space groups arranged by crystal systems and classes™

No. Crystal system Space groups
and class
Triclinic
1 1(Cy) Py
2 1(C) P1
Monoclinic
3-5 2 (Cr) P2,P2;,C2
6-9 m(Cy) Pm, Pc, Cm, Cc
10-15 2/m(Cap) P2/m, P2y/m, C2/m, P2/c, P21/c, C2/c
Orthorhombic
16-24 222 (D3) P222,P222, P2122, P212\21,C222, C222, F222,1222,12,2,2
25-46 mm?2 (Cay) Pmm2, Pmc2y, Pcc2, Pma2;, Pca2;, Pnc2y, Pmn2, Pba2, Pna2y, Pnn2, Cmm2, Cmc2;, Ccc2, Amm2, Abm2, Ama2,
Aba2, Fmm2, Fdd2, Imm2, Iba2, Ima2
47-74 mmm (D) Pmmm, Pnnn, Pccm, Pban, Pmma, Pnna, Pmna, Pcca, Pbam, Pccn, Pbcm, Pnnm, Pmmn, Pbcn, Pbca, Pnma, Cmcm,
Cmca, Cmmm, Cccm, Cmma, Ceca, Fmmm, Fddd, Immm, Ibam, Ibca, Imma
Tetragonal
75-80 4 (Cy) P4, P4, P4,, P43, 14,14,
81-82 4(Ss4) P4, 14
83-88 4/m(Cap) P4/m, P4y/m, P4in, Pdz/n, I14/m, 14 /a
89-98 422 (Dy) P422, P4212, P4122, P4,22, P4,22, P4,2,2, P4322, P4;2,2,1422,14,22
99-110 Amm (Cyy) P4mm, P4bm, P4>cm, P4ynm, P4cc, P4nc, P4ymce, P4drbe, I4mm, [4cm, [4md, I4,cd
111-122  42m(Dyq) P42m, P42c, P42, m, PA2\c, PAm2, P4c2, P4b2, P4n2, 14m2, 14c2, 142m, 142d
123-142  4/mmm (Dg4y) P4/mmm, P4/mcc, P4lnbm, P4lnnc, P4/mbm, P4/mnc, PAlnmm, P4/ncc, P4y/mmc, P4y/mem, Pdz/nbe, P4dy/nnm,
P4y/mbe, P4r/mnm, Pd/Inmc, Pd>/ncm, [4/mmm, [4/mcm, 14, /amd, 14,/acd
Trigonal
143-146 3 (C3) P3, P31, P37, R3
147-148  3(C3)) P3,R3
149-155 32(D3) P312, P321, P3,12, P3,21, P3,12, P3,21, R32
156-161  3m(Csy) P3ml, P31m, P3cl, P31c, R3m, R3¢
162-167  3m(D3q) P31m, P31c, P3ml, P3cl, R3m, R3c
Hexagonal
168-173 6 (Cs) P6, P61, P6s, P6;, P64, P63
174 6 (C31) P6
175-176  6/m(Cgp) P6/m, P63/m
177-182 622 (Dg) P622, P6,22, P6522, P6,22, P6422, P6322
183-186  6mm (Cey) P6mm, P6cc, P63cm, P63mc
187-190  6m2 (D3h) P6m2, P6c2, P62m, P62c
191-194  6/mmm(Dgp) P6/mmm, P6/mcc, P63/mcm, P63/mmc
Cubic
195-199 23 (T) P23, F23,123,P2,3,12,3
200-206 m3 (Ty) Pm3, Pn3, Fm3, Fd3, Im3, Pa3, 1a3
207-214 432 (0) P432, P4,32, F432, F4,32, 1432, P43;32, P4,32, 14,32
215-220  43m(Ty) P43m, F43m, 143m, P43n, F43c, 143d
221-230  m3m(Oy) Pm3m, Pn3n, Pm3n, Pn3m, Fm3m, Fm3c, Fd3m, Fd3c, Im3m, Ia3d

* The 230 space groups include 11 enantiomorphous pairs: P31 (P32), P3112 (P3212), P3121 (P3,21), P4|(P43), P4,22 (P4322), P4,2,2 (P432,2),
P61 (P65), P62(P64), P6122 (P6522), P6222 (P6422), and P4,32 (P4332). If the (+)-isomer of an optically active molecule crystallizes in an enantiomor-
phous space group, the (-)-isomer will crystallize in the related one. Although both members of an enantiomorphous pair are distinguishable by X-ray
diffraction (using anomalous dispersion), they can be counted together for classification purposes if the absolute chirality sense (handedness) is unknown
or irrelevant, leading to 219 “distinct” space groups. However, once the chirality sense of the asymmetric unit is specified, repetition of that unit in one
enantiomorphous space group is quite distinct from repetition in the other. It is therefore virtually impossible for a given chiral compound to crystallize

in both enantiomorphous space groups because the resulting packing arrangements (and energies) would be completely different.

Space groups (or enantiomorphous pairs) that are uniquely determined from the symmetry of the diffraction pattern and systematic absences are shown

in boldface type.

Recent adoption of the double glide plane e as a symmetry element leads to changes in the international symbols for five A- and C-centered orthorhombic

space groups: No. 39, Abm2 — Aem?2; No. 41, Aba2 — Aea2; No. 64, Cmca — Cmce; No. 67, Cmma — Cmme; No. 68, Ccca — Ccce.
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Table 9.3.7. Derivation of atomic coordinates

Symmetry element Fractional coordinates

Center at origin (0, 0, 0) X, ¥,2; %, ¥, Z; or £(x,,2)

Center at origin ('/4, 0, 0) v,z h—x9.7

Mirror plane aty = 0 X, Y, X, 9,2

Mirror plane aty = '/4 Ly, x5 h—yz

c glide plane aty = 0 N0, X% Y, h+z

c glide plane at y = /4 v x =y, 1tz

n glide plane at y = 0 Xy 'h+xy 4z

n glide plane aty = /4 v,z lh4x =yt z

d glide plane at x = /s X, 9,2 a—x, Yady, Yotz

2-axis along line 0, 0, z (i.e. ¢) XV, 23X, 9, 2

2-axis along line 0, /4, z L% h—yz

2;-axis along ¢ Ly kYt

2;-axis along line /4, 0, z vz 'lh—x9h+z

4-axis along ¢ X, T X T X, Y, 2V, X, 2

4-axis along ¢ with 1at origin Xy Vs TV Xy 25X, ¥, 23 Y, X, 2

4-axis along ¢ with 1 at (0, 0, '/a) L h—nxy,ny.x -2

4, -axis along line '/4, '/4, z with origin on 2 xyonth—x,1/4+zh—x, b=y, btz —y,x, 3+
3-axis along ¢ X0 LY X =Y,y — XX, 2

3—axis along ¢ with 1at origin +(X,y,2,9,X-Y, 2,y - X, X,2)

6-axis along ¢ XV X =V Xo Vs X — Vs 25XV 25V — X X, 25V, Y — X, 2

3-axis along [111] body diagonal in cubic unit cell  x,y, z; 2, X, y; ¥, 2, X

C-centering (on ab face) Xy, 2% 24y, 24 z0r(0,0,0; /2, '/2,0) +

I-centering Xy, 24 x, 24y, a4z, 0r (0,0,0; /2, /2, Vo) +
F-centering 0,0,0;'/2,'2,0;0, ', 1/2,0, '/2)+

R-centering,* obverse setting X, +x, 4y, 5+ 215+ x,23+ v, + 7 or (0,0,0; 23,113, 113, 113,23, 213) +
R-centering,* reverse setting v b+x 3 +y, 4+ x5, 3+, + 201 (0,0,0; /3,253, '3 25, 15, 25) +

* Rhombohedral unit cell based on hexagonal lattice.

angle at atom B. Note that this formula is valid in any coordinate system, but
the usual textbook expressions for the scalar and vector products in terms of
vector components holds only in a Cartesian coordinate system. The torsion
angle t is not well defined when one or both of g and ¢ is/are 0° or 180°. A
positive value of 7 indicates that the A—B—C-D link corresponds to the sense

—(a+b)
-y
_—
5y
. (yT Xx)
x -
| ——
»x)
)
y
a

Fig. 9.3.3.
Derivation of coordinates of equipoints related by a 3-, 4-, or 6-axis.
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Table 9.3.8. The order of positions in the international symbols for point groups and space

groups
System Position in international symbol
Ist 2nd 3rd
Triclinic Only one symbol is used
Monoclinic Ist setting: 2, 21, or 2 along unique ¢ axis*
2nd setting: 2, 21, or 2 along unique b axis (conventional)

Orthorhombic 2,2, or 2 along a 2,2, 0r 2 along b 2,21, 0r 2 along ¢
Tetragonal 4,41,47,43,0r4 2,21,0or2alongaandb 2 0r_2 along [110] and

along ¢ } B [1 1(_)]
Trigonal 3,31,3,0r3along ¢ 2 or 2 along a, b, and 2 or 2 perpendicular to

[110] a, b, and [110]

Hexagonal 6,61, 62,63, 64,65, 0r  2or2alonga,b,and 2 or 2 perpendicular to

6 along ¢ ) [119] a, b_, and [110]
Cubic 4,_41,42,43,4, 2,21,0or 3or3along <111> 2 or 2 along <110>

2 along a, b, and ¢

* Note that a 2-axis is equivalent to a mirror plane m normal to it; for example, 2 along a means m
perpendicular to a.

of a right-handed screw (or helix). The sign of 7 is unaffected by rotation or
translation, but is reversed by reflection or inversion.

9.3.6 Space group diagrams

Table 9.3.8 summarizes the order of positions in the point group or space group
symbols; note that a 2-axis is equivalent to a mirror plane m perpendicular
to it.

For example, in the orthorhombic system, mm?2 refers to mirror planes per-
pendicular to a and b, and a twofold axis along c. In the hexagonal system,
62m means a 6-axis along ¢, twofold axes along a, b and a + b (i.e., [110]),
and mirror planes perpendicular to a, b and [110]. In some other books and
tables, the equivalent alternative 6m2 may be used in place of 62m. In the cubic
system, 43m means three 4-axes along the equivalent axes of a cube, four 3-
axes along the body diagonals <111>, and six mirror planes perpendicular
to the face diagonals <110>. In m3 the first position indicates mirror planes
perpendicular to Othe cubic axes, and the second position means 3-axes along
the body diagonals. The third position is left blank as there is no symmetry
element in the <110> directions. The older symbol for m3 is m3, as the 3- and
3-axis are coincident.

The most frequently occurring space group P12;/c1 (No. 14) serves as a
good example to illustrate the use of the space group tables. In the Hermann—
Mauguin nomenclature, the lattice symbol is given first; here P means that the
lattice is primitive (i.e., there is no lattice centering). The second symbol (1)
indicates that there is no symmetry with respect to a, the next symbol (2{/c)
shows that both 21 and c refer to the b axis (the unique symmetry axis in the
conventional second setting), and the last symbol (1) indicates that there is
no symmetry with respect to ¢. The symmetry elements 2; /c mean that the
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Laue symmetry is 2/m (disregarding the translational components of the 2;-
axis and the ¢ glide), so the space group belongs to the monoclinic system. The
simplified symbol P2 /c normally replaces the full symbol P12;/c1, and the
old Schonflies symbol Cgh (the fifth space group derived from the point group
Cyp) is seldom used.

Space group P21 /a often appears in the older literature in place of P2;/c;in
such case the unique axis is still b, but the glide plane is a. If we make a different
choice of the axes normal to the 2;-axis, the glide plane might be changed to
a diagonal glide n; and the space group symbol becomes P2 /a. (This choice
is sometimes made to make the 8 angle close to 90°.) Furthermore, if ¢ were
chosen as the unique axis (as in the unconventional first setting), the space
group symbol would become P2 /a or P21 /b. Thus the same space group may
be designated by several different symbols depending on the choice of axes and
their labeling.

In the following discussion, for simplicity we make use of the pair of sym-
metry diagrams that constitute a representation of space group P21 /c (No. 14)
in International Tables for X-Ray Crystallography Volume I, as displayed in
Fig. 9.3.4.

In both diagrams, the origin is located at the upper left corner of the unit
cell, with a pointing downward, b horizontally to the right, and ¢ toward the
viewer. The right diagram (b) shows the symmetry elements and their location
using graphic symbols. Each colinear pair of half arrows represents a 21-axis
parallel to b, and the label /4 indicates that it lies at a height of z = 1/4. The
dotted line indicates the c glide with glide component coming out of the plane of
the diagram. The small open circle represents a center of symmetry (inversion
center) that must be present in P21 /c but is not explicitly indicated in the space
group symbol. Note that all three types of symmetry elements necessarily occur
at 1/2 unit intervals along the lattice translations.

The left diagram (a) shows the locations and coordinates of the general equiv-
alent positions in the space group. To see how this diagram can be derived from
the symmetry diagram at the right, we insert a general point labeled 1 in the unit
cell and represent it by a large open circle. This position (x, y, z) has an arbitrary
fractional height z above the ab plane, which is conventionally designated by
the symbol + beside it. For the 2| screw axis at x = 0, z = /4, rotation first
carries position 1 to a point (x, y, 1/2 — z) outside the unit cell at the top, and the

4% 4
o O 0, .
O+ 740 O+ * 4

1 3

1 o — 1
)

4” 271 4/
o or ol . . .
O+ ++0 O+ ¢ 4

(a) (b)
Fig. 9.3.4.

Diagrams showing (a) the general equivalent positions and (b) the symmetry elements in space
group P21 /c as presented in International Tables for X-Ray Crystallography Volume I. The bold
numerals in the left figure are added for the purpose of discussion.

321



322

Symmetry in Chemistry

subsequent b/2 translation carries the latter to position 2 marked — (meaning
a height of —z), and its coordinates are (X, /2 + y, 112 — z). For the ¢ glide at
y = la, reflection across the plane first brings 1 to the point (x, /2 — y, ), and
the subsequent ¢/2 translation carries the latter into position 3 marked 12+
(meaning a height of 12 + z), and its coordinates are (x, 12 — y, /2 + z). The
comma inside the circle means that the position, together with its environment,
is a mirror image of the original position and its environment. Starting with
position 2, the glide plane at y = 3/ generates the position at (x,1 — y,7),
and we label it 4. The positions 2’ and 4’ are derived from 2 and 4, respec-
tively, by unit translation along a. Note that positions 1 and 4’ are related by
the inversion center at (12, 112, 1/2), positions 2 and 3 are related by the inversion
center at (0, /2, 1/2), and positions 3 and 2’ are related by the inversion center
at (112,12,12). The point 4* at (X, y, z) is usually chosen instead of 4, since it
is related to 1 by the inversion center at the origin. Equipoints 1, 4*, 2, and 3
constitute the set of general equivalent positions in space group P21 /c. Further
action of the symmetry operations on them produces no new position, so these
four positions reflect the full symmetry of the space group. They are denoted
by the Wyckoff notation 4(e) in the first row of Table 9.3.9.

The Wyckoff notation for a set of equivalent positions consists of two parts:
(i) the multiplicity M, which is the number of equivalent positions per unit cell,
and (i) an italicized small letter a starting at the bottom of the list and moving
upward in alphabetical order. For a primitive unit cell, M is equal to the order
of the point group from which the space group is derived; for centered cells, M
is the product of the order of the point group and the number of lattice points
per unit cell.

Note that in Fig. 9.3.4, diagram (b) can be derived from diagram (a), and vice
versa, and either one is sufficient to represent the full symmetry of the space
group.

Consider the general equivalent positions of space group P21 /c as shown in
Fig. 9.3.4(a). Let position 1 approach the origin of the unit cell; in other words,
let the coordinates x — 0, y — 0, and z — 0. As this happens, position 4”
also approaches the origin, while both 2 and 3 simultaneously approach the
center of inversion at (0, 1/2, 1/2). Whenx = 0,y = 0, and z = 0, 1 and 4*
coalesce into one, and 2 and 3 likewise become the same position. There remain
only two equivalent positions: (0, 0, 0) and (0, 1/2, 1/2) that occupy sites of
symmetry 1, and they constitute the special equivalent position 2(a), which is
designated as Wyckoff position 2(a). Other sets of special equivalent positions
of site symmetry 1 are obtained by setting x = 1/2,y =0,z = 0;x = 0,y = 0,

Table 9.3.9. General and special positions of space group P21 /c.

No. of Wyckoff Site Coordinates of equivalent positions
positions letter symmetry

Ly nnnnh R4y ln—zx 12—y 2+
12,0,12;12,1/2,0

0,0,172;0,112,0

12,0,0; 12,12, 112

0,0,0;0, 12, 112

[NOJN NS T (ST (S TN
ISUIEN SO S VY
e e
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z=1/2;x=1/2,y =0,z = 1/2, giving rise to Wyckoff position 2(b), 2(c),
and 2(d), respectively (see Table 9.3.9). The multiplicity of a special position
is always a divisor of that of the general position.

To describe the contents of a unit cell, it is sufficient to specify the coor-
dinates of only one atom in each equivalent set of atoms, since the other
atomic positions in the set are readily deduced from space group symmetry.
The collection of symmetry-independent atoms in the unit cell is called the
asymmetric unit of the crystal structure. In the International Tables, a portion
of the unit cell (and hence its contents) is designated as the asymmetric unit. For
instance, in space group P21 /c, a quarter of the unit cell within the boundaries
0<x<10<y<1/4 and 0 < z < 1 constitutes the asymmetric unit.
Note that the asymmetric unit may be chosen in different ways; in practice, it is
preferable to choose independent atoms that are connected to form a complete
molecule or a molecular fragment. It is also advisable, whenever possible, to
take atoms whose fractional coordinates are positive and lie within or close to the
octant0 <x < 1/2,0 <y <1/2,and0 < z < 1/2. Note also that if a molecule
constitutes the asymmetric unit, its component atoms may be related by non-
crystallographic symmetry. In other words, the symmetry of the site at which the
molecule is located may be a subgroup of the idealized molecular point group.

9.3.7 Information on some commonly occurring space groups

Apart from P21 /c, other commonly occurring space groups are C2/c (No. 15),
P212121 (No. 19), Pbca (No. 61), and Pnma (No. 62); the symmetry diagrams
and equivalent positions of these space groups are displayed in Table 9.3.10.
It should be noted that each space group can be represented in three ways: a
diagram showing the location of the general equivalent positions, a diagram
showing the location of the symmetry elements, and a list of coordinates of the
general positions. The reader should verify that, given any one of these, the
other two can be readily deduced.

9.3.8  Using the International Tables

Detailed information on all 230 space groups are given in Volume A: Space-
Group Symmetry of the International Tables for Crystallography. The tabulation
for space group C2/c is reproduced in the left column of Table 9.3.11, and
explanation of various features are displayed in the right column. This may be
compared with the information for C2/c given in Table 9.3.10.

9.4 Determination of space groups
9.4.1 Friedel’slaw

The intensity of a reflection (hk{) is proportional to the square of the structural
factor F (hk{), which is given by

F(hke) =Y f;cos 2 (hgj + kyj + €2)) +1 Y _ f;sin 2 (hogj + ky; + €2)),
j j
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Table 9.3.10. Symmetry diagrams and equivalent positions of some commonly occurring
space groups

Monoclinic 2/m No. 15 C2/c (C8p)
_® O%_ _GO%_ 1(_0 o1
3+O[O+ oo+ 4 bt b
-0|0t- O T S T A G
1 e R |
+0|0+ 1 A T
i 9 [ Py

4 : ; ; i

1 : :
“©02- LO/LOF S IR S L5 1
O O+ OO+ ¢ 4

No. of Wyckoff  Site Coordinates of equivalent positions

positions  notation  symmetry (0,0,0;1/2,1/2,0)+

3 f 1 055,55y, 1/2—-5x,y,1/2+2
4 e 2 0,y,1/4;0,5,3/4
4 d i 1/4,1/4,1/2;3/4,1/4,0
4 c 1 1/4,1/4,0;3/4,1/4,1/2
4 b 1 0,1/2,0;0,1/2,1/2
4 a 1 0,0,0;0,0,1/2
Orthorhombic 222 No. 19 P2,2,2/(DY)
1 _
O3 L1 .,
O+ O+ 4 ; 4
[ !
%+O %+O 1 - 1
-0 4 74
1 s § 4
Oz- 1, 1
o ot T
No. of Wyckoff  Site Coordinates of equivalent positions
positions  notation  symmetry
4 a 1 0,25 1/2=x,9,1/24+2,1/24+x,1/2 =y, ;% 1/2+y,1/2 -z
Orthorhombic mmm No. 61 Pbca (D})
1
: L :
-® O3- -0 1. 1
O+ ++0 o+ 4 y 4
1+0O O+ 31+O . ; ]
0 O - 2 ) e
_______ ’ - S,
-® Of- -® R N
O+ 140 O+ 4 J | 2
No. of Wyckoff  Site Coordinates of equivalent positions
positions  notation  symmetry
8 c 1 X, v,z 1/24x,1/2—y,2;%,1/24y,1/2 —z;1/2 —x,

V124269, 1/2—x,1/24y,z;x,1/2 =y, 1/2+z;
1/2+x,y,1/2 -2
0,0,1/2; 1/2,1/2,1/2;0,1/2,0; 1/2,0,0
0,0,0; 1/2,1/2,0;0,1/2,1/2; 1/2,0,1/2

—_1
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Table 9.3.10. Continued

JJJ<_|

Orthorhombic mmm No. 62 Pbca (DY)
1 1
l 4
-© O- -6
Or +0 O+ I ) I
¥y
3+0O O3+ $+O
1 1 1 °
®z-2-0 O%- p
y
-® O- -0 ] i
O+ +0O O+ 1 1J
4 4
No. of Wyckoff — Site Coordinates of equivalent positions
positions notation  symmetry
8 d 1 xy, 't x, =y, =%+, —x, 9, 2+ 25

L' e=xhty, bt x, =y, 4 x,y, =2

4 c m X, Ya, 20X, 3, 23— x, 3, o+ e x, s, Y — 2
4 b 1 0,0,'/2; 0,'/2,'/2; 1/2,0,0; '/2,1/2,0
4 a 1 0,0,0; 0,'/2,0; '/2,0,'/2; 112,112,

where f; is the atomic scattering factor of atom j, and the summation is

over all atoms in the unit cell. For simplicity, we may write |F (hk£)|2
A%+ B

F (hk?)isin general a complex quantity, which can be expressed as F (hk{) =
A + iB. The structure factor for the reflection with indices -h, -k, -£ is F (hk?),
and the observed intensity is |F (hk () |2 =A% + B2

The intensities of reflections (hk£) and (i_zlzf) are the same, so that the diffrac-
tion pattern has an apparent center of symmetry, even if the crystal structure
is not centrosymmetric. This is known as Friedel’s law. Note that Friedel’s
law breaks down under the conditions of anomalous scattering, which happens
when the wavelength is such that the X-rays are highly absorbed by the atoms
in the crystal.

9.4.2 Lave classes

As aconsequence of Friedel’s law, the diffraction pattern exhibits the symmetry
of a centrosymmetric crystal class. For example, a crystal in class 2, on account
of the 1 symmetry imposed on its diffraction pattern, will appear to be in class
2/m. The same result also holds for crystals in class m. Therefore, it is not
possible to distinguish the classes 2, m, and 2/m from their diffraction patterns.
The same effect occurs in other crystal systems, so that the 32 crystal classes
are classified into only 11 distinct Laue groups according to the symmetry of
the diffraction pattern, as shown in Table 9.4.1.
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Knowledge of the diffraction symmetry of a crystal is useful for its clas-
sification. If the Laue group is observed to be 4/mmm, the crystal system is
tetragonal, the crystal class must be chosen from 422, 4mm, 42m, and 4 /mmm,
and the space group is one of those associated with these four crystallographic

point groups.

Table 9.3.11. Detailed information on space group C2/c (No. 15)

C2/c Cgh 2/m Monoclinic
No. 15 C12/c1 Patterson symmetry: C 1 2/m 1

UNIQUE AXIS b, CELL CHOICE 1

Origin at 1 on glide plane ¢

1
2’

;0<z=<

N —
Nl—

Asymmetric Unit0 <x < 5;0 <y <
Symmetry Operations

For (0,0,0)+ set
M1 @2 0y.5 G 000 @Hec x0z

For (%,%,0)4— set
M 135,00 220,5,0) 1.y.3
A1 1140 @n(3.0,3) x3.z

Generators selected (1); #(1,0,0); #(0,1,0); #(0,0,1);
1(3.3.05:(2:3)

Cgh is Schonflies symbol

Patterson symmetry: C 1 2/m 1

Unique axis is b, which leads to
C2/c; alternative cell choices
are described in other pages.

Three projections of the unit cell
down b, a, and ¢ (showing the
symmetry elements), and a
projection down b (showing the
general equivalent positions).

¢p is the projection of ¢
ap is the projection of a
QO represents an equipoint

(® is generated from O by an
operation of the second kind
(inversion, reflection, and glides)
+, — : coordinate above or below
the plane of projection along the
unique b axis.

Location of origin is specified.

Numbering (in parentheses) and
location of the operations
(identity, twofold rotation,
inversion, ¢ glide, translation,
and n glide).

Identity, axial and centering
translations, twofold rotation,
and inversion.



Table 9.3.11. Continued

Positions

Multiplicity Coordinates Reflection conditions
Wyckoff letter,  (0,0,0)+ (1.1,0)+
Site symmetry

General:
8f1 ) x,y,z (Z)X,y,Z-i-% hkt :h+k=2n
3 xy.z Bxy,z+5 hOl:ht=2n
0kl : k =2n
hkO:h+k =2n
0kO : k =2n
h00 : h =2n
00¢ : £ =2n

Special: as above, plus

4e2 0, y,%, 0, 7,% no extra conditions
4d1 55 3,1,0 hke:k+e=2n
4cl ;;o, %;% hk€ :k +€=2n
4b1 0.1.0, 0,%,12 ke : ¢ =2n
4al 0,0,0, 0,0,5 hkf:€=2n

Symmetry of special projections

Along [001] c2mm Along [100] p2gm Along [010] p2
a=a, b=> a=1ib b=c a=1lc b=1a
Origin at 0,0, z Origin at x, 0,0 Origin at 0,y,0

Maximal non-isomorphic subgroups

1 [21C121(C2) (1;2)+
[2] C 1(P]) (1;3)+
2]1Clcl L4+

I [21P 12/c1(P2/c) 1;2:3;:4
21 P12/n1(P2/c) 5234+, 10
[21P 12;/n1(P2;/c) 1;3;(2;4)+(i,i,0)
[21P121/c1(P21/c) 1:4;(2:3) + (5. 7,0)
IIIb none

Maximal isomorphic subgroups of lowest index

Ilc [3]1C121(b =3b)(C2/c);

[B1C 121(c" =3¢)(C2/c);
[3]C121(a’ =3aora’ =3a,¢/’ = —a+cora =3a,

¢ = a+¢)(C2/c)

Minimal non-isomorphic subgroups

I [2]Cmcem; [2]Cmca; [2]Ceem; [2]Ceca;, [21Fddd,;
[21Ibam;, [2]Ibca; [2lImma; [2]14 /a; [3]P312/c;
[31P32/c1; [31R32/c

II [2]F12/ml1(C2/m); [21C12/m1(2¢' = ¢)(C2/m);
[2]P12/c1(2a’ = a,2b’ = b)(P2/c)

Symmetry in Crystals

Multiplicity, Wyckoff
letter, site symmetry, and
coordinates given for each
set of equivalent
positions.

Multiplicity = 8 for general
positions

Systematic absences: hk{
with (h + k) odd indicates
C lattice; h0¢ with £ odd
indicates ¢ glide; the other
conditions only provide
redundant information.

Special positions are 4(a)
to 4(e); 4(a) is always last
listed; if an atom occupies
4(c), it only contributes to
hkl with (k + £) even.

Plane groups and axes of
the projections down ¢, a
and b

t subgroups type I (same
lattice translations)

k subgroups type II (same
crystal class); subdivision
IIa (same unit cell), ITb,
IIc (larger cell)

Index of the subgroup is
enclosed in square
brackets.

Index, full international
symbol, lattice vectors,
and conventional symbol.

t supergroups

k supergroups
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Fig. 9.4.1.

Some lattice planes through primitive
(P), body-centered (/), and face-centered
(F) lattices.

Symmetry in Chemistry

Table 9.4.1. The 11 Laue groups for diffraction symmetry

Crystal system Crystal class Laue group
Triclinic 1,1 1
Monoclinic 2, m,2/m 2/m
Orthorhombic 222, mm2, mmm mmm
Tetragonal 4, 4_1, 4/m 4/m
422, 4mm,412m, 4/mmm 4/mmm
Trigonal 3, 3 3
32, 3m, 3m 3m
Hexagonal 6, 3, 6/m 6/m
622, 6mm, 62m, 6/mmm 6/mmm
Cubic 23, m3 m3
432, Zl?:m, m3m m3m

9.4.3

Deduction of lattice centering and translational symmetry elements
from systemic absences

Systematic absences (or extinctions) in the X-ray diffraction pattern of a sin-
gle crystal are caused by the presence of lattice centering and translational
symmetry elements, namely screw axes and glide planes. Such extinctions are
extremely useful in deducing the space group of an unknown crystal.

g==3 <1

(100) (110)

(1) Effect of lattice centering
In Fig. 9.4.1, the planes (100), (110), and (111) are drawn in heavy shading
for pairs of adjoining primitive (P), body-centered (), and face-centered (F')
unit cells. In the /-lattice, the centered points lie midway between the (100)
and (111) planes, and their contribution to X-ray scattering exactly cancels out
that due to points located at the corners of the unit cells. These two reflections
are therefore systematically absent. However, the reflections (200), (110), and
(222) are observable since each passes through all the lattice points. Similarly,
in the F-lattice, the (100) and (110) reflections are systematically absent, but
the (200), (220), and (111) reflections are observable.

For subsequent discussion of the general case, we make use of the following
theorem from geometry:
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Aline OL from the origin O of a space lattice to a lattice point L, as represented
by the vector OL = ua + vb + we, is divided into (uh + vk + wt) parts by the
set of planes (hk?).

Consider the C-centered unit cell shown in Fig. 9.4.2. Setting OL = a + b,
the line OL, which runs through the C-centered point, is divided into 5 parts by
the planes (320). Thus the points located at the corners of the unit cell lie in the
(320) set of planes, but the C-centered point does not. It is easily seen that, in
general, the C-centered point lies in the (hk£) planes when (4 + k) is even, and
in between the planes when (k4 k) is odd. In the latter case, X-ray scattering by
the points at the corners of the unit cell is exactly out of phase with that caused
by the C-centered point; in other words, reflections (hkf) are systematically
absent with (h+ k) odd. Conversely, whenever this kind of systematic absences
is observed, the presence of a C-centered lattice is indicated.

For a F-centered lattice, reflections (hk£) are observable only when the con-
ditions (h+ k) even, (k + £) even, and (£ 4 &) even are simultaneously satisfied;
this means that the indices %, k, £ must be either all even or all odd. This result
can also be deduced analytically. In a F-centered lattice, the following equiva-
lent positions are present: (x, y,z); (x,y+ 1/2,z+ 1/2); (x+ 1/2,y,z+ 1/2);
(x+1/2,y 4 1/2, 7). Accordingly, the structure factor expression is

n/4

Fie = Y _ fiexpli2m (hx; + ky; + £2) {1 + expli2 (k/2 + €/2)]
j=1
+ expli2m (k/2 + £/2)] + expli2m (k/2 + £/2)]}.

For reflections of the type (hkf), when the indices are all even or all odd
(e, h+k=2nh+4€=2nk+ ¢ =2n),

n/4
Fpe =4 Z]j expli2m (hx; + ky; + £z))].
j=1

If the h, k, € indices are of mixed parity (i.e., not all odd or all even), then
Frre = 0. For example, F112 = F3p0 = 0.

For an /-centered lattice, we consider the vector OL = a + b + ¢ which
passes through the /-centered point. The line OL is divided into (h + k + £)
parts, which must be even for reflections (hk{) to be observable.

Consider a rhombohedral lattice referred to a hexagonal set of axes. In the
obverse setting, we consider the vector OL = —a+b-+ ¢, which passes through
the points at (—1/3,1/3,1/3), (=2/3,2/3,2/3), and (—1, 1, 1). The line OL is
divided into (=% 4 k 4 £) parts, which must be a multiple of 3 for all lattice
points to lie in the planes (hk£). In other words, the systematic absences for
reflections (hk?) are (—h+k++£) # 3n for arthombohedral lattice in the obverse
setting. In the reverse setting, the systematic absences are (h — k + £) # 3n.

(2) Effect of glide planes and screw axes

Consider the arrangement of asymmetric objects (e.g., left and right hands)
generated by a n glide plane normal to the ¢ axis at z = 0, as shown in Fig.
9.4.3(a). Note that to the (hkQ) reflections, the z coordinate is immaterial, as
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Fig. 9.4.2.

C-centered unit cell showing that the line
OL is divided into five parts by the (320)
planes, and the C-centered point lies
midway between a pair of planes.
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Fig. 9.4.3.

Effect of (a) n glide normal to ¢ and

(b) b glide normal to ¢ on an asymmetric
object represented by a hand. The plus
and minus signs indicate that the object
lies above and below the plane (001),
respectively.

Fig. 9.4.4.

Effect of 21-axis along b on an
asymmetric object represented by a
hand. The plus and minus signs indicate
that the object lies above and below the
plane (001), respectively.
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the structure projected onto the ab plane looks exactly like a C-centered lattice.
Hence the systematic absences (hk0) absent with (% + k) odd implies the pres-
ence of a n glide plane normal to the c axis. Note that this condition is covered
by that for C-centering, and therefore if the lattice is already C-centered, the n
glide may or may not be present.

In like manner, for the b glide normal to ¢ shown in Fig. 9.4.3(b), the right
and left hands make the same contribution to the (200) reflections. Therefore,
the systematic absences of (hk0) reflections with k odd indicate the presence
of a b glide plane normal to the c axis.

Consider now a 21-axis parallel to the b axis. As shown in Fig. 9.4.4, the coor-
dinates x and z are irrelevant for the (0k0) planes, and the systematic absences
(0k0) absent with k odd implies the presence of a 21-axis parallel to b. Note that
this is a very weak condition as compared to those for lattice centering and glide
planes, and is already covered by them. Since the (0k0) reflections are few in
number, some may be too weak to be observable, and hence the determination
of a screw axis from systematic absences is not always reliable.

Analytical deductions can be made in the following way. Suppose the unit
cell has a c glide plane perpendicular to the b axis. For an atom at x, y, z, there
is an equivalent atom at x, —y, 1/2 + z. The contribution of these two atoms to
the structure factor is

F(hkt) = f{exp[2mi(hx + ky + £2)] + exp[2wi(hx — ky + £/2 + €2)]}.
For the special case of k = 0,
F(h0t) = f exp[2mi(hx + £2)][1 4 exp(2wif)]
= f expl2ri(hx + £2)][1 + (= 1)"].

This expression vanishes if £ is odd, and is equal to 2f[2wi(hx 4 €z) if £ is
even. Reflections of the type (20¢) will, therefore, be missing unless ¢ is an
even number. The characteristic absence or extinction of (20¢) reflections with
£ odd thus indicates a ¢ glide plane perpendicular to the b axis.

For a twofold screw axis running parallel to ¢, the equivalent positions are
x,y,zand —x, —y, z + 1/2.

n
F(hke) = fyexpli2m (hxj + ky; + £))]
j=1
n/2

= ij(exp{iZn [hx; + ky; + £z;]} + expli2n [—hx; — ky; + £(z; + 1/2)]}).

j=l1
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When £ and k are both zero,

n/2
F(00¢) = Zﬁ exp(i2m €zj)[1 + exp(i2m £/2)].
j=1
n/2
This expression vanishes if £ is odd, and is equal to 2 ) _ f; exp[i2n £z;] when £
Jj=1

is even. When reflections of the type (00€) are absent with £ odd, they suggest
the presence of a screw axis in the ¢ direction.

The systematic absences due to the various types of lattice centering, screw
axes, and glide planes are given in Table 9.4.2, which is used in the deduction
of space groups.

Table 9.4.2. Determination of lattice type, screw axes, and glide planes from systematic absences
of X-ray reflections

Lattice type Reflections affected Conditions for absence
A-face centered hkt k 4+ ¢ = odd
B-face centered hkt h+ ¢ =odd
C-face centered hkt h+k =odd
F-face centered hkt h, k, € not all odd or even
I-body centered hkt h+k+ ¢ =odd
R (thombohedral lattice)
obverse setting hkt —h+k+L#3n
reverse setting +h—k+4€#3n
Screw axis Reflections affected Conditions for absence
21,4y, or 63 along a h00 h = odd
b 0k0 k = odd
c 00/ £ =odd
31, 37, 63, or 64 along ¢ 00/ £ #3n
41 or 43 along a h00 h # 4n
b 0k0 k # 4n
c 00! L #4n
61 or 65 along ¢ 00! £ #6n
Glide plane Reflections affected Conditions for absence
a glide L b ho¢ h = odd
le hk0 h = odd
bglide L a (144 k = odd
le hk0 k = odd
cglide L a (144 ¢ = odd
1b h0¢ £ = odd
nglide L a 0kt k4 ¢ =odd
1b ho¢ h+ ¢ =odd
Le hkO h+k = odd
d glide 1 a Okl k+4¢#4n
L1b ho¢ h+4{#4n

Le hkQ h+k #4n
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Table 9.4.3. Examples of deduction of space groups from systematic absences

Crystal system

Symmetry elements deduced by systematic

absences with remarks

Possible space group

Monoclinic

Orthorhombic

Tetragonal

Trigonal (based on
hexagonal cell)

Hexagonal

Cubic

(a) no systematic absence

(b) hkt: (h + k) odd = C-centered
h0¢: h odd = not a new condition
h0¢: € odd = ¢ glide L b axis
0k0: k odd = not new

(a) no systematic absence = P
0k: € odd = c glide L a axis
hkO: (h 4 k) odd = n glide L ¢ axis
h0¢€: € odd = c glide L b axis

(b) hkt: (h+ k) odd = C
0k¢: k odd = not new
h0¢: h odd = not new
h0¢€: € odd = ¢ glide L b axis
hk0: (h 4+ k) odd = not new

(a) Laue group 4/m
hk{: no systematic absence = P
hkQ: (h + k) odd = n glide L ¢ axis
00¢: € odd = 4 axis // c axis

(b) Laue group 4/m
hkl: (h+k+£)odd =1
hkO: (h 4+ k) odd = not new
00¢: £ odd = not new

(c) Laue group: 4/mmm
hke:(h+k+¢€)odd =1
hkO: (h 4+ k) odd = not new
00¢: £ odd = not new

(a) Laue group: 3
hkl: (=h+k+1€) #3n=R
00¢: £ # 3n = not new

(b) Laue group: 3m
hkl: (—h+k+4£)#3n=R
00¢: £ # 3n = not new

(a) Laue group: 6/m
hk{: no systematic absence = P
00¢: £ odd = 63 // c axis

(b) Laue group: 6mmm
hk{: no systematic absence = P
00¢: £ odd = 63 // ¢ axis

(a) Laue group: m3

hkt: (h+k), (k+¢)and (€ + h) odd = F

Ok£: (k +¢€) # 4n = d glide L a axis
(b) Laue group: m3m

hke: (h+ k), (k+¢)and (€ + h) odd = F

P2, Pm, P2/m
Cc, C2/c

Pccn

Cmem, C2cm =
Ama?2, Cmc2

P4y /n

14,14, 14/m

1422, T4mm, 14m2
(mLab; 2/
diagonal of ab
plane), 142m 2 1/
a,b; m L diagonal of
ab plane)

R3, R3

R32, R3m, R3m

P63, P63/m

P6322

Fd3

F432, F43m, Fm3m

(3) Deduction of space groups from systematic absences

Selected examples of the use of systematic absences in the deduction of space
groups are illustrated in Table 9.4.3. Note that some conditions are redun-
dant, as they are already covered by more general conditions. Some space
groups can be determined uniquely, but others can only be narrowed down to a
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few possibilities. In Table 9.4.4, those space groups that cannot be established
unequivocally from systematic absences are listed.

9.5 Selected space groups and examples of crystal
structures

9.5.1 Molecular symmetry and site symmetry

In a molecular crystal, the idealized symmetry of the molecule is often not
fully expressed; in other words, the molecule occupies a site of lower point
symmetry. For example, in the crystal structure of naphthalene, the CgHjg
molecule (idealized symmetry Day,) is located at a site of symmetry 1. On
the other hand, the hexamethylenetetramine molecule, (CH;)s N4y, retains its Ty
symmetry in the crystalline state. Biphenyl, C¢H5—CgHs, which exists in a non-
planar conformation with a dihedral angle of 45° (symmetry D) in the vapor
phase, occupies a site of symmetry 1 in the crystalline state and is therefore
completely planar.

Crystallization may in rare cases result in chemical transformation of the con-
stituents of a chemical compound. For example, PCls is a trigonal bipyramidal
molecule, but its crystal structure is composed of a packing of tetrahedral PCII
and octahedral PCl; ions. In contrast, PBrs in the crystalline state comprises
PBerr and Br™ ions; formation of the PBry ion is precluded by steric repulsion
between the bulky peripheral bromide ions.

9.5.2 Symmetry deductions: assignment of atoms and groups to equivalent
positions

The presence of symmetry elements in a crystal imposes restrictions on the
numbers of atoms that can be accommodated in a unit cell. If the space group
does not have point symmetry elements which can generate special positions,
atoms can be placed only in the general position, and their numbers in the cell
are restricted to multiples of the multiplicity of that position. For example, space
group P212121 has just one set of equivalent positions of multiplicity equal to
4; accordingly, atoms can occur only in sets of fours in the unit cell of any
crystal belonging to this space group. A compound which crystallizes in this
space group is codeine hydrobromide dihydrate, C;gH>1O3N-HBr-2H,O. The
number of formula units per cell, Z, is equal to 4, so that every atom must be
present in multiples of 4.

When the space group has special positions in addition to the general position,
there is more latitude to the numbers of each atom type which can be present
in the cell. For example, FeSb, belongs to space group Pnnm with Z = 2. This
space group has one general eightfold, three special fourfold (site symmetry 2
or m), and four twofold (site symmetry 2/m) sets of equipoints. The Fe atoms
must occupy one of the twofold sets. The Sb atoms may be assigned to two of
the three remaining twofold equipoints or one of the three fourfold equipoints,
but not the eightfold equipoint.

In simple inorganic crystals having only a few atoms per unit cell, equipoint
considerations alone may lead to a solution of the crystal structure, or to a small
number of possible solutions. For example, if a cubic crystal of composition
AB has Z = 4, its structure is fixed as either the NaCl type or the ZnS type.
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Table 9.4.4. Space groups not established uniquely from systematic absences

Laue class Symbol from Possible space groups’
systematic absences™

Triclinic 1 PO P1,P1
Monoclinic 2/m PO Pm, P2, P2/m
POec Pc, P2/c
P2,0 P2y, P21 /m
cO Cm, C2, C2/m
CcOc Cc, C2/c
Orthorhombic mmm rPOOO Pmm?2, P222, Pmmm
pcO0O Pcm2 (= Pmc2y), Pc2m (= Pma2), Pcmm (= Pmma)
Pn0 Pnm2 (= Pmn2,), Pnmm(= Pmmn)
Pcc Pcc2, Pccm
Pcall Pca2,, Pcam (= Pbcm)
Pbad Pba2, Pham
Pnc] Pnc2, Pncm (= Pmna)
Pnal] Pna2,, Pnam (= Pnma)
Pnnd Pnn2, Pnnm
cood Cmm2, Cm2m (= Amm?2), C222, Cmmm
cOcO Cmc2y, C2cm (= Ama2), Cmcm
cO0a Cm2a (= Abm2), Cmma
COca C2ca,Cmca
Cecd Ccc2, Ceccm
1000 Imm2, 1222, 1212121, Immm
10aO Ima2, Imam (= Imma)
Ibad Iba2, Ibam
FOoad Fmm2, F222, Fmmm
Tetragonal 4/m pO P4, P4, PA/m
P42D P4z, P42/m
a I4,14,14/m
Tetragonal P4/mmm POOO P42m, PAm2, P4mm, P422, P4/mmm
pO2,0 PA42im, P42,2
POc P42¢, P4yme, P4 /mme
POKO P4b2, PAbm, P4/mbm
PObe P4, bc, P4y /mbc
rOcO P4c2, P4ycm, Pdo /mem
POcc Picc, P4/mcc
POO P4n2, P4ynm, P4y /mnm
POnc P4nc, P4/mnc
1000 14m2, 142m, I4mm, 1422, I4/mmm
100 14¢2, I4cm, 14/ mem
1004 142d, 14ymd
Trigonal 3 PO P3,P3
RO R3, R3
Trigonal 3m POOO P3ml, P31m, P312, P321, P31m, P3ml
POO P3cl, P3cl
PO0c P3lc, P3lc
RrROO R3m, R32, R3m
ROc R3c, R3¢
Hexagonal 6/m PO P6, P6, P6/m
P63 P63, P63/m
Hexagonal 6/mmm rPOOO P6m2, P62m, P6mm, P622, P6/mmm
pPOO P6c2, P63cm, P63 /mem
POOc P62c, P63mc, P63/mmc
POcc Pé6cc, P6/mcc
Cubic m3 POO P23, Pm3
100 123,123, Im3
FOO F23, Fm3
Cubic m3m POOO P43m, P432, Pm3m
POOn P43n, Pm3n
1004 143m, 1432, Im3m
FOOO F43m, F432, Fm3m
FOOc Fd3c, Fm3c

* The symbol U indicates a position for a possible point symmetry element.
T For orthorhombic space groups, the standard Hermann—Mauguin symbol for a different choice of axes
is enclosed in parentheses.
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The first belongs to space group Fm3m, and the latter to F43m, and these two
possibilities can be distinguished by comparing the X-ray diffraction intensities
expected from the two structure types with those actually observed. This type
of deduction is based on consideration of the roles of the individual atoms in
a crystal structure, which usually finds application in compounds of inorganic
composition such as binary and ternary compounds, alloys, and minerals.

Symmetry considerations are most useful when applied to molecular crystals.
In most organic and organometallic crystals, the building units are not the
individual atoms but rather sets of atoms already organized into molecules.
In such cases the whole chemical molecule must conform to the equipoint
restrictions as to both number and symmetry. If the molecule occupies a general
position, it need not have any imposed symmetry, because the general position
has symmetry 1. But if the molecule is located on a special position, it must
have at least the symmetry of that special position. Accordingly, if the space
group and the equipoint occupied by the molecule are known, the minimum
symmetry which the molecule may have is determined. This information may
be useful for a chemist who is trying to decide which, of several configurations
that a molecule might conceivably have, is the true one.

It is commonly, but not always, true that all the molecules in a molecular
crystal are equivalent. When this is the case, then all the molecules occupy
the same set of equipoints; this implies that they are related to one another
by the various symmetry operations of the space group. On the other hand,
if the molecules occupy two or more Wyckoff positions, whether general or
special, they are chemically equivalent but crystallographically distinct. A good
example is the 1:1 adduct of hexamethylenetetramine oxide with hydroquinone,
(CH;)gN4—O - p-C¢H4(OH),. This compound crystallizes in space group P1
with Z = 2, and the p-C¢H4(OH); molecules occupy two non-equivalent sites
of 1 symmetry, rather than a general position. In other words, the asymmetric
unit consists of a (CH»)gNs— O and two “half-molecules” of p-C¢H4(OH)s,,
which are chemically equivalent but crystallographically distinguishable.

The following three compounds all crystallize in space group P21 /c. Useful
information on molecular structure can be deduced when Z is less than the
space-group multiplicity of 4.

(1) Naphthalene. Since Z = 2, the molecule occupies a site of symmetry 1;
in other words, there is an inversion center in the middle of the C4a—C8a
bond. With reference to the atom numbering system shown below, the
asymmetric unit can be taken as one of the right (1-4,4a), left (5-8,8a),
upper (1,2,7, 8, 8a) or lower (3,4, 4a, 5, 6) half of the molecule. Note that
the idealized molecular symmetry Dy, of naphthalene is not fully utilized
in the solid state, and some of the chemically identical bond distances and
bond angles have different measured values.
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Fig. 9.5.1.

A possible nearly eclipsed configuration
for ferrocene in the disordered model.
From P. Seiler and J. D. Dunitz, Acta

Crystallogr., Sect. B 35, 106874 (1979).
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(2) Biphenyl. Since Z = 2, an inversion center is present in the middle of
the bridging C—C bond between the two CgHj rings. This means that both
phenyl rings are coplanar. The planar conformation of biphenyl in the crys-
talline state, which differs from its non-planar conformation in the solution
and gas phases, is attributable to efficient molecular packing stabilized by
intermolecular interactions between the phenyl rings.

(3) Ferrocene. With Z = 2, the molecule must be placed in a special position
of symmetry 1. The pair of cyclopentadienyl (Cp) rings are thus expected
to be staggered. In fact, the situation is more complicated. A thorough study
of the structure of crystalline ferrocene by X-ray and neutron diffraction
at temperatures of 173 and 298 K showed that the apparently staggered
arrangement of the Cp rings results from the presence of molecules in dif-
ferent orientations randomly distributed at both 173 and 298 K. A disordered
model with the two Cp ring rotated about 12° from the eclipsed position is
displayed in Fig. 9.5.1. (The rotation angle is 0° for the precisely eclipsed
D5y, conformation, and 36° for the exactly staggered Dsq conformation.)

As a worked example, the assignment of atoms and groups to equivalent
positions for basic beryllium acetate is illustrated in detail in the following
paragraphs.

Basic beryllium acetate has the properties of a molecular solid rather than an
ionic salt. X-ray analysis has shown that it consists of discrete Be4O(CH3COO)g
molecules. The crystal structure is cubic, with a = 1574 pm and px = 1.39
g cm~3. The molecular weight of Be4O(CH3COO)g is 406, and hence Z =
PN,V /M = (1.39)(6.023 x 10%3)(15.74 x 1073)3/406 ~ 8. The diffraction
(Laue) symmetry is m3. The condition for observable hk reflections: h, k, ¢
all even or all odd indicates a F' lattice; Ok£ present for (k + £) = 4n indicates
the presence of a d glide plane. Hence the space group is uniquely established
as Fd3 (No. 203).

Since Z = 8, the asymmetric unit consists of one molecule located in special
positions 8(a) or 8(b). The former may be taken for convenience. The molecular
symmetry utilized in the space group is therefore 23.

All atomic positional parameters, which define the crystal and molecular
structure, can be assigned to the general and special equivalent positions of
space group Fd3 (origin at 23):
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Wyckoff position Site symmetry Coordinates
(0,0,0;0, 2,2 2,0, 25 /2, 12, 0) +

96(g) 1 X, y, 2; etc.
48(f) 2 x, 0, 0; etc.
32(e) 3 X, X, Xx; etc.
16(d) 3 5/s, /s, /s; etc.
16(c) 3 s, \fs, '/s; etc.
8(b) 23 1o, 2, V23 3 a, 3, 3a
8(a) 23 0,0,0; 'Va, Ya, /s

The atom numbering scheme and molecular structure of Be4O(CH3COO)¢
is shown in Fig. 9.5.2.

The assignment of atomic positions proceeds as follows. The basic oxygen
O(1) is placed in 8(a); Be in 32(e), not in 16(c) + 16(d) because its coordination
preference is tetrahedral rather than octahedral, and the molecule possesses
symmetry element 3 but not 3; carboxylate carbon C(1) in 48(f ) lying on twofold
axis; methyl carbon C(2) in 48(f) lying on twofold axis; acetate oxygen O(2)
in 96(g). The crystal and molecular structure is therefore determined by six
parameters: x of Be; x of C(1); x of C(2); x, y, z of O(2).

The following assignment shows that six positional parameters (neglecting
the hydrogen atoms) are required for a description of the crystal structure.
The hydrogen atoms are orientationally disordered, and they occupy general
position 96(g) with half-site occupancy, as indicated in the last three rows of
the table.

Assignment Parameters Remarks

Bey4O(CH3COO)g in 8(a)  none Molecular symmetry has 23(T)

O(1) in 8(a) none Basic oxygen atom is at the centroid of the tetrahedron
formed by Be atoms.

Be(1) in 32(e) XBe Beryllium atom lies on C3 axis.

0O(2) in 96(g) X02,Y02-202  Carboxylate oxygen atom is in general position.

C(1) in 48(f) XC1 Carboxylate carbon atom lies on C; axis.

C(2) in 48(f) XC2 Methyl carbon lies on the same C, axis.

%H(l) in 96(g) XH1.YH1-2H1  The methyl group is twofold disordered along

%H(Z) in 96(g) XH2, YH2-2H2  the C—C bond; the site occupancy factor of

%H(S) in 96(g) XH3,> YH3-2H3  ¢ach methyl hydrogen atom is 1/2.
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Fig. 9.5.2.
Molecular structure of
Be4O(CH3COO)g with atom labels.
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In the crystal structure, the symmetry of the Be4O(CH3COQ)¢ molecule
is 23. The central oxygen atom is tetrahedrally surrounded by four beryllium
atoms, and each beryllium atom is tetrahedrally surrounded by four oxygen
atoms. The six acetate groups are attached symmetrically to the six edges of the
tetrahedron. Hydrogen atoms of statistical weight 1/2 are distributed over two
sets of positions, corresponding to two equivalent orientations of the methyl
group. Although the idealized molecular point group of Be4O(CH3COO)g is
43m(Ty), the molecular symmetry in the crystal is reduced to the subgroup 23
(T), and the symmetry elements 4 and m are not utilized.

9.5.3 Racemic crystal and conglomerate

A racemic crystal contains equal numbers of both enantiomeric forms of a
given compound in the unit cell of a centrosymmetric space group. A helicate
consists of a linear array of metal ions along a central axis, around which there
is a helical arrangement of bridging polytopic ligands. If a helicate crystallizes
in a centrosymmetric space group, both right- and left-handed helices must
coexist in equal numbers.

A conglomerate contains a 50:50 mixture of single crystals of both enan-
tiomeric forms of a pure compound. A single crystal of either enantiomer may be
picked up by chance for X-ray structure analysis. The space group is necessarily
non-centrosymmetric.

Note that even for an achiral compound, there is the possibility of its building
blocks being organized into chiral structures in the solid state, such as a right-
handed (or left-handed) helix or three-leafed propeller. The classical inorganic
example is a-quartz; the space group is P3121 (No. 152) for the dextrorotatory
form and P3,21 (No. 154) for the levorotatory form. An organic example is
provided by an isomorphous series of channel inclusion compounds of urea,
which crystallize in the hexagonal space group P6122 (No. 178) or P6522 (No.
179). The structure of this type of compounds will be described in Section 9.6.5.

9.5.4  Occurrence of space groups in crystals

Nowadays the number of reported crystal structures is growing at the rate of
more than 10,000 per year. There are known compounds in each of the 230
space groups. Several statistical studies have been carried out using the wealth of
structural information in three major resources: Cambridge Structural Database
(for organic compounds, organometallic compounds, and metal complexes con-
taining organic ligands; abbreviated as CSD), the Inorganic Crystal Structure
Database (ICSD), and the Metals Data File (MDF). The principal findings on
the distribution of space groups are summarized below:

(1) Inorganic compounds are fairly evenly distributed among the seven crystal
systems. Orthorhombic, monoclinic, and cubic crystals (in the order of
abundance) comprise about 60% of the total number.

(2) In contrast, organic compounds are heavily concentrated in the
lower-symmetry crystal systems. Monoclinic, orthorhombic, and triclinic
crystals (in that order) comprise over 95% of the total number.
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Table 9.5.1. Distribution of the most common space groups for crystals

Rank Inorganic Organic
Space group % Space group %

1 Pnma 8.25 P2/c 36.57
2 P2/c 8.15 Pl 16.92
3 Fm3m 4.42 P21212 11.00
4 Pl 435 C2lc 6.95
5 C2lc 3.82 P2, 6.35
6 P63/mmc 3.61 Pbca 4.24
7 C2/m 3.40 Pna2, 1.63
8 I14/mmm 3.39 Pnma 1.57
9 Fd3m 3.03 Pl 1.23
10 R3m 2.47 Pbcn 1.01
11 Cmem 1.95 Ce 0.97
12 P3m1 1.69 Cc2 0.90
13 Pm3m 1.46 Pca2| 0.75
14 R3 1.44 P2y/m 0.64
15 P6/mmm 1.44 P212,2 0.53
16 Pbca 1.34 C2/m 0.49
17 P2,/m 1.33 P2/c 0.49
18 R3¢ 1.10 R3 0.46

* Centrosymmetric space groups are highlighted in bold-face type. From W. H.
Baur and D. Kassner, Acta Crystallogr., Sect B 48, 356-69 (1992).

(3) About 75-80% of known compounds crystallize in centrosymmetric space
groups. About 80% of the non-centrosymmetric organic structures occur in
space groups without an improper rotation axis 7 (the Sohncke groups).

(4) A1992 survey of over 86,000 compounds in the three main crystallographic
databases showed that about 57% of inorganic compounds are found in
18 most frequent space groups, which are all centrosymmetric. This is
compared to about 93% for organic compounds in a different list of 18 space
groups, of which eight lack an inversion center, including five possible ones
for enantiomerically pure materials. Eight space groups are common to both
lists. The principal findings are tabulated in Table 9.5.1.

(5) The three most common space groups for chemical compounds are
P2y /c, P1, and C2/c. In particular, P21 /c is by far the dominant space
group for organic crystals.

(6) Wrong assignment of space groups occurs most frequently for Cc (correct
space group is C2/c, Fdd?2, or R3c). Other incorrect assignments often
made are P1 (correct space group P1), Pna2; (correct space group Pnma),
and Pc (correct space group P21 /c).

9.6 Application of space group symmetry in crystal
structure determination

A precise description of the structure of a crystalline compound necessitates
prior knowledge of its space group and atomic coordinates in the asymmetric
unit. [llustrative examples of compounds belonging to selected space groups in
the seven crystal systems are presented in the following sections.
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9.6.1 Triclinic and monoclinic space groups

Fig. 9.6.1.
Bond lengths and crystal structure of CgMeg.

(1) Space group P1 (no. 2), multiplicity = 2

Hexamethylbenzene, C¢Meg, exists as a plastic phase I above 383 K, a room-
temperature phase II, and a low-temperature phase III below 117.5 K. Both
phase II and phase III crystallize in space group P1 with Z = 1. The molecule
is therefore located at an inversion center, and the site symmetry 1 is much lower
than the idealized molecular symmetry of Dgy. The asymmetric unit consists
of one-half of the molecule.

Determination of the crystal structure of phase II by Lonsdale in 1929
unequivocally settled over 70 years of debate concerning the geometry and
bonding of aromatic molecular systems. The measured bond lengths and crystal
structure of hexamethylbenzene are shown in Fig. 9.6.1. The hexamethylben-
zene molecules lie within planes approximately perpendicular to (111). Phase
IIT is structurally very similar to phase II, but differs from it mainly by a shear-
ing process between molecular layers that results in a pseudo-rhombohedral,
more densely packed arrangement.

Cisplatin is the commercial name of cis-diamminedichloroplatinum(II),
which is widely used as an approved drug since 1978 for treating a variety
of tumors. In the crystal structure, Z = 2, and the cis-PtCl,(NH3), molecule
was found to occupy a general position. The measured dimensions and crystal
packing are shown in Fig. 9.6.2.

(2) Space group P2; (no. 4), multiplicity = 2

This is one of the most common space groups for non-centrosymmetric
molecules, particularly natural products and biological molecules. For example,
sucrose is a non-reducing sugar, and X-ray analysis has revealed that its «-D-
glucopyranosyl-B-D-fructofuranoside skeleton consists of a linkage between
a-glucose and B-fructose moieties. The intramolecular hydrogen bonds and
crystal structure are illustrated in Fig. 9.6.3.
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NH;

195(3)

233.3(9)
Cl pt —2054) NH,

232.8(9)

Cl

(3) Space group P21 /c (no. 14), multiplicity = 4
Naphthalene crystallizes in this space group with Z = 2; the measured
molecular dimensions and molecular packing are displayed in Fig. 9.6.4.

Also crystallizing in space group P2i/c, uranocene has two molecules per
unit cell, so that the U(CgHg), molecule occupies a special position of site
symmetry 1. In other words, the molecule has an eclipsed conformation, and
it may be assigned to special position 2(a). Similarly, the two halves of the
[Re,Clg]?~ dianion in K»[Re,Clg]-2H,0 (Z = 2) arein the eclipsed orientation
with respect to each other. The measured molecular dimensions (indicating
that the symmetry of the dianion is D4y within experimental error) and crystal
structure are shown in Fig. 9.6.5.

Fig. 9.6.2.
Molecular and crystal structure of
cis-PtCly(NH3);.

Fig. 9.6.3.
Molecular and crystal structure of sucrose.

With Z = 2, the iron(II) phthalocyanine molecule occupies a 1 site, and its
molecular and crystal structures are shown in Fig. 9.6.6.

N”-Cyano-N, N-diisopropylguanidine crystallizes in space group P2;/c
with Z = 40. The asymmetric unit thus contains an exceptionally high
number of ten molecules, which are labeled A to J in Fig. 9.6.7. These crys-
tallographically independent yet structurally similar molecules constitute five
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Fig. 9.6.4.
Molecular and crystal structure of naphthalene.

Cl
Fig. 9.6.5.
Molecular and crystal structure of Re—Re =224.2 pm
[Re,Clg]?~. Re—Cl=229.0 pm (av.)

Fig. 9.6.6.
Molecular and crystal structure of iron(II) phthalocyanine.
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hydrogen-bonded dimers (AB, CD, EF, GH, 1J), which are connected by addi-
tional hydrogen bonds to form a twisted ribbon. Extension of the ribbon along
[101] generates an infinite helix with five dimeric units per turn.

< [~

343

Fig. 9.6.7.

Top: hydrogen-bond ribbon formed from
ten independent molecules in the
asymmetric unit. Bottom left: structural
formula of

N”'-cyano-N, N-diisopropylguanidine.
Bottom right: projection of the
asymmetric unit along [101], which
appears as a helix.

[Ref. X. Hao, J. Chen, A. Cammers, S.
Parkin and C. P. Block, Acta
Crystallogr., Sect B, 61, 218-26 (2005).]
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Fig. 9.6.8.
Molecular and crystal structure of AloMeg.

(4) Space group C2/c (no. 15), multiplicity = 8

Trimethylaluminum is a dimer with idealized molecular symmetry Dy, so that
its molecular formula should be written as Al,Meg. There are four dimeric
molecules in the unit cell. The molecule may be placed in Wyckoff position
4(a) of site symmetry 1or 4(e) of site symmetry 2, and the former has been
found. The measured molecular dimensions and crystal structure are shown in
Fig. 9.6.8.

9.6.2  Orthorhombic space groups

(1) Space group P212121 (no. 19), multiplicity = 4
The iron-thiolato complex (Me4N);[FesS4(SCgHs)4] crystallizes in this space
group with Z = 4, and the asymmetric unit consists of two MesN™ cations and

Y
PSS
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Fig. 9.6.9.

(a) Molecular structure of
[Fe4S4(SC6H5)4]2_. (b) Crystal
structure of its MeyNT salt.

Fig. 9.6.10.
Molecular and crystal structures of
(PNCly)s3.
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7

a tetranuclear [Fe4S4(SC6H5)4]2’ cluster dianion. The molecular and crystal
structures are shown in Fig. 9.6.9.

(2) Space group Pnma (no. 62), multiplicity = 8
Hexachlorocyclophosphazene, (PNCl,)3, has Z = 4. Space group Pnma (no.
62) has special positions of site symmetry 1 and m; clearly 1 can be ruled
out, and the molecule has a mirror plane passing through a PCl, group and an
opposite N atom in the ring. The molecular and crystal structure are shown in
Fig. 9.6.10.

The Dewar benzene derivative 1/,8':3,5-naphtho[5.2.2]propella-3,8,10-
triene, CigH4, also has Z = 4, and a crystallographic mirror plane passes
through the central naphthalene C—C bond and the midpoints of the bonds
C(8)-C(8'), C(9)-C(9’) and C(10)-C(10’). The measured bond lengths in the
strained ring system and crystal structure are shown in Fig. 9.6.11.

(3) Space group Cmca (no. 64), multiplicity = 16

If the formula of orthorhombic black phosphorus is written simply as P, then
Z = 8. The special positions of space group Cmca are 4(a) 2/m, 4(b) 2/m, 8(c)
1, 8(d) 2, 8(e) 2, 8(f) m, and general position 16(g) 1. The independent P atom
actually is located in 8(f'), generating a continuous double-layer structure, which
is a heavily puckered hexagonal net in which each P atom is covalently bound
to three others within the same layer. In Fig. 9.6.12, two puckered layers in
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C8-C8"  156.5pm % ﬁ%

C9-C9"  131.1 pm ~F \

C10-C10" 131.9 pm
C8-C7  150.8 pm
C8-C9  152.1 pm
C8-C10  152.4 pm

projection are shown on the left, and a perspective view of the crystal structure
is shown on the right.

9.6.3 Tetragonal space groups

(1) Space group P4;212 (no. 90), multiplicity = 4

The compound 1,1’-binaphthyl exists in its stable conformation as a chiral
molecule. In the crystalline state, it exists in higher melting (159°C) and lower
melting (145°C) forms. The latter form is a racemic crystal in space group
C2/c.

In the crystal structure of the chiral higher melting form, a crystallographic
twofold axis that bisects the central C(1)-C(1") bond. The molecule has a gauche
configuration about the C(1)-C(1’) bond with a dihedral angle of 103.1°. The
molecular structure and packing are shown in Fig. 9.6.13.

<
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(2) Space group P42;m (no. 113), multiplicity = 8

Urea was the first organic compound to be synthesized in the laboratory, a feat
accomplished by Wohler in 1828. In the crystal, urea occupies special position
2(c) where its mm?2 molecular symmetry is fully utilized. Every hydrogen atom
is involved in a N-H- - - O hydrogen bond, and this accounts for the fact that
urea occurs as a solid at room temperature. A feature of chemical interest in the
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Fig. 9.6.11.

Molecular and crystal structures of
17,87:3,5-naphtho[5.2.2]propella-3,8,10-
triene.

Fig. 9.6.12.
Two views of the crystal structure black
phosphorus.
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Fig. 9.6.13.

Molecular and crystal structure of 1,1’-binaphthyl.

Fig. 9.6.14.
Molecular and crystal structures of urea.

urea structure is that it provides the first example of a carbonyl O atom which
forms four acceptor N-H- - - O hydrogen bonds. The crystal packing of urea is
shown in Fig 9.6.14.

(3) Space group 14/mmm (no. 139), multiplicity = 32

Xenon difluoride XeF; and calcium carbide (form I) CaC, are isomorphous;
with Z = 2, the linear triatomic molecule occupies Wyckoff position 2(a) of
site symmetry 4/mmm. HgoCly (calomel) has a very similar crystal structure,
although it is tetraatomic. The molecular structure and crystal packing of XeF,
and Hg»>Cl, are compared in Fig. 9.6.15.

(4) Space group I4/mcm (no. 140), multiplicity = 32

The newly prepared calcium nitridoberyllate Ca[Be;N>] crystallizes in this
space group with a = 556.15 pm, ¢ = 687.96 pm, and Z = 4. The atoms are
located as shown in the following table:
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() (b)

Oa

242.4

e

252.7

Atom  Wyckoff  Site Coordinates
position symmetry  (0,0,0;'/2,',2)+

Be 8(h) mm X, +x,0,x% 2 —x,0, 24+ x,x,0;'2—x,x,0; x =0.372
N 8(h) mm x, ' +x 0% 2—x,0;24+x,x0;'2—x,x,0; x=0.833
Ca 4(a) 42 0,0, 40,0,

The crystal structure contains planar nitridoberyllate 4.8 nets (the notation
4.8? indicates that each node in the net is the common vertex of one four-
membered and two eight-membered rings), which are stackedina .. ABAB. ..
sequence but slightly rotated with respect to each other, such that the Be and
N atoms aternate along the [001] direction. The slightly irregular octagonal
voids between the nitridoberyllate layers are filled by Ca® ions, as shown in
Fig. 9.6.16.

(5) Space group 142d (no. 122), multiplicity = 16
meso-(Tetraphenylporphinato)iron(Il), [Fe(TPP)], C44HysN4Fe, has Z = 4.
The molecule occupies Wyckoff position 4(a) of site symmetry 4; it has a ruffled
structure. The dihedral angles between the porphyrin and the pyrrole planes, and
between the porphyrin and the benzene planes, are 12.8° and 78.9°, respectively.
The molecular and crystal structure of Fe(TPP) are shown in Fig. 9.6.17.

9.6.4 Trigonal and rhombohedral space groups

(1) Space group P3 (no. 147), multiplicity = 6
The crystal structure of the salt [{K(2.2.2-crypt) }2][Pt@Pb1,] contains a dian-
ion composed of a cage of 12 Pb atoms that encloses a centered Pt atom, denoted
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Fig. 9.6.15.
Comparison of the molecular and crystal
structure of (a) XeF; and (b) Hg,Cly.
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Fig. 9.6.16.

Crystal structure of Ca[BeyN»]; the Be,
N and Ca atoms are represented by
circles of increasing size. From E. N.
Esenturk, J. Fettinger, F. Lam and B.
Eichhorn, Angew. Chem. Int. Ed. 43,
2132-4 (2004).

Fig. 9.6.17.
Molecular and crystal structure of
[Fe(TPP)].

Fig. 9.6.18.

Molecular structure of [Pt@Pblz]z_:

(a) view down the 3-axis; (b) perspective
view.
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A 0=+

=

: = I R O3
ORI ®

|

by the symbolic structural formula [Pt@Pb,]?~, which has near-perfect icosa-
hedral symmetry I,,. With Z = 1, the anion occupies a 3 site [Wyckoff position
1(a)], and the [K(2.2.2-crypt)] " cation lies on a 3-axis [Wyckoff position 2(d)].
The molecular structure of [Pt@Pb;,]?~ is shown in Fig. 9.6.18.
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(2) Space group R3 (no. 148), multiplicity = 6 for rhombohedral
unit cell

Cubane was first synthesized by Eaton in 1964. In the crystal, with Z = 1,
the molecule has symmetry 3, so that there are two independent carbon atoms
that occupy general position 6(f) and special position 2(c) of site symmetry 3.
The C—C bond lengths are 155.3(3) and 154.9(3) pm, and the C—C—C bond
angles are 89.3°, 89.6°, and 90.5°, all being close to the values expected for a
regular cube. Figure 9.6.19 shows the molecular structure and crystal packing
of cubane. Historically, the cubane structure was used in the first demonstration
of the molecular graphics program ORTEP (Oak Ridge Thermal Ellipsoid Plot)
written by C. K. Johnson.
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(3) Space group R3¢ (no. 167), multiplicity = 36 for hexagonal
unit cell

The hexagonal unit cell of s-triazine has Z = 6, and the molecule occupies
Wyckoff position 2(a) of site symmetry 32. The molecule is planar, but it devi-
ates quite markedly from a regular hexagon. From a neutron study, the C-N
and C—H bond lengths are 131.5(2) and 93(4) pm, respectively, and the N-C-N
angle is 125(1)°. Figure 9.6.20 shows the molecular structure and packing of
s-triazine molecules in the unit cell. The molecules are arranged in columns
parallel to ¢ with a regular spacing of ¢/2. Besides the pair of neighbors above
and below it, each molecule is surrounded by six others at a center-to-center
separation of 570 pm.

Crystalline s-triazine undergoes a phase transition from a rhombohedral
structure (space group R3c) at room temperature to a monoclinic structure
(space group C2/c) below 198 K.

Fig. 9.6.19.
Molecular and crystal structure of
cubane.

Fig. 9.6.20.
Molecular and crystal structures of
s-triazine.
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Fig. 9.6.21.
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Crystal structure of e-rhombohedral boron: (a) a layer of linked B, icosahedra viewed along the ¢ axis;

(b) linkage between layers.

(4) Space group R3m (no. 166), multiplicity = 36 for hexagonal

unit cell
The hexagonal unit cell of the a-rhombohedral form of elemental boron (¢-
R12 boron) contains 36 B atoms that form three B, icosahedra. The B,
icosahedron occupies Wyckoff position 3(a) of site symmetry 3m, so that the
asymmetric unit contains two independent B atoms in position 18(%) of site
symmetry m.

In the crystal structure of @-R12 boron, the By, icosahedra are arranged
in approximately cubic closest packing and are linked together in a three-
dimensional framework. Figure 9.6.21 shows a layer of interlinked icosahedra
perpendicular to the 3-axis, and a perspective view of the crystal structure
approximately along the a axis (note the linkage between layers of icosahedra
atz = 0,1/3,2/3, 1). Further details are given in Section 13.2.

9.6.5 Hexagonal space groups

(1) Space group P6122 (no. 178), multiplicity = 12

Urea forms an isomorphous series of crystalline non-stoichiometric inclusion
compounds with n-alkanes and their derivatives (including alcohols, esters,
ethers, aldehydes, ketones, carboxylic acids, amines, nitriles, thioalcohols, and
thioethers), provided that their main chain contains six or more carbon atoms.



Symmetry in Crystals

The hexagonal unit cell, belonging to space group P6122 or P6522, contains
six urea molecules in Wyckoff position 6(a) of site symmetry 2. The urea host
molecules are arranged in three twined helical spirals, which are interlinked
by hydrogen bonds to form the walls of each channel, within which the guest
molecules are densely packed (Fig. 9.6.22, top). The host molecules are almost
coplanar with the walls of the hexagonal channel, and the channels are packed
in a distinctive honeycomb-like manner (Fig. 9.6.22, bottom). The host lattice is
stabilized by the maximum possible number of hydrogen bonds that lie virtually
within the walls of the hexagonal channels: each NH; group forms two donor
bonds, and each O atom four acceptor bonds, with their neighbors.

(2) Space group P6/mcc (no. 192), multiplicity = 24
Beryl has the structural formula Be3Al>[SigO1g], with a = 920.88(5), ¢ =
918.96(7) pm and Z = 2. The structure of beryl was determined by Bragg
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Fig. 9.6.22.

(Top) Stereodrawing of the
hydrogen-bonded urea host lattice
showing an empty channel extending
parallel to the ¢ axis. A
shoulder-to-shoulder urea ribbon is
highlighted by showing its N-H: - - O
hydrogen bonds as open lines. (Bottom)
The channel-type structure of inclusion
compounds of urea viewed along the ¢
axis. For clarity the guest molecules are
represented by large circles.
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Fig. 9.6.23.
Crystal structure of beryl.
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and West in 1926. The atoms are located in the following general and special
positions.

Atom  Wyckoff position  Site symmetry X y z

Si 12(¢) m 0.3875 0.1158 0
Be 6(f) 222 1/2 0 1/4
Al 4(c) 32 2/3 1/3 1/4
O(1) 12(¢) m 0.3100  0.2366 0
0(2) 24(m) 1 0.4988 0.1455 0.1453

The crystal structure consists of [SiO4] tetrahedra, which are connected by
sharing oxygen atoms of the type O(1) so as to form a sixfold ring. The resulting
[SicO181%~ cyclic anions are arranged in parallel layers aboutthe z = O and z =
1/4 planes. They are further linked together by bonding, through oxygen atoms
of the type O(2), to Be!l and AI'! ions, to give a three-dimensional framework,
as shown in Fig. 9.6.23. The bond distances are Si—-O=159.2 to 162.0 pm
in the [SiO4] tetrahedron, Be-O = 165.3 pm in the [BeOy4] tetrahedron, and
Al-O = 190.4 pm in the [AlOg] octahedron.

(3) Space group P63,mmc (no. 194), multiplicity = 24

The crystal structure of cesium iron fluoride, CszFe,Fg, comprises a packing
of binuclear face-sharing octahedral Fengf units and Cs™ ions. With a =
634.7(1), ¢ = 1480.5(3) pm and Z = 2, the locations of the atoms and the
Feng_ anion are shown in the following table:
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(@ (b)

Atom/Unit Wyckoff position Site symmetry X y z
Cs(1) 2(d) 6m2 I3 2 3a
Cs(2) 4(f) 3m 13 2 0.43271
Fe 4(e) 3m 0 0 0.15153
F(1) 6(h) mm 0.1312 0.2624 a
F(2) 12(k) 1 0.1494 0.2988 0.5940
FeyFy ™ 2(b) om2 0 0 s

The structure of the Fengf anion and the crystal packing in Cs3zFe,Fy are
shown in Fig. 9.6.24.

9.6.6 Cubic space groups

(1) Space group Pa3 (no. 205), multiplicity = 24

The alums are a group of hydrated double salts with the general formula M!M!
(XO4)>-12H,0 in which M! is a monovalent metal such as Na™, KT, Rb*, Cst,
NHI, or TIT; M is a trivalent metal such as AI’T, Cr3t, Fe3t, Rh3t, In?t,
or Ga’t and X is S or Se. They crystallize in the space group Pa3 (no. 205)
but occur in three distinct types, «, 8, and y; the order of increasing M! size
is generally y, «, §, but this is not always true. There are only a few known y
alums with sodium as the monovalent M! ion. Most cesium sulfate alums adopt
the B structure, but exceptions occur when M is cobalt, rhodium, or iridium,
for which the cesium sulfate alums have the « structure. The best known alum is
potassium aluminum alum (potash alum), KAI(SO4),-12H,0, which belongs
to the o type.

The crystal structure of KAI(SO4)2-12H0 is cubic, with a = 1215.8 pm
and Z = 4, if the formula is written as K»;SO4-Al>(SO4)3-24H,0, then Z = 2.
The Laue symmetry of the diffraction pattern is m3; the systematic absences
are 0kl reflections with £ odd, A0¢ with £ odd, and hkO with & odd. From
these conditions, the space group can be uniquely established as Pa3 (no.
205). The space group symbol indicates a primitive lattice, with a glide plane
normal to the a axis (the glide direction is 1/2 along b, i.e., a glide compo-
nent of b/2) and four 3-axes along the body diagonals of the unit cell. Since
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Fig. 9.6.24.

(a) Molecular structure of the F62F37
anion and (b) crystal structure of its Cst
salt.
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the crystal system is cubic, the symbol a also implies a glide plane normal
to b with glide component c/2, and a glide plane normal to ¢ with glide
component a /2.

All atomic positional parameters of the potash alum structure can be
assigned to the following general and special equivalent positions of space
group Pa3.

Wyckoff position ~ Site symmetry Coordinates

24(d) 1 X, ¥, 2%, Y, Z; ete.

8(¢c) § X, X, X; X, X, X; etc.

4(b) 3 2,12, 23 12, 0, 05 0, /2,05 0, 0, /2
4(a) 3 0,0,0;0, 2 22,0, 212, 112, 0

There are four Kt and four AI*t ions in the unit cell, and they can be
assigned to the 3 sites 4(a) and 4(b), respectively. The reverse assignment
makes no real difference as it merely involves a shift of the origin of the unit
cell. Once sites 4(a) and 4(b) have been filled, the eight sulfur atoms must be
assigned to 8(c) which means that the SOZ_ ion lies on a 3-axis. The 32 sulfate
oxygens can be assigned to 8(c) + 24(d); since the sulfate ion is tetrahedral,
only one of its oxygen atom can lie on the same 3-axis; there are thus two
types of independent sulfate oxygen atoms. The 48 water oxygen atoms can
be assigned to 2 x 24(d), and their 96 water hydrogen atoms to 4 x 24(d). In
summary, the positional parameters of non-hydrogen atoms can be assigned as
follows:

Assignment Parameters Remarks

K(1) in 4(a) none Arbitrarily placed

Al(1) in 4(b) none Must be placed in this position

S(1) in 8(c) Xg S atom lying on 3-axis

O(1) in 8(¢) X01 S-O bond lying on 3-axis

O(2) in 24(d) X02, Y025 202 The other sulfate O in general position
O(1w) in 24(d) XO1ws YOlws 201w Water molecule coordinated to K+
O(2w) in 24(d) XO02ws YO2uw» 202w Water molecule coordinated to A3+

Therefore, eleven parameters are sufficient to define the crystal structure, and
an additional 4 x 3 = 12 parameters are required if the hydrogen atoms are
also included. When a water molecule is coordinated to a Kt or APt cation,
an octahedral coordination environment is generated around the cation by the
3 symmetry operation. Therefore, the crystal structure of KAI(SO4),-12H,0
can be regarded as a packing of [K(H,0)s]™ and [Al(H20)6]3Jr octahedra and
SOiftetrahedra. If the structural formula of KAI(SO4),-12H,0 is rewritten
as K(H20)g-Al(H20)6:2S04, it is easy to see that the three kinds of moi-
eties can be assigned to Wyckoff positions 4(a), 4(b), and 8(c), respectively.
Both hydrated cations have site symmetry 3 (a subgroup of m3m for a regular
octahedron), and the sulfate anion has site symmetry 3 (a subgroup of 43m
for a regular tetrahedron). The crystal structure of potash alum is shown in
Fig. 9.6.25.
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Representative examples of the 8 and y alums are CsAl(SO4)2-12H,0 and
NaAl(SO4)2-12H, 0, respectively. In the @ and y alums, the six water molecules
generated from O(1w) constitute a flattened octahedron centered at M. In con-
trast, in a B alum these six water molecules lie almost in a planar hexagon
around the large M! atom. In both « and8 alums, the S—O(1) bond points away
from the nearest M! atom, but in the y form the S—O(1) bond points towards it.
Accordingly, the coordination number of M! in a y alum is eight (six waters and
two sulfate oxygens of type O(1)), which is increased to twelve for the & and g
alums (six waters and six sulfate oxygens of type O(2)). In both « and 8 alums,
the MII(H,0)g unit is a distorted octahedron whose principal axes are nearly
parallel to the unit-cell axes; in contrast, the M!(H,O)g octahedron in the y
form is very regular but rotated by approximately 40° about the body diagonal
of the unit cell. The crystal structures of the 8 and y forms are compared in
Fig. 9.6.26.

(2) Space group 143m (no. 217), multiplicity = 48
Hexamethylenetetramine, (CH;)sN4, was the first organic molecule to be
subjected to crystal structure analysis. The crystals are cubic, with a = 702
pm and measured density p = 1.33 g cm™3. Calculation using the formula
Z = pN,V/M = (1.33)(6.023 x 10%)(7.02 x 1078)3/140 ~ 2 shows that
there are two molecules in the unit cell.

From the X-ray photographs, the Laue symmetry is established as cubic m3m
and the systematic absences are hk{ with (h+ k 4 £) odd. All three point groups
432, 43m, and m3m belong to the same Laue class m3m, and three space groups
1432, 143m, and Im3m are consistent with the observed systematic absences
and Laue symmetry. Furthermore, as the (CH»)gN4 molecule lacks either a
4-axis or a center of symmetry, the true space group can be unequivocally
established as 743m, which has the following general and special equivalent
positions:

Fig. 9.6.25.
Crystal structure of potash alum.
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(a) (b)

Fig. 9.6.26.

Comparison of the crystal structures of (a) y alum NaAl(SO4);-12H50 and (b) 8 alum CsAl(SOy4);-12H5O. For clarity the bonds between the

M! atoms and the sulfate groups are represented by broken lines.

Wyckoff position

Site symmetry

Coordinates
(0,0,0;1/2,1/2,1/2)+

48(h)
24(9)
24(f)
12(e)
12(d)
8(c)
6(b)
2(a)

4:—2m
43m

X, y, z; etc.

X, X, Z; etc.

x, 1/2,0; etc.
x, 0, 0; etc.
1/4,1/2,0; etc.
X, X, X; etc.

0, 1/2,1/2; etc.
0,0,0

All atomic positions, including hydrogens in the unit cell, can be assigned to
the following special positions in space group /43m:

Assignment Parameters Remarks

(CH»)gNy in 2(a) none molecular symmetry is Tq

Nin 8(c) XN N at the intersection of C3 and three og’s
Cin 12(e) xc C at the intersection of two oy’s

Hin 24(g) XH, ZH methylene H lies in oy

As the structure consists of a body-centered arrangement of (CHj)eNy
molecules, four positional parameters are required for a complete description
of the crystal structure. Moreover, the fractional coordinates for carbon and
nitrogen can be deduced from relevant chemical data: (a) the van der Waals
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(b)

separation between carbon atoms in neighboring molecules in an axial direction
~ 368 pm and (b) the length of a C-N single bond ~148 pm.

The carbon atoms having fractional coordinates (xc, 0, 0) and (1 — xc, O,
0) are closest to each other. Therefore, a[(1 — xc) — xc] = 368, leading to
xc = 0.238. Now consider the bond from C at (xc, 0, 0) to N at (xn, XN, XN),
which gives a[(0.238 — )cN)2 + xI%I + XIZ\I)]I/Z = 148. Solution of this equation
yields xx = 0.127 or 0.032. Consideration of the molecular dimensions of
(CHy)6Ny4 shows that the first answer is the correct one. The molecular and
crystal structures of (CH»)gNy are illustrated in Fig. 9.6.27.

Methyllithium, (CH3Li)4, also crystallizes in space group /43m witha = 724
pm and Z = 2. The tetrameric unit may be described as a tetrahedral array of
Li atoms with a methyl C atom located above the center of each face of the Liyg
tetrahedron or, alternately, as a distorted cubic arrangement of Li atoms and
CHj3 groups. The locations of the (CH3Li)4 unit and its constituent atoms are
listed in the following table.

Atom/unit  Wyckoff position ~ Site symmetry x y z
Li 8(c) 3m 0.131 0.131 0.131
C 8(¢c) 3m 0.320 0.320 0.320
H 24(g) m 0.351 0.351 0.192
(CH3Li)y 2(a) 43m 0 0 0

The crystal structure of methyllithium is not built of discrete (CH3Li)4
molecules. Such tetrameric units are connected together to give a three-
dimensional polymeric network, as illustrated in Fig. 9.6.28. The Li—C bond
length within a tetrameric unit is 231 pm, which is comparable to the
intertetramer Li—C bond distance of 236 pm.

(3) Space group Fm3m (no. 225), multiplicity = 192

Adamantane, a structural analog of hexamethylenetetramine, crystallizes at
room temperature in the cubic space group Fm3m with ac = 944.5 pm and
Z = 4. The structure is disordered, not ordered in space group F43m (no. 216,
multiplicity = 96) as described in a previous report. The cubic close-packed
arrangement of (CHj)(CH)4 is favored over the body-centered cubic structure
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Fig. 9.6.27.

(a) Molecular structure of (CHp)gNy,
with H atoms represented by small open
circles. There are three 2-axes, each
passing through a pair of carbon atoms,
four 3-axes, each through a nitrogen
atom, and six og’s, each containing a
methylene group. (b) Crystal structure of
(CHj)gNy; the H atoms are not shown.
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Fig. 9.6.28.

(a) Polymeric crystal structure of
methyllithium. (b) Space-filling model of
the tetrameric (CH3Li)4 unit.

Fig. 9.6.29.
Stereoview of the tetragonal structure of
adamantane at —110°C.
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of (CHj)eNy because the (CH;)6(CH)4 molecule is approximately spherical.
The model which gives the best fit with the intensity data consists of hindered
reorientations of a rigid molecular skeleton with the CH groups aligned in the
[111] directions.

Below —65°C, disordered cubic adamantane transforms to an ordered tetrag-
onal form [space group P42,¢ (no. 114), multiplicity = 8, at = 660, cT = 881
pm at —110°C, Z = 2, molecule occupying site of symmetry 4]. The mea-
sured C—C bond lengths have a mean value of 153.6(11) pm. The structure of
this low-temperature phase, as illustrated in Fig. 9.6.29, is related to that at
room temperature in that ar lies along the ab face diagonal of the cubic cell
[lat| ~ |a|/(2)1/2] and ct corresponds to cc = ac in the cubic form.

Many compounds exhibiting the adamantane skeleton can be formally
derived by the exchange of “equivalent” atoms or groups. For instance, replac-
ing all four CH groups of (CH»)s(CH)4 by nitrogen atoms gives rise to
hexamethylenetetramine, (CH;)¢N4. Some examples of adamantane-like cage
compounds containing equivalent constituents include OgE4 (E = P, As, Sb),
(AlMe)g(CMe)4, (BMe)s(CH)4, (SnR3)6Ps (R = Me, Bu, Ph), E¢(SiH)4 (E =
S, Se), Se(EMe)4 (E = Si, Sn, Ge), S¢(PE)4 (E = O, S), NMe)s(PE)4 (E = O,
S, Se) and [Og(TaF3)4]*.
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A stereoview of the crystal structure of hexamethylenetetramine N-oxide,
(CH»)6N40, which crystallizes in space group R3m (no. 160, multiplicity =
6 with Z = 1 in the rhombohedral unit cell), is shown in Fig. 9.6.30. The
molecular packing is related to that of (CH2)gN4 in a simple way. Starting with
a body-centered cubic unit cell of (CH;)¢N4 (space group 1 43m, Z = 2), one
can arrive at the (CH,)N,4O structure in three steps: (i) remove the (CH;)gN4
molecule at the body-center, then (ii) introduce the N— O function in the [111]
direction to each remaining molecule, and finally (iii) compress the resulting
primitive lattice along [ 111] until the oxygen atom of each (CH3)¢N4O molecule
nests snugly in a recess formed by three hydrogen atoms of a neighboring

molecule.
The borine adduct (CH;)gN4-BH3 and the hydrohalides [(CH;)sN4H] "X~

(X =Cl, Br) are isomorphous with (CH»)gN4O. Table 9.6.1 shows the relation-
ship of hexamethylenetetramine with its quaternized derivatives and the effect
of the different “substituents.”

Table 9.6.1. Structural relationship of (CH;)gN4 and some quaternized derivatives

Compound Space group V4 ar (pm) ar (°) VR (pm3)/Z*
(CHp)Ny 143m 2 702.1 90 173.0 x 100
(CH)6N4O R3m 1 591.4 106.3 175.5 x 100
[(CH3)gN4H]CI R3m 1 594.7 97.11 205.0 x 10°
(CH)¢Ny4-BH3 R3m 1 615.0 103.2 210.6 x 100
[(CH3)gN4HIBr R3m 1 604.0 96.13 2162 x 100

* VR is the volume of the rhombohedral unit cell.

(4) Space group Fd3m (No. 227), multiplicity = 192

The structure of spinel, MgAl,O4, was first analyzed independently by
W. H. Bragg and S. Nishikawa in 1915. It has an essentially cubic close-packed
array of oxide ions with Mg+ and AT ions occupying tetrahedral and octa-
hedral interstices, respectively. With a = 808.00(4) pm and Z = 8, the atoms
are located in special positions as shown below.

Atom  Wyckoff position  Site symmetry x y z
Mg 8(a) 43m 0 0 0
Al 16(d) 3m s s 3
(0] 32(e) 3m 0.387 0387 0.387

Origin at 43m, at (—/s, —!/s, —!/s) from center (3m).

Fig. 9.6.30.

Stereoview of the packing of
(CH»,)gN40 molecules in a
rhombohedral unit cell.
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Fig. 9.6.31.
Crystal structure of spinel.

Symmetry in Chemistry

Layer sequence-

R N

172 5/8 3/4

D

z=0 1/8 1/4 3/8

Figure 9.6.31 shows the crystal structure of spinel, the unit cell being divided
into octants. The MgO, tetrahedra and AlOg octahedra are arranged alternately,
so that every oxide ion is the common vertex of one tetrahedron and three
octahedra.

The type II clathrate hydrates of the general formula 8Gr-16Gs-136H,0
also crystallize in space group Fd3m with @ ~ 1.7 nm and Z = 1. The
water molecules are connected by O-H- - -O hydrogen bonds to form a host
network composed of a close-packed arrangement of (H2O)2o pentagonal
dodecahedra (12-hedra bounded by 12 pentagonal faces, idealized symme-
try Iy) and (H,O)y4 hexakaidecahedra (16-hedra composed of 12 pentagons
and 4 hexagons, idealized symmetry Ty) in the ratio of 2 to 1. In the crystal
structure, both kinds of polyhedra have slightly nonplanar faces with unequal
edges and angles. The large guest molecules Gy, are accommodated in the 16-
hedra, whereas the small guest species Gs occupy the 12-hedra, as illustrated in
Fig. 9.6.32(a). Note that here the choice of origin of the space group differs
from that used in the structural description of spinel.

Formation of type II clathrate hydrates is facilitated by passing in H»S or
H,Se as a “help gas” during the preparation. Crystal structure analyses have
been reported for the tetrahydrofuran—H, S hydrate (8C4HgO-16H,S-136H,0)
at 250 K, the carbon disulphide-H> S hydrate (8CS,-16H;S-136H,0) at 140 K,
and the carbon tetrachloride—Xe hydrate 8CCly - nXe-136D>0 (n = 3.5)at 13K
and 100 K. For the last compound, the host and guest molecules are assigned
to the special positions in the following table. The CCls molecule exhibits
orientational disorder, and the Xe atom has a statistical site occupancy of 0.22.
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(@) (b)

Fig. 9.6.32.

(a) Stereogram illustrating the type II clathrate hydrate host framework, with two 16-hedra centered at (3/8, 3/8, 3/8) and (5/8, 5/8, 5/8), and two
cluster units (each consisting of four 12-hedra) centered at (1/8, 1/8, 1/8) and (7/8, 7/8, 7/8). Each line represents a O-H- - -O hydrogen bond
between two host water molecules. The open circles of decreasing sizes represent guest species Gy, and Gg, respectively, located inside the
corresponding 16- and 12-hedra. (b) The host framework of a type I clathrate hydrate. The 12-hedra occupy the center and corners of the cubic
unit cell, and two fused 14-hedra are highlighted by darkened edges.

Atom Wyckoff position  Site symmetry X y z
H,O(1) 8(a) 43m /s s s
H>0(2) 32(e) 3m 021658 0.21658 0.21658
H>0(3) 96(g) m 0.18215 0.18215 0.36943
Gr, =CCly 8(b) 43m 3/ 3s 3/
Gg = Xe 16(c) 3m 0 0 0

Origin at center ém, at (1/8, 1/8, 1/8) from 43m. At 100 K, a = 1.7240 nm.

Since small gas species such as Oy, N», O3, and Kr may be trapped inside
the 12-hedra, all type II clathrate hydrates usually contain non-stoichiometric
amounts of air unless special precautions are taken to avoid its inclusion as
guest species.

(5) Space group Pm3n (no. 223), multiplicity = 48

The type I clathrate hydrates of the general formula 6G -2Gg-46H, O crystallize
in this space group with a ~ 1.2 nm and Z = 1. The hydrogen-bonded host
framework is composed of fused (H>O)»( pentagonal dodecahedra and (H20)»;
tetrakaidecahedra (14-hedra composed of 12 pentagons and 2 hexagons, ide-
alized symmetry Dgq) in the ratio of 1 to 3, as illustrated in Fig. 9.6.32(b).
The 12-hedra are generally empty or partially filled by air as guest species Gg,
and the 14-hedra can accommodate a variety of guest species Gi, such as Xe,
Cl,, SO,, CHy, CF4, CH3Br, and ethylene oxide. The type I clathrates of COS,
CH3SH, and CH3CHF; are reported to change to type II in the presence of HyS
as a help gas.

In a neutron diffraction study of the ethylene oxide clathrate deuterohy-
drate 6(CH;)20-46D;0, the hydrogen-bonded host framework is defined by
three independent deuterated water oxygen atoms occupying special positions,
as shown in the table below. The deuterium atoms are located precisely as



362

Symmetry in Chemistry

disordered half-atoms. The ethylene oxide guest molecule (CH»),O is disor-

de

red about Gr,, and a small amount of entrapped air (site occupancy 0.067) is

disordered about Gg.

Atom  Wyckoff position  Site symmetry X y z
(e10)) 16(i) 3 0.18375 0.18375  0.18375
O(k) 24(k) m 0 03082  0.1173
0(c) 6(c) 2m 0 12 s
D(ii) 16(i) 3 02323 02323 02323
D(ck) 24(k) m 0 0.4340  0.2015
D(kc) 24(k) m 0 03787  0.1588
D(kk) 24(k) m 0 0.3161 0.2015
D(ki) 48(1) 1 0.0676 02648  0.1397
D(ik) 48(1) 1 0.1170 02276  0.1588
GL 6(d) 42m 0 s 15
Gg 2(a) m3 0 0 0

Origin at center m3. All D atoms have a site occupancy factor of 1/2; D(ck)
is a deuterium atom that is covalently bound to O(c) and hydrogen-bonded to
O(k). At 80K, a = 1.187 nm.
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Basic Inorganic Crystal
Structures and Materials

Over 25 million compounds are known, but only about one percent of them have
their crystal structures elucidated by X-ray and neutron diffraction methods.
Many inorganic structures are closely related to each other. Sometimes one
basic structural type can incorporate several hundred compounds, and new
crystalline compounds may arise from the replacement of atoms, deformation
of the unit cell, variation of the stacking order, and the presence of additional
atoms in interstitial sites.

This chapter describes some basic inorganic crystal structures and their rela-
tionship to the new structural types, which often exhibit different symmetry
and characteristic properties that make them useful in materials research and
industrial applications.

10.1 Cubic closest packing and related structures
10.1.1  Cubic closest packing (ccp)

Many pure metals and noble gases adopt the cubic closest packing (ccp) struc-
ture of identical spheres, which is based on a face-centered cubic (fcc) lattice in
space group 0t51 — Fm3m. The atomic coordinates and equivalent points of this
space group are listed in Table 10.1.1. These data are taken from International
Tables for Crystallography, Vol. A.

Table 10.1.1. Atomic coordinates* of space group Oﬁ — Fm3m

Multiplicity Wyckoff  Site Coordinates
position  symmety (O, 0,0;0,4,1: 101 1 %,O) "

32 f 3m XXX, X, X, X5 X, X, X, X, X, X,
X, X, X5 X, X, X5 X, X, X5 X, X, X.
24 e 4mm x,0,0; 0,x,0; 0,0,x; x,0,0; 0,x,0; 0,0,x.
24 d mmm 0,5, 50405 oo 130301130
8 43m XSS
b m3m %, % %
a m3m ,0,0

* This table is not complete; equivalent positions with multiplicities > 32 are not listed.
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In three-dimensional closest packing, the spherical atoms are located in posi-
tion 4(a). There are two types of interstices: octahedral and tetrahedral holes
which occupy positions 4(b) and 8(c), respectively. The number of tetrahedral
holes is twice that of the spheres, while the number of octahedral holes is equal
to that of the spheres. The positions of the holes are shown in Fig.10.1.1.

The elements with the ccp structure and their unit-cell parameters are listed
in Table 10.1.2.

Some alloys in high-temperature disordered phases adopt the ccp struc-
ture. For example, Au and Cu have the same valence electronic configuration.
When these two metals are fused and then cooled, the mixture solidifies into a
completely disordered solid solution phase, in which the gold atom randomly
and statistically replaces the copper atom. Figure 10.1.2(a) shows the struc-
ture of Cuj_,Au, with x = 0.25, and the space group is still Oﬁ — Fm3m.
If the Cug 75Auq 25 alloy (or CuzAu) is annealed at a temperature lower than
395°C through isothermal ordering, the gold atoms occupy the corners of the

(a)

@ sphere @ sphere

@ octahedral hole O tetrahedral hole

Fig. 10.1.1.
Hole positions in ccp structure.

Table 10.1.2. Elements with the ccp structure and their unit-cell parameters

Element a (pm) Element a (pm) Element a (pm)
Ac 531.1 Cu 361.496 Pd 388.98
Ag 408.62 y-Fe 359.1 Pt 392.31
Al 404.958 In 324.4 Rh 380.31
Am 489.4 Ir 383.94 B-Sc 454.1
Ar 525.6(4.2K) Kr 572.1(58K) a-Sr 608.5
Au 407.825 B-La 530.3 a-Th 508.43
«a-Ca 558.2 y-Mn 385.5 Xe 619.7(58K)
y-Ce 516.04 Ne 442.9(4.2K) a-Yb 548.1
B-Co 454.8 Ni 352.387

B-Cr 368 Pb 495.05
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Fig. 10.1.2.
Structure of (a) disordered Cuj_ Auy
and (b) @-CuzAu.
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(P (Cugzs,Augs)

Table 10.1.3. Equivalent positions* of space group 01}‘ — Pm3m

Multiplicity ~ Wyckoff  Site Coordinates
position  symmety
8 g 3m XXX, X, X, X5 X, X, X, X,X,X;
X, X, X5 X, X, X5 X, X, X5 X, X, X.

1 1.1 1.1 1 -1 1.1<-1.11 =
6 f dmm  x, 3,55 5.%, 53 2025 %73:25 % 25 350X
6 e 4mm x,0,0; 0,x,0; 0,0,x; x,0,0; 0,x,0; 0,0, x.
3 d 4fmmm $.0,0:0,4,0: 0,0, 5.

. 11.141.11

3 c 4/mrtlm 0,5,7; %,?,2], 3.750.
! b m3m 222
1 a m3m 0,0,0.

* This table is not complete; equivalent positions with multiplicities greater than 8 are not listed.

cube while the copper atoms occupy the centers of the faces, as shown in
Fig. 10.1.2(b). This disordered-to-ordered phase transition gives rise to a sim-
ple cubic a-phase in space group Otl1 — Pm3m. The equivalent positions of space
group 0}11 — Pm3m are listed in Table 10.1.3. In the structure of CuzAu in this
low-temperature ordered phase, the Au atom is located in position 1(a), and the
Cu atoms occupy position 3(c).

10.1.2  Structure of NaCl and related compounds

(1) Structure type of sodium chloride (rock salt, halite), and its common
occurrence
The structure of NaCl can be regarded as being formed from a ccp arrangement
of C1™ anions with the smaller Na* cations located in the octahedral interstices.
Since spherical Nat and C1~ conform to the m3m symmetry of the sites 4(a)
and 4(b), respectively (listed in Table 10.1.1), the space group of NaCl is also
012 — Fm3m. Either the Na™ or C1~ ion can be placed at the origin (site 4a), and
each has coordination number six. There are more than 400 binary compounds
that belong to the NaCl structural type, such as alkali metal halides and hydrides,
alkaline-earth oxides and chalcogenides, the oxides of divalent early first-row
transition metals, the chalcogenides of divalent lanthanides and actinides, the
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Table 10.1.4. Compounds with the NaCl structure and parameters of their cubic

unit cells

Compound a (pm) Compound a (pm) Compound a (pm)
AgBr 577.45 LiH 408.5 ScSb 585.9
AgCl 554.7 Lil 600.0 SnAs 572.48
AgF 492 MgO 421.12 SnSb 613.0
BaO 553.9 MgS 520.33 SnSe 602.3
BaS 638.75 MgSe 545.1 SnTe 631.3
BaSe 660.0 MnO 444.48 SrO 516.02
BaTe 698.6 MnS 522.36 SrS 601.98
CaO 481.05 MnSe 544.8 SrSe 623
CaS 569.03 NaBr 597.324 SrTe 666.0
CaSe 591 NaCl 562.779 TaC 445.40
CaTe 634.5 NaF 462.0 TaO 4422
Cdo 469.53 NaH 488.0 TiC 431.86
CoO 426.67 Nal 647.28 TiN 423.5
CrN 414.0 NbC 446.91 TiO 417.66
CsF 600.8 NiO 416.84 VvC 418.2
CsH 637.6 PbS 593.62 VN 412.8
FeO 430.7 PbSe 612.43 YAs 578.6
KBr 660.0 PbTe 645.4 YN 487.7
KCl1 629.294 PdH 402 YTe 609.5
KF 534.7 RbBr 685.4 ZrB 465
KH 570.0 RbCl 658.10 ZrC 468.28
KI 706.555 RbF 564 ZrN 456.7
LaN 530 RbH 603.7 ZrO 462
LiBr 550.13 Rbl 734.2 ZrP 527
LiCl 512.954 ScAs 548.7 ZrS 525
LiF 401.73 ScN 444

nitrides, phosphides, arsenides and bismuthides of the lanthanide and actinide
elements, silver halides (except the iodide), tin and lead chalcogenides, and
many interstitial alloys. Some examples and the parameters of their cubic unit
cells are listed in Table 10.1.4.

The data listed in Table 10.1.4 are useful in understanding the structure and
properties of many compounds. Two examples are presented below.

(a) Deduction of ionic radii

The effective ionic radii listed in Table 4.2.2 can be calculated from the experi-
mentally determined values of the ionic distances or the parameters of the unit
cells. For example, NaH has the structure of NaCl type with a = 488 pm, so
the Na™ ... H™ distance is 244 pm. Taking the radius of Na™ as 102 pm, the
radius of H™ in the NaH crystal is 142 pm.

(b) The strength of ionic bonding and the melting point of compounds

The alkaline-earth oxides MO are composed of M2* and O?~ stabilized by
electrostatic forces. The electrostatic Coulombic energies are directly propor-
tional to the product of the two ionic charges and inversely proportional to the
interionic distance. The alkaline-earth oxides MO are 2:2 valence compounds
and have the same electronic charge for M>*, but the radii of M>* and the
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distances of M>* . .. O~ are successively increased with atomic number in the
order Mg?t < Ca’>* < Sr>T < Ba”*. The strength of ionic bonding decreases
successively, so the melting points and the hardness also decrease in the same
sequence. The experimental melting points and hardness data listed below are
consistent with expectation.

MgO CaO SrO BaO

M?*...0% distance (pm) 211 241 258 276
mp (K) 3125 2887 2693 2191
Mohs hardness 6.5 4.5 3.5 3.3

(2) Defects in the structure type of NaCl

Various kinds of packing defects exist in the ionic crystals of NaCl type. A
pair of cation and anion may be shifted from their stable positions toward the
surface of the crystal, thus leaving behind a pair of vacancies. This is called
the Schottky defect. The cation may leave its stable position and enter into an
interstitial site. The formation of an interstitial cation and a vacancy is called the
Frenkel defect. In addition to these two common kinds of defects, the presence
of impurity atoms, atoms of varied valence, vacancies, and/or interstitial atoms
is also possible. Some other important defects are discussed below.

(a) Color center

A color center or F-center is formed from diffusion of a small quantity of M™
ion into an ionic crystal MX. Since the crystal must keep its charge neutrality,
additional electrons readily move to fill the vacancies normally occupied by
anions. Thus the composition of the crystal becomes (M+)1+5(X_e§). The
origin of the color is due to electronic motion, and a simple picture of an
electron in a vacancy is illustrated by the particle in a three-dimensional box
problem, which is discussed in Section 1.5.2.

(b) Koch cluster of Fe;_5O

The structure of crystalline FeO belongs to the NaCl type. When iron(II) oxide
is prepared under normal conditions, the composition of the product (wustite)
is always Fej_sO. In order to retain overall electric neutrality, part of the Fe?*
is oxidized to Fe?t, and the chemical formula becomes FeggFeff3 5O. Since
the radius of Fe** is small, the Fe3* cations tend to occupy the tetrahedral
holes to form a short-range ordered Fe4O1¢ cluster, which is called the Koch
cluster of Fe;_50, as shown in Fig. 10.1.3. The Koch clusters are distributed
randomly in the crystal structure. To satisfy charge neutrality, the formation of
a Koch cluster must be accompanied by the presence of six Fe?t vacancies,
one of which is located at the center of the cluster, and the remaining five are
distributed randomly at the centers of the edges of the cubic unit cell.

(c) Vacancies in the NbO crystal

The unit cell of niobium monoxide NbO can be derived from the cubic unit cell
of NaCl, by deleting the body-central Na™ (coordinate: %,%,%) and the vertex
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Cl~ (coordinate: 0,0,0), and then replacing Nat by Nb?>* and CI~ by O*~.
The crystal structure of NbO can be regarded as arising from ordered vacancy
defects of the NaCl structural type, as shown in Fig. 10.1.4(a). The NbO crystal
has a primitive cubic lattice in space group Oﬁ — Pm3m, in which the Nb>* and
O~ ions occupy sites 3(d) and 3(c), respectively, as listed in Table 10.1.3. In
the NbO crystal, the Nb atoms form octahedral clusters held by Nb—Nb metallic
bonds, which result from the overlap of the 5s and 4d orbitals. The Nbg octahe-
dral clusters constitute a three-dimensional framework by sharing vertices, and
each Nb atom is in square-planar coordination with four O neighbors. Although
the geometrical arrangement and coordination environment of the Nb and O
atoms are equivalent to each other, an analogously drawn Og octahedral cluster
has no physical meaning as the O atom lacks d orbitals for bonding.

Some lower oxidation state oxoniobates contain the NbgO1, cluster shown in
Fig. 10.1.4(b) as a basic structural unit. An O atom located above an edge of the
Nbg octahedron may belong to the cluster or connect with another cluster. Up
to six O atoms can be attached to the apices of the Nbg octahedron to constitute
an outer coordination sphere; such additional atoms may be exclusive to the
cluster or shared between clusters.

(a)

M)
N4

G

M)
N\

N\

(3) Structure of CaC; and BaO,

Calcium carbide CaC; exists in at least four crystalline modifications whose
occurrence depends on the temperature of formation and the presence of impu-
rities. The tetragonal phase CaC;(I), which is stable between 298 and 720 K, is
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Fig. 10.1.3.

Structure of Koch cluster of Fe|_sO
(black circle, Fe3+; large white circle,
02_; small white circle represents an
octahedral vacancy).

Fig. 10.1.4.

(a) Unit cell of NbO. (b) NbgO1 cluster
with capacity for attachment of six
ligands to its metal centers.



370

Fig. 10.1.5.
Crystal structure of CaCp(I).

Fig. 10.1.6.
Structure of fluorite (CaF,).
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the common form found in the commercial product. Its structure can be derived
from the NaCl structure by replacing the Na®t cations by Ca>* and the CI™
anions by C%_, thereby reducing the crystal symmetry from cubic Fm3m to

tetragonal /4/mmm, with the C%f group lying on the unique 4-axis. The mea-
sured C=C bond length of 120 pm is in agreement with its triple-bond character.
Figure 10.1.5 shows the crystal structure of CaC,(I), in which solid lines rep-
resent the body-centered tetragonal unit cell with @ = 389 pm and ¢ = 638
pm, and the broken lines represent a non-primitive face-centered tetragonal unit
cell, with @’ = 550 pm and ¢ = 638 pm, which clearly traces its lineage to the
NaCl structure.

There are many compounds that are isomorphous with tetragonal CaCs(I),
such as the acetylides of the alkaline- and rare-earth elements (BaC,, SrC,,
LaC,, CeC,, PrCy, NdC,, SmC3), the silicides of molybdenum and tungsten
(MoSiy, WSiy), the superoxides of alkali metals (KO>, RbO;, CsO3), and the
peroxides of alkaline-earth metals (CaO,, BaO3). In O, , the O-O distance
is 128 pm; in 02*, the O-0O distance is 149 pm; in Si%f, the Si-Si distance
is 260 pm.

10.1.3  Structure of CaF; and related compounds

The structure of fluorite, CaF;, may be regarded as being composed of cubic
closest packed Ca>* cations with all the tetrahedral interstices occupied by F~
anions, as shown in Fig. 10.1.6. The stoichiometric formula is consistent with
the fact that the number of tetrahedral holes is twice that of the number of
closest packed atoms.

Some compounds, such as Na;O and K;S, have the inverse fluorite (or anti-
fluorite) structure, which is a ccp structure of anions with all the tetrahedral
interstices occupied by cations.

Many inorganic compounds have the fluorite and inverse fluorite structures:
(a) all halides of the larger divalent cations except two fluorides in this class; (b)
oxides and sulfides of univalent ions; (c) oxides of large quadrivalent cations;
and (d) some intermetallic compounds. Table 10.1.5 lists some compounds of
the fluorite and inverse fluorite types and their @ parameters.

The fluorite structure may also be regarded as being composed of a simple
cubic packing of anions, and the number of cubic holes is the same as the
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Table 10.1.5. Some compounds with fluorite and anti-fluorite structures and a values

Fluorite a (pm) Fluorite a (pm) Anti-fluorite a (pm)
AuAlp 600 PrH, 551.7 BeyB 467.0
AuGay 606.3 PrO, 539.2 Be,C 433
Aulny 650.2 PtAl, 591.0 IrnP 553.5
AuSby 665.6 PtGay 591.1 K70 643.6
BaCly 734 Ptln; 635.3 K>S 739.1
BaF, 620.01 PtSny 642.5 K;Se 767.6
CaF, 546.295 RaF, 636.8 K, Te 815.2
CdF, 538.80 ScH» 478.315 Li;O 461.9
CeO» 541.1 SiMg, 639 Li;S 570.8
CoSip 535.6 SmHj 537.6 LipSe 600.5
HfO, 511.5 SnMg, 676.5 LipTe 650.4
HgFp 554 SrClp 697.67 Mg, Ge 637.8
IrSnp 633.8 SrF, 579.96 Na; O 555
NbH, 456.3 ThO, 559.97 NapS 652.6
NiSip 539.5 UNj 531 NaySe 680.9
NpO, 543.41 YH, 519.9 Na,Te 731.4
B-PbF, 592.732 ZrOy 507 RbyO 674
PbMg, 683.6 AgAsZn 591.2% Rb,S 765
«-PbOy 534.9 NiMgSb 604.8* Rb,P 550.5
a-PoOy 568.7 NaYF4 5459t LiMgN 497.0%

*The last two elements either occupy /4, '/1, /4, ; 3/a,3/4,3/4; E.C. separately or are statistically
distributed over these positions. T The metal atoms are statistically distributed over the calcium
positions of CaF,. *The nitrogen atom takes the place of the calcium atom in CaFs, and the
two kinds of metal atoms are statistically distributed over the fluorine positions.

number of anions. Half of the holes are occupied by cations, and the other half
are unoccupied. The center of the unit cell shown in Fig. 10.1.6 is an unoccupied
cubic hole.

The structure of zircon, ZrO,, is of the fluorite type. The Zr** cations occupy
half of the cubic holes, and the O~ anions can easily migrate through the empty
cubic holes. Doping of ZrO; with Y203 or CaO stabilizes the fluorite struc-
ture and introduces vacant O%~ sites. The resulting doped crystalline material
shows higher electrical conductivity when the temperature is increased. Hence
Zr0O,(Y703) is a good solid electrolyte of the anionic (0%) type which can
be utilized in devices for measuring the amount of dissolved oxygen in molten
steel, and as an electrolyte in fuel cells.

The structure of LizBi is formed by a ccp of Bi atoms with the Li atoms
occupying all the tetrahedral and octahedral holes.

10.1.4  Structure of cubic zinc sulfide

The structure of cubic zinc sulfide (zinc blende, sphalerite) may be described as
a ccp of S atoms, in which half of the tetrahedral sites are filled with Zn atoms;
the arrangement of the filled sites is such that the coordination numbers of S and
Zn are both four, as shown in Fig. 10.1.7. The crystal belongs to space group
Tg — F43m. Note that the roles of the Zn and S atoms can be interchanged by
a simple translation of the origin.

371

Fig. 10.1.7.
Structure of cubic zinc sulfide.
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Fig. 10.1.8.

Structure of AgyHgly [large white circle,

I~ ; small black circle, (Hg2+) 15 small
2

white circle, Ag™; small black-white
. 2
circle, (Agi’ Hg f’D)—‘)].
2 4
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Many binary compounds adopt the cubic zinc sulfide structure. Some of these
compounds and their unit-cell parameter a values are listed in Table 10.1.6.

The ternary iodide AgoHgly exists in two forms: the low-temperature form
(B) is a yellow tetragonal crystal, whereas the high-temperature form () is an
orange-red cubic crystal, the transition temperature being 50.7°C. The structure
of AgoHgly is shown in Fig. 10.1.8. In the B-form, two Ag atoms occupy the
sites (0,0,0) and (%,%,O), and one Hg atom is disordered over the sites (0,%,%)
and (%,0,%) with occupancy % When the B-form undergoes transformation to
the a-form, the Ag and Hg atoms are almost randomly distributed over all
four sites, so that the average composition at each site is (Ag%Hgé—ltDé—lt). The
«o-form has the structure type of cubic zinc sulfide and is a good superionic
conductor. Therefore, the structure of AgobHgls can be considered as a closest
packed arrangement of I~ anions, with the Agt and Hg?" cations occupying
the tetrahedral holes in either an ordered or disordered fashion.

Table 10.1.6. Some binary compounds with cubic zinc sulfide structure and their a
values

Compound a (pm) Compound a (pm) Compound a (pm)

y-Agl 649.5 CdS 583.2 HgTe 646.23
AlAs 566.22 CdSe 605 InAs 605.838
AlP 545.1 CdTe 647.7 InP 586.875
A1Sb 613.47 y-CuBr 569.05 InSb 647.877
BAs 471.7 CuCl 540.57 B-MnS 560.0
BN 361.5 CuF 425.5 B-MnSe 588

BP 453.8 y-Cul 604.27 SiC 434.8
BePo 583.8 GaAs 565.315 ZnPo 630.9
BeS 486.5 GaP 445.05 ZnS 540.93
BeSe 513.9 GaSb 609.54 ZnSe 566.76
BeTe 562.6 HgS 585.17 ZnTe 610.1
CdPo 666.5 HgSe 608.4

The ternary iodide CupHgly, a structural analog of Ago Hglswith very similar
properties, exists as brown tetragonal crystals at room temperature. Its high-
temperature crystalline form (transition temperature is 80°C) belongs to the
cubic system and exhibits the red color.

Many ternary, quaternary, and multicomponent metal sulfides also exhibit
tetrahedral coordination of atoms and possess structures similar to that of cubic

50.7°C
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Fig. 10.1.9.
Structure of some multimetal sulfides: (a)
CuFeS,, (b) CdAl;Sy, (c) CupFeSnSy.

zinc sulfide. In these compounds, the Zn atoms are orderly replaced by other
atoms or by vacancies. Figure 10.1.9 shows the structures of (a) CuFeS,, (b)
CdAl;S4, and (¢) CupFeSnSg4. In these structures, the ¢ axis of the unit cell is
twice as long as a and b.

(a) (b)

Fig. 10.1.10.
Crystal structure of spinel.

10.1.5  Structure of spinel and related compounds

The mixed-metal oxide spinel, MgAl,O4, is one of the most important inorganic
materials. The structure of spinel can be regarded as a ccp structure of 0>~
anions with Mg ions orderly occupying /s of the tetrahedral interstices, and
APt ions orderly occupying half of the octahedral interstices; the remainder 7/
tetrahedral interstices and half octahedral interstices are unoccupied. The sites
of the three kinds of ions in the face-centered cubic unit cell are displayed in
Fig. 9.6.29.

Figure 10.1.10 shows the crystal structure of spinel. The unit cell (represented
by solid lines) is divided into eight small cubic octants (represented by broken
lines) of two different types, as shown in (a); the structure of type I and type II
octants and the connections of atoms are shown in (b). There are four O~ ineach
octant. The number of O?~ in the unit cell is 32 (= 8x 4). The Mg>* ions are
located at the centers of type I octants and half of the vertices of type I and type II
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octants. The number of Mg?* in the unit cell is 8 [= 4(1+4 x 1/8) +4 x 4 x 11s].
The Mg ions have tetrahedral coordination. There are four AI’* ions in the
type II octant. The number of AI** in the unit cell is 16 (= 4x 4). The AP
ions have octahedral coordination.

According to the cation distribution over the 8(a) and 16(d) sites, the spinels
of formula AB,O4 can be divided into normal and inverse classes. Examples of
normal spinels are MgAl,O4 and MgTi;Oy4, in which the oxidation states of Al
and Ti are both +3; their respective structural formulas are [Mg2+][[Alg+]OO4
and [Mg2+]t[Tig+]oO4, in which the subscripts t and o indicate tetrahedral and
octahedral sites, respectively.

In inverse spinels, half of the B ions are in tetrahedral 8(a) sites, leav-
ing the remaining B ions and the A ions to fill the 16(d) sites. Usually, the
occupancy of these 16(d) sites is disordered. Examples of inverse spinels are
MgFe; 04 and Fe30y4; their structural formulas are [Fe3+ ] [Mg?tFe3t],04 and
[Fe3t ) [Fe>tFe3t],04, respectively.

In intermediate spinels any combination of cation arrangement between
the extremes of normal and inverse spinels is possible. Table 10.1.7 lists
some normal spinels and inverse spinels and the values of their unit-cell
parameter a.

Table 10.1.7. Some normal spinels and inverse spinels and their a parameters

Normal Spinel Inverse Spinel

Compound a (pm) Compound a (pm) Compound a (pm)
CoAl,Oy4 810.68 MgAlyOq4 808.0 CoFe 04 839.0
CoCry04 833.2 MgCryOy4 833.3 Colny Sy 1055.9
CoCrp Sy 993.4 MgMn, 04 807 CrAl Sy 991.4
CoMn; 04 810 MgRh;04 853.0 Crlny Sy 1059

Co304 808.3 MgTipy Oy 847.4 FeCoy04 8254
CoV,04 840.7 MgV,04 841.3 FeGayOy4 836.0
CdCryO4 856.7 MnCryO4 843.7 Fe30y4 839.4
CdCryS4 998.3 Mn304 813 Mglny Oy 881

CdCrpSey 1072.1 MnTip Oy 860.0 MglnySy 1068.7
CdFe;04 869 MnV,04 852.2 NiCoy04 812.1
CdMn; 04 822 MoAg,04 926 NiFe; 04 8325
CuCry0O4 853.2 MoNa; Oy 899 NilnySy 1046.4
CuCry Sy 962.9 NiCr,Oy4 824.8 NiLiyFy 831

CuCr;Sey 1036.5 NiRhyOy4 836 NiMn,Oq4 839.0
CuCryTey 1104.9 WNa; 04 899 SnCoy Oy 864.4
CuMn; 04 833 ZnAlyOy4 808.6 SnMg;O04 860

CuTip Sy 988.0 ZnAl»S4 998.8 SnMnj Oy 886.5
CuV;,S4 982.4 ZnCoy04 804.7 SnZny Oy 866.5
FeCryO4 837.7 ZnCry Oy 832.7 TiCoy04 846.5
FeCrySy 999.8 ZnCrySy 998.3 TiFe, Oy 850

GeCoy04 813.7 ZnCr;Seq 1044.3 TiMg,Oy4 844.5
GeFe; Oy 841.1 ZnFe;0y 841.6 TiMn Oy 867

GeMgr04 8225 ZnMn, Oy 808.7 TiZnyOy4 844.5

GeNiy Oy 822.1 ZnV,0, 841.4 VCo,04 837.9




Basic Inorganic Crystal Structures

10.2 Hexagonal closest packing and related structures
10.2.1 Hexagonal closest packing (hcp)

The crystal structure of many pure metals adopts the hcp of identical spheres,
which has a primitive hexagonal lattice in space group Dgh — P63 /mmc.
There are two atoms in the hexagonal unit cell with coordinates (0,0,0)
and (%, %, %).

(d)

There are two types of interstices in the hcp structure: octahedral and tetrahe-
dral holes, as in the ccp structure. However, the hcp and ccp structures differ in
the linkage of interstices. In ccp, neighboring octahedral interstices share edges,
and the tetrahedral interstices behave likewise. In hcp, neighboring octahedral
interstices share faces, and a pair of tetrahedral interstices share a common
face to form a trigonal bipyramid, so these two tetrahedral interstices cannot be
filled by small atoms simultaneously. Figure 10.2.1 shows the positions of the
octahedral interstices (a) and tetrahedral interstices (b). Table 10.2.1 lists the
pure metals with hep structure and the parameters of the unit cell.

Table 10.2.1. Metals with hep structure and the parameters of the hexagonal unit cell

Metal a (pm) ¢ (pm) Metal a (pm) ¢ (pm)
Be 228.7 358.3 a-Nd 365.8 1179.9
B-Ca 398 652 Ni 265 433
Cd 297.9 561.8 Os 273.5 431.9
a-Co 250.7 406.9 a-Pr 367.3 1183.5
y-Cr 272.2 4427 Re 276.1 445.8
Dy 359.25 565.45 Ru 270.4 428.2
Er 355.90 559.2 a-Sc 330.80 526.53
Gd 363.15 571.7 a-Sm 362.1 2625
He 357 583 B-Sr 432 706
a-Hf 319.7 505.8 Tb 359.90 569.6
Ho 357.61 561.74 a-Ti 250.6 467.88
a-La 377.0 1215.9 a-Tl 345.6 552.5
Li 311.1 509.3 Tm 353.72 556.19
Lu 350.50 554.86 a-Y 364.51 573.05
Mg 320.9 521.0 Zn 266.5 494.7

Na 365.7 590.2 a-Zr 331.2 514.7
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Fig. 10.2.1.

Positions of interstices in the hcp
structure: (a) octahedral interstices, (b)
tetrahedral interstices.



Fig. 10.2.2.
Structure of hexagonal zinc sulfide.
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10.2.2  Structure of hexagonal zinc sulfide

In the crystal structure of hexagonal zinc sulfide (wurtzite), the S atoms are
arranged in hcp, in which half of the tetrahedral interstices are filled with Zn
atoms, and the space group is Cgu — P63mc. The positions of atoms in the
hexagonal unit cell are

S 0,0,0; 25,1,
Zn 0,0, 3s; 23,1/,

The Zn atoms are each tetrahedrally coordinated by four S atoms, and likewise
the S atoms are each connected to four Zn atoms, as shown in Fig. 10.2.2. The
bonding has both covalent and ionic character.

Note that an equivalent structure is obtained when the positions of the Zn
and S atoms are interchanged, but in this case the polar direction of the crystal
is reversed. This arises because P63mc is a polar space group, and historically
the polar sense of a single crystal of ZnS has been used to demonstrate the
breakdown of Friedel’s law under conditions of anomalous dispersion.

Many binary compounds adopt the structure type of hexagonal zinc sulfide.
Table 10.2.2 lists some of these compounds and their unit-cell parameters.

10.2.3  Structure of NiAs and related compounds

In the crystal structure of nickel asenide, NiAs, the As atoms are in hcp with all
octahedral interstices occupied by the Ni atoms, as shown in Fig. 10.2.3(a). An
important feature of this structure is that the Ni and As atoms are in different
coordination environments. Each As atom is surrounded by six equidistant Ni
atoms situated at the corners of a regular trigonal prism. Each Ni atom, on
the other hand, has eight close neighbors, six of which are As atoms arranged
octahedrally about it, while the other two are Ni atoms immediately above and
below itat z = %¢/2. The Ni-Ni distance is ¢/2 = 503.4/2 = 251.7 pm, which
corresponds to the interatomic distance in metallic nickel. Compound NiAs is
semi-metallic, and its metallic property results from the bonding between Ni
atoms. In the NiAs structure, the axial ratio c/a = 503.4/361.9 = 1.39 is much

Table 10.2.2. Some compounds with hexagonal zinc sulfide structure and their unit-cell

parameters

Compound a (pm) ¢ (pm) Compound a (pm) ¢ (pm)
Agl 458.0 749.4 MgTe 454 739
AIN 311.1 497.8 MnS 397.6 643.2
BeO 269.8 437.9 MnSe 412 672
CdS 413.48 674.90 MnTe 408.7 670.1
CdSe 430.9 702.1 SiC 307.6 504.8
CuCl 391 642 ZnO 324.95 520.69
CuH 289.3 461.4 ZnS 381.1 623.4
GaN 318.0 516.6 ZnSe 398 653

InN 353.3 569.3 ZnTe 427 699
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smaller than the calculated value for hcp of identical spheres (1.633). This fact
suggests that, with a decrease in ionic character, metal atoms are less likely to
repel each other, and more likely to form metal-metal bonds.

The space group of NiAs is Dgh — P63 /mmc. The atomic coordinates are

As 2(@) 3m  0,0,0; %,

Ni 2(c) 6m2 V3,23, 3 sy V3, 23, s

When a translation is applied so that the origin of the unit cell now resides
on the Ni atom, as shown in Fig. 10.2.3(b), the atomic coordinates become

As 2(a) 3m 3,23, 4y 23,13, 3a

Ni 2(¢) 6m2 0,0,0; 0,0,

Figure 10.2.3(b) shows clearly that the Ni atoms are arranged in hexagonal
layers which exactly eclipse one another, and only half of the large trigonal
pyramidal interstices are filled by the As atoms. The large vacant interstices can
be occupied easily by other atoms of an additional component. The structure
of NisIn can be regarded as two Ni atoms forming hexagonal layers that lead
to four trigonal pyramidal interstices per unit cell, which are occupied by two
In atoms and two Ni atoms.

Some compounds with the NiAs structure and their unit-cell parameters are
listed in Table 10.2.3.

10.2.4  Structure of Cdl; and related compounds

The hcp structure consists of a stacking of atomic layers in the sequence
ABABAB- - -. The octahedral holes are located between adjacent layers, as
shown in Fig. 10.2.3(a). In the crystal structure of nickel asenide, the As
atoms constitute a hcp lattice, and the Ni atoms occupy all the octahedral
holes. In contrast, cadmium iodide, Cdl,, may be described as a hcp of I~
anions, in which only half the octahedral holes are occupied by Cd** ions.
The manner of occupancy of the octahedral interstices is such that entire lay-
ers of octahedral interstices are filled, and these alternate with layers of empty
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Fig. 10.2.3.

Structure of NiAs: (a) origin at As atom
(white circle); (b) origin at Ni atom
(black circle).
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Fig. 10.2.4.

Structure of Cdl, (black circle, Cd2+):
(a) schematic layer structure and (b) unit
cell.
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Table 10.2.3. Some compounds with the NiAs structure and their unit-cell parameters

Compound a (pm) ¢ (pm) Compound a (pm) ¢ (pm)
AuSn 4323 552.3 NiSb 394.2 515.5
CoS 337.4 518.7 NiSe 366.13 535.62
CoSb 386.6 518.8 NiSn 404.8 512.3
CoSe 362.94 530.06 NiTe 395.7 535.4
CoTe 388.6 536.0 PdSb 407.8 559.3
CrSb 413 551 PdSn 411 544
CrSe 371 603 PdTe 415.2 567.2
CrTe 393 615 PtBi 431.5 549.0
CuSb 387.4 519.3 PtSb 413 548.3
CuSn 419.8 509.6 PtSn 411.1 543.9
FeSb 407.2 514.0 RhBi 407.5 566.9
FeSe 361.7 588 RhSn 434.0 555.3
IrSb 398.7 552.1 RhTe 399 566
IrSn 398.8 556.7 ScTe 412.0 674.8
MnAs 371.0 569.1 TiAs 364 615
MnBi 430 612 TiS 329.9 638.0
MnSb 412.0 578.4 TiSe 357.22 620.5
MnTe 414.29 670.31 VS 333 582
NiAs 361.9 503.4 VSe 366 595
NiBi 407.0 535 VTe 394.2 612.6
NiS 343.92 534.84 ZrTe 395.3 664.7

interstices. The layer stacking sequence along the ¢ axis of the unit cell in
CdI, is shown schematically in Fig. 10.2.4(a), and the unit cell is shown in

Fig. 10.2.4(b).

(a)

A

(b)

O

A layer structure can be conveniently designated by the following scheme:
the capital letters A, B, C indicate the relative positions of anions, lower-case
letters a, b, ¢ indicate the positions of cations, and vacant octahedral interstices
are represented by [J. The structure of Cdl; can thus be written as

AcBOAcB OAcBOA
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Table 10.2.4. Some compounds with the CdI, structure and their unit-cell parameters

Compound a (pm) ¢ (pm) Compound a (pm) ¢ (pm)
Calp 448 696 Znly 425 654
CdI, 424 684 IrTey 393.0 539.3
CoBry 368 612 NiTe, 386.9 530.8
Col, 396 665 PdTe, 403.65 512.62
FeBr, 374 617 PtS, 354.32 503.88
Felp 404 675 PtSe, 372.78 508.13
Gely 413 679 PtTe, 402.59 522.09
MgBr; 381 626 TiS; 340.80 570.14
Mgl, 414 688 TiSey 353.56 600.41
MnBr; 382 619 TiTe; 376.4 652.6
Mnl, 416 682 Ca(OH), 358.44 489.62
Pbl, 455.5 697.7 Cd(OH), 348 467
TiBry 362.9 649.2 Co(OH), 317.3 464.0
TiCl, 356.1 587.5 Fe(OH), 325.8 460.5
Til 411.0 682.0 Mg(OH), 314.7 476.9
VBr, 376.8 618.0 Mn(OH), 334 468
VCl, 360.1 583.5 Ni(OH), 311.7 459.5
VI, 400.0 667.0

Many binary compounds which consist of I=, Br—, OH~ and M?* cations, or
S2-,Se2~, Te2~, and M** cations, usually adopt the CdI; structure. Table 10.2.4
lists some compounds with the CdlI, structure and their unit-cell parameters.

The crystal structure of CdCl, is closely related to that of Cdl,. Both originate
from the same type of MXM sandwiches, differing only in the way of stacking.
The CdlI; structure is based on the hep type, whereas the CdCly structure is based
on the ccp type. The structure of CdCl; is represented by the layer sequence:

AcBUOCbAOBaCOAcBOC:----

10.2.5 Structure of a-Al, O3

a-Al,O3 occurs as the mineral corundum. Because of its great hardness (9 on
the Mohs scale), high melting point (2045°C), involatility (0.1 Pa at 1950°C),
chemical inertness, and good electrical insulating properties, it is an important
inorganic material that finds many applications in abrasives, refractories, and
ceramics. Larger crystals of o-Al;O3, when colored with metal-ion impuri-
ties, are prized as gemstones with names such as ruby (Cr3*, red), sapphire
(Fe?*t/3*+and Ti**, blue), and oriental amethyst (Cr>*/Ti**, violet). Many of
these crystals are synthesized on an industrial scale and used as laser materials,
gems, and jewels.

a-AlL,O3 belongs to the trigonal system in space group ng — R3c. The
parameters of the hexagonal unit cell are a = 476.280 pm, ¢ = 1300.320 pm
(31°C). The atomic coordinates (R-centered) are

Al (12¢)(0, 0, 0; Y3,%5,2%5; 25, '5,'5) £+ (0,0, z; 0,0,'2+ z),z = 0.352
O (18e)(0,0,0; '/3,23,%s; 23,15, 1) £ (x,0, sy 0, x, Va; X, X, a),x = 0.306
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Fig. 10.2.5.

Structure of «-Al;O3: (a) schematic
distribution of hcp of O atoms and Al
atoms in different layers (black circle, Al;
vertical lines represent the shared face
form of AlOg), (b) distribution of atoms
located in various layers in a unit cell.

Symmetry in Chemistry

In the crystal structure of «-Al,O3, the O atoms are arranged in hcp, while
the Al atoms are orderly located in the octahedral interstices. As the number
of Al atoms is s of the number of O atoms, there are /s vacant octahedral
interstices. The distribution of the interstices can be described in terms of the
arrangement of the Al atoms. Between each pair of adjacent closest packed
O layers, the Al atoms form a planar hexagonal layer, and the center of each
hexagon is an interstice (which is analogous to the arrangement of C atoms in
hexagonal graphite). The interstices are evenly distributed in the unit cell at
three different sites, as indicated by C’, C”, and C"” in Fig. 10.2.5. The Al atoms
of two neighboring layers overlap, so that the two AlOg octahedral coordination
polyhedra are connected by face sharing, as represented by the vertical lines in
Fig. 10.2.5(a).

Some trivalent metal oxides adopt the corundum structure. Table 10.2.5 lists
these compounds and the parameters of their hexagonal unit cells.
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10.2.6  Structure of rutile

Rutile, TiO,, belongs to the tetragonal space group D}‘ﬁ — P47/mnm. The param-
eters of the unit cell are a = 459.366 pm, ¢ = 295.868 pm (298 K). The atomic
coordinates are

Ti (2a) 0,0, 0; /2, 12, /2
O @f) £ (x,x,0;'24+x,'%—x,'2),x = 0.30479

Table 10.2.5. Compounds with the corundum structure and their lattice parameters

Compound a (pm) ¢ (pm) Compound a (pm) ¢ (pm)
a-Al,O3 476.3 1300.3 Rhy03 511 1382
CrO3 495.4 1358.4 Tip O3 514.8 1363

a-Fey O3 503.5 1375 V5,03 510.5 1444.9

a-Gap O3 4979 1342.9
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O/\\o/\\o

In the structure of rutile, the Ti atoms constitute deformed TiOg octahedra, in
which the Ti—O distance are 194.85 pm (four) and 198.00 pm (two). The TiOg¢
octahedra share edges to form chains, which further share vertices to yield a
three-dimensional network, as shown in Fig. 10.2.6.

The structure of rutile may also be described as a nearly hep of O atoms, with
Ti atoms located in half of the octahedral interstices.

Many tetravalent metal oxides and divalent metal fluorides adopt the rutile
structure. Table 10.2.6 lists some compounds with the rutile structure and the
parameters of their tetragonal unit cells.

Table 10.2.6. Compounds with rutile structure

Compound a (pm) ¢ (pm) Compound a (pm) ¢ (pm)
CrOp 441 291 TaO, 470.9 306.5
GeO, 439.5 285.9 TiOy 459.366 295.868
1rOy 449 314 WO, 486 277
B-MnO, 439.5 286 CoF, 469.5 318.0
MoO, 486 279 FeF, 469.7 330.9
NbO, 477 296 MgF, 462.3 305.2
0s0O, 451 319 MnF, 487.3 331.0
PbO, 494.6 3379 NiF, 465.1 308.4
RuO, 451 311 PdF, 493.1 336.7
SnO, 473.7 318.5 ZnF, 470.3 313.4

10.3 Body-centered cubic packing and related structures
10.3.1 Body-centered cubic packing (bcp)

Body-centered cubic packing (bcp) is a common structure type among metals.
The space group is 0}91 -Im3m, and the atomic coordinates of equivalent positions
are listed in Table 10.3.1.

In the bcp structure, the cubic unit cell has two atoms in site 2(a)
(0,0,05 ', '5,'72). Figure 10.3.1(a) shows that at the center of every face and
the edge of the unit cell there are octahedral interstices, each surrounded by

Fig. 10.2.6.
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Structure of rutile: (a) connection of
TiOg octahedra and the unit cell, (b)
chains share vertices, viewed along the

caxis.
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Fig. 10.3.1.

The positions of interstices in the bcp
structure: (a) octahedral interstices
(small black spheres), (b) tetrahedral
interstices (small open spheres).
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Table 10.3.1. Atomic coordinates of equivalent positions in cubic space group 0}91 -

Im3m*
Multiplicity Wyckoff  Site Coordinates
iti t 1.1
position  symmety (0 0,0; 1 1 j) +
24 h mm?2 0.y.y; 0,3, 0,y,5; 0,3, 3, ¥,0,y; ¥,0,¥;
i»Oy )705 y,yO iy,O ¥.5,0; W,O-
24 g mm2 ,2,X0,2 2,x 0,2,x0 O,é,x Ozi'
0,x, 2,0)6, 25 ,2’0 X, 2:03 250 X5 2:0
16 f 3m X,XX5 X, Xy X5 Xy X, X5 X, X, X,
X, X, X5 X, X, X5 X, X, X5 X, X, X.
12 e dmm x,0,0; x,0,0; 0,x,0; OxO 0,0,x; 0,0, x.
1 1 1.3 1.1 1 Q. 3 5 1 1. 13
12 d 4m?2 Z’O’j’ Z’O’j’ 7 Z’O’ 2 1,0, 07 204> O» 2°4
. 2 1 11.331.313.133
8 ¢ 3m 3% 3% 25 5 0 % O S SR 05 15 &
11.1 1. 11
0 b Ammm 0.3.35 2:0:35 .20
2 a m3m 0,0,0

* This table is not complete and only lists eight sets.

six spheres. Each sphere of radius R corresponds to three such octahedral inter-
stices. These octahedra are not regular but are compressed along one axis. The
shortest dimension of an interstice dictates the radius r of a small sphere that
can be accommodated in it, and the ratio /R is 0.154.

Distorted tetrahedral interstices also occur on the faces of the unit cell. Each
face has four such distorted tetrahedral interstices with a radius ratio /R =
0.291, as shown in Fig. 10.3.1(b). Each sphere corresponds to six of these
tetrahedral interstices.

(a) (b)

/a\/§/4
a
. ___,‘9:,:0‘/.
| \ | ¢ ]
? o : ¢
R R ST
.0 ) \ ) -
L0 o2 O |07
| : 6 ,
<) ' i o
! Q i ,
'/‘@ S ./.

These two types of interstitial polyhedra are not mutually exclusive; i.e.,
a particular part of volume in the unit cell does not belong to one particular
polyhedron. In addition, distorted trigonal-bipyramidal interstitial polyhedra
are each formed from two face-sharing tetrahedra. The number of such inter-
stices that corresponds to one sphere is 12. Therefore, each sphere in the bcp
structure is associated with three octahedral, six tetrahedral, and twelve trigonal-
bipyramidal interstices, i.e., a total of 21 interstices. The size and distribution
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Table 10.3.2. Some metals with the bep structure and their a values

Metal a (pm) Metal a (pm) Metal a (pm)
Ba 502.5 Mo 314.73 B-Th 411
y-Ca 438 Na 429.06 B-Ti 330.7
§-Ce 412 Nb 330.04 B-Tl 388.2
o-Cr 288.39 B-Nd 413 y-U 347.4
Cs 606.7 y-Np 352 v 302.40
Eu 457.8 B-Pr 413 w 316.496
«-Fe 286.65 e-Pu 363.8 B-Y 411

K 524.7 Rb 560.5 B-Yb 444
y-La 426 B-Sn 407 B-Zr 362

Li 350.93 y-Sr 485

§-Mn 307.5 Ta 330.58

of these interstices directly affect the properties of the structure. Table 10.3.2
lists some metals with the bep structure and their a values.

10.3.2  Structure and properties of a-Agl

Silveriodide, Agl, exists in several polymorphic forms. In the a-Agl crystal, the
I~ ions adopt the bep structure, and the Ag™ cations are distributed statistically
among the 6(b), 12(d), and 24(h) sites of space group 03 — Im3m, as listed
in Table 10.3.1, and also partially populate the passageways between these
positions. The cubic unit cell, with a = 504 pm, provides 42 possible positions
for two Ag™ cations, and the Ag™ - - - I~ distances are listed below:

6(b) positions having 2 I neighbors at 252 pm,
12(d) positions having 4 1" neighbors at 282 pm, and
24(h) positions having 3 1" neighbors at 267 pm.

Figure 10.3.2 shows the crystal structure of «-Agl and the possible positions of
the Ag™ ions, the mobility of which accounts for the prominent ionic transport
properties of a-Agl as a solid electrolyte.

The structure of Agl varies at different temperatures and pressures. The stable
form of Agl below 409 K, y-Agl, has the zinc blende (cubic ZnS) structure. On
the other hand, 8-Agl, with the wurtzite (hexagonal ZnS) structure, is the stable
form between 409 and 419 K. Above 419 K, 8-Agl undergoes a phase change
to cubic «-Agl. Under high pressure, Agl adopts the NaCl structure. Below
room temperature, y-Agl obtained from precipitation from an aqueous solution
exhibits prominent covalent bond character, with a low electrical conductivity
of about 3.4 x 10~* ohm~!cm™!. When the temperature is raised, it undergoes
aphase change to «-Agl, and the electrical conductivity increases ten-thousand-
foldto 1.3 ohm™!'cm™!. Compound - Agl is the prototype of an important class
of ionic conductors with Ag™ functioning as the carrier.

The transformation of -Agl to «-Agl is accompanied by a dramatic increase
in the ionic electrical conductivity of the solid, which leaps by a factor of nearly
4000 from 3.4 x 10~* to 1.3 ohm~'ecm™!. This arises because in 8-Agl the Ag
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Fig. 10.3.2.
Structure of a-Agl.
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® O © o

6(b) 12(d) 24(h)  body-center

atoms have tetrahedral coordination, in which covalent bonding is the dominant
factor, but ionic bonding becomes important in a-Agl.

The reaction of Agl with Rbl forms RbAg4ls, which has been found
to have the highest specific electrolytic conductivity at room temperature
(0.27 ohm~!cm™!) among known solids, and this property is retained at low
temperature.

The Agl-type superionic solids are important inorganic materials. Sev-
eral generalizations on the relationship between the conductivity of solid
electrolytes and their structures can be made:

(a) Almost all solid electrolytes of any kind have a network of passageways
formed from the face-sharing of anionic polyhedra.

(b) In structures in which the sites available to the current carriers are not
crystallographically equivalent, the distribution of carriers over different
sites is markedly non-uniform.

(c) The conductivity is associated with the nature of the passageways: more
open channels lead to higher conductivity. In general, three-dimensional
networks exhibit higher average conductivities than two-dimensional net-
works. A larger number of available sites and/or a larger crystal volume
available to the conduction passageways tends to give higher conductivities.

(d) The stability of the Ag™ ions in both four- and three-coordination and their
univalent character account for the fact that they constitute the mobile phase
in most good solid electrolytes.

10.3.3  Structure of CsCl and related compounds

The cesium chloride structure may be regarded as derived from the two equiv-
alent atoms of the cubic bcp unit cell by changing one to Cs™ and the other to
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(a) (b) Al

-OCr

CI™. The lattice type is reduced from face-centered cubic to primitive cubic,
and the space group of CsCl is 0}11 — Pm3m. Figure 10.3.3(a) shows a unit cell
in the crystal structure of CsCl.

In the CsCl structure, the coordination number of either kind of ion is eight,
and the interionic distance is [%(3)1/ 2la. Two principal kinds of compounds
crystallize with the CsCl structure. In one group are the halides of the largest
univalent ions, and in the other are intermetallic compounds. Some examples
are listed in Table 10.3.3.

Table 10.3.3. Compounds of CsCl structure type and their unit-cell parameters

Compound a (pm) Compound a (pm) Compound a (pm)
AgCd 333 CsBr 428.6 MgTl 362.8
AgCe 373.1 CsCl 412.3 NH4Cl 386
Agla 376.0 Csl 456.67 NH4Br 405.94
AgMg 328 CuPd 298.8 NHyI 437
AgZn 315.6 CuZn 294.5 NiAl 288.1
AuMg 325.9 FeTi 297.6 Niln 309.9
AuZn 319 LiAg 316.8 NiTi 301
BeCo 260.6 LiHg 328.7 SrTl 402.4
BeCu 269.8 LiTl 342.4 TIBi 398
BePd 281.3 MgCe 389.8 TIBr 397
CaTl 384.7 MgHg 344 TIC1 383.40
CoAl 286.2 MgLa 396.5 TII 419.8
CoTi 298.6 MgSr 390.0 TISb 384

The structures of some intermetallic compounds are formed from the stacking
of blocks, each resembling a unit cell of the CsCl type. For example, the unit cell
of CrpAl may be regarded as a stack of three blocks, as shown in Fig. 10.3.3(b).

10.4 Perovskite and related compounds
10.4.1  Structure of perovskite

The mineral CaTiO3 is named perovskite, the structure of which is related to a
vast number of inorganic crystals, and it plays a central role in the development
of the inorganic functional materials.

Fig. 10.3.3.
Unit cell of (a) CsCl and (b) CroAl.
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Fig. 10.4.1.

(a) A-type and (b) B-type unit cells of
perovskite (large black circles, CaZt;
small black circles, Ti4+; white circles,
0%).
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(a) (b)

Perovskite crystallizes in the cubic space group O}I1 — Pm3m. The Ti** ions
are located at the corners of the unit cell, a Ca2* ion at the body center, and
02~ ions at the mid-points of the edges; this so-called A-type cell is shown in
Fig. 10.4.1(a). When the origin of the cubic unit cell is taken at the Ca®>* ion,
the Ti** ion occupies the body center and the O>~ ions are located at the face
centers; this B-type unit cell is shown in Fig. 10.4.1(b).

Each Ca’* is thus twelve-coordinated and each Ti** six-coordinated by
oxygen neighbors, while each O%~ is linked to four Ca>* and two Ti** ions. As
expected, it is the larger metal ion that occupies the site of higher coordination.
Geometrically the structure can be regarded as a ccp of (0>~ and Ca®") ions,
with the Ti** ions orderly occupying '/ of the octahedral interstices.

The basic perovskite structure ABX3 forms the prototype for a wide range of
other structures related to it by combinations of topological distortions, substi-
tution of the A, B and X ions, and intergrowth with other structure types. These
compounds exhibit a range of magnetic, electrical, optical, and catalytic prop-
erties of potential application in solid state physics, chemistry, and materials
science.

Many ABX3 compounds have true cubic symmetry, whereas some owing
to strain or to small departures from perfect cubic symmetry have appreciably
distorted atomic arrangements. In the idealized structure, a simple relationship
exists between the radii of the component ions,

ra +rx = )2 (rp + 1x),

where A is the larger cation. It is found that, in practice, the real structure
conforms to the condition

ra +rx =1Q2)"2(rp + rx),

where ¢ is a “factor of tolerance” which lies within the approximate limiting
range of 0.7-1.0. If ¢ lies outside this range, other structures are obtained.
Table 10.4.1 lists some compounds with the perovskite structure.

Only a small fraction of the enormous number of perovskite-type compounds
is listed in Table 10.4.1. For instance, substitution of the lanthanide element
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Table 10.4.1. Some compounds with the perovskite structure

Compound a (pm) Compound a (pm) Compound a (pm)
AgZnF3 398 KIO3 441.0 RbMnF3 425.0
BaCeO3 439.7 KMgF3 397.3 SmAIO3 373.4
BaFeO3 401.2 KMnF3; 419.0 SmCoO3 375
BaMoOj3 404.04 KNbO3 400.7 SmCrO3 381.2
BaPbO3 427.3 KTaO3 398.85 SmFeO3 384.5
BaSnO3 411.68 LaCoO3 3824 SmVO3 389
BaTiO3 401.18 LaCrO3 387.4 SrFeO3 386.9
BaZrO3 419.29 LaFeOs3 392.0 SrHfO3 406.9
CaSnO3 392 LaGaOs3 387.5 SrMoO3 397.51
CaTiO3 384 LaVO3 399 SrSnO3 403.34
CaVO3 376 LiBaF3 399.6 SrTiO3 390.51
CaZrO3 402.0 LiBaH3 402.3 S1ZrO3 410.1
CsCaF3 4522 LiWO3 372 TaSnO3 388.0
CsCdF3 520 MgCNi3 381.2 TICoF3 413.8
CsPbBr3 587.4 NaAlO3 373 TIIO3 451.0
EuTiO3 390.5 NaNbO3 391.5 YCrO3 376.8
KCdF3 429.3 NaWO3 386.22 YFeOs3 378.5
KCoF3 406.9 RbCaF3 445.2

KFeF3 412.2 RbCoF3 406.2

La for Sm will generate another isostructural series. In view of the common
occurrence of perovskite-type compounds, it is worthwhile to elaborate their
structural characteristics and important trends.

(1) Relative sizes of ion A and ion B in ABX3

In all the perovskite compounds, the A ions are large and comparable in size to
the oxygen or fluoride ion. The B ions must have a radius for six-coordination
by oxygen (or fluorine). Thus, the radii of A and B ions must lie within the
ranges 100 to 140 pm and 45 to 75 pm, respectively.

(2) Valences of A and B cations

Oxides with the perovskite structure must have a pair of cations of valences +1
and +5 (e.g. KNbO3), +2 and +4 (e.g. CaTiO3), or +3 and +3 (e.g. LaCrO3).
Sometimes, the A and/or B sites are not all occupied by atoms of the same
kind, asin (Ko,sLa0.5)TiO3, Sr(Ga0A5Nbo,5)03, (Ba0,5 K045)(Ti(),5Nb0,5)O3. The
components of these compounds need to satisfy overall charge neutrality.

(3) Perovskite as a complex oxide

Despite the resemblance between the empirical formulas CaCO3 and CaTiO3,
these two compounds are structurally entirely distinct. While CaCO3 is a salt
that contains the anion Cog_, CaTiO3 has no discrete Tiog_ species in its
crystal structure, in which each Ti** ion is coordinated symmetrically by six
O?~. Thus CaTiO3 should more properly be regarded as a complex oxide.

(4) Perovskite compounds are not limited to oxides and fluorides

The compound MgCNi3 has the perovskite structure, as determined by neutron
diffraction, and is a superconducting material with 7¢ = 8 K.

387
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Table 10.4.2. Structure and properties of BaTiO3 in different temperature ranges

Temperature > 393 K 278-393 K 193-278 K < 193K
System cubic tetragonal orthorhombic hexagonal
Space group 0}11 — Pm3m C iv — P4mm Czlé — Amm?2 Dgh — P63 /mmc
Parameters a =401.18 a =399.47 a=399.0 a=5735
of unit cell ¢ =403.36 b =566.9 c = 1405
(pm) c=568.2
Atomic Ba: 1(a) Ba: 1(a) Ba: 2(a) 0,0,z Ba(1): 2(b) 0,0,%
coordinates  0,0,0 0,0,0 (z=0) Ba(2):
Ti: 1(b) Ti: 1(b) Ti:2(b)5.02  4(H)%.3z
311 510512 (z=0.510) (z =0.097)
0:3(d) O(1): 1(b)
510 1.1.0023
O(1): 2(a) Ti(1): 2(a) 0,0,0
0,0,z Ti2): 4(f) 1.2,z
(z=0.490) (z =10.845)
O(1):(6h) x,2x,}
(x = 0.522)
0(2): 2(c) 0(2): 4(e) O(2): 12(k)x,2x,z
£,0,0.486 Lz (x = 0.836,
(y = 0.253, z=10.076)
7 =0.237)
Ferroelectric  no yes yes no
property
Structure in (a) (b) (©) (d)
Fig.10.4.2

10.4.2  Crystal structure of BaTiO3

Mixed solid solutions of the general formula (Ba,Sr,Pb,Ca)(Ti,Zr,Sn)O3 are the
most commonly used ferroelectric materials.

In different temperature ranges, barium titanate BaTiO3 exists in several sta-
ble phases. Table 10.4.2 lists the crystal data and properties of the polymorphic
forms of BaTiO3, and Fig. 10.4.2 shows their structures.

Above 393 K, BaTiO3 has the perovskite structure, as shown in Fig. 10.4.2(a).
This cubic crystal has a center of symmetry and does not exhibit ferroelectric
properties.

In the temperature range 278-393 K, the BaTiO3 lattice is transformed to the
tetragonal system with local Cy4, symmetry. The tetragonal unit cell has axial
ratio ¢/a = 1.01. The Ti*t ion departs from the center and moves toward the
upper face; the O?>~ ions are divided into two sets, one moving downward and
other moving upward, as shown in Fig. 10.4.2(b). The arrows in the figure indi-
cate the direction of the movement. The TiO¢ octahedra are no longer regular,
which is the result of spontaneous polarization, the strength of which depends
on temperature (thermoelectric effect) and pressure (piezoelectric effect).

In the temperature range 193-278 K, the atoms in the BaTiOs3 crystal undergo
further shifts, and the lattice symmetry is reduced to the orthorhombic system
and C,y point group, as shown in Fig. 10.4.2(c). This crystalline modification
has spontaneous polarization with ferroelectric properties.
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When the temperature is below 193 K, the orthorhomic form further trans-
forms to the hexagonal system in space group Dgh — P63/mmc. The 0>~ and
Ba”* ions together form close packed layers and stack in the sequence ABCACB
and the Ti*t ions occupy the octahedral interstices composed only of O>~
anions. In this layer stacked structure, the A layers have horizontal mirror sym-
metry as shown in Fig. 10.4.2(d). Two-thirds of the TiOg octahedra share faces
to form the TioOg group, in which the Ti—Ti distance is 267 pm, as represented
by a line. This centrosymmetrical crystal is non-ferroelectric.

10.4.3  Superconductors of perovskite structure type

The crystal structure of many oxide superconductors can be regarded as based
on the perovskite structure, which can be modified by atomic replacements,
displacements, vacancies, and changes in the order of stacking layers.

(a) Structure of LayCuQOy4

The first-discovered oxide superconductor is LapCuQO4 and it has the KoNiF4
structure type, as shown in Fig. 10.4.3(a). This structure can be derived from
one B-type unit cell of the perovskite structure in combination with two A-
type unit cells, each with one layer removed. In this manner, a tetragonal unit
cell with ¢ ~ 3a is generated. The resulting structure belongs to space group
D} — I4/mmm, in which the Cu atom has octahedral coordination and the
La atom has nine-coordination. The CuOg octahedra share vertices and form
infinite layers.

389

Fig. 10.4.2.

Structure of BaTiO3: (a) cubic, (b)
tetragonal, (c) orthorhombic, (d)
hexagonal (white circles, 02_; large
black circles, Ba2+; small black circles,
TitH).
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Fig. 10.4.3.

Structures of three oxide
superconductors with perovskite
structure type: (a) LapCuQy, (b)
YBa)Cu3Og, (¢) YBayCuzO7 (small

white circles, O; small black circles, Cu;

large black and open circles, M).

Symmetry in Chemistry

(b) Structure of YBayCu3Og and YBayCu3 Oy

These two compounds are both high-temperature superconductors with similar
structures, as shown in Figs. 10.4.3(b) and (c). YBayCu3Og belongs to the
tetragonal system in space group D}th — P4/mmm, with a = 385.70 pm and
¢ = 1181.94 pm. The crystals of YBay,Cu3O7 are orthorhombic, space group
Déh —Pmmm, witha = 381.98 pm, b = 388.49 pm, and ¢ = 1167.62 pm. These
two structures are conveniently described as oxygen-deficient perovskites with
triple A-type unit cells owing to Ba—Y ordering along the c axis. In YBa;CuzO7,
one set of Cu atoms from linear chains of corner-linked squares orientated along
the b axis, and the other set of Cu atoms form layers of corner-shared square
pyramids. The structure of YBayCu3zOg is derived from that of YBayCuzO7 by
removal of the oxygen atoms at the base. The coordination geometry of the Cu
atom at the origin then becomes linear two-coordinate, but the square-pyramidal
environment of the other Cu atoms remains unchanged. In these two crystals,
the Cu and O atoms that constitute the basal components of a square-pyramidal
Cu-O layer are not coplanar.

10.4.4 ReOj3 and related compounds

(1) Structure of ReO3

The rhenium trioxide ReOs structure consists of regular octahedra sharing ver-
tices to form a large unoccupied interstice surrounded by 12 O atoms, as shown
in Fig. 10.4.4(a). The structure of ReO3 can also be regarded as derived from the
perovskite structure by deleting all Ca>* ions and keeping the TiO3 framework.
It belongs to space group Oﬁ — Pm3m, the same one for perovskite.

Some trivalent metal fluorides, hexavalent metal oxides, and copper(I) nitride
adopt the ReO3 structure:

MoF3,a = 389.85 pm; TaF3z,a = 390.12 pm; NbF3,a = 390.3 pm;
UO3,a = 415.6 pm; ReO3,a =373.4pm; CusN,a = 380.7 pm.
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(a)
Re

(2) Structure of Na,WO;

The structure of WO3 is of the ReO3 type, as shown in Fig. 10.4.4(a). The
tungsten bronzes of the formula M, WO3 (0 < x < 1) are derived from the three-
dimensional network of WQO3, in which the W atoms adopt variable valence
states, and the large unoccupied interstices conveniently accommodate other
cationic species. When a portion of the WO cations is converted to W3+, the
requisite cations M (normally Na or K; but also Ca, Sr, Ba, Al, In, T1, Sn, Pb,
Cu, Ag, Cd, lanthanides, H*, and NH‘T) are incorporated into the structure to
maintain electrical neutrality. The additional cations M are partially located at
the centers of the unit cells to give the perovskite structure type, as shown in
Fig. 10.4.4(b).

The name “tungsten bronzes” originates from their characteristic properties:
intense color, metallic luster, metallic conductivity or semiconductivity, a range
of variable composition, and resistance to attack by non-oxidizing acids. The
bronzes Na,WO3 exhibit colors that change with the occupancy factor x as
follows:

0.0 0.|2 O.I4 0.I6 0.8 1.0
|
pale deep pale
WO, NaWo;
yellow-green dark blue violet orange golden yellow
deep grey pale blue lateritic red yellow

10.5 Hard magnetic materials
10.5.1  Survey of magnetic materials

There are four different classes of hard magnetic materials:

(a) Steel and iron-based alloys, such as carbon steel and the alnicos;

(b) Transition metal oxides, such as FezO4, y-Fe;O3, and M-type ferrites
[MO-6Fe;0O3 (M = Ba, Sr, Pb)];

(c) Rare-earth intermetallics, such as SmCos, SmCo17, and NdFe4B; and

(d) Metal complexes containing organic ligands, such as V(TCNE), -
Y(CH2Cly).
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Fig. 10.4.4.

Crystal structure of (a) ReO3, and (b)
Na, WOj3(central large circle, Nat of
fractional site occupancy).
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Table 10.5.1. Trends in [BH]max at 300 K of hard magnetic materials

Years Materials [BH]max (kJ m™3)

1960s Magnetic materials of transition metals oxides:
Ba-ferrite (anis.) 70
Sr-ferrite (anis.) 80
Tron-based alloys: alnico 8, 9 100

1970s Rare-earth intermetallics:

First generation: SmCos 150
Second generation: Sm(Co, Cu, Fe, Zr)7 4 250
1980s Third generation: NdpFe 4B 300
1990s Improved third generations: Nd,Fe14B 400
Organic ferromagnets: V(TCNE)-y(CH;,Cly) ~5

For many centuries, carbon steels were the only synthetic permanent
magnetic materials superior to loadstone. Starting in about 1890, improved
understanding of the metallurgy of alloy steels, and later, control of solid state
precipitation in iron-based alloys via heat treatment led to substantial advances.
Today the alnicos (Fe—Co—Ni—Al-Cu alloys) corner a large fraction of the mar-
ket on magnets. However, increasing availability of rare-earth metals has led
to a new development path based on compounds containing 3d (transition) and
4f (rare-earth) metals. The trend in the maximum energy product [BH]pax at
300 K for different classes of hard magnetic materials that have been studied
over the past four decades is displayed in Table 10.5.1.

Transition metal oxides having the spinel structure are typical magnetic mate-
rials. In a magnetic solid, the spin interaction between neighboring cations
through oxygen as a bridging element plays a major role in determining the
magnitude of the magnetic moment. This spin interaction is most effective
when the adjacent cations and bridging oxygens are in a straight line. In spinel
AB>Qy4, the A(tetrahedral cation)-O—B(octahedral cation) angle is 125°, while
the angles for A-O—-A and B-O-B are 79° and 90°, respectively. Since the
A-B interaction is the most effective, the magnetic properties of spinel struc-
tures can be fine-tuned by controlling the normal and inverse structures through
composition changes and heat treatment.

The alnicos are a very important group of permanent magnetic alloys, which
are used in a wide range of applications. They are essentially heat-treated alloys
of variable Fe—Co—Ni—Al-Cu composition:

Alnico-5 (wt %): Ni 12-15, A17.8-8.5, Co 23-25, Cu2-4, Ti 4-8, Nb 0-1, Fe
as remainder

Alnico-9 (wt %): Ni 14-16, Al 7-8, Co 32-36, Cu 3—4, Nb 0-1, S 0.3, Fe as
remainder

The alnicos are polycrystalline solids, in which very complex structural disor-
der generally occurs, due to the wide variety of deviations from periodicity that
may be present. Physical disorder corresponds to the displacement of atoms,
and/or the presence of amorphous regions and non-uniform crystallite sizes,
while chemical disorder corresponds to site occupation by impurity atoms,
and/or the presence of vacancies accompanied by variable valence states of
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metal ions. The compositions and heat treatment history have dominating effects
on the properties of magnetic materials.

10.5.2  Structure of SmCos and SmyCo17

Most of the permanent magnets based on cobalt-rare-earth alloys exhibit several
times higher magnetic energy than conventional magnets such as alnicos and
hard ferrites. They also exhibit very high stability of magnetic flux density
even at elevated temperatures, a property unattainable with any other existing
permanent-magnet materials.

Among the rare-earths, samarium is the most commonly used because it
provides the best permanent-magnet property. Other rare-earth elements are
sometimes employed in combination with samarium to meet special require-
ments. The compounds SmCos and SmyCoy7 are the most important magnetic
materials among the cobalt-lanthanide alloys.

Compound SmCos belongs to the hexagonal system, space group P6/mmm,
with a = 498.9 pm and ¢ = 398.1 pm. Its crystal structure, as shown in
Fig. 10.5.1, consists of two different layers of atoms. One layer is composed
of two kinds of atoms in the ratio of 1:2 for samarium to cobalt, with the Sm
atoms arranged in a closed packed layer and the Co atoms at the center of each
triangular interstice. This layer alternates with another layer consisting of only
cobalt atoms.

The crystal structure of SmyCoy7 is closely related to the SmCos structure.
One Sm atom is substituted by a pair of Co atoms at one-third of the Sm sites in
the SmCos structure. This pair of Co atoms lie along the c axis. The positions
of the substitution in the neighboring (but similar) layer are different. The order
of the substitution can be either (a) ABABAB... or (b) ABCABC... along the
c-axis, as shown in Fig. 10.5.2.

In the substitution order ABABAB..., SmyCo;7 forms a hexagonal structure,
with a = 836.0 pm and ¢ = 851.5 pm [Fig. 10.5.2(a)]. The substitution order
ABCABC... yields a rhombohedral form of Sm>Co7 with a = 837.9 pm and
¢ =1221.2 pm [Fig. 10.5.2(b)].

10.5.3  Structure of Nd,Fe 4B

Permanent magnets based on the Nd;Fe14B phase were introduced in 1983 and
are currently the strongest magnets available.

Fig. 10.5.1.
Crystal structure of SmCos.
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Fig. 10.5.2.

Crystal structure of SmyCoy7: (a)
hexagonal form and (b) rhombohedral

form.

Fig. 10.5.3.

Crystal structure of NdyFe (4B (large
black circles, Nd; small black circles, B;

open circles, Fe).
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The NdyFe 4B crystal is tetragonal, with space group P4,/mnm, unit cell
a = 880 pm, ¢ = 1220 pm, and Z = 4. There is a six-layer stacking sequence
along the ¢ axis. The first and fourth layers are mirror planes that contain Fe, Nd,
and B atoms, and the other layers are puckered nets containing only Fe atoms.
Each B atom is at the center of a trigonal prism formed by six Fe atoms, three
above and three below the Fe—-Nd-B planes. Figure 10.5.3 shows the structure
of NdyFe4B.

An effective strategy of modifying the magnetic properties of iron-rich rare-
earth intermetallics is to incorporate small interstitial atoms into the crystal
lattice. Besides hydrogen, only boron, carbon, and nitrogen atoms are small
enough to enter the structure in this way, and they preferentially occupy intersti-
tial sites surrounded by the largest number of rare-earth atoms. For example, in



Basic Inorganic Crystal Structures

SmyFe7(iso-structural to SmyCo7) there are three octahedral interstitial sites
which may be filled by nitrogen atoms to form SmyFe7N3. The effect of inter-

sti

tial atoms on the intrinsic magnetic properties of iron-based intermetallics

can be further exploited in materials design.
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Structural Chemistry of
Selected Elements

Part III comprises a succinct account of the structural chemistry of the
elements in the Periodic Table.

In general, each chemical element or group has its own characteristic struc-
tural chemistry. In Part III, seven chapters are devoted to discussing the
structural chemistry of hydrogen, alkali, and alkaline-earth metals, and the
elements in Group 13 to Group 18. These chapters are followed by one chapter
each on the rare-earth elements, transition metal clusters, and supramolecu-
lar structural chemistry. The compounds described include organometallics,
metal-metal bonded systems, coordination polymers, host—guest compounds,
and supramolecular assemblies. Basic organic crystal structures are discussed in
Chapter 14 under the chemistry of carbon. The structural chemistry of bioinor-
ganic compounds is not covered here as, in the writers’ opinion, the subject
would be better taught in a separate course on “Bioinorganic Chemistry,” for
which several excellent texts are available.

The presentation in Part III attempts to convey the message that inorganic
synthesis is inherently less organized than organic synthesis, and serendipitous
discoveries are being made from time to time. Selected examples illustrating
interesting aspects of structure and bonding, generalizations of structural pat-
terns, and highlights from the current literature are discussed in the light of the
theoretical principles presented in Parts I and II. The most up-to-date resources
and references are used in the compilation of tables of structural data. It is hoped
that the immense impact of chemical crystallography in the development of
modern chemistry comes through naturally to the reader.
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Structural Chemistry of
Hydrogen

11.1 The bonding types of hydrogen

Hydrogen is the third most abundant element (after oxygen and silicon in terms
of the number of atoms) in the earth’s crust and oceans. Hydrogen atom exists
as three isotopes: 'H (ordinary hydrogen, protium, H), H (deuterium, D) and
3H (tritium, T). Some of the important physical properties of the isotopes of
hydrogen are listed in Table 11.1.1. Hydrogen forms more compounds than any
other element, including carbon. This fact is a consequence of the electronic
structure of the hydrogen atom.

Hydrogen is the smallest atom with only one electron and one valence orbital,
and its ground configuration is 1s'. Removal of the lone electron from the neutral
atom produces the HT ion, which bears some similarity with an alkali metal
cation, while adding one electron produces the H™ ion, which is analogous to a
halide anion. Hydrogen may thus be placed logically at the top of either Group 1
or Group 17 in the Periodic Table. The hydrogen atom forms many bonding
types in a wide variety of compounds, as described below.

(1) Covalent bond

The hydrogen atom can use its 1s orbital to overlap with a valence orbital of
another atom to form a covalent bond, as in the molecules listed in Table 11.1.2.
The covalent radius of hydrogen is 37 pm.

Table 11.1.1. Properties of hydrogen, deuterium, and tritium

Property H D T
Abundance (%) 99.985 0.015 ~10~16
Relative atomic mass 1.007825 2.014102  3.016049
Nuclear spin 1/2 1 1/2
Nuclear magnetic moment ((N) 2.79270 0.85738 2.9788
NMR frequency (at 2.35 T) (MHz) 100.56 15.360 104.68
Properties of diatomic molecules Hy Dy Ty

mp (K) 13.957 18.73 20.62

bp (K) 20.30 23.67 25.04

Te (K) 33.19 38.35 40.6 (calc.)

Enthalpy of dissociation (kJ mol~!) 43588 443.35 446.9
Zero point energy (kJ mol 1) 25.9 18.5 15.1
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Table 11.1.2. Molecules containing covalently bonded hydrogen

Molecules H, HCl1 H,O NH3; CHy
Bond H-H H-C1 H-O H-N H-C
Bond lengths (pm) 74.14 147.44 9572 101.7 109.1

(2) Ionic bond

(a) Hydrogen present as H™

The hydrogen atom can gain an electron to form the hydride ion H™ with the
helium electronic configuration

H+e — H  AH =728kImol™ .

With the exception of beryllium, all the elements of Groups 1 and 2 react
spontaneously when heated in hydrogen gas to give white solid hydrides M'H
or MIH,. AllMH hydrides have the sodium chloride structure, while MgH> has
the rutile structure and CaHj,, SrHjy, and BaH, have the structure of distorted
PbCl,. The chemical and physical properties of these solid hydrides indicate
that they are ionic compounds.

The hydride anion H™ is expected to be very polarizable, and its size changes
with the partner in the MH or MH» compounds. The experimental values of the
radius of H™ cover a rather wide range:

Compounds LiH NaH KH RbH CsH MgH,
r(H7) (pm) 137 142 152 154 152 130

From NaH, which has the NaCl structure with cubic unit-cell parameter a =
488 pm, the radius of H™ has been calculated as 142 pm.

(b) Hydrogen present as H™

The loss of an electron from a H atom to form HY is an endothermic process:
H(g) > HY(2) +e~ AH = 1312.0kJmol~! = 13.59¢eV.

In reality H™, a bare proton, cannot exist alone except in isolation inside a high
vacuum. The radius of H* is about 1.5 x 10~15 m, which is 10° times smaller
than other atoms. When H* approaches another atom or molecule, it can distort
the electron cloud of the latter. Therefore, other than in a gaseous ionic beam,
H™ must be attached to another atom or molecule that possesses a lone pair of
electrons. The proton as an acceptor can be stabilized as in pyramidal hydronium
(or hydroxonium) ion H3O7, tetrahedral NH;, and linear HyF*. These cations
generally combine with various anions through ionic bonding to form salts.

The total hydration enthalpy of H' is highly exothermic and much larger
than those of other simple charged cations:

Ht(g) + nH,0(¢) — H30T(aq) AH = —1090kJ mol ™!



Hydrogen
(3) Metallic bond

At ultrahigh pressure and low temperature, such as 250 GPa and 77 K, solid
molecular hydrogen transforms to a metallic phase, in which the atoms are
held together by the metallic bond, which arises from a band-overlap mechan-
ism. Under such extreme conditions, the H, molecules are converted into a
linear chain of hydrogen atoms (or a three-dimensional network). This poly-
meric H,, structure with a partially filled band (conduction band) is expected to
exhibit metallic behavior. Schematically, the band-overlap mechanism may be
represented in the following manner:

H—H H—H H—H S —H—H—H—H—H—H—

The physical properties of H,, are most interesting. This material has a nearly
opaque appearance and exhibits metallic conduction, and has been suggested
to be present in several planets.

(4) The hydrogen bond

The hydrogen bond is usually represented as X—H- - -Y, where X and Y are
highly electronegative atoms such as F, O, N, Cl, and C. Note that the description
of “donor” and “acceptor” in a hydrogen bond refers to the proton; in the
hydrogen bond X-H- - - Y, the X—H group acts as a hydrogen donor to acceptor
atom Y. In contrast, in a coordination bond the donor atom is the one that bears
the electron pair.

Hydrogen bonding can be either intermolecular or intramolecular. For an
intramolecular X—H- - - Y hydrogen bond to occur, X and Y must be in favorable
spatial configuration in the same molecule. This type of hydrogen bond will be
further elaborated in Section 11.2.

(5) Multicenter hydrogen bridged bonds
(a) B-H-B bridged bond

Boranes, carboranes, and metallocarboranes are electron-deficient compounds
in which B-H-B three-center two-electron (3c-2¢) bridged bonds are found.
The B-H-B bond results from the overlap of two boron sp> hybrid orbitals and
the 1s orbital of the hydrogen atom, which will be discussed in Chapter 13.

(b) M-H-M and M-H-B bridged bonds

The 3c-2e hydrogen bridged bonds of type M—H-M and M—H-B can be formed
with main-group metals (such as Be, Mg and Al) and transition metals (such as
Cr, W, Fe, Ta, and Zr). Some examples are shown in Fig. 11.1.1.
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Fig. 11.1.1.

Structures containing multiple hydrogen
bridged bonds: (a) ByHg, (b) Al(BH,4)3,
(¢) [(CO)sCr-H-Cr(CO)5] ™,

(d) H3NiygCpg4.

Structural Chemistry of Selected Elements

(2) (b)

(c) Triply bridged (u3-H)M3 bond

In this bond type, a H atom is covalently bonded simultaneously to three metal
atoms, as shown in Fig. 11.1.1(d).

(6) Hydride coordinate bond

The hydride ion H™ as a ligand can donate a pair of electrons to a metal to
form a metal hydride. The crystal structures of many metal hydride complexes,
such as MgrNiH4, MgoFeHg, and K;ReHog, have been determined. In these
compounds, the M—H bonds are covalent o coordinate bonds.

(7) Molecular hydrogen coordinate bond

Molecular hydrogen can coordinate to a transition metal as an intact ligand. The
bonding of the H, molecule to the transition metal atom appears to involve the
transfer of o bonding electrons of Hj to a vacant metal d orbital, coupled with
synergistic back donation of metal d electrons to the vacant ¢* antibonding
orbital of the Hy molecule. This type of coordinate bond formation weakens
the H-H covalent bond of the H» ligand and, in the limit, leads to its cleavage
to two H atoms.

(8) Agostic bond

The existence of the agostic bond C-H—M has been firmly established by
X-ray and neutron diffraction methods. The symbolic representation C-H—M
indicates formal donor interaction of a C—H bond with an electron-deficient
metal atom M. As in all 3c-2e bridging systems involving only three valence
orbitals, the bonded C-H—M fragment is bent. The agostic bond will be further
discussed in Section 11.5.3.
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11.2 Hydrogen bond
11.2.1  Nature and geomeiry of the hydrogen bond

In a typical hydrogen bonding system, X—H- - - Y, the electron cloud is greatly
distorted toward the highly electronegative X atom, so that the thinly shielded,
positively charged hydrogen nucleus becomes strongly attracted by the elec-
tronegative atom Y. The double- and triple-bonded carbon atoms, which have
high electronegativity, can also form hydrogen bonds. Some examples are given
below:

/c ——H-eeeeeeenne o) and /C—H ............ N

—(C—H: e O and — C— H o coeeeeeeeens N

The geometry of the hydrogen bond can be described by the parameters
R, r1, r, and 6, as shown in Fig. 11.2.1. Numerous experimental studies
have established the following generalizations about the geometry of hydrogen
bonds:

(a) Most hydrogen bonds X—H- - - Y are unsymmetric; that is, the hydrogen
atom is much closer to X than to Y. A typical example of hydrogen bond-
ing is the interaction between H>O molecules in ice-I;,. The data shown
below are derived from a neutron diffraction study of deuterated ice-Iy, at
100 K.

(b) Hydrogen bonds X-H- - - Y may be linear or bent, though the linear form is
energetically more favorable. However, in the crystalline state the packing
of molecules is the deciding factor.

(c) The distance between atoms X and Y is taken as the bond length of the
hydrogen bond X-H- - - Y. Similar to all other chemical bonds, the shorter
the bond length, the stronger the hydrogen bond. As the bond length X- - - Y
shortens, the X—H distance is lengthened. In the limit there is a symmetrical
hydrogen bond, in which the H atom lies at the mid-point of the X - - Y line.
This is the strongest type of hydrogen bond and occurs only for both X and
Y equal to F or O (see Section 11.2.3).

(d) The experimental hydrogen bond length is in general much shorter than
the sum of the X-H covalent bond length and van der Waals radii of H
and Y atoms. For example, the average O-H- - - O hydrogen bond length is
270 pm, which is shorter than the sum (369 pm) of the O—H covalent bond
length (109 pm) and van der Waals contact distance of H--- O (120 pm
+ 140 pm). Table 11.2.1 compares the experimental X-H- - - Y hydrogen

rl \\\}"2
" e
| «<——R—>]

Fig. 11.2.1.
Geometry of the hydrogen bond.
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Table 11.2.1. Experimental hydrogen bond lengths and calculated values

Hydrogen bond  Experimental bond length (pm)  Calculated value (pm)

F-H---F 240 360
O-H.--F 270 360
O-H.---0 270 369
O-H.---N 278 375
O-H.--Cl 310 405
N-H.--F 280 360
N-H---O 290 370
N-H---N 300 375
N-H---Cl 320 410
C-H---O 320 340

bond lengths and the calculated values by summing the X—H covalent bond
length and van der Waals radii of H and Y atoms.

(e) The valence angle o formed between the H---Y line and the Y-R bond

usually varies between 100° and 140°:

(f) Normally the H atom in a hydrogen bond is two-coordinate, but there are

a fair number of examples of hydrogen bonds with three-coordinate and
four-coordinate H atoms. From a survey of 1509 NH- - - O=C hydrogen
bonds observed by X-ray and neutron diffraction in 889 organic crystal
structures, 304 (about 20%) are found to be three-coordinate and only six
are four-coordinate:

/ ,,o=c/

\ e 0T
N—H \
/ /
"0=C “omd
\ \
Three-coordinate hydrogen bond Four-coordinate hydrogen bond

(g) In most hydrogen bonds only one hydrogen atom is directed toward a lone

pair of Y, but there are many excepts. For example, in crystalline ammonia
each N lone pair accepts three hydrogen atoms, as shown in Fig. 11.2.2(a).
The carbonyl O atom in the tetragonal phase of urea forms four accep-
tor hydrogen bonds. In the inclusion compound [(CoHs)4N*];- CO§_-
7(NH>),CS, the carbonate ion proves to be the most prolific hydrogen-bond
acceptor, being surrounded by twelve convergent NH donor groups from
six thiourea molecules to form a hydrogen-bonded aggregate shaped like
two concave three-leaved propellers sharing a common core, as illustrated
in Fig. 11.2.2(b).



Organic compounds generally conform to the following generalized rules in
regard to hydrogen bonding:

(a) All good proton donors and acceptors are utilized in hydrogen bonding.

(b) If intramolecular hydrogen bonds can form a six-membered ring, they will
usually do so in preference to the formation of intermolecular hydrogen
bonds.

(c) After the formation of intramolecular hydrogen bonds, the remaining set
of best proton donors and acceptors tend to form intermolecular hydrogen
bonds with one another.

11.2.2  The strength of hydrogen bonds

The strongest hydrogen bonds resemble covalent bonds, the weakest ones are
like van der Waals interactions, and the majority have energies lying between
these two extremes. The strength of a hydrogen bond corresponds to the enthalpy
of dissociation of the reaction:

X-H---Y—- X-H+Y.

Strong and weak hydrogen bonds obviously have very different properties.
Table 11.2.2 lists the properties observed for different types of hydrogen bonds.

In ice-Iy, the O—H- - - O bond energy is 25 kJ mol ™!, which results from the
following interactions:

(a) Electrostatic attraction: this effect reduces the distance between the atoms
of H--- O.

Ol=—H**...0%".

(b) Delocalization or covalent bonding: the valence orbitals of H and O atoms
overlap with each other, so that the bonding effect involves all three atoms.

(c) Electron cloud repulsion: the sum of the van der Waals radii of hydrogen
and oxygen is 260 pm, and in a hydrogen bond the H- - - O distance often
approaches to within 180 pm. Thus the normal electron—electron repulsive
forces will occur.

405

Fig. 11.2.2.

(a) Interaction between lone pair of NH3
molecule with three neighbors in
crystalline ammonia. (b) Carbonate ion
forming twelve acceptor hydrogen bonds
with six thiourea molecules.
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Table 11.2.2. Properties of very strong, strong, and weak hydrogen bonds

Property Very strong Strong Weak

X-H---Y interaction mostly covalent mostly electrostatic electrostatic

Bond lengths X-H ~H-Y X-H<H---Y X-H<<H---Y

H---Y (pm) 120-150 150-220 220-320

X---Y (pm) 220-250 250-320 320-400

Bond angles 175°-180° 130°-180° 90°-150°

Bond energy (kJ mol~1) >50 15-50 <15

Relative IR vg vibration >25% 10 ~25% <10%

shift (cm™1)*

"H NMR chemical shift 14 ~22 <14 -

downfield (ppm)

Examples Acid salts, acids, Acids, alcohols, Weak base,
proton sponges, hydrates, phenols, basic salts
HF complexes biological molecules C-H---O/N

O/N-H.- -7

*Observed vy relative to vs for a non-hydrogen bonded X-H.

(d) Van der Waals forces: as in all intermolecular interactions these forces
contribute to the bonding, but their combined effect is relatively small.

The results of a molecular orbital calculation of the energies involved in the
O-H- - - O system are tabulated in Table 11.2.3.

Table 11.2.3. The energy contributions in a O-H- - - O hydrogen bond

Type of energy contribution Energy (kJ mol™ 1
(a) Electrostatic —334
(b) Delocalization —34.1
(c) Repulsion 41.2
(d) van der Waals energy —1.0
Total energy —27.3
Experimental —-25.0

11.2.3 Symmetrical hydrogen bond

The strongest hydrogen bond occurs in symmetrical O-H-O and F-H-F sys-
tems. The linear HF, ion has the H atom located midway between the two F
atoms:

113 pm 113 pm
H

F F

This symmetrical hydrogen bond is highly covalent, which may be viewed
as a 3c-4e system. If the molecular axis is taken along the z direction, the 1s
orbital of the H atom overlaps with the two 2p, orbitals of the F atoms (A and



(a) (b)

Fa(2p)

A

H(ls) Fp(2p,) .

(2F)-

i +
,
4
’,
.,
’
,

\J

Fig. 11.2.3.
Bonding in HF, : (a) orbital overlap; (b) qualitative MO energy level diagram.

B), as shown in Fig. 11.2.3(a), to form three molecular orbitals:

V1(0) = Ni[2p,(A) + 2p:(B) + cls]
V2(n) = Na[2p (A) — 2p.(B)]
¥3(0™) = N3[2p_(A) + 2p;(B) — cls],

where ¢ is a weighting coefficient and Ny, N, N3 are normalization constants.
The ordering of the molecular orbitals is shown qualitatively in Fig. 11.2.3(b).
Since there are four valence electrons, the bonding (/1) and nonbonding (y2)
molecular orbitals are both occupied to yield a 3c-4e bond. The bond order
and force constant of each F-H link in HF, can be compared with those in the
HF molecule:

Molecule Bond order d (pm) k (N m~1)
HF 1 93 890
HF, 0.5 113 230

In the {[(NH>),COJ],H}(SiF¢) crystal, there are symmetrical hydrogen bonds
of the type O—H-0O, with bond lengths 242.4 and 244.3 pm in two independent
{[(NH,),CO],H}™ cations. Figure 11.2.4 shows the structure of the cation.

Fig. 11.2.4.

Structure of {[(NH,),CO],H} ™.
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Fig. 11.2.5.

The hydrogen bond W—C=O0-. - - H-O in
crystalline
W(CO)3(P'Pr3),(H,0)(THF).

Structural Chemistry of Selected Elements

11.2.4 Hydrogen bonds in organometallic compounds

In transition metal carbonyls, the M—C=O0O group acts as a proton acceptor,
which interacts with appropriate donor groups to form one or more C=0- - - H—
X (X is O or N) hydrogen bonds. The CO ligand can function in different
U1, 42, and w3 modes, corresponding to a formal C-O bond order of 3, 2,
and 1, respectively. Examples of hydrogen bonding formed by metal carbonyl
complexes are shown below:

X X X X X X
\H H/ \H H/ \H-.. H/
% ‘li A
\ N MM
Hy 25) U3

When the M atom has a strong back-donation to the CO 7 * orbital, the basic
property of CO increases, and the O- - - H distance shortens. These results are
consistent with the sequence of shortened distances from terminal ! to p3
coordinated forms. In such hydrogen bonds, the bond angles of C-O- - - X are
all about 140°. Figure 11.2.5 shows the hydrogen bond W-C=O0-. - - H-O in
the crystal of W(CO)3(P'Pr3)2(H,O)(THF), in which the O- - - O bond length is
279.2 pm. Note that the aqua ligand also forms a donor hydrogen with a THF
molecule.

In organometallic compounds, the u3-CH and u,-CHj ligands can act as
proton donors to form hydrogen bonds, as shown below:

X Y
‘ H H’
§ Y
A /C

Since the acidity of u3-CH is stronger than that of u>-CHp,, the length of a
13-CH hydrogen bond is shorter than that of w,-CHs.



Hydrogen

Neutron diffraction studies have shown that the —CH ligand in the cluster
[Co(CO)3]3(1u3-CH) forms three hydrogen bonds, with H--- O distances of
250, 253, and 262 pm. In the compound [CpMn(CO);,]>(u2-CH»), the p2-CH;
group forms hydrogen bonds with the O atoms of Mn—CO groups, as shown in
Fig. 11.2.6.

11.2.5 The universality and importance of hydrogen bonds

Hydrogen bonds exist in numerous compounds. The reasons for its universal
appearance are as follows:

(a) The abundance of H, O, N, C and halogen elements: Many compounds are
composed of H, O, N, C, and halogens, such as water, HX, oxyacids, and
organic compounds. These compounds generally contain functional group
such as —OH, -NH3, and >C=0, which readily form hydrogen bonds.

(b) Geometrical requirement of hydrogen bonding: A hydrogen bond does not
require rigorous conditions for its formation as in the case for covalent
bonding. The bond lengths and group orientations allow for more flexibility
and adaptability.

(c) Small bond energy: The hydrogen bond is intermediate in strength between
the covalent bond and van der Waals interaction. The small bond energy
of the hydrogen bond requires low activation energy in its formation and
cleavage. Its relative weakness permits reversibility in reactions involving
its formation and a greater subtlety of interaction than is possible with
normal covalent bonds.

(d) Intermolecular and intramolecular bonding modes: Hydrogen bonds can
form between molecules, within the same molecule, or in a combina-
tion of both varieties. In liquids, hydrogen bonds are continuously being
broken and reformed at random. Figures 11.2.7 and 11.2.8, respectively, dis-
play some structures featuring intermolecular and intramolecular hydrogen
bonds.

Hydrogen bonds are important because of the effects they produce:

(a) Hydrogen bonds, especially the intramolecular variety, dictate many
chemical properties, influence the conformation of molecules, and often

Fig. 11.2.6.

C-H- - - O hydrogen bonds between
12-CHp and Mn—CO groups in
[CpMn(CO)2 ]2 (12-CHp).

409



410

Fig. 11.2.7.
Examples of intermolecular hydrogen

bonds.

Fig. 11.2.8.
Examples of intramolecular hydrogen
bonds.
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Hydrogen

play a critical role in determining reaction rates. Hydrogen bonds are
responsible for stabilization of the three-dimensional architecture of
proteins and nucleic acids.

(b) Hydrogen bonds affect IR and Raman frequencies. The v(X—H) stretching
frequency shifts to alower energy (caused by weakening the X—H bond) but
increases in width and intensity. For N-H- - - F, the change of frequency is
less than 1000 cm™!. For O—H- - - O and F-H. - - F, the change of frequency
is in the range 1500-2000 cm™~!. The v(X-H) bending frequency shifts to
higher wavenumbers.

(c) Intermolecular hydrogen bonding in a compound raises the boiling point
and frequently the melting point.

(d) If hydrogen bonding is possible between solute and solvent, solubility is
greatly increased and often results in infinite solubility. The complete mis-
cibility of two liquids, for example water and ethanol, can be attributed to
intermolecular hydrogen bonding.

11.3 Non-conventional hydrogen bonds

The conventional hydrogen bond X-H- - - Y is formed by the proton donor X-H
with a proton acceptor Y, which is an atom with a lone pair (X and Y are all
highly electronegative atoms such as F, O, N, and CI). Some non-conventional
hydrogen bonds that do not conform to this condition are discussed below:

11.3.1 X-H-- - hydrogen bond

In a X-H- - -7 hydrogen bond, w bonding electrons interact with the proton
to form a weakly bonded system. The phenyl ring and delocalized = system
as proton acceptors interact with X—H to form X-H- - - = hydrogen bonds. The
phenyl group is by far the most important among w-acceptors, and the X-
H. - - Ph hydrogen bond is termed an “aromatic hydrogen bond.” The N-H
and phenyl groups together form aromatic hydrogen bonds which stabilize the
conformation of polypeptide chains. Calculations show that the bond energy
of a N-H---Ph bond is about 12kJmol~!. Two major types of N-H. - - Ph
hydrogen bonds generally occur in the polypeptide chains of biomolecules:

HN
H |
N CH
rRuc” ¢’ \CH2
L

Figures 11.3.1(a) and 11.3.1(b) show the structures and hydrogen bonding
distances of 2-butyne-HCI and 2-butyne-2HCI, respectively. In 2-butyne-HCI,
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Fig. 11.3.1.
The CI-H- - - & hydrogen bonds in (a)
2-butyne-HCl and (b) 2-butyne-2HCL.

Cl
H

4--a

I
1
1232 pm
|

5

Fig. 11.3.2.
CI-H- - - 7 hydrogen bonds in the crystal
of toluene-2HCI.
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(b)

243 pm 118 pm

/2:13 pm

the distance from Cl to the center of the C=C bond is 340 pm. In 2-butyne-2HCI,
the distance from Cl to the center of the C=C bond is 347 pm.

The Cl-H. - - m hydrogen bond in the crystal structure of toluene-2HCI has
been characterized. In this case the 7w bonding electrons of the aromatic ring
of toluene serve as the proton acceptor. The distance of the H atom to the ring
center is 232 pm, as shown in Fig. 11.3.2.

In addition to N-H---7 and CI-H:- -7 hydrogen bonds, there are also
O-H-- -7 and C-H. .- hydrogen bonds in many compounds. Two exam-
ples are shown in Figs. 11.3.3(a) and (b). A neutron diffraction study of the
crystal structure of 2-acetylenyl-2-hydroxyl adamatane [Fig. 11.3.3(c)] has
shown that intermolecular O-H- - - O and C-H- - - O hydrogen bonds co-exist
[Fig. 11.3.3(d)] with the O-H- - - 7 hydrogen bonds [Fig. 11.3.3(e)].

11.3.2  Transition metal hydrogen bond X-H- - - M

The X-H- - - M hydrogen bond is analogous to a conventional hydrogen bond
and involves an electron-rich transition metal M as the proton acceptor in a
3c-4e interaction. Several criteria that serve to characterize a 3c-4de X-H.--M
hydrogen bond are as follows:

(a) The bridging hydrogen is covalently bonded to a highly electronegative
atom X and is protonic in nature, enhancing the electrostatic component of
the interaction.

(b) The metal atom involved is electron-rich, i.e., typically a late transition
metal, with filled d-orbitals that can facilitate the 3c-4e interaction involving
the H atom.

(c) The '"H NMR chemical shift of the bridging H atom is downfield of TMS
and shifted downfield relative to the free ligand.

(d) Intermolecular X—H- - - M interactions have an approximately linear geom-
etry.

(e) Electronically saturated metal complexes (e.g., with 18-electron metal
centers) can form such interactions.

Two compounds with 3c-4e X-H- - - M hydrogen bonds are shown in Fig. 11.3.4.
The dianion {(PtCly) - cis-[PtCl,(NH,Me),]}2~ consists of two square-planar
d3-Pt centers held together by short intermolecular N-H- - - Pt and N-H. - - Cl
hydrogen bonds: H- - - Pt 226.2 pm, H---CI 231.8 pm. The N-H. - - Pt bond
angle is 167.1°. The presence of the filled Pt d,> orbital oriented towards
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Fig. 11.3.3.
Some compounds containing O—-H- - - 7 and C-H- - - = hydrogen bonds.

the amine N-H group favors a 3c-4e interaction. Figure 11.3.4(a) shows
the structure of this dianion. Figure 11.3.4(b) shows the molecular struc-
ture of PtBr(1-CjoH¢NMe,)(1-CioHsNHMe;) with Pt---N =328 pm and
Pt- .- H-N = 168°.

(a) (b)

Cl ITIBM
e
Cl H -
H \ / O N\
Pt H H Br

H / \ H 1

H N—H ' "
H—N | B Fig. 11.3.4.
\ H . Me Molecular structures of compounds with

Hql ! N\Me X-H- - - M hydrogen bond: 5
) (a) {(PtCly) - cis — [PtClp (NHyMe), 1},

> @,
a— \c1 O (b) PtBr(1-C1gHgNMe,)(1-

C1oH5NHMe)).

11.3.3 Dihydrogen bond X-H- - - H-E

Conventional hydrogen bonds are formed between a proton donor, such as an
O-H or N-H group and a proton acceptor, such as oxygen or nitrogen lone pair.
In all such cases a nonbonding electron pair acts as the weak base component.

A wide variety of E-H o bonds (E = boron or transition metal) act unex-
pectedly as efficient hydrogen bond acceptors toward conventional proton
donors, such as O-H and N-H groups. The resulting X-H- - - H-E systems
have close H- - - H contacts (175-190 pm) and are termed “dihydrogen bonds.”
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Fig. 11.3.5.

Structure of compounds containing
X-H-: - - H-E bonds: (a)

H3;N-BH3 - - - H3N-BH3,

(b) ReH5(PPh3)3-indole, and

(c) ReHs5(PPh3 ), (imidazole).
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(a)

(b)

Re

Their enthalpies of formation are substantial, 13—-30kJ mol~!, and lie in the
range for conventional H bonds. Some examples are listed below.

(1) N-H---H-B bond

A comparison of the melting points of the isoelectronic species H3C—CH3
(—181°C), H3C-F (—141°C) and H3N-BHj3 (104 °C) suggests the possibil-
ity that unusually strong intermolecular interactions are present in H3N-BH3.
As compared to the H3C—F molecule, the less polar H;N-BH3 molecule has
a smaller dipole-dipole interaction, and both slack a lone pair to form a con-
ventional hydrogen bond. The abnormally high melting point of H3N-BH3
originates from the presence of N-H- - - H-B bonding in the crystalline state.
Many close intermolecular N-H. - - H-B contacts in the range 170-220 pm
have been found in various crystal structures. In these dihydrogen bonds,
the (NH)---H-B angle is strongly bent, falling in the range 95—120°.
Figure 11.3.5(a) shows the (NH)- - - H-B bond between H3N-BH3 molecules.

(2) X-H:-.-H-M bonds

X-Ray and neutron diffraction studies have established the presence of tran-
sition metal N-H- - - H-M and O-H. - - H-M dihydrogen bonds, in which the
hydride ligand acts as a proton acceptor. Figure 11.3.5(b) shows the dihydro-
gen bond N-H- - - H-Re in the crystal structure of ReHs(PPh3)3-indole-CgHg.
The H- - - H distances are 173.4 and 221.2 pm. Figure 11.3.5(c) shows a similar
dihydrogen bond with measured H- - - H distances of 168 and 199 pm in the
crystal structure of ReHs(PPh3),(imidazole).

In the crystal structure of [K(1,10-diaza-18-crown-6)][IrH4(P iPr3),], the two
kinds of ions form an infinite chain held together by N-H- - - H-Ir bonds, as
shown schematically in Fig. 11.3.6. The observed distance of H- - - H is 207
pm, and the observed N-H bond length of 77 pm is likely to be less than
the true value. The corrected N-H and H- - - H distances are 100 and 185 pm,
respectively.
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415

Chain structure of [K(1,10-diaza-18-crown-6)][IrH4(P'Pr3),] and relevant dihydrogen bond lengths in pm. P'Pr3C and H atoms and

non-essential crown H atoms have been omitted for clarity.

The X—H- - - H-M systems generally tend to lose H; readily, and indeed such
H. - - H bonded intermediates may be involved whenever a hydride undergoes
protonation.

11.3.4 Inverse hydrogen bond

In the normal hydrogen bond X-H- - - Y, the H atom plays the role of electron
acceptor, while the Y atom is the electron donor. The interaction is of the kind

~
X—H"Y,

In the inverse hydrogen bond, the H atom plays the role of electron donor,
while the Y atom becomes the electron acceptor, and the interaction is of the
kind

S
X—H"Y

Some examples of inverse hydrogen bonds are presented below:

(1) The so-called “lithium hydrogen bond,” Li-H. - - Li—H, occurs in the hypo-
thetical linear (LiH), dimer. The inner Li atom is electron-deficient, and
the inner H atom is sufficiently electron-rich to act as a donor in the for-
mation of an inverse hydrogen bond. The calculated bond lengths (in pm)
and electron donor—acceptor relationship are illustrated below:

1587 1756 1644 pm,

The distance H- - - Li is shorter than the sum of the atomic van der Waals
radii of H and Li, and the linkage of Li—H. - - Li is almost linear.
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Fig. 11.3.7.
Structure of the adduct
Nb, (hpp)4-2NaEtz; BH.
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(2) The dihydrogen bond X—H- - - H-M may be formally regarded as a normal
hydrogen bond

)
X—H-"Y,

where Y stands for the hydridic H atom as the electron donor, or an inverse
hydrogen bond

€
|
M—H"Y

where Y is the H atom bonded to X.

(3) The inverse hydrogen bond B™—H.--Na™ is found in the adduct of
Na(EtzBH) and Nbo(hpp)s, where hpp is the anion of 1,3,4,6,7,8-
hexahydro-2H -pyrimido-[1,2-a]-pyrimidine (Hhpp). Figure 11.3.7 shows
the B™—H- - - Natinteraction in the compound Nb; (hpp)4-2NaEt; BH.

The concept of inverse hydrogen bond is a relatively recent development,
and additional varieties of this novel type of interaction may be uncovered in
the future.

11.4 Hydride complexes

Hydrogen combines with many metals to form binary hydrides MH,. The
hydride ion H™ has two electrons with the noble gas configuration of He. Binary
metal hydrides have the following characteristics:

(1) Most of these hydrides are non-stoichiometric, and their composition and
properties depend on the purity of the metals used in the preparation.

(2) Many of the hydride phases exhibit metallic properties such as high
electrical conductivity and metallic luster.

(3) They are usually produced by the reaction of metal with hydrogen. Besides
the formation of true hydride phases, hydrogen also dissolves in the metal
to give a solid solution.
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Metal hydrides may be divided into two types: covalent and interstitial. They
are discussed in the following two sections.

11.4.1  Covalent metal hydride complexes

In recent years, many crystal structures of transition metal hydride com-
plexes have been determined. In compounds such as CaMgNiH4, MgyNiHy,
Mg,FeHg, and KoReHog, H™ behaves as an electron-pair donor covalently
bonded to the transition metals. The transition metal in the NiH42*, FeH64*,
and ReH92_ anions generally has the favored noble gas electronic configura-
tion with 18 valence electrons. Figure 11.4.1 shows the crystal structure of
CaMgNiHy.

The anion ReH92_ is arare example of a central metal atom forming nine 2c-
2e bonds, which are directed toward the vertices of a tricapped trigonal prism.
Figure 11.4.2 shows the structure of ReH927, and Table 11.4.1 lists the structures
of a number of transition metal hydride complexes. In these complex anions,
the distances of transition metal to hydrogen are in the range 150—-160 pm for
3d metals and 170-180 pm for 4d and 5d metals, except for Pd (160—170 pm)
and Pt (158-167 pm).

Low-temperature neutron diffraction analysis of H4Co4(CsMe4Et)s shows
that the molecule consists of four face-bridging hydrides attached to a

417

Fig. 11.4.1.

Crystal structure of CaMgNiHy (large
circles represent Ca, small circles
represent Mg, and tetrahedral groups
represent NiHg).

Fig. 11.4.2.
Structure of Rengf.
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Table 11.4.1. Structures of transition metal hydrides

Geometry Example Bond length* (pm)

Tricapped trigonal- ReHZ: Re(1)-H (3x)172,(6x) 167
L K>ReHog 9
prismatic Re(2)-H (3x)161,(6x) 170
3—.
NasRhH RhH; ~: Rh-H 163 - 168
Octahedral Mg,y FeHg FeHg_: Fe-H 156
MgsRuHs  RuHO~: Ru-H (4x) 167, (2x) 173
4= o
Squaro-pyramidal Mg, CoHs Co];li : Co-H (4) 152, (1x) 159
EuyIrHs IrH5 ™ : Ir-H (6 x, disorder) 167
: 2—. pe
Square-planar N.d2PtH4 PtH437. Pt-H (4x) 164
LioRhHy RhH4 :Rh-H (2x) 179, (2x) 175

Sadebad B ols s

Tetrahedral Mg,y NiHy NiHi_: Ni-H 154-157

Saddle MgyRuHy RuHi_: Ru-H (2x) 167, (2x) 168
T-shaped MgzRuH3 Rquf: Ru-H 171

Linear Na, PdH; PdH%_: Pd-H (2x) 168

MgRhH _ RhyH}—: Rh-H (2x) 171

*The bond lengths are determined by neutron diffraction for M-D.

tetrahedral cobalt metal core, as shown in Fig. 11.4.3. The average distances
(in pm) and angles in the core of the molecule are as follows:

Co-Co 257.1 Co-H 1749 Co-C 2158
H.---H 236.6 Co-H-Co 94.6° H-Co-H 385.1°

The hydride ligands are located off the Co—Co—Co planes by an average distance
of 92.3 pm.

Polynuclear platinum and palladium carbonyl clusters containing the bulky
tri-tert-butylphosphine ligand are inherently electron-deficient at the metal cen-
ters. The trigonal bipyramidal cluster [Pt3Rez(CO)s(P'Bus)s], as shown in
Fig. 11.4.4(a), is electronically unsaturated with a deficit of 10 valence elec-
trons, as it needs 72 valence electrons to satisfy an 18-electron configuration at
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Fig. 11.4.3.
Molecular structure of HyCo4(C5MeyEt)4 by neutron diffraction analysis at 20 K.

each metal vertex. The cluster reacts with 3 equivalents of molecular hydrogen at
room temperature to give the addition product [Pt3Re, (CO)g(P'Bus)3(u-H)g] in
90% yield. Single-crystal X-ray analysis showed that the hexahydrido complex
has a similar trigonal bipyramidal structure with one hydrido ligand bridging
each of the six Pt—Re edges of the cluster core, as illustrated in Fig. 11.4.4(b).
The Pt—Pt bond lengths are almost the same in both complexes (average values
272.25 pm versus 271.27 pm), but the Pt—Re bonds are much lengthened in the
hexahydrido complex (average values 264.83 pm versus 290.92 pm). The Pt-H
bonds are significantly shorter than the Re—H bonds (average values 160 pm
versus 189 pm).

() (b)
O O

N ¢ .0 N c 0

C\ //C C\ //C

Re o --Re._ -
BusP \Pl\\—// Pt P'Buy Bu}P\ll’t((\,—//Pt P'Buj Fig. 11.4.4.
Bu P/ Pt Bu.P ‘./\]'?t i Molecular structure of
3 \\ 3 H, ;\ T (a) [Pt3Re5(CO)6(P'Bus)3] and its
%’ He X ’ hydrogen adduct (b)
V4 §C / &C [Pt3Re2(CO)6(P'Bu3)3(u-H)s. From
C cO C cO R. D. Adams and B. Captain, Angew.
o © 0 0 Chem. Int. Ed. 44, 2531-3 (2005).

11.4.2 Interstitial and high-coordinate hydride complexes

Most interstitial metal hydrides have variable composition, for example, PdH,
withx < 1. The hydrogen atoms are assumed to have lost their electrons to the d
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Fig. 11.4.5.
Crystal structure of MgH».

Structural Chemistry of Selected Elements

Table 11.4.2. Some hydrogen storage systems

Storage medium Hydrogen percent by weight  Hydrogen density (kg dm1)
MgH, 7.6 0.101
Mg, NiHy 3.16 0.081
VH, 2.07 0.095
FeTiH| 95 1.75 0.096
LaNisHg 1.37 0.089
Liquid Hp 100 0.070
Gaseous Hy (10 MPa) 100 0.008

orbitals of the metal atoms and behave as mobile protons. This model accounts
for the mobility of hydrogen in PdH,, the fact that the magnetic susceptibil-
ity of palladium falls as hydrogen is added, and that if an electric potential
is applied across a filament of PdH,, hydrogen migrates toward the negative
electrode.

A striking property of many interstitial metal hydrides is the high rate of
hydrogen diffusion through the solid at slightly elevated temperatures. This
mobility is utilized in the ultra-purification of H, by diffusion through a
palladium-silver alloy tube.

Hydrogen has the potential to be an important fuel because it has an extremely
high energy density per unit weight. It is also a non-polluting fuel, the main
combustion product being water. The metallic hydrides, which decompose
reversibly to give hydrogen gas and the metals, can be used for hydrogen stor-
age. Table 11.4.2 lists the capacities of some hydrogen storage systems. It is
possible to store more hydrogen in the form of these hydrides than in the same
volume of liquid hydrogen.

The crystal structure of MgH, has been determined by neutron diffraction.
It has the rutile structure, space group P4,/mnm, with a = 450.25pm, ¢ =
301.23 pm, as shown in Fig. 11.4.5. The Mg>* ion is surrounded octahedrally
by six H™ anions at 194.8 pm. Taking the radius of Mg>* as 72 pm (six-
coordinate, Table 4.2.2), the radius of H™ (three-coordinate) is calculated to
be 123 pm.

Figure 11.4.6 shows the pressure (P) versus composition (x) isotherms for
the hydrogen—iron—titanium system. This system is an example of the formation
of a ternary hydride from an intermetallic compound.

In the majority of its metal complexes, the hydride ligand normally func-
tions in the 11! (terminal), 2 (edge-bridging), and . (triangular face-capping)
modes. Research efforts in recent years have led to the syntheses of an increasing
number of high-coordinate (u?, 13, and u®) hydride complexes.

The compounds [Lig(H){N(2-Py)Ph}] " [Li(Me,Al'Bus)>]~ and Li7 (H)[N(2-
Py)PhJs are examples of molecular species that contain a p°-hydride ligand
surrounded by an assembly of main-group metal ions. The cation [Lig(H){N(2-
Py)Ph}¢]™ encapsulates a H™ ion within an octahedron composed of Li atoms,
the average Li—H distance being 201.5 pm, as shown in Fig. 11.4.7(a). In
molecular Li7(H)[N(2-Py)Ph]g, the H™ ion is enclosed in a distorted octahe-
dral coordination shell, as shown in Fig. 11.4.7(b). The average Li—H distance
is 206 pm. The seventh Li atom is located at a much longer Li. - - H distance
of 249 pm.



Hydrogen

D
S
T T T TTTT

P/105 Pa
=)

Neutron diffraction analysis of the hydrido cluster complex [HyRhj3 (COYu]P~
at low temperature has revealed a hexagonal close-packed metal skeleton in
which each surface Rh atom is coordinated by one terminal and two bridging
carbonyls. The two hydride ligands occupy two of the six square-pyramidal
sites on the surface, each being slightly displaced from the plane of four basal
Rh atoms toward the central Rh atom of the Rh;3 cluster core (Fig. 11.4.8(a)).
For either us -hydride, the axial Rh(central)-H distance is shorter (average 184
pm) than the four Rh(surface)-H distances (average 197 pm).

Fig. 11.4.7.
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Fig. 11.4.6.

P—x isotherms for the FeTiHy alloy. The
upper curve corresponds to the
equilibrium pressure as hydrogen is
added stepwise to the alloy; the lower
curve corresponds to the equilibrium
pressure as hydrogen is removed
stepwise from the hydride.

Structure of main-group metal hydride complexes: (a) [Lig(H){N (2—Py)Ph}6]+, (b) Li7(H)[N(2-Py)Ph]e; the broken line indicates a weak

interaction.

DFT calculations, as well as X-ray and neutron diffraction studies, have
established the first existence of a four-coordinate interstitial hydride lig-
and. In the isomorphous tetranuclear lanthanide polyhydride complexes
[CsMe4(SiMes)]4sLngHg (Ln = Lu, Y), the tetrahedral LnyHg cluster core
adopts a pseudo C3, configuration with a body-centered 1*, one face-capping
w3, and six edge-bridging u? hydride ligands. The molecular structure of the
yttrium(III) complex is shown in Fig. 11.4.8(b).
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Fig. 11.4.8.

(a) Molecular structure of
[H2Rh13(CO)24]3*; the carbonyl groups
are omitted for clarity. (b) Molecular
structure of [C5Mey(SiMes)]4Y4Hg; the
C5Mey(SiMes) ™ ligands, each capping
a metal center, are omitted for clarity.

Fig. 11.5.1.
Molecular structure of
W(CO)3[P(CHMe3)312(Hp).
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11.5 Molecular hydrogen (H:) coordination compounds
and ¢-bond complexes

11.5.1  Structure and bonding of H2 coordination compounds

The activation of hydrogen by a metal center is one of the most important chem-
ical reactions. The H-H bond is strong (436 kJ mol™1), so that Hy addition to
unsaturated organic and other compounds must be mediated by metal centers
whose roles constitute the basis of catalytic hydrogenation. In catalytic mech-
anisms, hydride complexes formed by the cleavage of H, are regarded as key
intermediates.

The first isolable transition metal complex containing a coordinated Hp
molecule is W(CO)3[P(CHMe;)3]>(H;). X-ray and neutron diffraction stud-
ies and a variety of spectroscopic methods have confirmed that it possesses a
n-Hj ligand, as shown in Fig. 11.5.1.

The resulting geometry about the W atom is that of a regular octahedron.
The H, molecule is symmetrically coordinated in an 7> mode with an average
W-H distance of 185 pm (X-ray) and 175 pm (neutron) at —100 °C. The H-H
distance is 75 pm (X-ray) and 82 pm (neutron), slightly longer than that of the
free Hy molecule (74 pm).

The side-on bonding of Hj to the metal involves the transfer of o bonding
electrons of Hj to a vacant metal d orbital (or hybrid orbital), together with the
transfer of electrons from a filled metal d orbital into the empty o * orbital of Hp,
as shown in Fig. 11.5.2. This synergistic (mutually assisting) bonding mode is
similar to that of CO and ethylene with metal atoms. The 7 back donation from



metal to o™ orbital on H, is consistent with the fact that H-H bond cleavage is
facilitated by electron-rich metals.

Table 11.5.1. H-- - H bond distances (dgy) determined by
neutron diffraction for Hy coordination compounds

H; Coordination compound iy (pm)
Mo(Co)(dppe), (Hp) 73.6 (84)
[FeH (H;)(dppe)2 1t 8L.6
W(CO)3(P'Pr3),(Hp) 82
[RuH(H,)(dppe)> ]+ 82 (94)
FeH, (H,) (PEtPh,)3 82.1
[OsH(H;)(dppe)2 1™ 97
[Cp*OsH, (Hy) (PPh3)]t 101
[Cp*OsH, (H;)(AsPh3)]t 108
[Cp*Ru(dppm)(Hp)]* 108 (110)
cis-IrClLH(H,) (P'Pr3)5] 111
trans-[OsC1(Hy) (dppe), 1T 122
[Cp*OsH, (Hy) (PCy3)1t 131
[Os(en), (Hy) (acetate) ]+ 134

ReHs (Hy) (P(p-tolyl)3 1o 135.7
[OsH3 (Hp) (PPhMe;)3] " 149

* Uncorrected for effects of vibrational motion; the corrected
values are given in parentheses.

The structure of trans—[Fe(nz—Hz)(H)(PthCH2CH2PPh2)]BPh4 has been
determined by neutron diffraction at 20 K. The coordination environment about
the Fe atom is shown in Fig. 11.5.3. This is the first conclusive demonstration of
the expected difference between a hydride and a H, molecule in coordination
to the same metal center. The H-H bond distance is 81.6 pm and the H-Fe
bond length is 161.6 pm, which is longer than the terminal H-Fe distance
of 153.5 pm.

Alarge number of H, coordination compounds have been identified and char-
acterized. Table 11.5.1 lists the H- - - H distances (dyy) determined by neutron
diffraction for some of these complexes. The H- - - H distances ranges from 82 to
160 pm, beyond which a complex is generally regarded to be a classical hydride.
A “true” dihydrogen complex can be considered to have dyg < 100 pm, and
the complexes with dgg > 100 pm are more hydride-like in their properties
and have highly delocalized bonding.

Fig. 11.5.2.
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Bonding in M—nz—Hz. Arrow indicates

direction of donation.

Fig. 11.5.3.

Coordination of the Fe atom in

trans—[Fe(nz—

H,)(H)(PPh, CH,CH,PPh,)]BPhy.
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The H; molecule can act as an electron donor in combination with a proton
to yield a H;" species:

i
H H H

| + Y — |—H" =

H H H-H

The existence of H;r has been firmly established by its mass spectrum: H;r has
a relative molecular mass of 3.0235, which differs from those of HD (3.0219)
and T (3.0160). The H;‘ species has the shape of an equilateral triangle and is
stabilized by a 3c-2e bond.

The higher homologs HY, HY, and Hy have also been identified by mass
spectroscopy. These species are 10? to 10° times more abundant than the even-
member species H;rn (n = 2,3,4,...) in mass spectral measurements. The
structures of HgL, H;‘ , and H; are shown below:

: T 7

%ﬁwﬁﬁf

Hs*(Cyy) H77(Cyy) Ho*(C3p)

11.5.2 X-H o-bond coordination metal complexes

By analogy to the well characterized n2-H, complexes, methane and silane can
coordinate to the metal in an p2-fashion via a C—H o bond and a Si-H ¢ bond:

H H H
LnM 4—{ LnM<—{ LnM <—{
H CH,4

SiH,

Transition metal complexes with a variety of o-coordinated silane ligands
have been extensively investigated. The molecular structure of Mo(n2-H-
SiH,Ph)(CO)(Eto, PCH,CH,PEL, )2, as shown in Fig. 11.5.4(a), exhibits 772-
coordination of the Si—H bond at a coordination site cis to the CO ligand. The
distances (in pm) and angles of the Si—H coordinate bond are Si-H 177, Mo-H
170, Mo-Si 250.1, Mo-H-Si 92°, and Mo-Si-H 42.6°. The SiH;Ph; ana-
log, Mo(5?>-H-SiHPh,)(CO)(Et,PCH,CH,PEt, )5, as shown in Fig. 11.5.4(b),
exhibits a similar structure with Si—-H 166, Mo—H 204, and Mo-Si 256.4.

Two molecules can be combined to form an ion-pair through a o coordination
bond, in which one molecule provides its X-H (X = B, C, N, O, Si) o bonding
electrons to a transition metal atom (such as Zr) of another molecule. A good
example is [(CsMes),ZrMe][B~Me(CgFs)3], whose structure is shown in
Fig. 11.5.5. This bonding type is called an intermolecular pseudo-agostic (IPA)
interaction.
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(b)

11.5.3 Agosticbond

The agostic bond is an intramolecular 3¢-2¢e C-H—M bond, with the vacant
metal orbital accepting an electron pair from the C—H o bonding orbital. The
term “agostic” denotes the intramolecular coordination of C—H bonds to tran-
sition metals and is derived from a Greek word meaning “to clasp, to draw
toward, to hold to oneself.” The term “agostic” should not be used to describe
external ligand binding solely through a o bond, which is best referred to as
o-bonded coordinate binding. Agostic bonds may be broadly understood in the
following way. Many transition-metal compounds have less than an 18-electron
count at the metal center, and thus are formally unsaturated. One way in which
this deficiency may be alleviated is to increase the coordination number at the
transition metal by clasping a H atom of a coordinated organic ligand. There-
fore, the agostic bond generally occurs between carbon—hydrogen groups and
transition-metal centers in organometallic compounds, in which a H atom is
covalently bonded simultaneously to both a C atom and to a transition-metal
atom. An agostic bond is generally written as C-H—M, where the “half arrow”

indicates formal donation of two electrons from the C—H bond to the M vacant
orbital. As in all 3¢-2e bridging systems involving only three valence orbitals,
the C-H—M fragment is bent and the agostic bond can be more accurately
represented by
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Fig. 11.5.4.

Structure of (a) Mo(nz-H—
SiH,Ph)(CO)(Et, PCH,CH;, PEt, ), and
(b) Mo(n%-H-
SiHPh,)(CO)(Et,PCH,> CH; PEt)> (bond
lengths in pm).

Fig. 11.5.5.
Structure of
[(CsMes)>Zrt Me][B~Me(CgFs)3].



426

Structural Chemistry of Selected Elements

The agostic C—H distance is in the range 113—-19 pm, about 5-10% longer than
a non-bridging C—H bond; the M-H distance is also elongated by 10-20%
relative to a normal terminal M—H bond. Usually NMR spectroscopy can be
used for the diagnosis of static agostic systems which exhibit low J(C-Hy)
values owing to the reduced C—H, bond order. Typical values of J(C-H) are
in the range of 60-90 Hz, which are significantly lower than those (120-30 Hz)
expected for C(sp>)—H bonds.

The C-H—M agostic bond is analogous to a X—H- - - Y hydrogen bond, in
the sense that the strength of the M—H linkage, as measured by its internu-
clear distance, is variable, and correlates with the changes in C—H distance on
the ligand. There are, however, two important differences. Firstly, in a hydro-
gen bond the H atom is attracted by an electronegative acceptor atom, but the
strength of an agostic bond is stronger for more electropositive metals. Sec-
ondly, the hydrogen bond is a 3c-4e system, but the agostic bond is a 3c-2e
system.

The agostic interaction is considered to be important in such reactions as o
elimination, 8-hydrogen elimination, and orthometalation. For example, in a 8-
hydrogen elimination, a H atom on the 8-C atom of an alkyl group is transferred
to the metal atom and an alkene is eliminated. This reaction proceeds through
an agostic-bond intermediate, as shown below:

H2
~
C,Hs H:\ CH, H,C=CH,
PAPH; —= P—PH, —= H—PI—PH, —> H—Pd—Pi, + H,C=CH,
H H H H

The discovery of agostic bonding has led to renewed interest in the ligand
behavior of simple organic functional groups, such as the methyl group. The
C-H group used to be regarded as an inert spectator, but now C—H contain-
ing hydrocarbon ligand systems are recognized as being capable of playing
important roles in complex stereochemical reactions.

Agostic bonding has been extended to include general X—H—M systems, in
which X may be B, N, Si, as well as C. The principal types of compounds with
agostic bonds are shown in Fig. 11.5.6.

Figure 11.5.7 shows the molecular structures of some transition metal
complexes in which agostic bonding has been characterized by either X-
ray or neutron diffraction. Structural data for these compounds are listed in
Table 11.5.2.

Many complexes containing P-, N-, or O-containing ligands can also form
agostic bonds:

©),
~

E H (E=P,NO
\M -
Agostic interactions involving phosphines are quite significant because they
possess residual binding sites for other small molecules such as Hj, and phos-
phine groups play crucial roles in many homogeneous catalysts. Figure 11.5.8(a)



Hydrogen 427

[
C H (®),
M
o B Y remote
|
ylidene-yl ene-yl enyl-yl dieneyl-yl dienyl-yl

Fig. 11.5.6.
Structural types of agostic alkyl and unsaturated hydrocarbonyl complexes.

(a) (©)
<
Pd

Ta 213

Fig. 11.5.7.
Molecular structures of some complexes
(e with agostic bonds: (a) Half of the
dimeric molecule
[Ta(CHCMe3)(PMe3)Cl3], containing a
pair of bridging chloro ligands,
(b) [HFe4(*-CH)(CO) 121,
(c) [PA(H)(PH3)(C2Hs)1,
A (d) {RuCl[S(CH,CH;)-C2BoH 01(PPh3)2 }-
156.9 Me,CO, (e)
[Mn(HSiFPh,)(7°-C5H4Me)(CO),].

Mn (Sj

Table 11.5.2. Structural data of some agostic-bonded X—H—M compounds

Compound M-X (pm) X-H(pm) M-H(pm) X-H-M(°) Fig. 11.5.7

[Ta(CHCMe3)(PMe3)Cl3],  Ta-C C-H Ta-H C-H-Ta (a)
189.8 113.1 211.9 84.8

[HFe4 (7%-CH)(CO) 5] Fe-C C-H Fe-H C-H-Fe (b)
182.7-1949  119.1 175.3 79.4

[Pd(H)(PH3)(C3Hs)] Pd-C C-H Pd-H C-H-Pd ()
208.5 113 213 88

{RuClI[S, (CH,CH,) . B-H Ru-H (@

C,BoHol- 121 163

(PPh3),} - Me,CO

[Mn(HSiFPhy)(n°- Mn-Si Si-H Mn-H e

CsHyMe)(CO)s ] 2352 180.2 156.9
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Fig. 11.5.8.
Structure of (a) W(CO)3(PCy3), and
(b) [IrH(nz—C6H4P’Bu2)(P’BuzPh)ﬁ.
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shows the structure of W(CO)3(PCy3)2, in which the W<H distance is 224.0
pm and the W- - - C distance is 288.4 pm. Figure 11.5.8(b) shows the structure
of [IrH(n%-C¢H4P'Buy)(P'BusPh)]* in its [BAr4]™ salt, in which the Ir<H
distance is 203.2 pm and the Ir- - - C distance is 274.5 pm.

11.5.4  Structure and bonding of o complexes

Recent studies have established the following generalizations regarding o
(sigma-bond) complexes:

(1) The X-H (X = B, C, Si) bonds in some ligand molecules, like the
H-H bond in H», provide their o bonding electron pairs to bind the ligands to
metal centers. They form intermolecular coordination compounds (i.e., sigma-
bond complexes) or intramolecular coordination compounds (i.e., agostic-bond
complexes). All such compounds involve non-classical 3¢-2e bonding and are
collectively termed o complexes.

: : RER

M— M— M—| (M
H H \H
dihydrogen complex (X=B,C, Si) agostic complex
o complex

(2) An understanding of the bonding nature in the o complexes has extended
the coordination concept to complement the classical Werner-typer donation of
a lone pair and the m-electron donation of unsaturated ligands.

NS

H X

Me—inZ M~—] N
Ny /c H

Werner-type complex 7 complex o complex
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Fig. 11.5.9.

Electron donation in (a) 7 complexes
and (b) o complexes. The filled orbitals
are shaded.

)

(3) In o complexes, the o ligand is side-on (7% mode) bonded to the metal
(M) to form a 3¢-2e bond. The electron donation in o complexes is analogous to
that in 7 complexes. The transition metals can uniquely stabilize the o ligands
and 7 ligands due to back donation from their d orbitals, as shown in Fig. 11.5.9.
The main-group metals, lacking electrons in their outer d orbitals, do not form
stable o complexes.

(4) H-H and X-H are the strong covalent bonds. These bonds can be weak-
ened and even broken by o coordination to the transition metal and back
donation from the metal to the o * orbitals. The lengthening and eventual cleav-
age of a o bond by binding it to M are dependent on the electronic character
of M, which is influenced by the other ligands on M. In the o complexes, the
H..-Hand X - - H distances can vary greatly. The gradual conversion of a metal
dihydrogen o complex to a dihydride is indicated by the following scheme:

H H .- H H
| M, M— —— MH—>M<: — M
H H "H H H
H, molecule  “‘true” H, ¢ molecule elongated H, complex hydride
74 pm 80-90 pm 100-120 pm 130-150 pm > 160 pm

(5) There are two completely different pathways for the cleavage of H-H
bonds: oxidative addition and heterolytic cleavage. Both pathways have been
identified in catalytic hydrogenation and may also be applicable to other types
of X—H o bond activation such as C-H cleavage.

Back donation in the o complexes is the crucial component in both aiding
the binding of H, to M and activating the H-H bond toward cleavage. If the
back donation becomes too strong, the o bond breaks to form a dihydride due to
over-population of the H, antibonding orbital. It is notable that back donation
controls o-bond activation toward cleavage and a o bond cannot be broken
solely by sharing its electron pair with a vacant metal d orbital. Although o
interaction is generally the predominant bonding component in a o complex, it
is unlikely to be stable at room temperature without at least a small amount of
back donation.
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heterolytic cleavage o complex oxidative addition
G*
[M—=x] + HY = M<—| — M\
H H
electrophilic M nucleophilic M
weak O stable o strong o, elongated X—H metal hydride

<4———0 donation
back donation————»
X—H distance =——»
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12.1 Survey of the alkali metals

The alkali metals — lithium, sodium, potassium, rubidium, cesium, and fran-
cium — are members of Group 1 of the Periodic Table, and each has a single
ns! valence electron outside a rare gas core in its ground state. Some important
properties of alkali metals are given in Table 12.1.1.

With increasing atomic number, the alkali metal atoms become larger and
the strength of metallic bonding, enthalpy of atomization (A Hy), melting point
(mp), standard enthalpy of fusion (AHpg,) and boiling point (bp) all progres-
sively decrease. The elements show a regular gradation in physical properties
down the group.

The radii of the metals increase with increasing atomic number and their
atomic sizes are the largest in their respective periods. Such features lead to
relatively small first ionization energy (/1) for the atoms. Thus the alkali metals
are highly reactive and form M™ ions in the vast majority of their compounds.
The very high second ionization energy (I) prohibits formation of the M>*
ions. Even though the electron affinities (Y') indicate only mild exothermicity,
M~ ions can be produced for all the alkali metals (except Li) under carefully
controlled conditions.

Table 12.1.1. Some properties of alkali metals*

Property Li Na K Rb Cs
Atomic number, Z 3 11 19 37 55
Electronic configuration [He]Zs1 [Ne]3s] [Ar]éls1 [Kr]5 s! [Xe]6s1
AHY (kI mol~1) 159 107 89 81 76
mp (K) 454 371 337 312 302
AHQ (kI mol~!) 3.0 2.6 2.3 2.2 2.1
bp (K) 1620 1156 1047 961 952
rM (CN = 8) (pm) 152 186 227 248 265
M (CN = 6) (pm) 76 102 138 152 167
I, (kJ mol~1) 520.3 495.8 418.9 403.0 375.7
I, (k] mol™ 1) 7298 4562 3051 2633 2230
Electron affinity (Y) (kJ mol_l) 59.8 52.7 48.3 46.9 45.5
Electronegativity (xs) 0.91 0.87 0.73 0.71 0.66

* Data are not available for francium, of which only artificial isotopes are known.
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The chemistry of the alkali metals has in the past attracted little attention as
the metals have a fairly restricted coordination chemistry. However, interesting
and systematic study has blossomed over the past 25 years, largely prompted
by two major developments: the growing importance of lithium in organic syn-
thesis and materials science, and the exploitation of macrocyclic ligands in the
formation of complexed cations. Section 12.4 deals with the use of complexed
cations in the generation of alkalides and electrides.

12.2 Structure and bonding in inorganic alkali metal
compounds

12.2.1  Alkali metal oxides

The following types of binary compounds of alkali metals (M) and oxygen are
known:

(a) Oxides: M,O0;

(b) Peroxides: M»0O»;

(c) Superoxides: MO; (LiO is stable only in matrix at 15 K);

(d) Ozonides: MO3 (except Li);

(e) Suboxides (low-valent oxides): RbgO, RbgO;, Cs30, Cs40, Cs70, and
Cs1103; and

(f) Sesquioxides: M»O3: These are probably mixed peroxide—superoxides in
the form of M;0,-2MO5>.

The structures and properties of the alkali metal oxides are summarized in
Table 12.2.1.

Suboxides exist for the larger alkali metals. The crystal structures of all binary
suboxides (except Cs30) as well as the structures of Cs1103Rb, Cs;1O3Rby,
and Cs1;O3Rb; have been determined by single-crystal X-ray analysis. The
structural data are listed in Table 12.2.2. All structures conform to the following
rules:

(a) Each O atom occupies the center of an octahedron composed of Rb or Cs
atoms.

(b) Face sharing of two such octahedra results in the cluster RbgO;, and three
equivalent octahedra form the cluster Cs1103, as shown in Fig. 12.2.1.

(c) The O-M distances are near the values expected for M+ and 02~ ions. The
ionic character of the M atoms is reflected by the short intracluster M—M
distances.

(d) The intercluster M—M distances are comparable to the distances in metallic
Rb and Cs.

(e) The RbgO; or Csy; O3 clusters and additional alkali metals atoms form com-
pounds of new stoichiometries. Some crystal structures have the intercluster
space filled by metal atoms of the same kind, such as (Cs1103)Csjg shown
in Fig. 12.2.2(a), or by metal atoms of a different kind, such as (Cs1103)Rb
and (Cs1103)Rby illustrated in Figs. 12.2.2(b) and (c), respectively.

The bonding within the alkali metal suboxides is illustrated by comparing
the interatomic distances in the compounds RbgO, and Cs;; O3 with those in
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Table 12.2.1. Structures and properties of alkali metal oxides

Li Na K Rb Cs
Oxides Colorless Colorless Pale-yellow Yellow Orange
M0 mp 1843 K mp 1193 K mp > 763 K mp > 840 K mp 763 K
anti-CaFp anti-CaF; anti-CaF; anti-CaF, anti-CdClyp
structure structure structure structure structure
Peroxides Colorless Pale yellow Yellow Yellow Yellow
M;0; dec. > 473 dec. # 948 K dec.~# 763 K dec.~ 843K dec.~ 863K
K
Superoxides — Orange Orange Orange Orange
MO, dec. 573 K mp 653 K mp 685 K mp 705 K
NaCl-structure  dec. &~ 673 K CaC, struc- CaC; structure
CaCy ture
structure
Ozonides — Red Dark red Dark red Dark red
MO3 dec.<room dec. at room dec. &~ room dec.> 323K
temp. temp. temp. CsCl structure
CsCl structure  CsCl structure
Suboxides — — — RbgO Cs30
Bronze color  Blue green
dec. 266 K dec. 439 K
Rb902 CS4O
Copper color  Red-violet
mp 313 K dec. 284 K
Cs70
Bronze
mp 277 K
Cs1103
Violet
mp 326 K

the “normal” oxides and in metallic Rb and Cs. The M-O distances nearly
match the sum of ionic radii. The large intercluster M—M distances corre-
spond to the distances in elemental M (Rb and Cs). Therefore, the formulations
(RbH)g(0* )a(e™)s and (Cs)11(0*)3(e™)s, where e~ denotes an electron,
represent a rather realistic description of the bonding in these clusters. Their

Fig. 12.2.1.

Clusters in alkali suboxides: (a) RbgOp
and (b) Csq103. The shared faces are
shaded.

stability is attributable to consolidation by strong O—M and weak M—M bonds.
All the alkali metal suboxides exhibit metallic luster and are good conductors.
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(a) (b)
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Thus the electrons in M—M bonding states do not stay localized within the
clusters but are delocalized throughout the crystal due to the close contacts
between the clusters.

12.2.2 Lithium nitride

Among the alkali metals, only lithium reacts with N, at room temperature
and normal atmospheric pressure to give red-brown, moisture-sensitive lithium
nitride Li3N («a-form), which has a high ionic conductivity.

Table 12.2.2. Structural data of alkali metal suboxides

Compounds  Space group  Structural feature

RbgO- P2y/m RbgO, cluster, Fig. 12.1.1(a)

RbgO P63/m (RbgO7)Rb3; three Rb atoms per RbgO; cluster

Cs1103 P2y/c Cs1103 cluster, Fig. 12.1.1(b)

Cs40 Pna2, (Cs1103)Cs; one Cs atom per Csyj O3 cluster

Cs70 Pom?2 (Cs1103)Csqg; ten Cs atoms per Cs1103 cluster, Fig. 12.2.2(a)
Cs;1O3Rb  Pmn2, One Rb atom per Cs11 03 cluster, Fig. 12.2.2(b)

Cs11O3Rby  P2i/c Two Rb atoms per Cs11 O3 cluster

Cs;1O3Rby  P212124 Seven Rb atoms per Csq1 O3 cluster, Fig. 12.2.2(c)

The o form of LisN is made up of planar Li;N layers, in which the Li

atoms form a simple hexagonal arrangement, as in the case of the carbon
layer in graphite, with a nitrogen atom at the center of each ring, as shown
in Fig. 12.2.3(a). These layers are stacked and are linked by additional Li atoms
midway between the N atoms of adjacent overlapping layers. Figure 12.2.3(b)

435

Fig. 12.2.2.

Unit-cell projections showing the atomic
arrangements in some low-valent alkali
metal oxides: (a) (Cs1103)Csqg,

(b) (Cs1103)RDb, (c) (Cs1103)Rby. The
open, blackened, and shaded circles
represent Cs, O, and Rb atoms,
respectively.
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Fig. 12.2.3.

Crystal structure of Li3N: (a) LipN layer,

(b) the unit cell. The small black circle
and large open circle represent Li and N
atoms, respectively.
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shows a hexagonal unit cell, with a = 364.8 pm, ¢ = 387.5 pm. The Li-N
distance is 213 pm within a layer, and 194 pm between layers.

a-Li3N is an ionic compound, in which the N3~ ion has a much greater size
than the Li* ion [ry3- 146 pm, r;+ 59 pm (CN = 4)]. The crystal structure
is very loosely packed, and conductivity arises from Li™ vacancies within the
LipN layers. The interaction between the carrier ions (Li™) and the fixed ions
(N37) is relatively weak, so that ion migration is quite effective.

12.2.3 Inorganic alkali metal complexes

(1) Structural features of alkali metal complexes

A growing number of alkali metal complexes (MX-xL), M = Li, Na, K; X =
halogens, OR,NR>, - - - ; L = neutral molecules) are known. Itis now generally
recognized that the M—X bonds in these complexes are essentially ionic or
have a high degree of ionic character. This bonding character accounts for the
following features of these complexes:

(a) Most alkali metal complexes have an inner ionic core, and at the same
time frequently form molecular species. The ionic interaction leads to large
energies of association that stabilize the formation of complexes. The outer
molecular fragments prevent the continuous growth of MX to form an ionic
lattice. This characteristic has been rationalized in terms of the relatively
large size and low charge of the cations MT. According to this view, the
stability of alkali metal complexes should diminish in the sequence Li >
Na > K > Rb > Cs, and this is frequently observed.

(b) The electrostatic association favors the formation of the M™X™ ion pairs,
and it is inevitable that such ion pairs will associate, so as to delocalize
the electronic charges. The most efficient way of accomplishing this is by
ring formation. If the X~ groups are relatively small and for the most part
coplanar with the ring, then stacking of rings can occur. For example, two
dimers are connected to give a cubane-like tetramer, and two trimers lead
to a hexagonal prismatic hexamer.

(c) In the ring structures, the bond angles at X~ are acute. Hence the forma-
tion of larger rings would reduce repulsion between X~ ions and between
M ions.

(d) Since the alkali metal complexes are mostly discrete molecules with an
ionic core surrounded by organic peripheral groups, they have relatively low
melting points and good solubility in weakly polar organic solvents. These
properties have led to some practical applications; for example, lithium
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complexes are used as low-energy electrolytic sources of metals, in the
construction of portable batteries, and as halogenating agents and specific
reagents in organic syntheses.

(2) Lithium alkoxides and aryloxides

Anionic oxygen donors display a strong attraction for Li™ ions and usually
adopt typical structures of their aggregation state, as shown in Figs 12.2.4(a)-(c).
Figure 12.2.4(a) shows the dimeric structure of [Li(THF), OC(NMe;)(c-2.,4,6-
C7Hg)]2, in which Lit* is four-coordinated by the oxygen atoms from two
THF ligands and two alkoxides OC(NMe,)(c-2,4,6-C7Hg). The Li-O dis-
tances are 188 and 192 pm for the bridging oxygen of the enolate, and 199
pm for THF. Figure 12.2.4(b) shows the tetrameric cubane-type structure of
[Li(THF)OC(CH!Bu)OMe],4. The Li-O distances are 196 pm (enolate) and
193 pm (THF). Figure 12.2.4(c) shows the hexagonal-prismatic structure of
[LiOC(CH2)'Bu]e. The Li—O distances are 190 pm (av.) in the six